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Abstract: Let 7~ be a triangulated category with a proper class ¢ of triangles and X be a subcategory of 7.
We first introduce the notion of X-resolution dimensions for a resolving subcategory of 7 and then give
some descriptions of objects having finite X-resolution dimensions. In particular, we obtain Auslander-
Buchweitz approximations for these objects. As applications, we construct adjoint pairs for two kinds of
inclusion functors and characterize objects having finite X-resolution dimensions in terms of a notion of
&-cellular towers. We also construct a new resolving subcategory from a given resolving subcategory and
reformulate some known results.
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1 Introduction

Approximation theory is the main part of relative homological algebra and representation theory of alge-
bras, and its starting point is to approximate arbitrary objects by a class of suitable subcategories. In
particular, resolving subcategories play important roles in approximation theory (e.g., [1-3]). As an impor-
tant example of resolving subcategories, Auslander and Buchweitz [4] studied the approximation theory of
the subcategory consisting of maximal Cohen-Macaulay modules over an artin algebra, and Hernandez
et al. [5] developed an analogous theory for triangulated categories. Using the approximation triangles
established by Hernandez et al. [5, Theorem 5.4], Di and Wang [6] constructed additive functors (adjoint
pairs) between additive quotient categories. On the other hand, Zhu [7] studied the resolution dimension
with respect to a resolving subcategory in an abelian category, and Huang [8] introduced relative preresol-
ving subcategories in an abelian category and defined homological dimensions relative to these subcate-
gories, which generalized many known results (see [4,9,10]).

In analogy to relative homological algebra in abelian categories, Beligiannis [11] developed a relative
version of homological algebra in a triangulated category 7-, that is, a pair (7, ), in which ¢ is a proper
class of triangles (see Definition 2.4). Under this notion, a triangulated category is just equipped with a
proper class consisting of all triangles. However, there are lots of non-trivial cases, for example, let 7 be
a compactly generated triangulated category, then the class ¢ consisting of pure triangles is a proper class
([12]), and the pair (7, &) is no longer triangulated in general. Later on, this theory has been paid more
attentions and developed (e.g., [13-17]). It is natural to ask how the approximation theory acts on this
relative setting of triangulated categories. In [18], Ma et al., introduced the notions of (pre)resolving
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subcategories and homological dimensions relative to these subcategories in this relative setting, which
gives a parallel theory analogy to that of abelian categories [8]. In this paper, we devote to further studying
relative homological dimensions in triangulated categories with respect to a resolving subcategory. The
paper is organized as follows:

In Section 2, we give some terminology and some preliminary results.

In Section 3, some homological properties of resolving subcategories are obtained. In particular, we
obtain Auslander-Buchweitz approximation triangles (see Proposition 3.10) for objects having finite resol-
ving resolution dimensions. Our main result is the following:

Theorem. Let X be a resolving subcategory of T~ and ‘H, a éxt-injective & -cogenerator of X. Assume that H is

closed under hokernels of & -proper epimorphisms or closed under direct summands. For any M € T, if M € X,
then the following statements are equivalent:

(1) X-res.dimM < m.

2) Q" (M) € X for alln > m.

(3) Q%(M) € X for alln > m.

(4) éxt{(M,H) =0 foralln >mand all H € H.

(5) {xtg‘(M, Ly=0foralln>mandall L € H.
(6) M admits a right X-approximation ¢ : X — M, where ¢ is &-proper epic, such that K = Hoker ¢ satis-
fying H-res.dimK <m - 1.
(7) There are two triangles
WM — XM — M — ZWM
and
M—WM_xXM_5M

in & such that X); and XM are in X and H-res.dim Wy < m — 1, H-res.dim WM = X-res.dim WM < m.

In Section 4, we will further study objects having finite resolution dimensions with respect to a resol-
ving subcategory X. We first construct adjoint pairs for two kinds of inclusion functors. Then we charac-
terize objects having finite resolution dimensions in terms of a notion of &-cellular towers.

As an application, in Section 5, given a resolving subcategory X of 7, we construct a new resolving
subcategory GPx (&) with a &xt-injective £ -cogenerator X N * X, which generalizes the Gorenstein projective
subcategory GP(¢) given by Asadollahi and Salarian [13]. Applying the obtained results to GPx(¢), we
generalize some known results in [13-15].

Throughout this paper, all subcategories are full, additive, and closed under isomorphisms.

2 Preliminaries

Let 7 be an additive category and £ : 7 — 7 an additive functor. One defines the category Diag(7, Z) as
follows:

¢ An object of Diag(7, X) is a diagram in 7~ of the form X Sy Lz 5 osx.

¢ A morphism in Diag(7, X) between X; a Y; N Z; 2, 2X;,1=1,2,is a triple (a, 8, y) of morphisms in 7
such that the following diagram:

X, Ly, Az ex

ia " iﬁv ivw i/Za

Xo —2Vy > 75— ¥ Xo

commutes.
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A triangulated category is a triple (7, Z, A), where 7 is an additive category and £ : 7 — 7 is an auto-
equivalence of 7~ (called suspension functor), and A is a full subcategory of Diag(7, £) which is closed under
isomorphisms and satisfies the axioms (T;)—(T,) in [11, Section 2.1] (also see [19]), where the axiom (T;) is
called the octahedral axiom. The elements in A are called triangles.

The following result is well known, which is an efficient tool in studying triangulated categories.

Remark 2.1. [11, Proposition 2.1] Let 7 be an additive category and X : 7 — 7 an autoequivalence of 7,
and A a full subcategory of Diag(7, X) which is closed under isomorphisms. Suppose that the triple (7, Z, A)
satisfies all the axioms of a triangulated category except possibly of the octahedral axiom. Then, the follow-
ing statements are equivalent:

(1) Octahedral axiom. For any two morphisms u : X — Y and v : Y — Z, there exists a commutative

diagram
X ey Yoz v wx
I v a / Il
P LN LA VL N 3 ¢
u I B Su
y sz Vo x sy
0 (Su/ )"’
0 vz =7 0,

in which all rows and the third column are triangles in A.

(2) Base change. For any triangle X Sy 5275 5XinAand any morphism a : Z' — Z, there
exists the following commutative diagram:

0 X ==X 0
8’ B

X tsy' Yoz Yowvx

I o o I

Xty Y sz7 Y. wx
~' Y

0 X = ex! 0,

in which all rows and columns are triangles in A.

