HEATING OF COUNTERSTREAMING ION BEAMS

detailed analysis of such high Mach number structures
will be given elsewhere.

VI. CONCLUSIONS

We believe that several very instructive results have
emerged from the present study. The development of
an lon—ion streaming instability in the presence of a
strong magnetic field was followed through its early
stages until nonlinear saturation. Predictions of the
quasilinear moment equations and arguments for non-
linear stabilization by ion trapping were found to agree
with the results of the simulation. One can therefore
apply, with more confidence, similar simple theoretical
considerations in describing more complex systems.

The scaling laws for this particular ion—ion instability
were found for a variety of conditions, including the
stabilization level of the field fluctuations. Finally, the
ion interaction found for distributions of the form in
Fig. 8 should be pertinent to the existence of double
structure high Mach number shock waves, when the local
Mach number falls in the range M42(x) <4[1+8(x)].
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Resonance Cones in the Field Pattern of a Radio Frequency Probe in a
Warm Anisotropic Plasma
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An experimental and theoretical investigation of the angular distribution of the electric field of a short
radio frequency probe in a plasma in a magnetic field is described. The field is observed to become very
large along a resonance cone whose axis is parallel to the static magnetic field and whose opening angle
is observed to vary with incident probe frequency, cyclotron frequency, and plasma frequency in agree-
ment with simple cold plasma dielectric theory. The relationship of these cones to the limiting phase- and
group-velocity cones which appear in the theory of plane wave propagation is discussed. The addition of
electron thermal velocities (warm plasma effects) is examined in the limit of a large static magnetic field.
A fine structure appears inside the cones and is shown to result from an interference between a fast electro-
magnetic wave and a slow plasma wave. This interference structure is observed experimentally and measure-
ments of the angular interference spacing are shown to agree with the warm plasma theory. The use of
measurements of the resonance cones and structure as a diagnostic tool to determine the plasma density
and electron temperature in a plasma in a magnetic field is discussed.

I. INTRODUCTION

The electromagnetic fields and radiation from sources
in a plasma in a magnetic field have been the subject
of many theoretical studies'* and have become of
practical interest in connection with investigations em-
ploying rocket and satellite vehicles.

Much of the theoretical interest has centered on the
small dipole antenna because of its inherent simplicity.
The analysis of an oscillating point dipole in a cold
anisotropic plasma® shows that the fields should be-

come singular along a cone whose axis is parallel to the
static magnetic field and whose opening angle 8, is
determined by the plasma density, magnetic field
strength, and incident frequency (see Fig. 1). It has
been shown that the Poynting vector is also singular
on the resonance cones,® so that the total power flow
and hence the radiation resistance is infinite for the
point dipole antenna. This result, sometimes referred
to as the “infinity catastrophe,” has stirred consider-
able controversy.® It has been proposed that the in-
clusion of effects such as electron collisions,® electron
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thermal velocities,”? and sources of nonzero dimen-
sions® cause the fields along the cones (and hence the
radiation resistance) to remain finite.

Considering the extent of the theoretical work on
radiation from sources in anisotropic plasmas and the
interest shown in the resonance cones, there has been
remarkably little experimental activity in these areas.
This paper describes an investigation of the angular
field pattern of a short radio-frequency probe in a
plasma in a magnetic field. These measurements, first
reported in a previous paper,! represent the first ex-
perimental verification of the exisience of resonance cones
along which the observed fields become very large. Further
investigations have resulted in observations of a warm
plasma fine structure® in the angular field pattern near
the resonance cones, resulting {rom an interference be-
tween a fast electromagnetic wave and a slow plasma
wave. In this paper we describe both the experimental
measurements and a quasistatic theory leading to the
resonance cones and structure in more detail, extend
the previous measurements, and discuss more fully the
warm plasma theory leading to the observed inter-
ference structure. A more extensive treatment of the
warm plasma theory, using the complete Maxwell
equations and including a calculation of radiation
resistance has been completed by Singh and Gould."

The theory for a cold plasma is discussed in Sec. II.
Section IIT describes the experimental apparatus and
measurements of the resonance cone angle as a function
of incident frequency and magnetic field strength. In
Sec. 1V, the relationship of these cones to the limiting
phase- and group-velocity cones which appear in the
theory of plane wave propagation is discussed.”” Sec-
tion V describes the warm plasma theory and measure-
ments of the interference fine structure in the angular
field pattern. Section VI presents some conclusions and
discusses the use of the resonance cone angle as a
diagnostic tool to measure the plasma density and the
electron temperature in a plasma in a magnetic field.

