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Abstract. We consider a class of nonlinear Klein-Gordon equations
which are Hamiltonian and are perturbations of linear dispersive
equations. The unperturbed dynamical system has a bound state, a
spatially localized and time periodic solution. We show that, for ge-
neric nonlinear Hamiltonian perturbations, all small amplitude so-
lutions decay to zero as time tends to infinity at an anomalously slow
rate. In particular, spatially localized and time-periodic solutions of
the linear problem are destroyed by generic nonlinear Hamiltonian
perturbations via slow radiation of energy to infinity. These solutions
can therefore be thought of as metastable states. The main mecha-
nism is a nonlinear resonant interaction of bound states (eigenfunc-
tions) and radiation (continuous spectral modes), leading to energy
transfer from the discrete to continuum modes. This is in contrast to
the KAM theory in which appropriate nonresonance conditions im-
ply the persistence of invariant tori. A hypothesis ensuring that such a
resonance takes place is a nonlinear analogue of the Fermi golden
rule, arising in the theory of resonances in quantum mechanics. The
techniques used involve: (i) a time-dependent method developed by
the authors for the treatment of the quantum resonance problem and
perturbations of embedded eigenvalues, (ii) a generalization of the
Hamiltonian normal form appropriate for infinite dimensional dis-
persive systems and (iii) ideas from scattering theory. The arguments
are quite general and we expect them to apply to a large class of
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systems which can be viewed as the interaction of finite dimensional
and infinite dimensional dispersive dynamical systems, or as a system
of particles coupled to a field.
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1. Introduction and statement of main results —
Smile of the Cheshire Cat*

Structural stability and the persistence of coherent structures under
perturbations of a dynamical system are fundamental issues in dy-
namical systems theory with implications in many fields of applica-
tion. In the context of discrete, finite dimensional Hamiltonian
systems, this issue is addressed by the celebrated KAM theorem [3],
which guarantees the persistence of most invariant tori of the un-
perturbed dynamics under small Hamiltonian perturbations. For
infinite dimensional systems, defined by Hamiltonian partial differ-
ential equations (PDEs), KAM type methods have recently been used
to obtain results on the persistence of periodic and quasi-periodic
solutions, in the case where solutions are defined on compact spatial
domains with appropriate boundary conditions [4], [17], [37]. Varia-
tional methods have also been used to study this problem; see, for
example, [6]. The compactness of the spatial domain ensures dis-
creteness of the spectrum associated with the unperturbed dynamics.
Therefore this situation is the generalization of the finite dimensional
case to systems with an infinite number of discrete oscillators and
frequencies.

In this paper we consider these questions in the context of
Hamiltonian systems for which the unperturbed dynamics has as-
sociated with it discrete and continuous spectrum. This situation
arises in the study of Hamiltonian PDEs governing functions defined
on unbounded spatial domains or, more generally, extended systems.
The physical picture is that of a system which can be viewed as an
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interaction between one or more discrete oscillators and a field or
continuous medium. In contrast to the KAM theory, where non-
resonance implies persistence, we find here that resonant nonlinear
interaction between discrete (bound state) modes and continuum
(dispersive radiation) modes leads to energy transfer from the discrete
to continuum modes. This mechanism is responsible for the eventual
time-decay and nonpersistence of trapped states. The rate of time-
decay, however, is very slow and hence such a trapped state can be
thought of as a metastable state.

The methods we develop are applicable to a large class of problems
which can be viewed schematically in terms of “particle-field inter-
actions”. In the present work, we have not attempted to present
general results under weak hypotheses but rather have endeavored to
illustrate, by way of example, this widely occurring phenomenon and
clearly present the strategy for its analysis. A more general point of
view will be taken up in future work. The approach we use was mo-
tivated and in part developed in the context of our study of a class of
nonlinear Schrodinger equations with multiple nonlinear bound states
and the quantum resonance problem [60], [61], [62], [63]. See also [11],
[12] and [46]. Related problems are also considered in [32] and [44].

We begin with a linear dispersive Hamiltonian PDE for a
function u(x,?),x € R” and ¢ > 0. Suppose that this system has
spatially localized and time-periodic solutions. Such solutions are
often called bound states. A typical solution to such a linear system
consists of (i) a non-decaying part, expressible as a linear combi-
nation of bound states, plus (ii)) a part which decays to zero in
suitable norms (dispersion). This paper is devoted to the study of
the following questions:

(1) Do small amplitude spatially localized and time-periodic so-
lutions persist for typical non-linear and Hamiltonian perturbations?

(2) What is the character of general small amplitude solutions to
the perturbed dynamics?

(3) How are the structures of the unperturbed dynamics mani-
fested in the perturbed dynamics?

Representative of the class of equations of interest is the nonlinear
Klein-Gordon equation:

Fu=(A-V(x)—mu+if(u), LeR (1.1)

with f(u) real-valued, smooth in a neighborhood of # = 0 and having
an expansion:

fw)=u’+ 0 . (1.2)
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Here, u : (x,1) — u(x,7) € R, x € R?, and # > 0. We shall restrict our
large time asymptotic analysis to the case f(u) = u>. The more gen-
eral case (1.2) can be treated by the technique of this paper by making
suitable modification of W*” norms used.

We consider (1.1) with Cauchy data:

u(x,0) = up(x), and u(x,0) = u;(x) . (1.3)

Equation (1.1) is a Hamiltonian system with energy:

&lu, O] = % / (Bu)* + |Vu|* + m?u® + V(x)u? dx + ) / F(u) dx |

(1.4)

where F'(u) = f(u) and F(0) = 0.

In the context of equations of type (1.1), we have found the fol-
lowing answers to questions (1), (2) and (3).

(A1) In a small open neighborhood of the origin, there are no
periodic or quasiperiodic solutions; Corollary 1.1.

(A2) All solutions in this neighborhood tend to zero (radiate) as
t — o0o; Theorem 1.1.

(A3) The time decay of solutions is anomalously slow*,i.e. a rate
which is slower than the free dispersive rate; Theorem 1.1.