(3) Cobase change. For any triangle X Sy 57z 5 5XinAand any morphism § : X — X/, there
exists the following commutative diagram:

0— =1z syl o

-2y -5y
sy x vy vy
I 8 g I
/L R S
. y
0 zl—= s 7 0,

in which all rows and columns are triangles in A.

Throughout this paper, 7 = (7, Z, A) is a triangulated category.
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Definition 2.2. [11] A triangle
u 14 w
X —Y —7 —3¥X
is called split if it is isomorphic to the triangle

1
X(—O)>Xeez‘°_’”>zi>zx.

We use Aj to denote the full subcategory of A consisting of all split triangles.

Definition 2.3. [11] Let £ be a class of triangles in 7.
(1) € is said to be closed under base change (resp. cobase change) if for any triangle

x Ly Lz % sx
in ¢ and any morphism a : Z' — Z (resp. f: X — X') as in Remark 2.1(2) (resp. Remark 2.1(3)),
the triangle

u' v w! u' v w!
X—Y —272—ZIX (tesp. X' Y —Z7Z —3ZX)
isiné.
(2) ¢ is said to be closed under suspension if for any triangle
u v w
X—Y—7—>2%X
in & and any i € Z (the set of all integers), the triangle

(DR (-DiEv (D
XX Xy A s+

isiné.
(3) ¢ is called saturated if in the situation of base change as in Remark 2.1(2), whenever the third vertical

and the second horizontal triangles are in ¢, then the triangle

u v w
X—Y—7—53¥X

isiné.
Definition 2.4. [11] A class & of triangles in 7 is called proper if the following conditions are satisfied.
(1) ¢ is closed under isomorphisms, finite coproducts and A, € €.

(2) ¢ is closed under suspensions and is saturated.
(3) ¢ is closed under base and cobase change.

Throughout this paper, we always assume that ¢ is a proper class of triangles in 7.

Definition 2.5. [11] Let
u 14 w
X—Y —>Z7Z 53X
be a triangle in £. Then, the morphism u (resp. v) is called &-proper monic (resp. &é-proper epic), and
u (resp. v) is called the hokernel of v (resp. the hocokernel of u).

We use Hoker v to denote the hokernel of v : ¥ — Z. Dually, we use Hocok u to denote the hocokernel of
u: X — Y. For any triangle,

X—Y—7Z—>3X
in &. We say that X is closed under & -extensions if X, Z € X, it holds thatY € X. We say that X is closed under

hokernels of &-proper epimorphisms (resp. hocokernels of &-proper monomorphisms) if Y, Z € X (resp. X,
Y € X), it holds that X € X (resp. Z € X).
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Definition 2.6. (see [11, 4.1]) An object P (resp. I) in 7 is called &-projective (resp. & -injective) if for any
triangle X — Y — Z — £X in £, the induced complex

0 — Homy (P, X) — Homs (P, Y) — Hom+ (P, Z) — O
(resp. 0 — Homg¢(Z, I) — Homg4 (Y, I) — Homg4 (X, I) — 0)
is exact. We use P (&) (resp. Z(£)) to denote the full subcategory of 7~ consisting of &-projective (resp.
&-injective) objects.
We say that 7 has enough & -projective objects if for any object M € 7, there exists a triangle K — P

—> M — ZK in & with P € P(&). Dually, we say that 7 has enough £-injective objects if for any object
M € T, there exists a triangle M — I — K — XM in & with I € 1(£).

Remark 2.7. P(¢) is closed under direct summands, hokernels of &-proper epimorphisms, and ¢-exten-
sions. Dually, 7({) is closed under direct summands, hocokernels of &-proper monomorphisms, and
& -extensions.

Definition 2.8. Let & be a subcategory of 7.
(1) A triangle

X—Y—7—2%X
in ¢ is called Hom4 (&, —)-exact (resp. Homg(—,E)-exact) if for any object E in &, the induced complex
0 — Homy(E, X) — Homg4(E, Y) — Homg4(E, Z) — O
(resp. 0 — Homg¢(Z, E) — Homy (Y, E) — Homy4 (X, E) — 0)

is exact.
(2) [13] A &-exact complex is a complex

dy d,
e Xy — I X, I X — e (2.1)

in 7" such that for any n € Z, there exists a triangle
n hn
Kpp =5 X, 25 K, - 5K, (2.2)

in ¢ and the differential d, is defined as d, = g,_,f». A {-exact complex as (2.1) is called Homg (&, —)-
exact (resp. Homs(—, &)-exact) if the triangle (2.2) is Hom4 (&, —)-exact (resp. Homg (-, &)-exact) for any
nez.

Asadollahi and Salarian [13] introduced the notion of £-Gorenstein projective objects.

Definition 2.9. [13, Definition 3.6] Let 7 be a triangulated category with enough & -projective objects and X
an object in 7. A complete & -projective resolution is a Homg(—, P(¢))-exact & -exact complex

=P —5Py— Py — -

in 7~ with all P;¢ -projective objects. The objects K, as in (2.2) are called &-Gorenstein projective objects. We
use GP(£) to denote the full subcategory of 7~ consisting of all £-Gorenstein projective objects.

Throughout this paper, we always assume that 7 is a triangulated category with enough & -projective
objects and & -injective objects.

Let M be an object in 7. Beligiannis [11] defined the ¢-extension groups §xt;(—, M) to be the nth right
&-derived functor of the functor Homs (-, M), that is,

&ti(-, M) = RiHomy(-, M).
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Remark 2.10. Let
X—Y—7Z 53X
be a triangle in £. By [11, Corollary 4.12], there exists a long exact sequence
0 — &td(Z, M) — &xtd(Y, M) — &xtd(X, M) —
&t{(Z, M) — &xt{(Y, M) — éxt{(X, M) — -
of “é&xt” functor. If 7 has enough & -injective objects and N is an object in 7, then there exists a long exact
sequence
0 — &td(N, X) — &td(N, Y) — &tg(N, Z) —
&t{(N, X) — &ti{(N, Y) — &t{(N, Z) — -+

of “éxt” functor.

Following Remark 2.10, we usually use the strategy of “dimension shifting,” which is an important tool
in relative homological theory of triangulated categories.
Now, we set

Xt = {M e TIéxtf"(X, M) = 0 forall X € X},
tX = {M e TI&t}* (M, X) = 0 forall X € X}.

For two subcategories H and X of 7, we say H L X if H ¢ X (equivalently, X < H™).
Taking C = & = P(£) in [18, Definitions 3.1 and 3.2], we have the following definitions.