II. THEORY FOR A COLD ANISOTROPIC PLASMA

Consider a probe with charge distribution pex: oscil-
lating at frequency « in an infinite homogeneous col-
lisionless plasma with an applied static magnetic field
By= B¢, The near-zone fields (r<c/w) may be derived
using the quasistatic approximation E= — Ve. We must
solve Poisson’s equation V+D = pcy; where D=¢K-E and
K is a tensor with K,,=K,,=K.i, K,,=—K,,=Kpy,
and K,,=K,, as its nonzero components. For a cold
plasma, neglecting terms of order m./m., we have

Ki=1—w(w?~w?) and K| =1—w/o? (1)

where w, and w, are the electron plasma and cyclotron
frequencies, respectively. These expressions are valid
for frequencies w large compared with @, and €, the
ion plasma and cyclotron frequencies.

FISHER AND R. W. GOULD

For simplicity, we will solve for the potential of an
oscillating point charge located at the origin, pexi=
g exp(—iwt)§(r). Although this is a nonphysical charge
distribution, the solution we obtain with ¢=1 can be
thought of as the Green’s function for the problem
and is therefore useful in obtaining the solution for
more complex charge distributions. Also the main
physical ideas are apparent from the Green’s function.
Taking the Fourier transform of Poisson’s equation,
we obtain an algebraic equation for the Fourier trans-
form of the potential, and the inverse Fourier integral
vields

_ gexp(—iwl) exp(ik-r)
LA /// k2K + k2K L
(2)

For a cold plasma, since K| and K1 are not functions
of k, the integrations can be performed directly,®
yielding

kJ. dk.L dkll d¢
(2m)*

g exp(—iwt)
dmreg( K 2K )V p*/ K 1422/ K| ]2

in cylindrical coordinates.* Note that this is very
similar to the potential of an oscillating charge in free
space except that the square of the coordinates p
and z? are scaled by the appropriate dielectric constant
in that coordinate direction.

To solve for the potential and fields of an oscillating
dipole we merely take the derivative with respect to
the appropriate spatial coordinate. All spatial deriva-
tives of Eq. (3) will also have a singularity along the
cone defined by the vanishing of the denominator,

o(p, 2) = 3

K|, sin?04 K1 cos®=0, (4)

where §=tan"'p/z is the polar angle in spherical co-
ordinates. As pointed out previously, the potential (3)
with ¢=1 can be thought of as the Green’s function
for the problem and thus the resonance cones will
exist regardless of the charge distribution on the ex-

9(:: f(w,wp,wc)

Fic. 1. Diagram showing resonance cones for a small source
located at the origin. The axis of the cones is parallel to the
static magnetic field Bo and the opening angle 8, is determined
by the plasma frequency wp, cyclotron frequency we, and incident
frequency w.
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citing probes. The singularity is a property of the
medium rather than of the source. From (3), the
cones exist only in frequency regions where either K|,
or K1 becomes negative, but not both. In a magneto-
plasma these regions are w less than both w, and w,
hereafter called the “lower branch” (0<w<wp,w.),
and w greater than both w, and w, but less than the
upper hybrid frequency wuh= (w,'+w?)'?, hereafter
called the “upper branch” (wp,w.<w<ws). From
Eq. (4) the resonance cone angle is given by

Aoy tul—a?)

2., 2 ' (5)

W

sin?f =

Note that it is symmetric with respect to w, and w..

A calculation of the fields of an oscillating point
dipole in a cold anisotropic plasma based on the full
set of Maxwell’s equations® shows that in the far zone
(r>c/w) the fields also become singular at this same
cone angle. The validity of the quasistatic solution
presented here is not simply that the near-zone con-
dition (r<c/w) apply. We are dealing with a reso-
nance (index of refraction n—o) where electrostatic
approximations are usually valid. The quasistatic solu-
tions for the electric field are valid near the resonance
cone (see Appendix A).

It should be noted that inclusion of the ion terms in
the expressions for the plasma dielectric tensor would
predict similar cones at frequencies w<Q,, the ion
cyclotron frequency, although no attempt was made to
observe these “ion branch” cones experimentally.

III. EXPERIMENTAL MEASUREMENTS
AND DISCUSSION

The experiment was performed in a steady-state
argon rf discharge (pressure ~1 p) in the apparatus
illustrated in Fig. 2. The plasma was contained in a
glass cylinder (diameter ~15 cm) and the active dis-
charge region was about 25 cm long. A static magnetic

21 MHz"BAND"
ELECTRODES

FOR PLASMA.
BREAKDOWN
90°

MOVING
VACUUM "
SYSTEM  RECEIVING

PROBE

FIXED
"TRANSMITTING"
PROBE / ~e - 4
LOCUS OF MOVABLE PROBE

~ —— ——
M\MAGNET cows /‘N

GLASS
PIPE

—bBo

Fre. 2. Schematic of experiment to measure resonance cones
and structure.
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Fic. 3. Block diagram of experimental electronics.

field was produced along the axis of the plasma column
by a pair of Helmholtz coils.

