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Abstract

Under the well-known bilinear method of Hirota, the specific expression for N-soliton so-
lutions of (2+41)-dimensional generalized Caudrey-Dodd-Gibbon-Kotera-Sawada(gCDGKS)
equation in fluid mechanics is given. By defining a noval restrictive condition on N-soliton
solutions, resonant Y-type and X-type soliton solutions are generated. Under the previous
new constraints, combined with the velocity resonance method and module resonant method,
the mixed solutions of resonant Y-type solitons and line waves, breather solutions are found.
Finally, with the support of long wave limit method, the interaction between resonant Y-
type solitons and higher-order lumps is shown, and the motion trajectory equation before
and after the interaction between lumps and resonant Y-type solitons is derived.

Keywords: (2+1)-dimensional gCDGKS equation; a new constrained condition; resonance
Y-type soliton; hybrid solutions

1 Introduction

As a local nonlinear wave, solitons have many interesting properties [1]. By adding some con-
straints on the N-soliton solution obtained by Hirota bilinear method, one can obtain many types
of bound molecules. Through the velocity resonance mechanism, the soliton molecular solution
first observed in physical experiments is obtained [2—6]. By using the module resonant method,
the breather solution which changes periodically with time can be gained [7,8]. Through long
wave limit approach, one can gain lump solution [9,10]. By combining the above methods,
one can also get a hybrid solution consisting of soliton molecules, breather solutions and lump
solutions [11-16].

Resonant soliton is a special kind of soliton existing in integrable system, which has been
widely studied. As we all know, If phase shift of the colliding solitons becomes infinite or
converges to infinity, solitons will resonate [17]. The well-known soliton fusion and fission is a
resonance phenomenon [18,19]. When it comes to the resonant Y-type soliton solutions, people
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usually directly restrict N-soliton solution derived from Hirota bilinear method. At first, most
people set the form of the solution [20,21] to

N
u = aln(l + Z 6'147]'554'73l/"‘7~l’]'t‘|'<f)J')gmc7
=1

however, due to many formal constraints, the form of the solution is a little simple, so it is very
laborious to obtain interactions between resonant Y-shaped solitons and other solutions. Later,
Chen and others constructed another constraint, which obtained the mixed solutions of resonant
Y-type soliton and 1-order lump [22]. The resonant multi soliton solution can be obtained by
the linear superposition principle [23]. Recently, in order to obtain more interaction solutions
between resonant Y-type solitons and other solutions, Li et al proposed a new constraint [24-27].
By this method, we can obtain the mixed solutions of resonant Y-shaped solitons and line waves,
higher-order lumps, breather solutions and resonant Y-shaped solitons respectively.
A (2+1)-dimensional gCDGKS equation [28] is derived

36us + (Uge + 15Uty + 15u3)m — ayy — B(Ugay + 3uty + 3uzvy) = 0,

U = Vg,

(1)

where o and 3 are two arbitrary constants. For equation (1), Deng et al have obtained Nth-order
Pfaffian and periodic wave solutions [29], Peng et al have also derived solitary and lump waves
and their interaction phenomena [28].

In fluid mechanics, if & = 5,8 = 5, equation (1) will be reduced to (2+1)-dimensional
CDGKS equation,

36us + (Uge + 15Utz + 15u?’)m — Buyy — 5(Ugay + 3uuy + 3ugvy) =0,

U = Vg,

which was first introduced in [30]. In addition, quasi-periodic solutions [31], diverse solitons,
interaction solutions [32], rogue waves, generalized and classical lump solutions [33] of (2+1)-
dimensional CDGKS equation have been obtained.

If « =5, =5 and uy, = 0, equation (1) will be reduced to (141)-dimensional CDGKS
equation.

If « =5,t =367, =5 and uy = 0, equation (1) will be reduced to Sawada-Kotera equation
for the long waves in shallow water under the gravity, which have gained many interesting
results [34-36]. And also be used in lattice dynamics, quantum mechanics and nonlinear optics.