Definition 2.11. (cf. [18, Definition 3.1]) Let H and X be two subcategories of 7~ with H < X. Then, H is
called a &-cogenerator of X if for any object X in X, there exists a triangle

X—H—7—5%¥X

in & with H an object in H and Z an object in X. In particular, a £-cogenerator H is called éxt-injective
fXLH.

Definition 2.12. (cf. [18, Definition 3.2]) Let 7 be a triangulated category with enough & -projective objects
and X a subcategory of 7. Then, X is called a resolving subcategory of 7 if the following conditions are
satisfied.

(1) PE) < X.

(2) X is closed under ¢ -extensions.

(3) X is closed under hokernels of &-proper epimorphisms.

3 Resolution dimensions with respect to a resolving subcategory
Taking & = P(£) in [18, Definition 3.5], we first have the following definition.
Definition 3.1. Let X be a subcategory of 7~ and M an object in 7. The X -resolution dimension of M, written

X-res.dim M, is defined by

X-res.dim M = inf{n > O |there exists a ¢ -exact complex
0—X,—  —X— —Xg— M —0 in 7 with all X; objectsin X}.
For a £-exact complex

f;’H—l fl

RN S NN N YRS
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with all X; € X. The Hoker f,_; is called an nth ¢-X-syzygy of M, denoted by Q%(M). In case for X = P(¢£),
we write £-pd M = X-res.dim M and Q"(M) = $(5) (M). In case for X = g?(.{), X-res.dim M coincides with
¢-Gpd M defined in [13] as &£-Gorenstein projective dimension. We use X to denote the full subcategory of
7 whose objects have finite X-resolution dimension.

Lemma 3.2. Let 7 be a triangulated category and X a resolving subcategory of 7. For any object M € T, if
0—X,— - —X—Xo—M—0

and
0O—Y)—-- Y —>Yy—>M-—0

are ¢-exact complexes with all X; andY; in X forO <i<n -1, then X,, € X ifand only if ¥, € X.

Proof. For M € 7, there exists a £-exact complex

0—K,—P 41— —P—P—M-—0

with P e P(¢)forO<i<n-1.
Consider the following triangle:

KM — Xo — M — ZKM
in &. As a similar argument to that of [11, Proposition 4.11], we get the following ¢-exact complex
0—K,—X,oB_ 11— X, 19B,— - —XeoP—X &P— Xo— 0.
Similarly, we have the following ¢-exact complex
0—K,—YVeh,—Y, 0B ,— - —hePL—YePh—Y¥%—0.
Set
X = Hoker (X1 & Bi-o —> Xn—2 ® By-3)
and
Y := Hoker (V-1 ® B, — Y, ., ® B _3).
Since X is resolving, we have that X and Y are objects in X. Consider the following triangles:
K,— X, ®P_1— X — ZK,
and
K,—Y,eB —Y —2%K,

in &, we have that X, ® B,_; € X if and only if K, ¢ X if and only if ;; ® B,_; € X.
But from the following triangles in &

Xy~ Xy ® By — By —> X, and Y, — Y, ® By — By —> ¥,
we have that X,, € X ifand onlyif X,, ® B,_; € X, and ¥,, € X ifand only if Y, ® B,_; € X. Thus, X,, € X if and
only if ¥, € X. O

Using the above, we can get:

Proposition 3.3. Let X be a resolving subcategory of T~ and M € T. Then, the following statements are
equivalent:

(1) X-res.dimM < m.

2 Q" (M) € X forn = m.

(3) QY(M) € X forn > m.

Proof. Apply Lemma 3.2. O
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Now we can compare resolution dimensions in a given triangle in ¢ as follows.

Proposition 3.4. Let X be a resolving subcategory of T, and let
A—B—C—ZA
be a triangle in &. Then, we have the following statements:
(1) X-res.dim B < max{X-res.dim A, X-res.dim C}.
(2) X-res.dim A < max{X-res.dim B, X-res.dim C - 1}.
3) X-res.dim C < max{X-res.dimA + 1, X-res.dim B}.
Proof. For any A € 7, if X-res.dim A = m, by Proposition 3.3, we have the following ¢-exact complex
0—Pl pt, — .. 5P SPl—A—0
in 7 with PA e P(§)for0<i<m-1and P4 ¢ X.
(1) Assume X-res.dimA = m and X-res.dim C = n. We proceed it by induction on m and n. The case

m = n = 0 is trivial. Without loss of generality, we assume m < n, then we can let P,~A =0fori>m. As a
similar argument to that of [11, Proposition 4.11], we get the following & -exact complex:

0—PlePt —P!' eoP, — .. —PlePf—B—0
in 7. Thus, X-res.dim B < n and the desired assertion are obtained.

(2) Assume X-res.dimB =m and X-res.dim C = n. We proceed it by induction on m and n. The case
m =n = 0 is trivial. Without loss of generality, we assume m < n — 1, then we can let PiB =0 fori>m.
By [18, Theorem 3.7], there exist a £-exact complex

0—PoPl, P oPE, .. 5PlePE—SK—A—0
and a triangle
K — Pf @ P — P§ — K[1]
in ¢, it follows that K € (&) by Remark 2.7. Thus, X-res.dim A < n — 1 and the desired assertion is obtained.

(3) Assume X-res.dimA = m and X-res.dim B = n. We proceed it by induction on m and n. The case
m = n = 0 is trivial. Without loss of generality, we assume m + 1 < n, then we can let P,~A =0 fori>m.
By [18, Theorem 3.8], we have the following ¢ -exact complex

O—>P,?GBP,;4,1—>-~~—>PZBGBP1A—>PIB€BP(‘)4—>P§—>C—>O

in 7, thus X-res.dim A < n and the desired assertion is obtained. O
As direct results, we have the following closure properties for the subcategory X.

Remark 3.5. If X is a resolving subcategory of 7, then X is closed under hokernels of &-proper epi-
morphisms, hocokernels of &-proper monomorphisms, and & -extensions.

Corollary 3.6. Let X be a resolving subcategory of 7, and let
A—B—C—ZA

be a triangle in &. Then, we have the following statements:

(1) (cf. [18, Proposition 3.11]) Assume that C is an object in X. Then, X-res.dim A = X-res.dim B.

(2) Assume that B is an object in X. Then, either A € X or else X-res.dim A = X-res.dim C — 1.

(3) (cf. [18, Proposition 3.13]) Assume that A is an object in X and neither B nor C in X. Then, X-res.dim B =
X-res.dim C.
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Proposition 3.7. Let H and X be two subcategories of T with H < X.
Q) HcX.

