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in mul phase materi s4 and the latter in ngle materi sS). 

Signi cant has been in the anal s of microcracki 

by using a combination 

mechanics.s~6,7 The intent 

s (based on the 

this is 

by concept) 

M ~e 

mi i phenomenon in order emphasize both the progress that has been 

achieved and the limitations of the available yses. 

the dominant cs of mi ng is its dependence on 

e of the microstructure. Typically, is a ti " microstruc-

tural dimension, tc, below ch mfcrocracking is not ly observed 

above which a si ficant density of microcracks becomes evi 

opment of a capabili for predi ng tc is a primary objective of micro-

cracking analyses. A critical comparison with measured values 

demanding test of the validi of such analyses. 

The amplitude of residual fields produced by thermal contraction 

mismatch is independent of the scale of the microstructure. A criterion for 

microfracture based on the peak tension would not, therefore, yi d a size 

dependence. This lemma was first addressed by suggesting 8 that onset 

microfracture be di by an equality of the loss of and the 

increase in surface energy associated with the microfracture event. The former 

is a volume dependent term, and the latter is a surface area hence, a 

critical size emerges in a natural way. A reasonable correspondence with 

experimental observation was achieved by speci ng the the nal crack 

ze to the dominant dimension of the crostructure. A conceptual difficulty 

with approach arises because only the thermodynamics of the initial and 
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1 
K - f a{ i) F( 

0 

on. Since 

intensity 

x/a) 

can 

, K, is given by 5 

(1} 

)is 

in the form 

(2) 

where a is the peak intensity factor can be written 

K nn 1 
--- "i: f o(x/a, a/t) x/a) d(x/a) - K( .t) 
~ li 0 

where K(a/t) is the function determined by integration. Now, if 

intensity 

Eq. (3) yi 

i cri cal value for crack extension, Kc, 

ven by 
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An addi size i uence ves the di ve on 
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ons will presented below. A more di cult problem to 

is 

The that devel 

, are ill 

in following 

ow T 9 ~ culated by using Eshelby 

anisotropic contraction of a hexagonal 

on. 

n 

in g. 1. This method cu1 on rst microstructural enti 

(or ties} subject shape deformation 1 shape is then lowed 

(as characterized by the unconstrained transformation strain ~1j). 

Subsequently, i shape is restored the shape of the matrix ty (by 

a uniform and it is then reinserted into the cavity. Finally, 

i are appli equal magnitude, but opposi sign, the 

ng stress) to achieve continuity of stress. For iso1 particles of 

1 ipsoi 

hence, 

geometry this 

analysis is 

yi ds a uniform stress within the cle; 

vely straightforward. More complex behavior is 

for other geometries, such as individual grains within a poly

crystalline 

Mul 

The within a spheri 

~T (hydrostatic) and ~~Tij (devi 

cle subject 
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a I is and ,. I 
(fij is The same 

ns 11 i ve 

c is 16 

if es X i c 

tant is usive1y 

(6) 

on mi between matrix and parti e, 

a particle and matrix with milar astic 

(7) 

9 if bi ani of thermal on (e.g. 9 on 

on matrix~ then 

thin is given 

(8) 
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whi uniform el c properties reduces 

- T} E 
_. cr~ j '" - ------,_;---~-- (9) 

In resultant c constants 

( 10) 

The equival result ell i da1 geometry is 

( 11} 

' where y is a function the particle shape.l6 For a needle, y = 1/2; for a 

sphere, y = (7 - 5v)/15(1 - v); and a disc, y "" 'If( (2 - v)/4(1 - v), 

where c is the disc thickness and b is the disc radius. 

The stresses within matrix are more difficult to anal and, with the 

"'""""'".,. on sphericalla and cylindrical particlesg 19-21 have not been computed 

E by shows if the harmonic and biharmonic potentials of the 

e (however trary its ) are known, then the displacements in the 

T matrix are related to the transformation strain £ij in the parti e 
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T . 
crjk 1S Hooke's law from the strain e:~ j. 

X ned from di acement deri ves. In 

a e to c strain~ the matrix 

are cul arly 

0 rr "" ) 3' 0 aa "" 
)( 3 

(13) 

is the e us and r is di from e center. 