Dynamical systems of the type we analyze appear in a number of
physical settings. Consider a nonlinear medium in which waves can
propagate. If the medium has local inhomogeneities, defects or im-
purities, these arise in the mathematical model as a spatially depen-
dent coefficient in the equation (e.g. localized potential). Such
perturbations of the original homogeneous (translation invariant)
dynamics introduce new modes into the system (impurity modes)
which can trap some of the energy and affect the time evolution of the
system; see [41], [35], [73].

Let (K) = (1 + ]K]z)%. For the nonlinear Klein-Gordon equation,
(1.1), we prove the following result.

Theorem 1.1. Let V(x) be real-valued and such that
(V1) For 6 > 5 and || < 2,|0*V (x)] < Cy(x)™°.
V2) (=A+1)""((x- V)IV(x)>(—A+ )" is  bounded on
L? for|l| < N, with N, > 10.
(V3) Zero is not a resonance of the operator —A + V; see [31], [72].
Assume the operator

B> = —A+V(x)+m? (1.5)
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has continuous spectrum, Geon(H) = [m?,00), and a unique strictly

positive simple eigenvalue, Q° < m* with associated normalized eigen-
Sfunction, ¢:

B2 =Q% . (1.6)

Correspondingly, the linear Klein-Gordon equation (1.1), with 2 =0,
has a two-parameter family of spatially localized and time-periodic
solutions of the form:

u(x,t) = R cos(Qt + 0) o(x) . (1.7)

Assume the resonance condition

="
" 30

/1

I =
30

(P, 5(B — 3Q)Peop’) (Z.0)3Q) >0 . (1.8)

Here, P denotes the projection onto the continuous spectral part of B
and F . denotes the Fourier transform relative to the continuous spec-
tral part of B.

Assume that the initial data wy, wy are such that the norm
luol| 222t and |Juil| i2m1 are sufficiently small. Then, the solution of
the initial value problem for (1.1), with A # 0 and f(u) = u’ decays as
t — +oo. The solution u(x,t) has the following expansion as t — +oo:

ux,t) = R(t) cos(Qt + 0())p(x) + n(x,1) (1.9)

where
1 1 3
R(t) = O(|t] ), 0(2) = O(|¢[*), and [In(-0)llg = O(¢[F) . (1.10)

More precisely,

R =R+ O(R)), (|R|small)

5 Al 3 san—1 2 -1 -0

R = 24Ry(1 +ZROQ AT - (1L+0(47°)), >0

R(0) = Ro, Ry = |(¢,u0)* + Q|(¢p, 1)}

Corollary 1.1. Under the hypotheses of Theorem 1.1, there are no
periodic or quasiperiodic orbits of the flow t — (u(t), Qu(t)) defined by
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(1.1) in a sufficiently small neighborhood of the origin in the space
(wtnw?2) x (w2 nwhh).

It is interesting to contrast our results with those known for
Hamiltonian partial differential equations for a function u(x,1),
where x varies over a compact spatial domain, e.g. periodic or Diri-
chelt boundary conditions [4], [17], [37]. For nonlinear wave equa-
tions of the form, (1.1), with periodic boundary conditions in x, KAM
type results have been proved; invariant tori, associated with a
nonresonance condition persist under small perturbations. The
nonresonance hypotheses of such results fail in the current context, a
consequence of the continuous spectrum associated with unbounded
spatial domains. In our situation, non-vanishing resonant coupling
(condition (1.8)) provides the mechanism for the radiative decay and
therefore nonpersistence of localized periodic solutions.

Remarks. (1) The condition (1.8) is a nonlinear variant of the Fermi
golden rule arising in quantum mechanics; see, for example, [18], [62].
This condition holds generically in the space of potentials satisfying
the hypothesis of the theorem. Note that the condition (1.8) implies
that

3Q € Gooni(B) (1.11)

i.e. the frequency, 3Q, generated by the cubic nonlinearity lies in the
continuous spectrum of B. The hypothesis (1.8) ensures a nonvan-
ishing coupling to the continuous spectrum.

(2) The regularity and decay hypotheses on V' (x) are related to the
techniques we use to obtain suitable decay estimates on the linear
evolution in L2({x) ° dx) and L?; see Section 2.

(3) Persistence of dynamically stable bound states for special per-
turbations: There are nonlinear perturbations of the linear Klein-
Gordon equation, (1.1) with 4 = 0, for which there is a persistence of
time-periodic and spatially localized solutions. Suppose we extend
our considerations to the class of complex-valued solutions:
u: R" xR — C, and study the perturbed equation:

(8,2—A+ V(x)+)»|u|p_l)u:0 , (1.12)

where 1 <p<oo for n=1,2 and 1 <p <3 for n>3. Unlike
(1.1), equation (1.12) has the symmetry u+— ue” and it has been
shown [51] that (1.12) has time periodic and spatially localized so-
lutions of the form e ®(x;w) with ® € H', which bifurcate from
the zero solution at the point eigenvalue of —A + V(x) — w?, by
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global variational [39], [65] and local bifurcation methods [45].
There are numerous other examples of equations for which the per-
sistence of coherent structures under perturbations is linked to the
perturbation respecting a certain symmetry of the unperturbed
problem. The stability of small amplitude bifurcating states of (1.12)
can be proved using the methods of [24], [70]. An asymptotic stability
and scattering theory has been developed for nonlinear Schrédinger
dynamics (NLS) in [60]. If the potential ¥ (x) supports more than one
bound state, the above methods can be used to show the persistence of
nonlinear excited states. However, it is shown in [63] that the NLS
excited states are unstable, due to a resonant mechanism of the type
studied here for (1.1).

(4) In contrast with the time-decay rates associated with linear
dispersive equations, the time-decay rates of typical solutions de-
scribed by Theorem 1.1 is anomalously slow. See Section 8 for a
discussion of this point.