(2) If X is resolving, then for any M € 77, H -res.dim M = X-res.dim M if and only if?? NX="®H.
In particular, if X L H, and H is closed under hokernels of & -proper epimorphisms or closed under

direct summands, then HnX="H.

Proof.

(1) Itis clear.

(2) (=) Clearly, H ¢ HnXLetMeH nX. By the assumption, we have H -res.dim M = X-res.dim M = O,
then M € H,s0H N X € H.Thus, H N X = H.

() Let M € H. Suppose H-res.dim M = n and X-res.dim M = m. Clearly, m < n. Consider the following
&-exact complexes:

0—H — - —Hy—M—0
and
0—Xy— - —Xo—M—0

with H; € H and X; e X forall 0 <i <nand O < j < m. Since H < X, we have Q7 (M) € X by Lemma 3.2.

Then, QF (M) € HNX=H , and thus, H -res.dim M < m and the desired equality is obtained.
Now, we assume that X L H and H is closed under hokernels of &-proper epimorphisms or closed

under direct summands. Clearly, H < HnX. Conversely, let M ¢ H n X. There exists a &-exact complex

0—H,—H ;— - —Hy—M—0.

Set K; = Hoker (H; — H;_1) for 0 <i < n -2, where H_; = M. Since X is resolving, we have K; € X, and
hence, K; € H n X. Consider the following triangle:

H, — H, 1 — Ky, — XH, 1)

in €. Since .{xtg(Kn_z, H,) = 0 by the assumption that X L H , we have that the triangle (1) is split. It follows
that H,_; = H, ® K,,_, and there exists a triangle

Ky, — Hy.1 — Hy i’ 2Kn»

in £. Since H 1is closed under hokernels of &-proper epimorphisms or closed under direct summands by
assumption, we have K, , € H . Repeating this process, we can obtain each K; € H, hence, M € H and

HNXcH.Thus, H N X =H. O
Now we give the following definition.

Definition 3.8. Let X be a subcategory of 7 and M an object in 7. A £ -proper epimorphism X — M is said

to be a right X-approximation of M if Homs (X, X) — Homg (X, M) — 0 is exact for any X € X. In this

case, there is a triangle K — X — M — 3K in é.

We need the following easy and useful observation.

Lemma 3.9. Let H and X be two subcategories of T.
(1) IfX LH, then X L H. In particular, if H 1. H, then H L H.
Q) If M € “H, then M ¢ “H.

Proof. Apply Remark 2.10. O



130 —— Xin Ma and Tiwei Zhao DE GRUYTER

The following is an analogous theory of Auslander-Buchweitz approximations (see [4,5]).

Proposition 3.10. Let X be a subcategory of T closed under & -extensions, and let H be a subcategory of T
such that H is a &-cogenerator of X. Then, for each M € T with X-res.dim M = n < co, there exist two
triangles

K—X—M-—3K 2
and
M—W-—5X —3M (3)

in &, where X, X' € X, H-res.dimK < n - 1 and H-res.dim W < n (if n = O, this should be interpreted as
K =0).
In particular, if X L H, then the &-proper epimorphism X — M is a right X -approximation of M.

Proof. We proceed by induction on n. The case for n = 0 is trivial. If n = 1, there exists a triangle
Xi—Xo— M — XX (4)
in & with X,, X; € X. Since H is a £-cogenerator of X, there is a triangle
X—H—X —3IX

in & with H € H and X] € X. Applying cobase change for the triangle (4) along the morphism X; — H,
we get the following commutative diagram:

0——> EilXi — ZilX{ —0

v X Xo M
[ [
LM H—" > X} M
N
0 X ———= X} 0

Since ¢ is closed under cobase changes, we obtain that the triangle

H—X,—M-—3H (5)
is in & with H-res.dim H = 0. Note that a'u = a is &-proper epic, so we have that a’ is &-proper epic by
[16, Proposition 2.7]; hence, the triangle

Xo — X} — X] — IX,
isiné. Since X is closed under £ -extensions by assumption, we have X} € X. So, (5) is the first desired triangle.

For X/, there is a triangle
Xo — Ho — Xg — X

in & with Hy € H and X} € X. Applying cobase change for the triangle (5) along the morphism X}, — Ho,
we get the following commutative diagram:

0—= 21X =37 1x] —=0

l
H —%> X} M SH
I lﬁ I )
H—"o g, —Y .y SH

I v
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Note that u’ = Bu is &-proper monic by [16, Proposition 2.6], so the third horizontal triangle is in £. Since
y'v' =y is &-proper epic, y’ is £-proper epic by [16, Proposition 2.7]. So the triangle

M—U—Xl—3IM
is in & with H-res.dim U < 1 and X € X, which is the second desired triangle.
Now suppose n > 2. Then, there is a triangle
K —Xy— M — K’ 7)
in ¢ with X-res.dimK’ < n — 1 and X, € X. For K’, by the induction hypothesis, we get a triangle
K —K-—X — 3K

in ¢ with H-res.dimK < n - 1and X, € X. Applying cobase change for the triangle (7) along the morphism
K' — K, we get the following commutative diagram:

0—=>>71Xy >y 1xo— >0

»~tv K’ Xo M
l I
M K - X M
A N
0 Xo——> Xy 0

Note that A'x = A is &-proper epic, then A’ is & -proper epic by [16, Proposition 2.7], so the triangle
Xo— X — X — 22X,
is in &. It follows that X € X from the assumption that X is closed under £-extensions. Since ¢ is closed
under cobase changes, we obtain the first desired triangle
K—X—M-—3K (8)
in ¢ with H-res.dimK <n -1and X € X.
For X, since H is a é-cogenerator of X, we get the following triangle
X—H —X —XX
in & with H; € H and X' € X.