The transmitting and receiving probes used to study
the resonance cones were introduced into the plasma
through two ports on opposite sides of the glass cylinder.
The probes were constructed from 0.070 in. or 0.087
in. o.d. semirigid 50 © coaxial cable. The radiating
portion of the probes consisted of approximately 2 mm
of exposed center conductor. The transmitting probe
was fixed in the center of the plasma column. A second
probe was used to measure the fields set up by the
transmitting probe. This receiving probe was con-
structed to rotate in a circular arc whose center is at
the transmitting probe.

A block diagram of the experimental electronics is
shown in Fig. 3. The plasma was produced by a 21
MHz, 100 W rf generator which was capacitively coupled
to the plasma by means of a tuned LC circuit, where
part of the capacitance was furnished by two copper
sleeves which fitted tightly around the glass cylinder.
The signal into the transmitting probe was provided
by a wvariable frequency uhf oscillator. The signal
measured by the receiving probe was mixed with a
local oscillator signal and fed into an I-F amplifier
whose output was rectified by a crystal diode and drove
the ¥V axis of an X-¥ recorder. A band reject filter was
inserted before the mixer to reduce the 21 MHz signal
and its first harmonic present in the plasma. The X
axis of the recorder was controlled by a potentiometer
which measured the angular position of the rotating
motor-driven receiving probe with respect to the di-
rection of the static magnetic field.

If the incident frequency of the transmitting probe
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F1c. 4. Series of experimental traces showing variation of
resonance cone angle with probe frequency for constant plasma
density and constant magnetic field strength.

is chosen to be in a frequency range where cones exist,
we would expect to see an increase in the received
signal as the angle 8, which the receiving probe position
makes with respect to the magnetic field passes through
the angle 6, of the resonance cones set up by the
transmitting probe.

A, Cone Angle Location Measurements

A series of traces taken at fixed plasma frequency f,
and cyclotron frequency f; is shown in Fig. 4. In each
trace, the vertical axis is the received signal from the
I-F amplifier (roughly a linear power scale) and the
horizontal axis is the probe location 6, the angle the
position of the receiving probe makes with respect to
the magnetic field direction. The traces were taken at
various incident frequencies and are displaced vertically
for display purposes. The received signal is observed
to become very large at the resonance cone angle. This
is part of the lower branch since, as the frequency
increases, the resonance cone angle increases in accord
with Eq. (5). When the cone angle exceeded 60°,
multiple reflections from the glass walls (the dotted
lines in Fig. 2 illustrate reflected cones) complicated
the traces. The fine structure which was observed to
appear just inside the cones will be discussed in Sec. V.

R. XK. FISHER AND R. W. GOULD

If the experimentally measured cone angles are
plotted versus the ratio w/w., we obtain a measure of
the plasma frequency as shown in Fig. 5. The solid
curves are plots of the lower and upper branch cone
angle-frequency relationships predicted by Eq. (5) for
the indicated values of the parameter w,/w. The
circular points represent experimental data taken at
a magnetic field corresponding to a cyclotron fre-
quency f.=800 MHz, while the triangular points were
taken at a lower magnetic field ( f,=480 MHz). The
two sets of data indicate a plasma density correspond-
ing to wp/w~~1 and 1.5 (or #~8X10° cm™ and
6.5X10° cm™3, respectively). An independent measure-
ment using a 10.5 GHz microwave interferometer®
(not shown in Figs. 2 or 3) confirms these electron
densities to within 209,. The data taken at the lower
magnetic field show the upper and lower branches
clearly separated by a frequency band in which, as
predicted no cones were present. The above results
show that the reasonance cone angle can be used as a
diagnostic measure of the plasma density in a plasma
in a magnetic field.

The agreement between experiment and theory shown
in Fig. 5 appears to indicate that the plasma density
radial profile was relatively uniform in the experi-
mental plasma column, at least out to a radius equal
to the probe separation in those measurements (ap-
proximately 6 ¢m). As a check, the cone angles were
measured with four different receiving probes, each at
different radii (approximately 1, 2, 3, and 6 cm), and
most of the measurements agree to within 2-3° in-
dicating that the plasma density was uniform to within
10-209%, in this region.

1.0
KON -8
we I3 .
1o 4 3
@
L5 oo
1.0
2 8
(VALY
5# £20> 6 .
Yo _
We " 4
o] 1 |
o 30° 60° 90°
ecoue

Fie. 5. Graph showing the experimentally observed location
of the resonance cone angle versus the ratio w/w.. Solid curves
are those predicted by Eq. (5) for labeled values of w,/wc.
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B. Phase and Amplitude Measurements

Measurements of the relative phase of the received
signal, as well as more quantitative measurements of
the amplitude, were made using a second detection
system. Here, the signal from the receiving probe was
fed into the test channel of a Hewlett-Packard 8410A
network analyzer with an 8413A phase-gain indicator
plug-in module. This instrument measured the ampli-
tude (on a logarithmic scale) and phase of the received
signal relative to a reference channel whose input was
provided by a directional coupler connected to the
signal source. A typical result is shown in Fig. 6. The
resonance cone amplitude was usually 10-20 dB above
the lowest level signal. The signal level inside the reso-
nance cones was observed to be larger than that out-
side the cones for lower branch cone angles less than
about 40-50°, but as the cone angle was increased
further, this difference in levels slowly vanished.