This article is divided into five sections to describe our content. In the second section, N-
soliton solution for equation (1) is given directly with Hirota bilinear method. The third section
is divided into two parts. In the first part, based on N-soliton solution and taking advantage of
new constraints, we obtain the resonant Y-shaped solitons and some noval interaction solutions,
especially the resonant X-type solution; In the second part, mixed solution of resonant Y-shaped
soliton and line wave, breather wave are obtained under new constraints by velocity resonance
and mode resonance methods. In section 4, with the support of long wave limit approach, the
interaction between resonant Y-type solitons and higher-order lumps is shown, and the motion
trajectory equation before and after the interaction between lumps and resonant Y-type solitons
is dissussed detailly. The fifth section is a short conclusion.



2 N-soliton solution

Using logarithmic transformation
u=2(Inf)rz, (2)

the equation (1) can be transformed into the following bilinear equation:
(36D D; + DS — aDy — BD3D,)(f - f) =0,
where D,, Dy, D, are defined as follows [37]:
DI DD (f - f) = (9 — 02" By — 0 Y™ (9 — O™ (F - )lars it

For the sake of obtaining the N-soliton solution, based on famous bilinear method, f in (2) is
directly constructed as

N N
F="Y" exp(d> mmi+ Y minsAjs), (3)
=1

©n=0,1 j<s
with
nj:ij+rjy+wjt+¢j, (4)
6 3., 2
s — —k; + Bkjr; + ar;
J 36k; ’
and
eAis — 36("’7 - kS)(wj —ws) + (kj - kS)G - O‘(Tj - TS)z — ﬁ(k] - ks)?’(rj ) (5)

B0k ko) (ws + 04) + (g + o) — alry + 7o) — Blkj + ko) + 1)

Here, kj,7; and ¢; are arbitrary constants, ) u—o.1 18 all possible combinations of u; = 0, 106 =
1,..,N).

3 Resonant Y-shape soliton and interactions

3.1 Resonance Y-shape soliton

On the basis of exp(z + In(0)) = Oexp(x) = 0, we can eliminate some terms of equation (3).
Therefore, in order to obtain mixed solutions of L-resonance Y-type soliton and P-resonance
Y-type soliton, we need to make the following constraints on certain parameters for the above
N-soliton solution:

et =O(N=L+P1<j<s<LL<j<s<N), (6)

where
Bk} — 3Bk2ks + 28k, k2 + 2ar;
rs = ks
20(]43]'
V(i = )2k [(82 — 200)k3 — 4k (k; — k) (82 - 50) + 128ar]
QOékj

(7)

+

S

Obviously, it can be seen from the expression of ¢ that there are positive and negative cases in
equation (7), which explains that there will be two opposite cases for resonant Y-type soliton.
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When N = 2, we take the parameters in (2) as o« = 1,8 = 5,k; = i,kg =T = 1,7y =
139  29+/5
216 + 216[’ ¢1 = 0,02 = 0 when t = 0, and its density and three-dimensional plot are in figure

a, b, d, e of Fig. 1.

1 1
When N = 3, we take the parameters in (2) as o = —1,8 = —2,k; = 5,]{}2 = Z,kig =
1 1 1 v111 1
377"1 = 5,7“2 =1 @& ,T3 = g,qﬁl = 0,02 = 0,¢3 = 0 when t = 0, and its density and

three-dimensional plot are in figure c, f of Fig. 1.

As shown in Fig. 1 (a,d) and Fig. 1 (b,e), two 2-resonant Y-type soliton openings have
different directions, and only ry of their parameters are different. In addition, Fig. 1 (c,f) gives
a 3-resonant Y-type soliton.

If N =4,ie. L =2,P =2, onecan get the expression describing the interaction phenomenon
of two 2-resonant Y-type soliton is

uy = Q(anl)m:a (8)
with

fi=1+em+ M +ns+Aus ey eMtnatAia o ons + M2 tns+Azs LMy e2tmatAss

Here parameters ¢ and es are limited by (4),(5),(6), and (7).

Via selecting appropriate constants, there are three main situations for interaction between
two 2-resonant Y-shape soliton. Fig. 2, Fig. 3 and Fig. 4 show detailly the interaction
phenomena of resonance Y-shape solutions with two fission, two fusion, and one fission with one
fusion. Because the interaction between line waves is elastic and resonant Y-type solitons are
simplified by N-soliton solutions, interaction between resonant Y-shape soliton is also elastic.

If we take

ug = 2(lnf2)m, (9)

where
- +n3+A
fo 14+ e™ e 4 e 4 et 23

and 7,73 and €423 are determined respectively by conditions (7) and (5), one can get a resonant
X-type soliton, which is formed by two resonant Y-shape soliton with opposite opening direc-
tions. It is a new type of double open resonant Y-type soliton. As shown in Fig. 5, the double
open resonant Y-type solitons are one in fission and one in fusion.

