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Abstract
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mating the solution of the Helmholtz equation. Two-dimensional tests demonstrate the
improvement over the standard Galerkin method and the Galerkin-least-squares method
using piecewise bilinear interpolations.
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1. INTRODUCTION

The discretization of the Helmholtz equation presents distinct numerical problems.
This equation models wave propagation and its exact solution is, to a certain extent,
oscillatory. Oscillations have warned numerical analysts of limitations in discretization
procedures in other contexts, such as in advective dominated flows and bending of
thin structures. Here, oscillations are physical and they should be captured accurately
avoiding spurious noise from standard numerical methods. When applying the standard
Galerkin method using piecewise linear polynomials, the numerical solutions tend to be
inaccurate from moderate to large wave numbers within reasonable mesh sizes, pointing

out the inadequacy of the use of this method for this application.

Recently, there has been renewed interesf in exploring alternative discretization pro-
cedures for the Helmholtz equation. We would like to mention, in particular, the work of
Harari and Hughes [8] based on the Galerkin-least-squares method (GLS) introduced in
the late 80’s (see [4,10,11] and references therein). The method seems to be effective in
multi-dimensions for this application even if designed for one-dimensional models. How-
ever it is no panacea, and for certain wave numbers, geometry, and a reasonable mesh,
it may still yield inaccurate solutions. There are certainly other numerical methods

available for this equation that may be of interest (e.g., see [1]).

In this paper we apply the residual-free bubbles approach (see [3, 5-7]) to the
Helmholtz equation. The residual-free bubbles method is based on the Galerkin for-
mulation employing subspaces spanned by piecewise linear polynomials, and bubble
functions that solve exactly a differential equation with loads given by the residuals
using piecewise linears. This systematic procedure has shed light in explaining the ef-

fectiveness of several numerical “tricks” such as streamline upwinding, mass lumping
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and selective reduced integration [5-7]. In the Helmholtz equation framework, in the
absence of a clear “optimal” method, it offers a potentially high accurate methodol-
ogy. A related method was proposed independently by Hughes [9], shown equivalent to

residual-free bubbles in [2], and applied to this equation in [12].

In the next section we describe the residual-free bubbles method and its application
to the Helmholtz equation. In Section 3 we perform numerical experiments and contrast
the present method with the Galerkin method and the Galerkin-least-squares method

using piecewise linears. We draw conclusions in Section 4.

2. RESIDUAL-FREE BUBBLES FOR THE HELMHOLTZ EQUATION

Let us consider an abstract boundary-value problem given by

Lu=f inQ2,
(1)
u=0 onI'=0Q,
where L is a differential operator, u is the unknown function and f is a given source

function. To define residual free bubbles we consider the standard Galerkin method for

(1), i.e., we wish to find up € V} such that
a(uh,vh) = (Luh,vh) = (f,vh) Yo, € V3. (2)

Here uj; and vy, are members of the space of functions V}, which is spanned by piecewise

polynomials plus bubble functions, i.e.,
Up = U + Up , (3)

where the bubble functions satisfy the differential equations strongly in each element
K,i.e.,
Luy = —(Luy — f) inkK, (4)
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subject to zero Dirichlet boundary condition on the element boundary, i.e.,

up=0  ondK. (5)

The problem defined by equations (4)-(5) is addressed by solving instead
Loix = —Lpix  inK, (6)
vik =0 onOK , (7)
where the v; i’s are the local basis functions for u; and
Leygk=f inK, (8)
sk =0 ondK. (9)

Thus, if Uy = Z:’z‘”{ ci ki K, where ney, is the number of nodes per element, then

Nen

Up| K = Zci,KSOi,K + 5K, (10)
1=1

with the same coefficients ¢; i’s.

We now wish to address how the bubble function part affects the piecewise linear
part of the solution. To this end we use static condensation: first we set vy, = vp i on

K (zero elsewhere) in (2) to obtain

a(ur + up,vp k) k = (f,08,K)K - (11)

But this equation is satisfied automatically due to our choice of bubbles. Indeed this

equation is the variational equation for

Lup = —(Luy — f) inK, (12)
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using v = vy, x on K (zero elsewhere) as test functions.