We now present an outline of the ideas behind our analysis. For
A = 0, solutions of equation (1.1) are naturally decomposed into their
discrete and continuous spectral components:

u(x, 1) = a(O)o(x) +n(x, 1) (@,n(,1) =0, (1.13)

where (f,g) denotes the usual complex inner product on L?>. The
functions a(¢) and n(x, ) satisfy system of decoupled equations:

d'+Qa=0, (1.14)
I+ Bn=0, (1.15)
with initial data

:( ,u1)

a(0) = (p,u0), d'(0) = (¢
x,0) = Peu (1.16)

n(x,0) = Peuo,  9hm(
For 4 # 0, and for small amplitude initial conditions, we use the
same decomposition, (1.13). Now the discrete and the continuum

modes are coupled and the dynamics are qualitatively described by
the following model system:

d"+ Q% a=31a*(1,n(-, 1)) (1.17)

O n—Ap+mPn=Iay . (1.18)
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Here, y(x) is a localized function of x; in particular, y = ¢°, and we
assume (see (1.8)) 3Q > m. In selecting the model problem (1.17—
1.18), we have replaced B?, restricted to its continuous spectral part,
by B} = —A + m?, which intuitively should lead to the same quali-
tative result.

The system (1.17-1.18) can be interpreted as a system governing
the dynamics of discrete oscillator, with amplitude a(¢) and natural
frequency Q, coupled to a continuous medium in which waves, of
amplitude #(x, ¢), propagate, or as an oscillating particle coupled to a
field.!

The system (1.17-1.18) is a Hamiltonian system with conserved
total energy functional:

- 1 1
&M, 0m,a,d] = 5/((9,11)2 + \Vn|2 + m*n? dx + 3 (a’2 + Qzaz)

—/1a3/x(x)17(x, t) dx (1.19)

We now solve (1.18) and substitute the result into (1.17). Note
that, to leading order, solutions of (1.17) oscillate with frequency Q.
Therefore the ¢ term in (1.18) acts as an external driving force with a
3Q frequency component. Since 9Q° is larger then m?, a nonlinear
resonance of the oscillator with the continuum takes place. To cal-
culate the effect of this resonance requires a careful analysis involving
(1) a study of singular limits of resolvents as an eigenvalue parameter
approaches the continuous spectrum (see Section 4) and (ii) and the
derivation of a normal form which is natural for an infinite dimen-
sional conservative system with dispersion (see Section 5). This leads
to an equation of the following type for a(¢) (or rather some near-
identity transform of it):

a + (92 + @(]a!z))a =-Trd, t>0 (1.20)

where » = ((|a|), and I" > 0 is the positive number given in (1.8). For
the model system (1.18), Z . in (1.8) is replaced by the usual Fourier
transform. This is the equation of a nonlinearly damped oscillator:

%((a’)z + [QZ - @(!a|2)]a2> = 2T (d)? < 0, fort>0 (1.21)

'A related example is a model introduced in 1900 by H. Lamb [38], governing the
oscillations of mass-spring-string system. See also [7], [21], [53], [30].
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Therefore, nonlinear resonance is responsible for internal damping in
the system; energy is lost or rather transferred from the discrete os-
cillator into the field or continuous medium, where it is propagated to
infinity as dispersive waves. Solutions of (1.20) decay with a rate
O(¢~1/%), and it follows that ||5(-,1)||,, = O(t~3/*). Note, however that
the total energy of the system, an H' type quantity, is conserved. In
(1.20), we have neglected higher order effects coming from the con-
tinuous spectral part of H. These, it turns out, have a small effect and
can be treated perturbatively.

Aspects of the analysis are related to our recent treatment of the
quantum resonance problem [61], [62]. The situation with quantum
resonances can be summarised briefly as follows. Let Hy be a self-
adjoint operator having an eigenvalue, 4y, embedded in its continu-
ous spectrum, with corresponding normalized eigenfunction . Let
W be a small localized symmetric perturbation, satisfying the
(generically valid) Fermi golden rule resonance condition:

Lo = (Wi, 8(Ho — 40)PHWiy) #0 . (1.22)

Then in a neighborhood of /3, we show that the spectrum of
H = Hy + W is absolutely continuous by proving that all solutions of
the Schrédinger equation:

0y = Hy = (Hy+ W)W | (1.23)

with initial data which is spectrally localized (with respect to H) in a
neighborhood of 4y, decay to zero in a local energy norm as t — +oc.

Such solutions are characterized by exponential time-decay for an
initial transient period, and then algebraic (dispersive decay) there-
after. During this transient period, A(¢), the projection onto the mode
Yy, 1s governed by the equation:

A'(1) = (12 — To)A(£), t>0 (1.24)
where 4, ~ Jg + (g, W), and by (1.22), T > 0.

In the class of nonlinear problems under consideration, if we
express the amplitude, a(¢), as

a(t) = A(f) ¥ + A(t) e . (1.25)

Then we find after a near-identity transformation an equation of the
form:

: : 377
A = 1021‘14’2/1 + <1€32 — Z§r> ‘A’4A, t>0. (1.26)
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From this, the @(¢~'/%) behavior is evident. Equations (1.25-1.26)
lead to (1.20). As in (1.20), we have in (1.24) and (1.26) neglected the
higher order coupling to the continuous spectral (radiation) compo-
nent of the solution. These contributions are treated perturbatively.

Remarks. (1) Lamb shift: Note that in the nonlinear problem, as-
ymptotically there is no Lamb shift type correction to the frequency;
the frequency shift is O(|4|*) = O(r~1/?) as 1 — +oo0.

(2) Emergence of irreversible behavior from reversible dynamics;
dissipation through dispersion: Being Hamiltonian, the underlying
equation of motion, (1.1), is time reversible. In particular, the equa-
tion has the invariance: u(x, ¢) — u(x, —t). Yet, the equation in (1.26)
is clearly not time-reversible. This apparent paradox is related to the
“e-prescription” discussed in Section 4 and Proposition 2.1; the sin-
gular limit

lim exp (iV-A+m)(-A+m?—Exie)  (127)

satisfies a local decay estimate as ¢ — foo. For ¢t < 0, the corre-
sponding equation for 4(¢) would have —I" replaced by +I7; cf. [2],
[12], [61], [62].