3.2 Interaction between line wave molecule, breather and resonant Y-type
soliton

Based on the local velocity resonance method and constraints condition (7), a method to directly
obtain the interaction between resonant Y-type solitons and line solitons is proposed. The
following conditions are set on the N-soliton solution (3):

eAis — ), kr+2p—1 _ TL42p-1 _ WL42p-1 441,
krtap T'L+2p WL+2p
(1§j<S§L,1§p§P,N:L+2P)' (10)

If L =2,P =1, we will gain a hybrid solution of a line soliton and 2-resonant Y-type soliton of
equation (1), which is expressed as

uz = 2(lnf3)m, (11)
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Figure 1: A 2-resonance Y-shape soliton of (2) with «

1 1
=1,B8=5k = g,kz = 5,7“1 =1,¢1 = 0,¢2 = 0 when t = 0, and:(a,d)re =
139 N 295 (bse) 139 29V/5 3 Vosh - £ (2) with 18 ok 1 1 1 1
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Flgure 2: The interaction phenomena of two fission resonance Y-type solitons of (8) with « = 1,8 =1,k; = B, ko = g, k3 5, ky =
1 1 8021 7466 1 11
- T = ,T2 = + r3 = —,r4 = —,¢1 = 0,¢2 = 0,3 =
4’ ’ 38400 ~ 3200 ' 0 4’ 64’ ’ s
t =500 in (c) and (f), respectively.



Figure 3: The interaction phenomena of two fusion resonance Y-type solitons of (8) with o = 1,8 =1,k; = 13—0, ko = %, ks = %, ky =
1,1"1 = L ro = 8021 — ’ 466,7"3 = E,’I"4 = i,¢1 = 0,¢2 = 0,¢3 = 0,4 = 0 when t = —500 in (a) and (d), t = 0 in (b) and (e),
4 2 38400 3200 4 64
t =500 in (c) and (f), respectively.
fs=1+¢€m + eMm+ns+Ais ey eMm+natAia + M3 +Arz+natAratAss ey e tns+Azs
12
e 4 g2 tnatAze + et 3+ A2z tnatAzatAzs + e TnatAza ( )
9
where
. Bk} — 3Bkiks + 28k k3 + 2ar "
2 = 2
1S : 13)
+ \/(kl — kg) kl[(ﬂ — 2Oa)k1 — 4]€1k2(k1 - kz)(ﬁ — 50&) + 12ﬂ057"1] kg
2ak1 ’
and L
3 3 w3
LCE
ky ra wy

The interaction between 2-resonant Y-type soliton and a line soliton is shown in Fig. 6.

Based on module resonant and constraints condition (7), a method to directly obtain solu-
tions on resonant Y-shape soliton and breather wave interactions is proposed. The following
conditions are set on the N-soliton solution (3):
eAjs = 07 77L+2p—1 = 772+2p;
(1<j<s<L1<p<PN=L+2P).

If L=2P =1, we will get a hybrid solution of a breather wave and 2-resonant Y-type soliton
of equation (1), which is expressed as

Uy = 2(lnf3)m, (14)
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3
interaction phenomena of one fission with one fusion resonance Y-type soliton of (8) with a = 1,8 = 1,k1 = E, ko
1 1 1 1 8021 7466 1 5
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Flgure 5: Resonant X-type soliton of (9) with « =5,8 =5,k1 =

1 95 27v5
Zko=—",kyg=21,ri =1 ry= o pg=-83 % =
2T LT e = g g0 T8 T T000 T apq 0
0,¢2 =0,¢3 = 0 when ¢ = —100 in (a) and (d), t = 0 in (b) and (e), t = 100 in (c) and (f), respectively.



where
* * *
k3 = k4,7“3 = T4,¢3 = ¢4

and f3 and r are constrained by (12) and (13).

It can be observed from Fig. 7 that the interaction between 2-resonant Y-type soliton and
a breather wave is not affected by time, and the 2-resonant Y-type soliton moves only in the
horizontal direction.
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Flgure 6: The interaction between a line soliton and 2-resonant Y-type soliton of (11) with « = —1,8 = —1,k; = -3 ko = - k3 =
1 1 6 683 714430 1 V38481 1
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in (b) and (e), t = 50 in (c) and (f), respectively.