The phase of the received signal changed markedly
as the receiving probe passed through the resonance
cone, the magnitude of this phase shift varying from
150° to 400° depending on w, w,, wy, and the separation
between the probes.'® These phase measurements gave
the first indication that the probes used in these experi-
ments did not behave as simple dipoles. If the probes
were simple dipoles, the receiving probe would measure
the electric field of the transmitting probe. The near-
zone field of an oscillating dipole can be obtained by
taking two spatial derivatives of Eq. (3), one in the
direction of the dipole to obtain the dipole potential
and one in the direction of the desired component of

r=6cm
fe = 1600 MHz

f = 450 MHz T
. ~20db
Amplitude

}odb

1 }s0°
.1
Phase ~330° A
-
J
-60° 0° 60°
L 1 A 1 " L }
1 eprobe ’
b 8

F1c. 6. Experimental traces showing relative amplitude on a
logarithmic scale and phase of received signal versus Bprobe for
7=6 cm, f,=1600 MHz, and f=450 MHz. The signal undergoes

a large phase shift as Oyrone passes through the resonance cone
angle 9.,
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the electric field. This would result in an electric field
proportional to 72/R° where r=(p?4-22)¥2 and R=
(Kp*+K1z%)¥2. Since R? changes sign in passing
through the resonance cone, the phase of the electric
field changes discontinuously by 5/2(180°) =450°. The
addition of electron collisions or electron thermal
velocities to the theory would make the phase change
gradual and must be considered to resolve ambiguities
of 360° in the phase shift. Considering a z-directed
dipole in a cold uniaxial plasma for simplicity, the
electric field at an arbitrary distance can be shown!
to contain terms proportional to #2/R?, #2/R¢, and 72/ R5.
This would mean a phase shift anywhere between 270°
and 450° depending on the size of wR/c whose magni-
tude varied from zero on the resonance cone to in-
finity near w=0 and w=w,. The experimental results
were not consistent with the above dipole theory.
Several attempts were made to construct true dipole
antennas but these were unsuccessful.’® In Sec. V the
addition of electron thermal velocities to the theory
shows that there are really two waves contributing
to the received signal, a fast electromagnetic wave and
a slow plasma wave. The phase of each of these waves
changes independently with angle and the interference
between the waves causes the total signal to become
very small at times. The total phase shift in passing
through the resonance cone will depend on the rela-
tive amplitude of the slow and fast waves which de-
pends on the damping in the plasma and sheath effects
around the probes, making comparisons of theory and
experiment very difficult. A calculation of the fields
of an oscillating dipole in a warm uniaxial plasma'!

- has resulted in angular phase patterns which are

similar to the experimental traces.

In Sec. IT it was shown that the cones should exist
regardless of the charge distribution on the exciting
probe. In the attempts to construct true dipole probes,
a variety of probe designs and orientations were in-
vestigated and the qualitative features of the resonance
cones were always observed, as expected.

IV. PHASE AND GROUP VELOCITY IN AN
ANISOTROPIC PLASMA

The theory of plane wave propagation in an aniso-
tropic plasma has been widely discussed.’®-?! The index
of refraction n=kc/w and wave vector k become
singular at a certain angle ¥, which the wave vector
makes with respect to the static magnetic field direc-
tion, and this angle is sometimes also referred to as
the resonance cone angle. This resonance angle ¢, is
the complementary angle of the physical angle 6., at
which the fields of a small source in a magnetoplasma
become singular. This difference is not widely ap-
preciated” and is explained below in terms of the di-
rections of the phase and group velocities of waves in
an anisotropic plasma.
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F1c. 7. Clemmow—Mullaly-Allis diagram for an electron
plasma (miou— ). This two-dimensional parameter space is
divided into different regions, and characteristic wave-normal
surfaces are sketched for each region. The regions of interest are
shaded.