Applying cobase change for the triangle (8) along the morphism X — H;, we get the following com-
mutative diagram:

0—=2"1x =1y’ 0
K X M YK
I i I
K Hy w K
0 X' = X' 0

As a similar argument to that of the diagram (6), we obtain that the triangles
K—H  —W-—3%K
and
M—W-—X —3IM 9)

are in . Thus, (9) is the second desired triangle in ¢ with H-res.dim W < n and X' € X.
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In particular, suppose X L H, by Lemma 3.9, we have X L H . Then, &t}(X,K) = 0 for any X € X,

it follows that Hom+(X, X) — Homs(X, M) — O is exact. Thus, the &-proper epimorphism X — M is
a right X-approximation of M. O

Proposition 3.11. Keep the notion as Proposition 3.10. Assume M ¢ X with X -res.dimM = n < co.
(1) If X is resolving, then in the triangles (2) and (3), we have H -res.dimK = n — 1 and H-res.dim W =
X-res.dim W = n.
In particular, if X L H , then the & -proper epimorphism X — M in the triangle (2) is a right X -approx-
imation of M, such that H-res.dimK = n — 1 (if n = 0, it should be interpreted K = 0).
(2) If X L ‘H and X is resolving, then there is a triangle

M—M-—X-—3M

iné with M' e X, X € X and X -res.dim M = X -res.dim M'.
(3) (a) Letwy = H* 0 H.Ifwy is a&-cogenerator of H and H is closed under & -extensions, then X L wy
if and only if X 1 (H* n H).
(b) If X is a resolving and wy = XN X* is a &-cogenerator of X and M € X*, then X-res.dim M= wy -
res.dim M.
(4) Suppose that H and X are resolving. If wy = H N H* is a &-cogenerator of H and X L w4y, then M
admits a right X-approximation X' — M such that K" — X' — M — 2K" is a triangle in &, where
H-res.dim K" = n — 1. In fact, we have wy -res.dimK" = n — 1.

Proof.

(1) Suppose X is resolving. Applying Corollary 3.6(2) to the triangle (2) yields that X-res.dimK = n — 1. On
the other hand, since H ¢ X, wehaven — 1 = X-res.dim K < H-res.dimK < n - 1. Thus, H-res.dim K =
n-1.

Moreover, applying Corollary 3.6(1) to the triangle (3) implies X-res.dim W = X-res.dim M = n. So,
n = X-res.dim W < H-res.dim W < n. Hence, H-res.dim W = X-res.dim W = n.
The last assertion follows from the above argument and Proposition 3.10.
(2) Since X L H, we have X L H by Lemma 3.9, and so the result immediately follows from (1).
(3) (a) (<) Suppose X L (H*:n 7/-7). Clearly, wyy = H*nH < H+ n H c X4, thatis, X L wy.
(=) Suppose X L wy.LetL € H* n H. By Proposition 3.10, there exists a triangle

K'—Hy— L — XK'

in ¢ with Hy € H and w¢ -res.dim K’ < H-res.dim L — 1 < co. Note that K’ € H* by Lemma 3.9,
so L € H* implies Hy € H*. Then, Hy € w4, and so, L € Wy . Since X L wq, we have L € X* by

Lemma 3.9. Thus, X L (H*n @(\).
(b) Suppose X-res.dim M = n, by (1), there exists a triangle

K—Xo—M—32K
in & with Xy € X and wy-res.dim K = n — 1. Note that M € X* and K € X*, so X, € X*, and hence,
Xo € wy. It follows that wy-res.dim M < n.Butn = X-res.dim M < wx-res.dim M < n, thus X -res.dim M =

wx-res.dim M.
(4) Suppose X-res.dim M = n, by (1), there exists a triangle

K—Xg—M—ZK (10)

in ¢ with Xy € X and H-res.dim K = n - 1. By (2), there is a triangle
K—K' —H-—573K



DE GRUYTER Resolving resolution dimensions in triangulated categories = 133

in & with H € H, K" € H* and H-res.dim K" = H-res.dim K. Then, K" € H* n H. Applying cobase
change for the triangle (10) along the morphism K — K", we get the following commutative diagram:

0—>=>"'g == 'g >0

sTm K Xo M
I I
M K" X’ M
0 H———=H 0
One can see that the triangle
K' —X —M—3K" (11)

isin & and X’ € X. Note that X L wy, so X L H* n H by (3)(a). Then, &tyX,K") =0 forany X € X,
and so, Homs (X, X') — Homg (X, M) — 0 is exact. Thus, the & -proper epimorphism X’ — M is a right

X-approximation of M and H-res.dim K" = n - 1 in the triangle (11). Note that K" € H*, so we have
wy-res.dim K" = H-res.dim K" = n — 1 by (3)(b). O

Lemma 3.12. Let ‘H be a subcategory of T with H L H. Assume that H is closed under hokernels of & -proper

epimorphisms or closed under direct summands. Then, H = H 0 H.

Proof. Clearly, H ¢ H nH.
Conversely, let M € H n *H. Consider the following & -exact complex:

0O—H,—H, 1— -+ —Hy—M—0.

Set K; = Hoker (H; — H;_;)for0 <i <n - 2,where H; = M.Then, M € *H yields K; € *H, and so the triangle
Hn — Hn—l — anz I 2:['In

is split. It follows that H,_; = H, & K,_, and there exists a triangle
Ky — Hyy — Hy — 5K,

in £. Since H is closed under hokernels of é-proper epimorphisms or closed under direct summands
by assumption, we have K,_, € H. Repeating this process, we can obtain K; € H, hence M € H and

H N*H < H. Thus, H N “H = H. m|

Proposition 3.13. Let X be a resolving subcategory and H a éxt-injective & -cogenerator of X. Assume that H

is closed under hokernels of &-proper epimorphisms or closed under direct summands. Then, X = Xn'H =
X nteH.

Proof. Clearly, X < X N *H and X n TH <X ntH,
—~ 1o~

Now, let M € X ntH. Then, by Lemma 3.9, we have M ¢ Xn l‘7—(\, and hence, Xn*HcXn H
On the other hand, by Proposition 3.10, there is a triangle

K—X—M-—3K (12)
in & with X € X and H-res.dim K < co. Note that M € “ implies K € “H, and hence, K ¢ Hno*H =H by

Lemma 3.12. Note that .fxtg(M , K) = 0, so the triangle (12) is split; hence, X = K @ M. Consider the following
triangle
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M—X—K-"3M

in &. It follows that M € X from the assumption that X is resolving. Thus, XntH cX. O
Our main result is the following.

Theorem 3.14. Let X be a resolving subcategory of T and H a éxt-injective & -cogenerator of X. Assume that
H is closed under hokernels of &-proper epimorphisms or closed under direct summands. For any M € T, if

M € X, then the following statements are equivalent:

(1) X-res.dimM < m.

2) Q" (M) € X for alln > m.

(3) Q%(M) € X for alln > m.

(4) &t{(M,H) =0 foralln >m and all H € H.

(5) &t}(M,L) =0 foralln >mand allL € H.

(6) M admits a right X-approximation ¢ : X — M, where ¢ is &-proper epic, such that K = Hoker ¢ satis-
fying H-res.dimK < m - 1.

(7) There are two triangles

WM—>XM—>M—>ZWM

and
M—W" — XM M

in & such that Xy, XM € X and H-res.dim Wy < m - 1, H-res.dim WM = X-res.dim WM < m,

Proof. (1) & (2) & (3) It follows from Proposition 3.3.