The harmonic biharmonic als for a very long indri cle 

ber) recently been culated20 and may be used to compute the matrix 

( 12): 

case contraction mismatch the ber 

descri by a hydrostatic strain €T, the matrix stresses are 

"" E 

(3 - 2v) 
2(1 - vJ 

r 2 xy 
0 

(14a) 

( 14b) 

matrix, 

(15) 

A case particular i is the cylindrical parti e exhibiting an 

thermal contraction in plane perpendicular the long axis of 

the cylinder such the contraction matches that of the matrix. The 

generated within the matrix are of the form21 
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stresses immedi to the i are 

i for mi problems, some nent information can 

ving the stresses in the matrix just outside the inclusion. For 

an ellipsoidal incl on subject to dil on, stresses in the matrix can 

tten qui ly as:l6 

n;j are the normals to the ellipsoid surface. Particular values for the 

the cle matrix interface have been calculated for disc and 

e shaped c1es.22 The stresses are a maximum near the termination of 

the major axis of the lipsoid. However, as described earlier, the gradient in 

stress (in addi on to the stress 1 the particle interface) is of 

importance in di ng the size As as the authors are aware, the 

gradi around ellipsoidal particles subject a transformation strain 

have been and remain a further work. 

Grains in single phase materi s exhibit ative1y complex geometric 

gurations, and analysis is more complex than for iso1 

lipsoidal particle. However, some useful approximations can be obtained quite 

ghtforwardly. The general 1 of residual within the grains can 

be ned by simply requiring a grain to be contained wi n an isotropic rna-
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properties the line aggregate 9 and 

) . this 

influence n junctions, an 

Estimates vici grain ons 

can be ned by adopti 

develop 

two~dimensi 

that deve1 

ogues, such as an array of 

grains. The in such an array can be determined 

grain boundary 

(see Fig. 1 L 

superimpose upon the 

form 

during shape 

that 

on. Of 

princi interest are grain boundaries, because these are 

domi a te (x, inc1i at 

an e a to boundary, formS 

1 

= !~----~------~--------~ 
0 

( 18) 

on ( should be to obtain on boundary AB (Fig. 3) 

body four adjacent boundaries (AA 0
, AA 11

, BB 1
, BBn). For 

more remote boundaries suffi accuracy can be achi by placi a single 

the n ch the body on 

(Fig. 3). These superimpose on a in 

magnitude 

coup1 

f ) which derives from on AB 

The component 

or in nity of the 

formS 

four 

n junction. This 
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( e, v) !n 
n e - x cos e 

(19) 

A1~ A2, A3 are vely complex functions in the range ± 2~. The 

the grain junction and is thus the most thmic term is 

th to microcrack formation.s 

The tudes that op depend on the ve 

ons of the grains circumventing the boundary i Preliminary 

calculations have been conducted for the entation that has been assumed to 

d the maximum ; this de pi in g. 4a~ and the results are shown in 

Fig. 4b. Cal ations more grain ori on relations are now in 

.23 These results will de a full perspective of residual stress 

ons in pol line aggregates in which there is a random 

stribution contraction anisotropy orientations. 

STRESS RELAXATION EFFECTS 

relaxation in ceramics occurs marily by diffusion (or by viscous 

flow in the presence of an amorphous phase). These relaxation processes are 

motivated by 1 gradients in hydrostatic stress, and thus occur in 

response to locali thermal contraction stresses, while the material is at 

temperatures. 

isotropic multiphase materials, there is no gradient of hydrostatic 

within the isolated (Eq. 5). However, large shear exist 

within the surroundi matrix (note that the hydrostatic is zero). The 

within the matrix cause grain boundary idi , and diffusive 

deformation will occur in response local normal stresses induced by 

J2294A/jbs 



iding.24 The deformation eld will milar a cavity subj to 

internal pressure. Ini ly, radial ow in matrix will redistribute 

resi on the will begin when the redistribution 

lowi the interaction between the 

adjacent parti es. The authors are not aware of utions for 

this problem, although anal s is rel ati straightforward. 