In the study of plane wave propagation in an aniso-
tropic plasma, the results are frequently presented in
the form of a Clemmow-Mullaly-Allis diagram?® (see
Fig. 7). For each region in this two-dimensional param-
eter space, cross sections of typical wave-normal sur-
faces are sketched. These sketches show the magnitude
of the phase velocity v, versus the angle ¢ which the
phase velocity makes with respect to the static mag-
netic field direction (which is vertical in these dia-
grams). There is azimuthal-symmetry about the mag-
netic field, and we see only a cross-section of a phase
velocity surface. In the region corresponding to the
lower branch of the cones (w<wp,w.), regions 6 and 8
in Fig. 7, propagation is allowed only for ¢y<¢.. Out-
side the limiting cone Y=y, the waves are evanescent,
i.e., there are no propagating waves. Y=y, is called a
resonance cone because the index of refraction #n— o
(v,—0) on the cone. In the region corresponding to the
upper branch of the cones (wp,w.<w<wun), region 3
in Fig. 7, propagation is allowed only for ¢ >y.. This
interchange is due to the change in sign of both K.
and K| for the plasma. On the other hand, Kuehl?
in discussing the fields of an oscillating point dipole in
a uniaxial plasma (By—, for which there is no upper
branch), shows that for the lower branch (w<w,) the
Poynting vector is nonzero only for 6<8,. So there is
an apparent paradox in deciding the possible directions
of propagation with respect to the magnetic field in a
plasma. For example, consider a probe exciting waves
of {frequency w=3"%w,/2 in a plasma with w->w,. The
wave vector k of the waves, sometimes called the
propagation vector, is real only at angles y¥<y,=30°
which the wave vector makes with respect to the

R. K. FISHER AND R. W. GOULD

magnetic field direction and the waves are evanescent
for y>30°, However, the Poynting vector is nonzero
out to angles #<6,=60° and, in fact, the field is largest
at #=60° so there definitely is propagation at angles
greater than 30°.

The resolution of this paradox is found if we re-
member that in an anisotropic plasma the directions
of the phase velocity v,= (w/k)(k/k) and group ve-
locity v,=0dw/dk are generally different. Considering
plane harmonic waves {wave fields exp[i(k-r—wt)]},
Maxwell’s curl equations becomes kxE=wB and
kxB=—(w/c*)K-E. For simplicity, we limit our dis-
cussion to sufficiently large static magnetic fields so
that, effectively, electrons move along field lines, i.e.,
Ki=1 and K| =1—w,*/w’ For plane waves whose
wave vector (and hence phase velocity) makes an
angle ¢ with respect to the magnetic field, n=kc/w=
(n siny, 0, n cosy) -and the solution to the (dispersion)
equation for the index of refraction # is readily found
to be

n(P) = <£>2= (1—wy?/w?) )
v/ [1—(wp’/w?) cos¥]
When w>w,, # is real for all angles ¢, but when «<w,,

n— (resonance) for Yy=y,=cos{w/w,). Further-
more for Yy >y, # is imaginary (evanescent waves).

(6)

05

F16. 8. Polar plot of phase velocity (right side) and group
velocity (left side) for Bo= %, wp/w=2. Lower plot shows shaded
region, where electron thermal velocities are important, on an
expanded scale. ‘
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This behavior is illustrated in the right half of Fig. 8,
which is a polar plot of v,/c=1/n for w=w,/2 or
¥.=60° (the dots correspond to 5° increments in ).
The angle . defines a cone, whose axis coincides with
the magnetic field, within which the phase velocity
vector must lie and on which it tends to zero. We refer
to this as the phase velocity cone.®

Using Eq. (6) we can obtain expressions for the
magnitude of the group velocity associated with each
(0, k) and the angle 6 which it makes with the mag-
netic field.

(@)2_ (1—w/w’) [1— (wp*/w?) cos] o
¢]  1—2(w/w?) costp+ (wyt/wt) costy’
tanf= — tany/ (1—w,?/w?). (8)

Thus, the group velocity is not in the same direction
as the phase velocity. In fact, the component of v,
perpendicular to B, is opposite to the perpendicular
component of v,. Near the resonance cone (n—w) v,
and v, are perpendicular (and coplanar with By).
This behavior is illustrated in the left half of Fig. 8,
which is a polar plot of v,/c. Each dot on the group
velocity plot is to be associated with the corresponding
dot on the phase velocity plot (e.g., A, B, C, +--).
Equation (8) shows that 8 increases monotonically
with ¥ and reaches its maximum value 8, at resonance
(¥=+.). Furthermore, y,+6,=90° Thus, 8, defined a
second cone, within which the group velocity vector
must lie and on which it tends to zero. We refer to
this as the group velocity cone.® It can also be shown
that the phase and group velocities are perpendicular
on the resonance cone for a finite magnetic field.?

Although the group velocity vanishes as 6—9f,, the
energy density and Poynting vector bécome singular,
leading to the experimentally observed cones. Since
propagation between two remote points in a plasma is
determined by the group velocity, the importance of
the group velocity and hence the group velocity cone
rather than the customary phase velocity plots and
cone should be emphasized. While this experiment was
not performed in the far field region, the observed cone
angles are those predicted by considerations of the
group velocity and fields in the far zone.