The nonpersistence of small amplitude spatially localized and
time-periodic or quasiperiodic solutions to (1.1) has been studied in
[56], [57]. In this work, the phenomenon of nonpersistence is
formulated as a question concerning the instability of embedded
eigenvalues of a suitable linear self-adjoint operator. A result on
structural instability is proved; under the hypothesis (1.8), time-
periodic or quasiperiodic solutions of the linear problem equation
(4 = 0) do not continue to nearby solutions of the nonlinear problem
(A #0).

The question of nonpersistence of periodic solutions has also been
considered extensively in the context of the sine-Gordon equation

O?u = 0% —sinu . (1.28)

Spatially localized and time-periodic solutions of the sine-Gordon
equation are called breathers and the question of their persistence
under small Hamiltonian perturbations in the dynamics has been the
subject of extensive investigations. See, for example, [54], [16], [13]
[69], [8], [9]. [19], [34], [47], [66], [42].
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Analytical, formal asymptotic and numerical studies strongly
suggest that for typical Hamiltonian perturbations of the sine-
Gordon equation, for example, the ¢* model:

Pu=0u—ut+u (1.29)

no small amplitude breathers exist and that solutions obtained
from spatially localized initial data radiate to zero very slowly as ¢
tends to infinity.> We believe this is related to the mechanism for
slow radiative decay, as explained by Theorem 1.1 in the context
of (1.1).

Finally, we wish to comment on the connection between our work
and the approach taken in [56], [§], [19], and [34]. As in the contin-
uation theory of periodic solutions of ordinary differential equations
[15], it is natural to seek a periodic solution of (1.1) for 4 # 0 which
behaves, as the amplitude @ tends to zero, like a solution (1.7) of the
linear limit problem. The equation is autonomous with respect to time,
so we seek a ZnQ‘;l—periodic solution for A # 0 with an amplitude
dependent period. Since we do not know the period a priori, it is
convenient to define

u(x,t) = Uy(x,s), s=Qut (1.30)
and require that U,(x,s) be 2x periodic in s. Thus (1.1) becomes
(QLP+B)U, =2U; . (1.31)
We formally expand the solution and frequency:
U, =aU; +a’Us + - --
Q=0+ + - . (1.32)

Substitution of (1.32) into (1.31) and assembling terms according to
their order in a, one gets a hierarchy of equations beginning with

O(a"): (2 +B))U =0 (1.33)
0(a’): (@07 + B*)Us = AU} — 2Q007U, (1.34)
’In [40], breather type solutions have been constructed for the discrete sine-Gordon
equation, where 83, is replaced by its discretization on a sufficiently coarse lattice.

Also, a generalization of the notion of breather has been considered in the geometric
context of wave maps [55].
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Equation (1.33) has a solution
Ui(x,s) =cos s ¢(x) . (1.35)

Substitution into (1.34) gives the following explicit equation for Us:
292 2 34 54 Aoy
(Q°0; + B*)Us = 70 +2Q0:¢ cos s+ ¢ cos 35 (1.36)
We now express Us in the form U; = U(l) + Ul ), where
202 2\ 771 34 3
(@0 +B)Uy ' = 79 +200¢ | cos s (1.37)

J
(@207 + B)UY = 70 cos 3s . (1.38)

Since the inhomogeneous term in (1.37) is nonresonant with the

2 (1)
continuous spectrum of B“, one can find a 2n-periodic solution Us
provided the right hand s1de is L*(S3. x IR?)- orthogonal to the ad-
joint zero mode: coss ¢(x). This latter condition uniquely determines
Q,. Note however that the right hand side of (1.38) is resonant with
continuous spectrum of B2 if 3Q > m. To compute the obstruction to
solvability, seek a solution of (1.38) of the form U3( ) = cos3s F.
Then,

(B2 —99%)F =2 ¢’ (1.39)

and thus we expect to find F € L? if and only if the component of ¢?
in the direction of the generalized eigenfunction at frequency 3Q of
the operator B vanishes. Therefore, if the nonlinear Fermi golden rule
(1.8) holds, our formal expansion in L?(S} x IR?) breaks down. The
relation with our work is that we prove that this obstruction to
solvability, in fact, implies the radiative behavior of solutions de-
scribed in our main theorem.

2. Linear analysis

In this section we summarize the tools of linear analysis employed in
this paper.
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2.1. Estimates for the (free) Klein Gordon equation

We begin by considering the Cauchy problem for the linear Klein-
Gordon equation for a function u(x,?), x € R”, ¢ # 0.

Otzu = (A - mz)u = —Bgu (2.1)
u(x,0) = up(x), Ou(x,0) =u(x) . (2.2)
There exist operators E(()O)(t) and Ego)(t) such that
u(x, 1) = ES (Ouo + EV (uy (2.3)
We write
Eéo)(t)f = cos Byt f,and

sin Byt
EP (g =29 . (24)
0

where (w(k) = Vm?+k?):
EO(0)f = / cos ()t £ (k) c** d

EV(1)g = / s‘m%g‘)t (k) e dx . (2.5)

The first result we cite is proved using stationary phase methods; see
[5]. See [36] for another approach to decay estimates for (2.1). Let
wP(IR") denote the Sobolev space of functions with derivatives of
order < s in 7.

Theorem 2.1. let 1<p< 2,1—1,4-]%: 1, 55%—]% and 0 <0 <1.
Then,
@) if d(n+140) <v+s, we have for v=0,1:
IEX(D)gll, < K(D)glly,» >0, where (2.6)
K(t)=Cr1=00 0 <s<1,
=00 > (2.7)

(b) If s > (1/2—=1/p')(n+2) — 1, then for t > 1 the Schrodinger-
like LV decay rate, ") holds in (2.7).
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In subsequent sections, we shall use some specific consequences of
this result.

Corollary 2.1. Consider the linear Klein Gordon equation (2.1) in di-
mension n = 3. Then,

IEY (glls < € llglg =1 (28)
IEY (glls < C 1l 0<t<1 (29)
IEO ()glly < C 72 flgllys, ¢>0, v=0,1 . (2.10)

Proof. Estimates (2.8) and (2.9) follow from the theorem with the
choice of parameters: p’ = 8,5 = 1,n = 3, and 0 = 1. Estimate (2.10)
follows from the theorem with the choice of parameters:
pP=4s=1n=3and 0=0.