(1) & (6) It follows from Proposition 3.11(1).

(1) © (7) It follows from Proposition 3.11(1).

(1) = (4) Suppose X-res.dim M < m. There is a £-exact complex

0—X;,— - —Xg—M—0

with all X; in X. Since H is a éxt-injective &-cogenerator of X, we have .{xt}‘zl(X,-, H) =0 for all H € H.
So, &xti(M, H) = éxt{ "Xy, H) = 0 forn > m.

(4) = (5) It follows from Lemma 3.9.

(5) = (4) It is clear.

(4) = (1) Since M € X, by Proposition 3.11(1), there is a triangle K — X — M — ZK in & with
H-res.dimK < co and X € X. Then, &t{(K, H) = &t[*'(M, H) for H € H and i > 1 since &t'(X, H) = 0.
So, .{xt?’”(K , H) = 0. Note that H-res.dim K < co, so we have the following &-exact complex

O0—H,— - —Hy—K-—0
with all H; € H. Then,
EtHQR(K), H) = &atf™ (K, H) = 0

fori > 1and all H € H, which means Q% }(K) € *H. Note that H-res.dim Q7 }(K) < oo, hence, QI }(K) €
H N “H. 1t follows thatQ’qn[l(K) € H from Lemma 3.12, so H-res.dim K < m — 1. Thus, X-res.dimM <m. O
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4 Additive quotient categories and &-cellular towers with respect
to a resolving subcategory

In this section, we will further study objects having finite resolution dimension with respect to a resolving
subcategory X. We first construct adjoint pairs for two kinds of inclusion functors. Then, we characterize
objects having finite resolution dimension in terms of a notion of ¢-cellular towers.

4.1 Adjoint pairs

Suppose that D and X are two subcategories of 7. Denote by [D] the ideal of X consisting of morphisms
factoring through some object in D. Thus, we have a quotient category X/[D], which is also an additive
category.

Lemma 4.1. Let X be a resolving subcategory of 7 and H a éxt-injective &-cogenerator of X. Assume that
f: X— M is a morphismin 7 with X € X and M € X, then the following statements are equivalent:
(1) f factors through an object in H.

(2) f factors through an object in H.

Proof. It suffices to show that (2) = (1). Suppose that f factors through an object L ¢ H . Then, f = gh,
where h : X — L and g : L — M. Consider the following triangle

L' —H-—L-—3L

in& with He H and L' € H . Note that  is a &xt-injective &-cogenerator of X, by Lemma 3.9, we have
.{xtg(X , L") = 0. So, h factors through H, it follows that f factors through H. O

Lemma 4.2. Let X be a resolving subcategory of T and H a éxt -injective & -cogenerator of X, and let M, N € X.
Assume that f : M — N is a morphism in T, consider two triangles

Wy -5 Xy oM —SWy, and Wy — Xy -5 N — Wy

in & with Xy, Xy € X and Wy, Wy € H (see Proposition 3.10), then we have the following statements:
(1) There exists a morphism g : Xy — Xy such that qg = fp.
(2) Ifg, g' : Xu — Xy are two morphisms such that qg = fp and qg' = fp, then[g] = [g'] in Homy 40y (Xu, Xn)-

Proof.
(1) Apply Proposition 3.10.
(2) Supposeg, g’ : Xy — Xy aretwomorphismssuchthatgg = fpandgqg’ = fp,thenq(g’ — g) =qg’ — qg = 0,
and so there exists a morphism h : Xy — Wy such that g’ — g = Bh, that is, there is a commutative diagram as
follows:

X

h \L ’
g9'—g
£ 8

Wy —> Xy —> N —> SWy.

Note that Wy € H , S0 g' — g: Xy — Xy factors through an object in H by Lemma 4.1. Thus, [g] = [g'] in
Homy 2 (Xur, Xw)- O

By Lemma 4.2, there exists a well-defined additive functor
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F:X = X/[H],

which maps an object M ¢ X to Xy and a morphism f: M — N € Homz(M, N) to[g] € Homy,(4(Xu, Xy) as
described in Lemma 4.2.

Clearly, we have F(H) = 0 for any object H € H. Hence, F factors through 5\(/ [H]. That is, there exists
an additive functor y : )A(/ [H] — X/[H] making the following diagram commutes

X" s xm

7
™ 7
X/[H],
where 7 is the canonical quotient functor.
Now we show that the additive functor u defined above and the inclusion functor between additive

quotients X/[H] and 5\(/ [H] are adjoint.

Theorem 4.3. Let X be a resolving subcategory of 7 and H a éxt-injective &-cogenerator of X. Then, the
additive functor y : ?/ [H] — X/[H] defined above is right adjoint to the inclusion functor X/[H] — X/ [H].

Proof. Let X € X and N € X. By Proposition 3.10, there is a triangle
Wy -2 Xy -5 N — Ty

in & with Wy € H and Xy € X. Note that the additive map
[q). : Homyy(4 (X, u(N)) — Homg 4 (X, N)

is natural in both X and N by Lemma 4.2. We claim that [g]. is an isomorphism.

Indeed, since H is a éxt-injective &-cogenerator of X, by Lemma 3.9, we have .{xté(X, Wy) = 0, and
hence, Hom+ (X, Xy) — Homs(X, N) is an epimorphism, so [g]. is still an epimorphism.

Now, assume that g : X — Xy is a morphism such that [gg] = [q][g] = [g].[g] = [0] € Homy4,(X, N).
Then, there exists an object H € H such that qg = ts as the following commutative diagram:

Wn —>XNT>N—>ZWN.

Note that .{xtg(H , Wy) = 0 by assumption, so there exists a morphism 6 : H — Xy such that t = g6. Since

q(g — 0s) =qg — qs = ts — ts = 0, so g — Os factors through Wy. By Lemma 4.1, g — s factors through an
object in H. It follows that [g — 6s] = 0 € Homyy¢(X, N). Since 8s = 0 € Hom;41;(X, N), we have 0 = [g] ¢
Homy;(4(X, N). So [q]. is a monomorphism, and thus, [g]. is an isomorphism. O

Corollary 4.4. Let X be a resolving subcategory of T and H a éxt-injective & -cogenerator of X. Assume that H
is closed under direct summands. For any N ¢ X, the following statements are equivalent:

(1) NeH.

(2) There is a triangle

Wy — Xy —5 N — SWy

in & with Wy € H and Xy € X such that [q] = [0] € Homg 4, (X, N).