V. WARM PLASMA EFFECTS

A. Addition of Electron Thermal Velocities
to the Theory

We will again consider the quasistatic potential of
an oscillating charge for simplicity. The solution ob-
tained will be valid near the resonance cones. For a
warm plasma (2&7.=mva?), the plasma dielectric con-
stants K1 and K| become functions of the wave vector
k and the inverse Fourier integral for the potential
[Eq. (2)] could most easily be evaluated in the limit
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Fic. 9. Calculated angular dependence of the potential
[ ¢(8) ; for vu/wpr=1/280 (solid curve) and for vs/w,r =0 (dashed
curve).

of a large static magnetic field (By—). Experimen-
tally, this condition corresponds to w.>w,, w. In this
limit the electrons in the plasma are essentially con-
fined to the magnetic field lines and neither K1 nor K
depends on k.,

Ki=1 and K, =1— (0/k) a2 Z (w/kvs), (9)

where Z’ is the derivative of the plasma dispersion
function® with respect to its argument. The integra-
tions over ¢ and k1 can then be performed analytically,
yielding

g exp(—iwt)

e(p, 2) = e

f Kok oK M) exp(ikyz) dky),

(10)

where K, is the modified Bessel function. This leaves
only the & integration to be done numerically. Evalua-
tion of this integral using an IBM 360 computer yields
the cone structure shown in Fig. 9. (Note: a subroutine
for calculating Z’ is required.) Three important effects
are observed. First, the potential now remains finite
at the resonance cone. Second, the cone angle 6, is
shifted to a slightly smaller angle than that predicted
by cold plasma theory (f,=sin"‘w/w,). This is the
probable explanation for the consistent trend evident
in Fig. 5 where the experimental points seem to fall
at a slightly smaller angle than that which would give
the best agreement with theory, with the upper and

. lower branches both falling nearer to a given w,/w.

theoretical line. Third, and most interesting, an inter-
ference structure appears inside the cones. An empirical
fit to the numerical data or evaluation of Eq. (10)
by the method of stationary phase (see Appendix B)
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shows that the angular spacing between any two ad-
jacent maxima in the interference structure is Af«
(vin/wpr) 3 tan'?, where r is the distance between the
probes. The angular spacing is largest between the
resonance cone and the first maximum of the inter
ference structure and then becomes smaller for the
spacing between the first and second maxima and re-
mains relatively constant, the spacing between ad-
jacent maxima farther from the cone decreasing only
slightly. A calculation of the fields of an oscillating
dipole in a warm uniaxial plasma based on the full
set of Maxwell’s equations!! yields a similar relation-
ship for the interference spacing.

This structure is due to an interference between a
fast electromagnetic wave (v,~¢) and a slow plasma
wave (v,~4). The left lower portion of Fig. 8 shows
that the addition of electron thermal velocities modifies
the group velocity polar plot so that inside the reso-
nance cone (§<6,) for each direction 8 there are fwo
solutions, a fast wave (point C on the figure) and a
slow wave (point C’). The right portion shows that the
two waves also have different phase velocities (points
C and C’) and that the phase velocity is now nonzero
at all angles Y. The phase of the slow wave changes
rapidly with 8, yielding the interference pattern. This
is because near the cones the phase velocity is nearly
perpendicular to the group velocity, i.e., the phase
velocity is in the # direction. In the electrostatic solu-
tion the slow wave is interfering with a fast “wave”
which arrives instantaneously (c—).

B. Experimental Results

The interference structure inside the cones was indeed
observed experimentally and is present in Fig. 4. It was
not as pronounced as shown in the theoretical curve in
Fig. 9, but the amplitude of the interference structure
depends on the relative amplitude of the slow and fast
waves, which in turn depends on the type of probe
exciting the waves (Fig. 9 is for the potential of an
oscillating charge), the damping mechanisms in the
plasma,* and the sheaths around the probes,® making
quantitative amplitude comparisons of theory and ex-
periment very difficult. The angular interference spacing
is, however, dependent only on the relative phase of
the slow and fast waves!" and does not depend sig-
nificantly on the type of probe used.

The interference structure was also observed in the
phase of the received signal near the cone angle (see
Fig. 6). Under most experimental conditions the phase
interference amplitude was relatively small, indicating
that the plasma wave contribution to the total signal
was small compared with the electromagnetic wave
contribution. The measured angular interference spac-
ing in the phase pattern was identical to that in the
amplitude pattern, as expected. The interference was
most prominent in both the phase and amplitude
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measurements at intermediate cone angles (6, between
approximately 30° and 60°).

Having shown that the angular interference spacing
could most easily be used to test the theory, detailed
measurements of this spacing were undertaken. The
static magnetic field was kept as large as possible
(we22.3w) to best approximate the limit By= . An
empirical fit to the numerical calculations of the inte-
gral given in Eq. (10) for the potential of an oscillating
charge shows that the spacing between the first few
successive maxima® of the interference structure is
given by

200 \¥/3
A0=5.8°< ) tan!/,. (11)

OJpr/'Uth

Knowing the probe separation r and the resonance cone
angle 8, [and hence the plasma frequency w, from
Eq. (5)], the experimentally measured angular spacing
Af and Eq. (11) can be used to find the electron thermal
velocity ¢, and hence the electron temperature T..
From a large number of measurements of the angular
spacing taken at various probe separations and at
various cone angles, use of Eq. (11) indicated an
electron temperature 7T, between 2 and 4 eV with
most measurements between 2 and 3 eV.