2.2. Estimates for the Klein Gordon equation with a potential

We now consider the Cauchy problem for the linear Klein-Gordon
equation with a potential

Pu=(A—m*—V(x)u=—Bu (2.11)

where B? is positive and self-adjoint.
We write the solution to the initial value problem for (2.11) with
initial data (2.2) as:

u(x,t) = Eo(t)ug + E (t)uy, where (2.12)
Ey(t)f = cos(Bt)f, and (2.13)
Eig = 2B,
B

One expects that estimates of the type appearing in Theorem 2.1
and Corollary 2.1 will hold as well for Ey(¢) and E;(¢) restricted to
P.L?, the continuous spectral part of H = B>. One can relate func-
tions of the operator H, on its continuous spectral part, to functions
of Hy = B} using wave operators. Let

Wy = strong — lim efemitto (2.14)

Wave operators relate Hy to H on P.L? via the intertwining property:
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H=W,H,W; onP.L"* . (2.15)

K. Yajima [72] has proved the W*?(IR") boundedness of wave op-
erators for the Schrédinger equation. A consequence of this work is
the following result for spatial dimension n = 3:

Theorem 2.2. Let H = —A + V, where V(x) be real-valued function on
R? satisfying the following hypotheses, which are satisfied by smooth
and sufficiently rapidly decaying potentials: For any |a| < ¢ there is a
constant C, such that

oV
ox*

(x)‘ <Cx)7° 6>5.

Additionally, assume that 0 is neither an eigenvalue nor a resonance of
H; see [72], [31]. If 0 < k, k' <l and 1 < p,p' < oo, then there exists a
constant C > 0 such that for any Borel function f on R we have

c! ||f(H0)||B(W"~P,Wk”I/) < ||f(H)PC(H)||B(Wk,p’Wk/,p/)
< CILf (Ho) i v

Here, P.(H) denotes the projection onto the continuous spectral part of
the operator H.

Remark. In our applications, we shall use Theorem 2.2 with |/| < 2.

Theorem 2.2 implies that the dispersive estimates for the free Klein
Gordon group carry over to the operators Ey(¢) and E;(¢) restricted
to the continuous spectral part of B.

Theorem 2.3. If g € Range P.(H), then each of the estimates of The-
orem 2.1 and Corollary 2.1 hold with E](.O) replaced by E;.

2.3. Singular resolvents and time decay

As discussed in the introduction, the damping term in the effective
nonlinear oscillator (1.26), is related to the evaluation of a singular
limit of the resolvent as the eigenvalue parameter approaches the
continuous spectrum. To ensure that the correction terms to the
nonlinear oscillator (1.26) can be treated perturbatively, we require
local decay estimates for the operator ¢8 (B — A i0)"", where A is a
point in the interior of the continuous spectrum of B(A > m). Such
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estimates are analogous to those used by the authors in recent work on
a time dependent approach to the quantum resonance problem [62].

We begin with a proposition, which is essentially a restatement of
Theorem 2.3 for E;(¢), and is proved the same way.

Proposition 2.1. (W*? estimates for ') Assume that V(x) satisfies the
hypotheses of Theorem 2.2 (n = 3); see [72] for hypotheses for general
space dimension, n > 3. Let p and p' be as in Theorem 2.1 and let
I1>s> (- —)( +2), where [ is as in Theorem 2.2. Then,

1y

e Pe i, < Cl " I, £#0, (2.16)

The next proposition is the “‘singular” resolvent estimate we shall

require in Section 7. Let 0, (n) = max {4,2 + 2%

Proposition 2.2. Assume the hypotheses of Proposition 2.1. Addition-
ally, assume that V(x) satisfies hypothesis (V2) of Theorem 1.1. Also,
let ¢ > a,(n). Then, for any point A(A > m) in the continuous spectrum
of B we have for [ =0,1,2

146) 7€ (B = A+10)"Pelx) "]l < CO 7 Y] 23>0,

1x) e (B — A = i0)™Pe (x) 7 Yl, < CO)TT Yl £ <0,
(2.17)

Proof. We prove the estimate (2.17) for the case of the r > 0. For the
case, t < 0, the same argument with simple modifications applies.
Let ga = ga(B) denote a smooth characteristic function of an open
interval, A which contains A and is contained in the continuous
spectrum of B. Also, let gy, = 1 — ga. We then write, for / =1, 2:

e? (B— A+ic) ' P. = ga(B) (B— A +ic) 'P,

+¢BG,(B) (B— A+ie) P, = S¥(t) + S5(1).
(2.18)
We now estimate the operators S; = lim, S}, j = 1, 2 individually.
Estimation of S(t) :

Consider the case / = 2; the case / =1 is simpler. First, we note
that:
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(x)77 Si(0) (x)~°

_ i) / ds / delx) OB g (BPL (2.19)
t N

Now we claim that the operator in the integrand satisfies the estimate:

e—S‘L’

<T>}’ 9

for r < ¢. The desired estimate on S} then follows by use of (2.20) in
(2.19) and that o > a.(n).

It is simple to see that (2.20) is expected. For, suppose that instead
of BP. we had By. Let w(k) = vm? + k2, the dispersion relation of By.
Then, setting L = (i@k,w)_lakj, and using that |Viw| #0 on the
support of ga, we get

|| <x>—aeir(B—A+i£)gA (B)PC <x>—a

s < C (2.20)

A~

™' ga(Bo)f = / e Wieg, (k) f (k) dk
_ / I (eiw(k)t)eik'ng(k) 7 (k)dk
:t,/eiw(k>t(LT)’(eik'XgA(k)f(k)) dk . (2.21)

Estimation of (x) “e®"gs(By)f in L? by Fourier transform methods,
using that |Vl is bounded away from zero on the support of ga, we
have that if ¢ > max {%,2} and r < o, then

1) "™ ga(Bo)f 1l < Clty "1l - (2.22)

Use of this estimate, in the above expression for S} (with B replaced
by By) gives, for [ =0,1,2:

1) P (By — A +10) ™ (x) 77| oy < COTT (2.23)

Two approaches to proving an estimate of the type (2.22) and
(2.23) for €'B’g(B)P, are as follows:

(a) One can “map” the estimate for By to that for BP. using the
wave operator W,. In this approach we would need to derive esti-
mates for W, ga(By) in weighted L? spaces, or alternatively

(b) One can use the approach based on the “Mourre estimate”,
developed in quantum scattering theory. This approach is more in the
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spirit of energy estimates for partial differential equations and does
not require the use of wave operators.