4 Interaction between resonant Y-shape soliton solution and
lump solution

Based on constraint condition (7) and usual long-wave limit method, an approach to obtain
interaction between high-order lump waves and resonant Y-type solitons is proposed directly.
The following limiting conditions are set on the N-soliton solution(3):

kom—1 = k3, = Kom—10,Tom—1 = T3, = Rom—19, pam—1 = Pom = i,
§—0,eM =0, N=2L+P,(1<m<L2L<j<s<N). (15)

Referring to an interesting work [38], we can know that the coordinates of lump’s centre before
and after interacting with resonant Y-shape soliton are given by parameters { Koy—1, Rom—1, Kom, Rom }-
Next, we use {zp, yp} to represent before the interaction, {z,,y,} to represent after the interac-
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tion.

aRopm—1Rom
Ty = ——"t+ Z hi(A

36 K2p,—1Kom o1

N
Koy 1R Koy Rop—
yb:_a( 2m316K2m+K2m om 1)t+ Z Iy
2m—14\2m s=20+1

aRop—1Rom
Tyg=————t+ Z ha(

36 Kom 1Ko, Ny

N
Koy 1R Koy Ropy—
ya:_a( 2m316K2m+K2m om l)t-i- Z ha (M
2m—14\2m s=20+1
where
\ aksRom—1Rom  ars(Kam—1Rom + Ko Rom-1) . —kS + Bk3rs + ar?
3 36K2m—1K2m 36K2m—1K2m 36ks ’
b, — _me—l,sRQm + b2m,sR2m—1 o b2m—1,sK2m - b2m,sK2m—1
=

Kom—1Rom — Rom—1Kom " Kom—1Rom — Rom—1Kom

1,.’1}<0, 0,$§07
ho() = 0,z>0 ha() = 1,2 >0



and
6[5’K2K2(K~R + KsRj)

. a(K;R, — K.R;)?
js = —6k2K2[( 5k + Bre) K + BksR;]

(—5KS +20rsk3 — ar) K? + ks R;K;(Bk2 + 2ars) — akZR}’

: 1<j<s<2L,

1<j<2L,s>2L.

What’s more, the height of the lump solution will not increase or decrease before and after its

interaction with one resonant Y-shape soliton. It is a fixed value, recorded as h,,.
20((Kopm—1Rom — KomRom-1)?

3B8Kom—1Kom(Kom—1Rom + KomRom-—1)

If L =1,P =2, we will get a hybrid solution of one lump solution and one 2-resonant Y-type
soliton. Under condition (15), the function f in (3) becomes

hy =

fa = 0102+b12+4(0102+b2301 +b1302+b13b23+b12) e + (61602 +b2401 +b1402+b14b2s+b12)e™, (16)
R2
36K

Then, bring a function (16) into the logarithmic transformation (2), we can gain interaction
between one lump and one 2-resonant Y-shape soliton of u.

where 0; = K;x + R;

Taking the parameters a = 36,8 = 36, K1 = —5 + z Ky = —5 — fz R = %,RQ = %,kg =
5 19416246 . . .
- T3 = %, k4 = %a Ty = 513’(7)% + ¢1 = T, ¢2 = T, ¢3 = 07 d)4 = 07 Flg 8 shows

4 8000
dynamic process of the interaction between a single lump solution and a resonance Y-type

soliton. Before and after interaction, motion path of the single lump solution is y = 2

£z and
9, 74378116249560 respectivel
Y 5t T 7368865139001 Do
From Fig. 8, one can see that after lump wave collides with the resonant Y-type soliton, the

velocity, shape and amplitude do not change and continue to propagate, but the trajectory is
offset. Next, we can study more complex resonant mixed solutions in the same way.