It has demonstrated that anisotropic thermal contraction in 

line devel tensile or compressive stresses on grain 

boundaries. A gradient chemi potential suitable for diffusive relaxation 

(Fig. 5) is thus established. The "initial" stress involves singularities near 

grain junctions (Fig. 4). But the singul es are weak (1 thmic) and 

d be rapidly dispersed by localized diffusive uxes. The controlling 

on involves diffusion between adjacent grain facets (Fig. 5), 

atoms are removed from the boundaries subject to compression and are 

deposi on boundaries under on. If it is assumed that the relaxation 

times are ci ently rapid atom deposition and removal occurs uniformly 

ong the respective grain boundaries, a parabolic 

trf on must develop ong boundaries during 

strain re1 on can then deduced by 

18 Steady-state 11 dis-

relaxation process. The 

using well-established mathe-

matical procedures for ffusive flow. This mode of analysis is only permiss-

diffusivities are large, notably the highest temperatures. The 

ution intermedi temperatures requires "transi ent 10 solutions 

involving more complex formul ons. Such yses have not been performed. 

Currently, therefore, it is only possible obtain approximate solutions by 

permi ng usteady-state 11 relaxation above a 11 
ng~~ temperature Ts and 

invoking fully development below T
9

• 

The on problem can be posed by first establishing the normal 

el displacement 01 of boundaries during cooli (the dri ng for 

the diffusive flow, Fig. 5) splacement relaxation 02 due to diffusion. 

13 
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Then, tant displ o (~ 01- o2), which determines the level of 

, can be deri • The 
25 

1 on a n 

maximum 

the i ti temperature, ~a is the 

, and a is a 

on a constant cooli 

normal the direction 

on of the contraction 

depends on 

entations grains. The ng elastic displacement is 

The rel ons of these displacements by ffusion are governed by the 

on26 

di on parameter, n the atomic volume and o Dbob is 

is assumed uniform (as noted above). Integration of Eq. ) gives the 

bution 

a(x 

~ ~ kT t)/n Dbob and c1 and c2 are integration constants. The 

ons zero flux { ~ 0) in the system are at the grain center 0 

n j on J ( g. 5). Hence, nee the flux must be continuous 

the grain corner A, constant C1 must be equal ~t/2. If a
0 

is the 

a{x 

A, on becomes 

+ + a 
0 

14 
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The 

<a> ( t) "" + a 
0 

is 

Volume conservation requires that the volume of material ited on the 

ile must equal the volume removed from compressed boundary. The 

at the grain corner becomes 

t.'l
2 

/12 

and the average reduces to 

kTi :5
2 

<cr>( t) "' 600 o 
b b 

The average stress on each boundary must also 

displacement of the grain: 

related to the resultant 

Substituting o1 from Eq. (21) and o2 from Eq. (27), and noting that Db is 

temperature dependent 

where Q is the activation energy for boundary diffusion, the following 

differential equation obtains 

-Q/kT 
e <a> "' SE~a 

- (1 + v) 

( 28) 

(29) 

( 30) 

The 

approximate 

on to this equation must be conducted numerically. However, an 

es expansion may be derived25 for comparison with the elastic 

result expressed in terms of a 11 freezing 18 temperature r
9

: 

15 
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"' T - T 
g 

is ven 

in T
9 

with 

In cular, Tg increases as 

vity and modulus 

ob "' 10-9 m3 l, Q "" 

for ch: 

y by 

(31) 

uential ables are immedi apparent. 

n ze and ing rate increase and as 

• This behavior is exempli ed Al203 

/mole, n - 10-29 m3, n "' , E "' 420 GN m2), 

1 is in microns, T in K l T
9 

is in K. Specifically, for 1"" 1 JJffi 

T "' lK 1, T g 1695K; for 1 "" 10 JJffi T "' lK l, T g "' 2210K. 