Here, we shall follow the latter approach. Time decay estimates
like (2.22) are a consequence of an approach to minimal velocity
estimates of Sigal and Soffer [58], which were proved using the
ideas of Mourre [43]; see also Perry, Sigal & Simon [48]. For our
application to the operator e #gx(B), we shall refer to special
cases of results stated in Skibsted [59] and Debiévre, Hislop &
Sigal [20].

We first introduce some definitions and assumptions:.

(A0)

(a) Let N > 2 and ga € Ci°, be a smooth characteristic function
which is equal to one on the open interval A.

(b) Let H and A4 denote self adjoint operators on a Hilbert space
A. Assume H is bounded below. Let & denote the domain of 4 and
%(H) the domain of H. Assume & N Z(H) is dense in Z(H), and let
(A) = (I + J4]P).

(A1) Let adj(H) =H. For 1<k <N,, define iteratively the
commutator form

i‘adt (H) = i[i* 'ad "' (1), 4] (2.24)

on ZNZ(H). Assume that for 1 <k < N,,i*ad’(H) extends to a
symmetric operator with domain %(H), where N, = [N + 3] + 1.

(A2) For |s| <1, e :2(H)— 2(H) and sup[|[He*] ,

< oo, for any ¥ € Z(H).
(A3) Mourre estimate:

ga(H)i[H, Alga(H) = Oga(H)? (2.25)

for some 6 > 0.
Under the above assumptions, we have, via Theorem 2.4 of [59],
the following:

Theorem 2.4. Assume conditions (A0) — (A3). Then, for all &, > 0 and
t>0

HFG < e> e ga(H) () Hyl < COTEIL, , (226)

where 0 is as in (2.25).
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To prove this theorem we set A(t) =A — bt, where =1+ 1.
Then, for any b < 0, we have by (2.25) that the Heisenberg derivative,
DA(7) = 0,A(7) + i[H, A(7)], satisfies

gaDA(t)ga = ga(ilH, 4] — b)ga > (0 — b)gy - (2.27)
The result now follows by an application of Theorem 2.4 of [59].

Remark. The hypotheses of Theorem 2.4 can be relaxed [29] to the
following two conditions: (i) the operator ga(H) ad;(H) ga(H) can
be extended to a bounded operator on # for n=0,1,2..., [§+1]+1,
and (ii) the Mourre estimate, (2.25).

We shall apply Theorem 2.4 for the cases H =B=
V-A+m+V(x),A=(x p+p-x)/2, p=—iV, and # =L
Before verifying the hypotheses of Theorem 2.4, we show how this
theorem is used to derive the desired estimates on e'5’g, (B). With the
application of Theorem 2.4 in mind, we estimate the norm of
(x)""e!P"gs(B) by decomposing it into the spectral sets on which 4/¢ is
less than and greater than or equal to 0. Let A; denote an interval
containing A and denote by % the operator that associates to a
function f its complex conjugate f. Furthermore, note that

e = @ e B @ and Gg(B) = g(B) %, if g is real-valued on the spec-
trum of B. Then we find,

1)~ ga (B, = [} (¥) g, (B) ™ ga (B,
— () 7gn, (BYE e ga(BYI,
= () g0, (B)A)° - {4) " P gu(BY
< 116" g (BY (A Ly - 104)~" €™ ga(BY 15
< Cll(4) e Pga(B)Y,

< C1||F<A < e)< ) e s (B,

+C2HF<A>0)< Ve g Byl (2.28)

We have used here that, with 4 defined as above, the L?> operator
norm of (x) “ga,(B){4)? is bounded; see [48]. By Theorem 2.4, the
first term on the right hand side of (2.28) can be estimated from above
by:
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CllF (5§ < 0) 1) " "gu(Blas, B,
< CLC() ()2 g, (B) )y 1), . (2.29)

Since 0t > 0, the second term is bounded as follows:
G (52 0) () " Pan(B)ill < oIl - (230
From (2.28), (2.29) and (2.30), we have
1)~ ga Bl < (077 + 0 Il . (231)
Use of (2.28) in a direct estimation of (2.19) gives:
1780 gy < C(O7 T 4+ 0777) L (232)

We make the final choice of N and ¢ after estimation of S5(¢).

To complete the estimation of Sj(¢), it remains to verify hypoth-
eses (A0)—(A3). These hypotheses are known to hold for the operator
H = B> = —A + V + m?; see [18]. Hypothesis (A0) holds H = B with
domain W!?(IR"). Clearly hypothesis (A2) holds for H = B since it
holds for H = B>. Hypothesis (A1) can be reduced to its verification
for B? using the Kato square root formula [49]: for any ¢ € %(B?):

By =n" / w PB (B2 4 w) " Y dw (2.33)
0

To verify (Al) for the case k = 1 we must show that [4,B]B~!is a
bounded operator on L?. Using (2.33) we have:

[4,B]B~! = n~! / w2(B +w) 4, BB (B2 + w) L dw  (2.34)
0

Since
[B*,id] =2B* —x - VV =2(V +m?) , (2.35)

we have that
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[B*,idA][B' =2B — (x - VV +2V)B~' —2m’B~" . (2.36)

Substitution into (2.34) we get:

200
4, BB~ —/W%B (B> +w) " dw
T
0

1 _
—/ (B +w) " (x- YV +2V —2m) B~ (B +w) ™ dw
T

0

The term J; can be rewritten as
oo
1 d 2 -1
wl— B +w) dwB=1, (2.38)
0

2
T

which follows from integration by parts and the formula (2133) with
Y replaced by B~'y. Using that [|(B* + w) | < (@ +w)

[(x - YV +2V =2m)B7'|| < [lx - VV +2V = 2m* (| 1Bl 2y
(2.39)

and the hypotheses on ¥ we have that for some constant C dependent
onV,

|h] < C/ w%(Q2 +w)72 dw < oo . (2.40)
0

The higher order commutators are handled in a similar manner; they
are even simpler because each successive commutator results in an
extra factor of (B + w)q

This leaves us with verification of the Mourre estimate (A3) for
H = B. Proposition 2.2 of [20] says that under hypotheses on BZ.
verified in [18], that (A3) holds for B as well.