Proof. The assertion (1) = (2) follows from Lemma 4.1. It suffices to show (2) = (1). Note that the adjunction
isomorphism established in Theorem 4.3 implies that the additive map
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[q]* : HOHIX/W.{] (XN, XN) — HOITIX/[«H] (XN, N)

is isomorphic. Since[q]. [idx,] = [gidx,] = [q] = [0] € Homz4,(Xy,N) = 0, so[idx,] = [0] € Homyi4,;(Xy, Xy),
and thus, id x, factors through an object H € # . It follows that Xy is a direct summand of Wy. Since H is closed
under direct summands, we have Xy € H . Thus, N € H. O

Next, we compare additive quotients H /[X] and X/ [X].

Lemma 4.5. Let X be a resolving subcategory of T and H a éxt-injective & -cogenerator of X, and let M, N € X.
Assume that f : M — N is a morphism in 7, consider two triangles

M-wM LxM . sM oand N-SwN Lx¥ 3N
in & with XM, XN € X and WM, WN ¢ H (see Proposition 3.10), then, we have the following statements:

(1) There exists a morphism g : WM — WN such that gs = tf.
(2 Ifg,g' : WM — WN are two morphisms suchthat gs = tf and g's = tf , then[g] = [g']in Homgy,x; (Xar, Xn)-

Proof.

(1) Since X L H by assumption, we have {xtg(XM , WN) = 0 by Lemma 3.9. So, there exists a morphism
g : WM — WY such that gs = tf.

(2) Suppose g, g’ : WM — WN are two morphisms such that gs = tf and g's = tf, then (g’ — g)s = g's — gs
= 0, and so there exists a morphism h’ : X — WY such that g’ — g = h'l, that is, there is a commutative
diagram as follows:

M= wM XM sy
g gl P bh,
WN

Note that XM € X, so g’ —g: WM — WX factors through an object in X. Thus, [g] = [g'] in Homgz; (WM, W),
O

By Lemma 4.5, there exists a well-defined additive functor
G:X - H/X],

which maps an object M € X to WM and a morphism f: M — N € Homy(M, N) to[g] € Homgx, (WM, WN)
as described in Lemma 4.5.

Clearly, we have G(X) = 0 for any object X € X. Hence, G factors through ;\\’/ [X]. That is, there exists
an additive functor 7 : X /[X] — H /[X] making the following diagram commutes

X9  qyx
T
N
xX/1x],

where 7 is the canonical quotient functor.
Now we show that the additive functor n defined above and the inclusion functor between additive

quotients H /[X] and X’/ [X] are adjoint.

Theorem 4.6. Let X be a resolving subcategory of T and H a éxt-injective &-cogenerator of X. Then, the
additive functor 1 : )A(/ [X] — H /[X] defined above is left adjoint to the inclusion functor H /[X] — X/ [X].



138 —— Xin Ma and Tiwei Zhao DE GRUYTER

Proof. Let K be an object in Hand M an object in X. By Proposition 3.10, there is a triangle
Mwm L xm sy
in £ with WM ¢ H and XM ¢ X. Note that the additive map
[sI* : Homg;x;(n(M), K) — Homg,x(M, K)

is natural in both M and K by Lemma 4.5. We claim that [s]* is an isomorphism.

Indeed, since H is a éxt-injective cogenerator of X, by Lemma 3.9, we have {xté(XM , K) = 0, and hence,
Homg (WM, K) — Homg(M, K) is an epimorphism, so [s]* is still an epimorphism.

Now, assume that g : WM — K is a morphism such that [gs] = [g][s] = [s]*[g] = [0] € Homg (M, K).
Then, there exists an object X € X such that gs = kv. Since H is a éxt-injective &-cogenerator of X, there
exists a triangle

X—H—>X —3X

in & with H € H and X' € X. Note that fxtg(XM ,H) =0 and {xt"}(X’ , K) = 0, so we get the following com-
mutative diagram:

M_SswM Lo xM sy

v v
\ \
X H X' X
k - 1"
v g v
K

It follows that[v"v'] = [0] € Homz;x(WM,K)as H € X. Sincev"v's = kv = gs ¢ Homg, (M, K), by Lemma 4.5(2),

we have [g] = [v'V'] € Homg,x)(WM, K), and hence, [g] = 0. So [s]* is a monomorphism, and thus, [s]* is
an isomorphism. O

Corollary 4.7. Let X be a resolving subcategory of T and H a éxt-injective & -cogenerator of X. Assume that X

is closed under direct summands. For any N ¢ X, the following statements are equivalent:
(1) NeX.
(2) There is a triangle

NS wN — XV 3N
in & with WN ¢ H and XN € X such that[s] = [0] € Homg,x, (N, WV).

Proof. The assertion (1) = (2) is obvious. It suffices to show (2) = (1). Note that the adjunction isomorphism
established in Theorem 4.6 implies that the additive map

is isomorphic. Since [s]*[idy~] = [idyn~s] = [s] = [0] € Homgzx (N, WN) = 0, so [idyn~] = [0] € Homgx,

(WN, WN), and thus, idy~ factors through an object X’ € X. It follows that WY is a direct summand of X'.
Since X is closed under direct summands, we have WY ¢ X. Thus, N € X. O
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4.2 A characterization of finite resolution dimension via &-cellular towers

For M e X , there exists a triangle
K2 x, 5o m 2 sk 13)
in & with Xg € X and K € X. Similarly, there exists a triangle
| JLN 4
inéwithXe Xand K € X. Continuing the above procedure for K,, there exists a triangle
Kpoy 25 X, 55 K, 2 5K,

in & with X;, ¢ X and K,,; € X.
Applying cobase change for the triangle (13) along the morphism h; : K — XK, we get the following
commutative diagram:
fo 9o

»im K Xg—> M
|
M YKy —25 Oy —25 M,
where the triangle
SKy -2 ¢, 5 M — 32K, (14)

is in &. Next consider the triangle (14) along the morphism -Zh, : K, — ¥?K3, we get the following
commutative diagram:

v YKy 2oy 2o M
i—z}l,g l'}?
Ve YRy e 0y B M,

where the triangle 22K; — G — M — 2K; is in £.
Continuing in this manner, we obtain the following commutative diagram:
fo 9o ho

K, Xo M YK,
A L B
SKy —2 > Cy —2> M 22K,
L
22Ky P 0y B M 3K

! oo !

M S"Kn

where all the horizontal triangles are in £.
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Set Cy = 0 and C; = X,. The above construction produces a tower

N Y; Yo
0—C =5 G =5t — Gy 25 Gy ooy

which we call the &-cellular tower of M with respect to X.
According to the above construction, one can obtain the following result by Proposition 3.3.