MICROCRACK FORMATION 

The on of microcracks at n boundaries or at second phase 

cles has dered depend on the exi a distribution of 

small inhomogeneities 

n junctions) or i 

that pre-exi at the boundaries (especially at three 

.s,6,7 These inhomogeneities have been proposed 

the i on 1 s ated with the residual stress 

do be of suffi magnitude to induce fracture in defect 

material (although study is needed to establish whether this possi-

bili can be scounted). The role of the proposed inhomogeneities is to fur

ther the stress intensification a 1 suitable for microcrack evo-

lution. It is nly e to presume that inhomogeneities do exi at 

boundaries or i in ceramics~ e.g., small pores remaining grain 

e points. However, little effort has been devoted to the ucidation 

the inhomogenei es induce microfracture in specific miocrostructural 

J2294A/jbs 



tuations. It is general assumed that the inhomogeneities ibit the 

es small microcracks: a presumption that is 

on. Thereafter, intensi can be 

1 evel s) compared with tical 

ues for n separation. Approximate intensity factors are 

conveniently calculated th a superposition method, based on the prior stress 

fi d.s,6 A typi example, illustrated in Fig. 6, is where a microcrack 

cally grain , initi ng at the common 

p1e on. The intensity for a is given by 

~<:(a/11.) is the function plotted in Fig. 6. It is noted the stress 
" 

intensity factor bits a maximum, K. This is typical of crack extension in 

dual or spatially varying stress fields. The pri pal maximum in the 

present analysis essentially coincides with a crack front 1 at the fi 

ple junction, where the residual changes sign (i.e., the residual 

becomes compressive along the impinging boundaries). Equating K 

to the boundary separation resistance,K~, yields an abso1 minimum condi on 

the formation of microcracks. This corresponds to an upper bound for the 

critical grain size; 

2 

where K is the magnitude of the normali stress intensity factor at the 

maximum. Estimates of specific ues of the n facet sizes that induce 

microcracking involve stati considerations based on flaw distributions. 

More calculations of the 

using numeri te or 

example7 is the use of a finite di 

intensity factor can be obtained by 

nite difference) methods. A recent 

scheme for calculating the stress 

17 
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i ity a the i 

e. A convenient use 

a spherical second phase 

difference method involves the 

strain energy, U, as a on length, a. The 

is then from the length vative of the 
"' n • A maximum value, K, is obtained. The corresponding absolute 

minimum requirement for microcrack initiation is 

a> )2 

(34) 

interface <a> is in 

progress in dation microfracture is achieved by 

incorporati defects reduce the cri cal size below the upper bound 

ues. Little progress has yet been achieved in selecti appropriate defects 

size di though results could clearly obtained by 

arbitrary stributions (such as one of the value stribu-

ons). Careful obsevations coupled th pertinent stress intensity factor 

ons are needed to establish a more fundamental appreci on of micro-

; • Comparison of the available calculations of K with experimental 

ons microcracking suggest5,6,7 that triple point defects in the ze 

range, 0.1 < 1 < 0.3, are typically i ved in the microcrack ini ation 

process. However, more ons and calculations are needed 

substanti ne 

CONCLUSION 

This paper has described methods calcul ng the residual stresses that 

at the microstructural level because of thermal contraction 

inhomogeneity. The are typified by locally 1 ampli (wi some 

ngul ties) and rapid • These characteristics are central to the 

microcracki , both microcrack initiation and arrest. 

The 1 is so shown to depend on the rate stress relaxation 

18 
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elevated temperatures, diffusion or viscous ow. The relaxation rate is 

a function mi : rapid 

grained materials or in materi s containi 

axation have demonstrated 

ing temperature~ a temperature 

op. 

which 

rel 

an 

be 

astic 

obtain in ne 

amorphous boundary phase. 

fest in an ve 

residual begin 

The onset mi ng within the residual eld has been 

These 

considered to depend on the presence small microstructural inhomogeneities 

(such as voids) the susceptible interfaces. These features certai y exist, 

but have not yet been uniquely correlated with the onset microcracking. By 

treating these pre-exi 

i factors have been 

intensity factors i 

inhomogeneities as crack-like entities, stress 

culated. The level and variation in stress 

potential for microcrack initi on and arrest at 

grain boundaries and interfaces. 

In particular, a lower bound for critical microstructural size needed 

to initiate microcracks has been identified (no microcracks can be observed at 

size 1 s below this bound}. The actual formation of microcracks above the 

lower bound depends on the statistical characteristics (size and spatial) of the 

pre-existent inhomogeneities. This issue has not been addressed. 
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