Estimation of S:

In S,(¢), the energy is localized away from A so we seek to use the
Wks estimates of Proposition 2.1. Note that of the cases / = 1 and
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[ =2, the case / = 1 is “worse”” because g, localizes the energy away
from the singularity at A, and the / = 1 term has slower decay for
large energy. We therefore carry out the estimation for / = 1.

Letg ' + p'=1/2andp™' + p' =1.Since ¢ > %, (x)"7 € L1
and therefore:

166) =7 S5(6)x) ™" Sl
< Cl ) N ) 1€ (Bo — A +10) ™ g (Bo) W (x) £l
< C1™'By |y 19 (Bo) (Bo — A +10) ™ BoW; (x) £ |1,
< CJle® By | o) |19a (Bo) (Bo — A +10)™'By - BoW(x) ™1,

i _ _ A —1 * —a
< Clle® By | o 1y 19 (Bo) (Bo—= A+i0) ™ Bo|l gy 1Bo W (x) 111, -

(2.41)
The three factors in (2.41) are estimated as follows:
(1) By part (a) of Theorem 2.1,
6By o) < Cle| 7 (242)

where p=2—-8/(n+6) and p' =2(n+2)/(n—2).

(i) [|ga(Bo)(Bo — A+1i0)'Bo|l s, is bounded because ga(w)
(L—A+ iO)_l,u is a multiplier on L? [64].

Using the boundedness of W, on W?# and that ¢ > max {%,2},
we have

1B )™ fll, < IWWEx) " f I,

< Wi g 1) £l
< ClIfllz -
Therefore,
et/ A0 o
1) S50 "Wl < C{) 2l - (2.43)

We now combine the estimates of Sj(z), j = 1,2 to complete the
proof. Combining (2.32) and (2.43) and taking ¢ | 0 yields

1) 7€ (B — A +10) " Pelx) "W

<c(WF a0 P O W, (244
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The estimates (2.17) now follows by taking N and ¢ such that

2n
a_2+n+2
{52
o > max 2
ﬁ 2+ 2 + &
2~ n—+2

The constraints on ¢ are implied by the hypothesis ¢ > o.(n). The
remaining constraint holds if N > 8. Since we have applied Theorem
2.4 in our estimation of S, we need that (Al) hold with
N.=[N+3]+1>10.

This completes the proof of Proposition 2.2.

3. Existence theory

In this section we outline an existence theory for (1.1) with initial
conditions u(x,0) = uy € W>*(R?) and Ju(x,0) = u; € W2 (RY).
We first reformulate the initial value problem and then introduce the
hypotheses on the operator H. Regarding (1.1) as a perturbation of a
linear constant coefficient equation, we first write the initial value
problem as:
OPu+ Bu = —Vu+ Af (u) .
u(x,0) = uo(x)

Ou(x,0) = uy (x) (3.1)

Let

" cos(Bot)  sin(Bot)/Bo
u= (v)’ vt = (—Bo sin(Bot)  cos(Bot) > ’

o Uup N 0
0= (o) 7= (L)

Then, the initial value problem can be reformulated as a system of
first order equations:

o = <_(;% é)u—i—F(u) . (3.2)
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We now follow the strategy of reformulating the problem of
finding a solution of the initial value problem as the problem of
finding a fixed point u of an appropriate mapping. In particular, we
seek u in the space

Xo = W*2(RY) x w2 (R?) (3.3)
satisfying
du=u , (3.4)
where
t
St = Uty + / Ult — $)F(u) ds . (3.5)
0

For a discussion of the existence and low energy scattering for the
case ¥V =0, see [23], [65], [36] and references cited therein.

Hypotheses on H=—A+V

(H1) V e whe

(H2) H = B? is a positive and self-adjoint operator

(H3) The semi-infinite interval, [m? oc), consists of absolutely
continuous spectrum of H.

(H4) H has exactly one (simple) eigenvalue Q° satisfying 0 < Q°
< m?, with corresponding eigenfunction ¢ € L2, ||¢|, = 1.
(N) f(u) = u® + f4(u), fo(u) = O(u*) and f(u) is smooth in a neigh-
borhood of u = 0.

These hypotheses are by no means the least stringent, but are
sufficient for the present purposes.

Theorem 3.1 (Local existence theory). Consider the Cauchy problem
for the nonlinear Klein Gordon equation (1.1) with initial data, uy of
class Xy.

(a) There exists strictly positive number, Ty.x and T™** (forward
and backward maximal times of existence) which depend on the X
norm of the initial data, such that the initial value problem has a unique
solution of class CO((—T™, +Tnax); Xo) in the sense of the integral
equation (3.4).

(b) For te€ (—=T™* +Tnax) conservation of energy holds:
Elu(-,t), Ou(-,t)] = Efug, ur], where & is defined in equation (1.4).
(¢c) Either Tyax in finite or Tay is infinite. If Tax is finite, then

lim [ju(-,?)||,, = o0 . (3.6)

X
] Imax 0



Resonances, radiation damping and instability 33

The analogous statement holds with Tnax replaced by T™ and lim,;
replaced by lim;| _max.