Theorem 4.8. Let X be a resolving subcategory of 7. Forany M € 7, if M ¢ X, then the following statements

are equivalent:

(1) X-res.dimM < n.

(2) Foreachi > 0, the morphisms vy,; : Cyyi — M of the &-cellular tower of M with respect to X constructed
above are isomorphisms.

5 Applications

In this section, we will construct a new resolving subcategory from a given resolving subcategory, which
generalizes the notion of £ -Gorenstein projective objects given by Asadollahi and Salarian [13]. By applying
the previous results to this subcategory, we obtain some known results in [13-15].

Definition 5.1. Let X be a subcategory of 7 and M an object in 7. A complete P (&) X-resolution of M is
a Homgy (-, X)-exact &-exact complex

~~—>P1—>P0—>X0—>X1—>~--

in 7~ with all P, € P(&), X! € X n *X such that both
K—P—M-—3K and M —X°—K!'—3IM

are corresponding triangles in . The GPx(&)-Gorenstein category is defined as

GPx(&) = {M € TIM admits a complete P (&)X -resolution}.

Remark 5.2.
(1) Since X is a resolving subcategory of 7, we have P(£) ¢ X, so P(¢) € X n*X. Then, we have
Ky € GPx(&).
(2) If M € GPx(&), then .{xt?(M , X) = Homs(M, X) and £xt§(M ,X) =0 for any X € X. In fact, the following
&-exact complex:
w—P—P—M-—0
is a &-projective resolution of M (see [11]), which is Homgs(—, X)-exact.

Evidently, M € GPx(¢) if and only if é,’xt(?(M, X) = Homs (M, X) and {xtg(M ,X)=0 for any X € X,
and M admits a Homs(—, X)-exact & -exact complex
0—M—X°—X'— ...
with X' e X n *X.
(3) If X = P(&), then we have X n*X = P(£) by Lemma 3.12, and thus, GPx(¢) coincides with GP(¢)
defined in [13].

We have the following result.
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Theorem 5.3. Let X be a resolving subcategory of 7. Then, GPx(£) is a resolving subcategory of 7.

Proof. Let P be a &-projective object. Consider the following &-exact complex:
0 Lpp %o
in 7. Clearly, it is Homs(—, X)-exact. In particular,
0->pp %0 and PP 20 Lsp

are corresponding triangles in &. Since P € X n “X by Remark 5.2(1). we have P(£) ¢ GPx(&).
As a similar argument to the proof of [18, Theorem 4.3(1)], we obtain that GPx(¢) is closed under
¢ -extensions and hokernels of & -proper epimorphisms. Thus, GPx(¢) is a resolving subcategory of 7. [

Lemma 5.4. Let X be a resolving subcategory of T satisfying X n X ¢ GPx(&). Then, X N *X is a &t-injec-
tive & -cogenerator of GPx(¢) and is closed under hokernels of &-proper epimorphisms.

Proof. Let M € GPx(£). There is a Homg(—, X)-exact triangle
M—X0 Kl — M (15)

in¢ with X% € X n *X < GPx(&). For any)? € X, applying the functor Homs(—, X) to the triangle (15) yields
the following commutative diagram:

0 —> Homy(K', X) — Hom7(X°, X) —> Homy (M, X) ——= 0

| - |

0 fotg(Klvjz) Hgmtg(X(%)?) Hf.%tg(M,)?) — fZEt%(K17)’Z) - fZEt%(XU,)’E)(: 0)/

IR

where the two isomorphisms follow from the assumption that X°, M € GPx(¢) and Remark 5.2(2). It follows
that &t}(K', X) = 0 and &t?(K', X) = Homy(K?, X), so K' € GPx(£) by Remark 5.2(2), then X n *X is a & -co-
generator of GPx(&). Obviously, X N *X is a &t-injective & -cogenerator of GPx(£).

It is obvious that X N *X is closed under hokernels of £-proper epimorphisms. O

As an application of Theorem 3.14, we have:

Proposition 5.5. Let X be aresolving subcategory of 7~ satisfying X N *X < GPx(&)andM € T.IfM ¢ Q/P\X(.{),
then the following statements are equivalent:

1) GPx(é)-res.dimM < m.

(2) QYM) € GPx(&) for alln > m.

(3) Qgpye) (M) € GPx(§) for alln > m.

(4) &t}(M, H) =0 foralln > mand all He X n*X.

(5) &t{(M,L) =0 foralln >mand all L € Xnix.

(6) M admits a right GPx(&)-approximation ¢ : X — M, where ¢ is &-proper epic, such that K = Hoker ¢
satisfying H-res.dimK < m — 1.
(7) There are two triangles

WM —>XM —>M—>ZWM
and
M—WM XM M

in & such that Xy, XM e GPx(&) and X Nn*X-res.dim Wy <m -1, X n*X-res.dim WM = GPx(&)-
res.dim WM < m.
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Immediately, we have:

Corollary 5.6. Let 7 be a triangulated category and M € T.If M € Q/P(\g’ ), then the following statements are
equivalent:

(1) GP(¢)-res.dimM < m.

(2) Q"M) € GP(&) for alln > m.

3) Qgp(g)(M) € GP() foralln > m.

(4) &t{(M, H) = 0 for alln > m and all P € P(¢).

(5) &t{(M,L) =0 foralln >mand all L € P(&).

(6) M admits a GP(¢)-approximation ¢ : X — M, where ¢ is &-proper epic, such that K = Hoker ¢ satis-

fyingé-pdK <m - 1.
(7) There are two triangles

WM—>XM—>M—>ZWM

and
M—WM XM __vM

in & such that Xy and XM are in X and &-pd Wy < m — 1, £-pd WM = GP(&)-res.dim WM < m.

Remark 5.7. As in Corollary 5.6, (1) & (2) & (6) is [13, Theorem 4.6 (ii) & (iii)) & (iv)], (1) & (5) is [13,
Proposition 3.19]. (1) & (4) is [14, Remark 2.14].

Following Theorems 4.8 and 5.3, we have the following result, which is a generalization of [15, Proposi-
tion 5.1].

Proposition 5.8. Let X be a resolving subcategory of T. For any M € T, if M ¢ g/‘PX(\.{ ), then the following

statements are equivalent:

(1) GPx(é)-res.dimM < n.

(2) For eachi > 0, the morphisms vy, : Cpy; — M of the &-cellular tower of M with respect to GPx(&) con-
structed above are isomorphisms.
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