An independent measurement of the electron tem-
perature was made using both cylindrical and planar

f 700 MHz
f, = 1600 MHz
6, =~ 4l1°
r=1.3cm
E
z r = 1.9cm F16. 10. Portions of experi-
© mental traces showing decreasing
@ interference spacing A9 with in-
o creasing probe separation.
>
b5, r= 3.lcm
[79)
@
r=~ 6.0cm
1 1 1 L J
0° 10° 20° 30° 40° 50°

gprobe
c
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single Langmuir probes. Simple Langmuir probe theory
fails when a strong magnetic field is present, but by
using only the very small current portion of the current-
voltage probe characteristic, only those electrons within
a few cyclotron radii are sampled and their collection
is not substantially affected by the imposed static
magnetic field. This has the disadvantage, however, of
only sampling the high-energy tail of the electron dis-
tribution, and it is not certain that the energy dis-
tribution in the plasma was Maxwellian. These probe
measurements yielded an electron temperature of about
3-5 eV. The planar probe yielded the most well-defined
ion saturation current and probably the best measure
of the electron temperature, about 3 eV, and this is
in fairly good agreement with that calculated from
the angular interference spacing.

To further test the theory, four receiving probes were
constructed, each at a different radius from the trans-
mitting probe in order to verify that A8« %3, Typical
experimental results showing the decreasing inter-
ference spacing with increasing probe separation are
presented in Fig. 10. In Fig. 11 the triangular points
are the measured angular spacing between the first
maximum of the interference structure and the cone;
the circular points that between the second maxi-
mum and the cone. Both sets of experimental points
are consistent with the 2/ dependence. Similar data,
taken under a variety of plasma conditions, when
plotted on a log-log plot and fitted to a straight line
by a least-squares procedure, yielded an average slope
—0.7440.05. This somewhat higher value than the
expected —% may be due to perturbations on the
plasma due to the presence of the probes. If the slow
plasma wave is assumed to be launched and detected
at the edge of the probe sheaths, this would decrease
the effective distance between the probes. Using a
sheath thickness of five Debye lengths and replotting

T T T I
A Ist maximum-to—cone spacing

© 2nd maximum-to—cone spacing

301 ¢ . 700 MHz ,% 7
fo= 1600 MHz
Ocz q1°
A8 20&_ }/

5
§/ i
§/

1 1 1 1
o] 2 .4 K:) .8 1.0

[l

73 (cm¥3)

Fic. 11. Experimental interference spacing A8 versus ~%3, where
r is the distance between the probes.

865

0O r260cm
O r=28cm
Ar=l3cm
5o }3rd maximum |
123 A Gén Al i
{cm?/3 deg) }an maximum
30 . S -
JUNR SN A 136,
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- 50 _/_E;Bﬁ: ED ~
—
-~ -
10+ ~ .
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F1c. 12. Dependence of angular interference spacing on re-
sonance cone angle. Vertical axis is #23A8 so that data taken at
three different probe separations can be presented on a single
plot. The dashed line is theoretical relationship Afctan!®, on
an arbitrary vertical scale. Data for the measured angular spacing
between the first, second and third maxima and the cone are
presented.

the data yields a corrected average slope —0.704-0.04.
Another effect, and one which cannot easily be quanti-
tatively taken into account, is that the average plasma
density between two probes should decrease as the
probe separation decreases. This would also cause the
experimental slope to be too large.

Measurements of the interference spacing as a func-
tion of cone angle were also taken and the results are
presented in Fig. 12. The vertical axis is 72°A8 so that
the data taken at three different probe separations
could be presented on a single plot; the triangular
points were taken with r~1.3 cm, the circular points
with ~2.8 cm, and the square points with r~6 cm.”
The horizontal axis is 8, the resonance cone angle. For
each probe separation, data corresponding to the meas-
ured angular spacing between the first, second, and
third maxima of the interference structure and the
cone are shown (the location of the third maximum
was not measurable for ~1.3 cm). For a given plasma
density, electron temperature, and probe separation,
the angular spacing should obey Af« tan'/*, [see Eq.
(11)]. The dashed line in Fig. 12 is a plot of tan'/®f,
on an arbitrary vertical scale to allow qualitative com-
parison of theory and experiment. The measured varia-
tion of A@ with cone angle was, in general, somewhat
flatter than tan'?,, especially for r~6 cm, perhaps
indicating the need for a finite magnetic field theory.