If L =2,P =2, we will get a hybrid solution of two lumps and one 2-resonant Y-type soliton.
Under condition (15), the function f in (3) becomes

f5 =01020304 + b120304 + b1360204 + 0140203 + ba30104 + ba40103 + 0346102 + b12b3s + b13bos+
b14b23 + (b15b25b35045 + b15b25b3504 + b15b25ba503 + bi5bast30s + b15b3sbastz + b15b350204
+ b15b450203 + b15020304 + basb3sbas01 + basbss50104 + basbys0103 + bas010304 + b3s5ba50102
+ 035010204 + by5010203 + 01020304 + b12b3sbas + b12b3504 + b12bs503 + b120304 + b13basbss
+ b13bos0y + b13basbo + 0136204 + b14bosbss + b14basO3 + b14b3s02 + b140203 + bisbagbys
+ b15b230s + b15b24b35 + b15b2403 + b15basbss + b15b3aba + bogbasb1 + ba3b104 + bogbssth
+ 0240103 + basb3a61 + 340102 + b12b3s + b13bay + b1abag)e™
+ (b16b26b36ba6 + b16b26b3604 + b16b2sbacts + b16bac0304 + b1b3sbagla + biebseH20s+
b16bacb203 + 016020304 + bagbsebastr + basbset104 + bagbast103 + bag10304 + b36bast102
+ 036010204 + bagh10205 + 01020304 + b12b36bag + b12b3604 + b1204603 + b120304+
b13b26bas + b13b260s + b13D4602 + b130204 + b14b26b3e + b14b2603 + b14b3602 + b140203+
bi6b23bas + b16basty + b1sbasbss + b1b2403 + bibagbss + b16b3ala + bazbagth + bastr 04+
b24b3601 + b246103 + bagb3atl + 0340162 + b12b34 + b13bag + b14bas)e™,

(17)

10
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«@
where 0; = Kz + Ry + 36Ié~t'
J

Then, bring a function (17) into the logarithmic transformation (2), we can gain interaction
between two lumps and one 2-resonant Y-shape soliton of u.

1 1 1 1
Taking parameters a = 5,6 = 5, K1 = 3 + i, Ky = 3 -1, K3 = 1 + %i,K4 =1
11 11 11 11 11 11 1 4493
3.
5Za 1 57 2 57 3 10) 4 10) 5 107 6 10,7"5 27T6 1000

332453

W,% = i, o = Wi, 3 = Wi, P4 = wi,Pp5 = 0,06 = 0, Fig. 9 shows the interaction
between the 2-order lump solution and a resonance Y-type soliton.

5 Conclusions

In this paper, subject to N-soliton solutions of (2+1)-dimensional gCDGKS equation, we success-
fully construct resonant Y-shape soliton and their interactions with a number of other solutions.
Firstly, by proposing a noval restrictive condition for the N-soliton solution, resonant Y-shape
soliton solution of (2) is discussed, especially the three interactions of two 2-resonant Y-type
soliton solutions: two fusion, two fission and one fusion with one fission. By selecting appropri-
ate parameters, a new double opening resonant Y-type soliton can be obtained. As illustrated
in Fig. 5, it can be referred to as a resonant X-shape soliton because its shape resembles the
letter ”X”. Secondly, combined with velocity resonance method and mode resonance method,
interaction solutions of these resonant Y-shape solitons with line waves and breather solutions
are gained. Finally, with the support of long wave limit method, the hybrid solution composed
of resonant Y-shape soliton and higher order lump solutions is given, and the coordinates of
lump’s centre before and after interacting with resonant Y-shape soliton are derived.
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(d) (e) (f)

§) (k) )

Flgure 8: Three-dimensional plots and density plots of interaction between a single lump solution and a resonance Y-type soliton with

5 19416246 . X
a=36,=36,K1 =-S+8iKo=-8-S8i R =% Ro=%ks=",r3=23ky=23,ry =180 " 4, = 7i, ¢y = 7mi,¢3 =
0,¢4 = 0 when t = —50 in (a) and (g), t = —30 in (b) and (h), t = —10 in (¢) and (i), t = 0 in (d) and (j), t = 30 in (e) and (k), t = 50 in

(e) and (1), respectively.
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Flgure 9: Three-dimensional plots and density plots of the interaction between two lumps and one resonance Y-type soliton with
1

1 1 1

a=5p8=5K =-+i,Ky=——i,Kz=—-4+2i Ky=-—3i Ry =——,Rpg=——,R3 = —— =_—— = kg=——,r5 =
s 1 5 K2 =g K= ghRa =0 —5u R 5 2 5 3 107 4 108 10 e 0"

1 4493 33+/2453

—rg = —— — = mi =7 = mi =7 =0 = 0 when t = 0.

276 1000 1000 , d1 , b2 , $3 ) b4 , 5 ) b6
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