The second part of static condensation consists in setting v, = vy in (2), which
gives

a(ul —{-’U,b,’l)l) = (f7 vl)a (13)

a(u,v1) + a(us, v1) = (f,v1). (14)

Hence, using bubbles is equivalent to modifying the variational formulation in the
left hand side by the addition of a(us,v1). The residual free bubble method consists in
solving (6)-(9) first, then adopting (14).

We now turn to the application of this methodology to the solution of the Helmholtz

equation. For this equation we have
L=A+Ek1T, (15)

where k is the wave number, and I is the identity operator. Herein we consider boundary

conditions of the type:

u=g onl', (16)
Ou =h  onls, (17)
on

where 0Q2 = I'; U I'y. Substituting into (14), and integrating by parts, leads to
_(vul?vvl) + kz(ul’vl) + z k2(ub, UI)K = (f’ ’01) - (ha UI)F2 . (18)
K

From eq. (10), it follows that the above equation can be rewritten in terms of the basis

functions as

Nen

DN H{=(Vbi, Vo) + B (%, v1)k + K (@5,01)k = (f,01) = (h,o1)r, . (19)

K j=1
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Finally, setting vy = 9; gives

Nen

SN K= (Vs Vi) ke + K2, i) + K2 (i) = (Frbi) — (Bytbidr, - (20)

K j=1

To implement this formulation it is useful to consider the bubble shape functions rewrit-

ten as
v =i+, (21)
where, from (6)-(7), A; solves
L\j=0 ik, (22)
Aj =~ K on 0K, (23)

and from (20) the matrix formulation simplifies to solving

Nen

3N (Vs Vi) + R (A, i)k = (F, %) — (B, i), - (24)

K j=1
For concreteness, we solve (22)-(23) on a square of side a, placed in the first quadrant
of the Cartesian coordinates z-y. Thus, for the shape function v; with value one at

T =y = a we solve

AXj+k*Xj=0 inK, (25)
Aj=0 onz =0ory =0, (26)
Aj=vyla onz =a, (27)
A\j=z/a ony=a. (28)

By separation-of-variables we obtain the following exact solution

> 2 mnT m2x2
J— _1\ym+1 . . 12
Aj = E (-1) . = —ra) { sin( . ) sinh(4/ = k2 y)

“ (29)
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The formulas for the shape function ; with value one at the other nodes are similar.
Therefore, we are now able to substitute back into (24) and solve the system of equations

using this residual-free-bubble approach.
Remark:

Clearly the derivation of the residual-free-bubbles here can be extended to, and is limited
to, rectangular elements. For arbitrarily shaped elements, suitable approximations of

the residual-free bubbles are in the works.

3. NUMERICAL EXPERIMENTS

In this section we evaluate the performance of the Residual Free Bubble Method,
that we refer to as RF-bubbles. The performance of this method is compared with the
GLS method as well as with the Galerkin method using piecewise bilinear functions.
The GLS method with the definitions of the stabilization parameters presented in [8] is

used in our examples.

3.1 2D Green’s function problem

This problem is one of the test problems presented in [12]. As this case considers a
singular load inside an element, it will be useful to assess the improved performance of

our method when information inside the elements is relevant.

This test case consists of an unit square domain £ = (0,1)x(0, 1), with homogeneous
Dirichlet boundary conditions. The forcing function f = 6é(zo,yo) is a Dirac delta
function located at (2o, yo) = (0.1875,0.1875), which coincides with an element centroid.
The non-dimensional wave number is kL = 8, and the domain is partitioned into a

regular mesh of 8 x 8 square elements.
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After the calculation of the global problem, the bubble is computed, and the solution
is the sum of the bilinear part and the bubble term. In particular, for this singular load

case, the bubble is able to capture accurately the spike resulting from this load.