VI. DISCUSSION

This work represents the first experimental verifica-
tion of the existence of the widely discussed resonance
cones. The cones were shown to exist regardiess of
the charge distribution on the exciting probe and the
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cone angle was observed to vary with incident probe
frequency, electron cyclotron frequency, and electron
plasma frequency in agreement with simple cold plasma
dielectric theory. It was noted that similar cones might
be expected near the ion cyclotron frequency.

Measurement of the reasonance cone angle can be
used as a diagnostic measure of the plasma density
in a plasma in a magnetic field. Since the theory of
Langmuir probes is not completely understood in the
presence of a magnetic field, and since many plasmas
are too small to be reliably analyzed using a micro-
wave interferometer, the resonance cone measurement
could be a very useful diagnostic tool. Very little equip-
ment is required: an oscillator chosen in the proper
frequency range, transmitting and receiving probes
(which could both be entered through the same port),
and a detection system (which could be as simple as
a crystal detector and a dc voltmeter if the probe
separation were small enough). The minimum distance
between the probes is limited by the Debye length in
the plasma and the loss in angular resolution as the
probe separation decreases. Cone angle measurements
have easily been made with probe separations as
small as 1.3 cm. '

The addition of electron thermal velocities to the

theory could be easily treated only in the limit of a

large static magnetic field (wo>wp, w). The fine struc-
ture observed near the resonance cones was shown to
result from an interference between an electromagnetic
wave and a plasma wave. The angular interference
spacing is believed to be independent of the type and
orientation of the probe exciting the waves, thus allow-
ing quantitative comparisons of the theoretical and
experimental fine structure spacing to be made. Meas-
urements of this spacing yielded an electron tempera-
ture in agreement with a Langmuir probe measure-
ment, indicating that the angular field measurements
can be used as a diagnostic measure of the electron
temperature as well as the plasma density as discussed
previously. In addition, the interference spacing was
observed to vary with probe separation in agreement
with theory. There is a definite need for a warm-
plasma theory which is valid for a finite magnetic field,
however, as indicated by the lack of complete agree-
ment for the variation of the interference spacing
with cone angle. A finite magnetic field theory would
also allow investigation of the structure of the upper
branch cones. Preliminary measurements indicate an
interference structure which appears outside the reso-
nance cones for the upper branch. This would be ex-
pected by analogy with the Clemmow-Mullaly-Allis
diagram; propagation is allowed inside the cones for
the lower branch, and outside the cones for the upper
branch. A theory valid for a finite magnetic field would
allow examination of the connection between the slow
plasma waves described here and the cyclotron har-
monic waves.®
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APPENDIX A: VALIDITY OF THE QUASISTATIC
APPROXIMATION

The validity of the quasistatic solutions presented in
Secs. IT and V is not simply that the near-zone condi-
tion (r&c/w) apply. Maxwell’s equations allow the
electric field of a source to be obtained from the vector
and scalar potentials E=—Vo— (1/¢)0A/dt. In using
the electrostatic approximation, the contributions to
the field from the vector potential are neglected. Con-
sidering a z-directed dipole in a unjaxial plasma (Be—)
for simplicity, the electric field can be shown? to con-
tain terms proportional to r?/R5 r?/R%, and r*/R® where
r=(p*4+2%)2 and R= (K, p*-+K12®)"? which vanishes
on the resonance cones. The only term which is im-
portant near the cone is the 72/R® term which also
arises from the quasistatic solution for the potential ¢.
Thus, the contributions from the vector potential are
not important near the cone.

APPENDIX B: DERIVATION OF FINE STRUCTURE
SPACING BY METHOD OF STATIONARY PHASE

Near the resonance cone we can use the large argu-
ment expansion of the modified Bessel function in
Eq. (10), so that the potential of an oscillating charge
in a warm uniaxial plasma becomes

g exp(—iwl)
o(p, 2) = —————

472,

% T 1/2
x [ (Gitcm) esbisthlae, @

where ®(k,() =k 241k 0K, ""2. Because of the rapidly
oscillating character of exp[i®(%;;)], the contributions
to the integral from the neighborhood of & will largely
cancel unless

&' (k) =z+1pK | 2-+ik oK'/ K 2=0. (B2)

The angular interference spacing can then be found
using

‘P(P; Z) o« eXP[iQ(kllo)l

where %, is a root of Eq. (B2). In finding the roots of
Eq. (B2), we use the low-temperature (va<lw/k))
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expansion of the plasma dispersion function so that

3k||2’U,h >

Ky=1- —<1+ (B3)

Following the procedures outlined above with the as-
sumptions that vsx<w/kj, and that 6,—6 is a small
angle, we find that

B(kjj0) « (wpr/va) (cot'e) (0:—0)**  (B4)

so that the angular interference spacing A9=0,—6 is
given by

Ab e (vp/wpr)?® tan'’?o, (BS)

which is the desired result.
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