First we compare the solution at y, = 0.190625, which corresponds to a “cut” just a
little above the point where the singular load is applied. Then we examine the behavior
of the solution inside the elements. In Figuré 1 we compare the RF-bubbles method with
GLS and Galerkin solutions with bilinears for the same mesh. Note how the addition of
the bubble inside the element in the RF-bubbles method improves the solution by cap-
turing the spike caused by the singular load. We use 10 points in each element interior
for this display of the bubble solution. 200 terms are used in the series expansion of the

residual-free bubbles (Fewer terms could be used, but we are trying to assess accuracy

1 _ ' . |
RF-bubble ——

Galerkin = _
GLS -x-—

Figure 1: Singular load problem. Comparison at y = y,
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here). For this problem we also need to solve for an additional bubble due to the load

(see equations (8)-(9)). The exact solution for this problem can be found in [12].

The bubble is able to capture the singularity well, and the improvement of the so-
lution is apparent as displayed in Figure 2. The GLS solution with bilinears is unable
to approximate well the singular response. Away from this region of the singularity all

methods seem to perform well, but close to the spike the GLS method with bilin-

Figure 2: Singular load problem. Elevation plots for: a) RF-bubble solution without
the bubbles; b) GLS; ¢) RF-bubble solution with the bubbles; d) The exact solution.
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ears needs significant mesh refinement to capture the behavior of the exact solution.
3.2 Scattering in an L-shaped domain

We consider an L-shaped domain with homogeneous Dirichlet boundary conditions,
except for a load on half of one of the faces of the L as shown in Figure 3.

For this problem, we perform a convergence study by comparing the performance
of the Galerkin, GLS and RF-bubbles methods. The non-dimensional wave number is

kL = 8, where L is the width of our L-shaped domain. All the meshes presented are

=0

2.0
1.0 ju =0
u=0 1.0
2.0
u=0
10 ], —o
1.0

/ Blu \

u=0 an =10 u=0

Figure 3: Scattering test case: problem statement
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uniform and the number of elements displayed in the figure captions correspond to the

number of elements in each of the three squares that make up the L-shaped domain.

In Figures 4 to 7 we plot the convergence study for this problem. The meshes in

these figures are 4 x 4, 8 x 8, 16 x 16 and 32 x 32, respectively.

The results for the 4 x 4 mesh are poor for all methods, as shown in Figure 4, but
the RF-bubbles method, with the addition of the bubble, presents a better performance,
as it is able to represent well the phase characteristics of the converged solution (shown
in Figure 7). The results of the 8 x 8 mesh are shown in Figure 5. We observe a poor
performance of the Galerkin method, and the GLS method still presents a high phase
error. The RF-bubbles starts to converge and represents phase quite well. For the next
mesh, 16 x 16, in Figure 6 we can still see the bad performance of the Galerkin method,
and we note that this solution looks like thé RF-bubbles solution of the 4 x 4 mesh, as
the Galerkin method only now starts to represent well the phase characteristics of the
converged solution. For this mesh both the GLS and RF-bubbles perform well. For the
32 x 32 mesh (Figure 7), all methods converge and we have a good reference to evaluate

the performance of the methods for intermediate meshes.
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(@ (b)

(c) (d)

Figure 4. Scattering in an L-shaped domain with 3 x (4 x 4) squares: a) The Galerkin
method with piecewise bilinears; b) The GLS method with piecewise bilinears; c¢) RF-
Bubbles method without adding the bubbles; d) RF-Bubbles method adding the bub-
bles.
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(@ (b)

(c) (d)

Figure 5. Scattering in an L-shaped domain with 3 x (8 x 8) squares: a) The Galerkin
method with piecewise bilinears; b) The GLS method with piecewise bilinears; c) RF-
Bubbles method without adding the bubbles; d) RF-Bubbles method adding the bub-
bles.
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(a) (b)

(c) (d)

Figure 6. Scattering in an L-shaped domain with 3 x (16 x 16) squares: a) The Galerkin
method with piecewise bilinears; b) The GLS method with piecewise bilinears; c¢) RF-
Bubbles ﬁethod without adding the bubbles; d) RF-Bubbles method adding the bub-
bles.
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(b

(d)

Figure 7. Scattering in an L-shaped domain with 3 x (32 x 32) squares: a) The Galerkin
method with piecewise bilinears; b) The GLS method with piecewise bilinears; c) RF-
Bubbles method without adding the bubbles; d) RF-Bubbles method adding the bub-
bles.
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