Tmax

We now sketch a proof of Theorem 3.1. We restrict our attention to
the case ¢ > 0; the proof is identical for # < 0. Furthermore, we shall,
for simplicity, consider the case of the cubic nonlinearity: f(u) = u>.
Using hypothesis (H1) on V, it is simple to show, using the estimates of
Corollary 2.1, that for 7 > 0 sufficiently small and depending es-
sentially on the X, norm of uy, the mapping 4 maps a closed ball in
C%([0,T); Xo) to itself, and is a strict contraction. This ensures the
existence of a unique fixed point, which is a C°([0, T); Xo) solution of
the initial value problem (3.1) in the sense of the integral equation
(3.4). That the Xy norm must blow up if Tp,,y is finite is a standard
continuation argument based on the fixed point proof of part (a).

In Section 7, we study the asymptotic behavior of solutions as
t — xo0. A consequence of this analysis and the argument below is
that if uy satisfies the more stringent hypothesis that the norm ||ug || is
sufficiently small, where

X=w2nw*xw2nwh) (3.7)

Then Tax = 7™ = oo and the solution decays to zero as dilineated
in the statement of Theorem 1.1.

We reason as follows. A unique solution, u(z), exists locally in time
and is continuous in ¢ with values in Xy. It follows that for |¢f| < T, the
w'# and L® norms of u(-, ¢) are finite. Moreover, the solution satisfies
energy conservation and therefore ||u()||,1. + ||v(?)]|, is bounded
uniformly by a constant which is independent of 7, and depends only
on ||upl| 12 + ||vo|,. To ensure that the quantities estimated continue
to be well defined and satisfy the ‘a priori’ estimates of Section 7 it
suffices to show that [[u(#)||, remains bounded as ¢ T 7. A direct and
elementary estimation of the integral equation (3.4) yields the esti-
mate:

la(®)llx, < C([luol

w22 + ||u1 ||W|A2)
t

€Ay 2) [ (14 )+ [6) V)]

0
(3.8)

The main tool used in obtaining (3.8) is the bound HEgo)(t)@l-
< m!.

B(1?)
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A simple consequence of the ‘a priori’ bound (7.52) and the
decomposition of u(t,-) is that
IVu(@)lly + [u@lly < Clef <T . (3.9)
The constant C, depends on the norm [|uo||y. The first two terms in
the integrand of (3.8) are uniformly bounded by observation of
energy. Furthermore, this energy bound together with (3.9) implies a
bound on the last term in the integrand of the estimate (3.8). It
follows that [Ju(#)[|x, remains bounded as ¢ T T. Therefore, given the
estimates of Section 7 we have Ti,x = oo, and the decay of solutions.
A further consequence of the proof is:

Corollary 3.1. Under the hypotheses of Theorem 1.1, the solution of the
initial value problem exists globally in W**(IR®) and satisfies the esti-
mate:

4. Isolation of the key resonances and formulation
as coupled finite and infinite dimensional dynamical system

Using the notation (1.5), the initial value problem for (1.1) can be
rewritten as

FPu+ Bu=if(u), f(u) =u’
u(x,0) = uo(x), O ulx,0) = u(x) . (4.1)

For small amplitude solutions, it is natural to decompose the solution
as follows:

u(x,t) = a(®)p(x) + n(x,t) , (4.2)
(n(-,1),) =0 forallt . (4.3)

Substitution of (4.2) into (4.1) gives
d'o + O + Qag + By =if(ap + n) (4.4)

We now implement (4.3). Taking the inner product of (4.4) with ¢
gives

d' + Qa = e, flap +1n)) . (4.5)
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Let P, denote the projection onto the continuous spectral part of B2, i.e.
P.v=v—(p,v)0 . (4.6)

Then, since 1 = P.n, we have
O + B = IP.f(ap + 1) (4.7)

Equations (4.5)—(4.7) comprise a coupled dynamical system for the
bound state and continuous spectral components (relative to H = B?)
of the solution u. The initial conditions for this system are given by
(1.16).

Expansion of the cubic terms in (4.5-4.7) gives the system

d" + Q%a = i[a3/<p4—|—3a2/<p3n+3a/(pznz—l—/cp;f] (4.8)
8311 + B? n = AP, (a3¢3 + 3a2q0217 + 3a<p112 + 113) , (4.9)
with initial conditions

a(0) = (¢,u0), a'(0) = (p,u1)
n(x,0) =P, Om(x,0) = Peuy . (4.10)

We now locate the source of the key resonance. Equation (4.8) has
a homogeneous solution which oscillates with frequencies =Q. Thus,
to leading order, n solves a driven wave equation containing the
driving frequencies £3Q. If 9Q* > m?, then by (H3), we expect a
resonant interaction with radiation modes of energy 3Q € cont(H).

This resonant part of #, has its dominant effect on the a-oscillator
in the term of (4.8), which is linear is #. Our goal is to derive from
(4.8-4.9) an equivalent dynamical system which is of the type de-
scribed in the introduction, but which is corrected by terms which
decay sufficiently rapidly with time and which can therefore be
treated perturbatively.

We first write

n=m+m+i, (4.11)
where 1, (¢) satisfies the linear dynamics with the given initial data:
atz m o+ By =0, ny(x,0) = Peug, 3 1y(x,0) = Pewy ,  (4.12)

and 1,(¢) is the leading order response
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O ny + By = A’ Peg’; 15(x,0) =0, 9ymy(x,0) =0 . (4.13)

Expansion (4.8) can now be written in an expanded form.

d + Qa:i{a3/qo4+3a2/€03(’71+’72+7’I3)

+3a/<p2n2+/<pn3} =F(a,n) (414

We expect the function a(z) to consist of “fast oscillations”, coming
from the natural frequency Q and its nonlinearly generated har-
monics, and slow variations due to its small amplitude. We next
extract from a(z) the dominant “fast” oscillations of frequency Q:

a(t) =A™ + 4e™¥ (4.15)
We then substitute (4.15) into (4.14) and impose the constraint:
A e =0 | (4.16)
Equation (4.14) then is reduced to the first order equation:
A = (2iQ) " e ¥F(a,n), (4.17)

where F(a,n) = F(A4,4,n,t). From (4.14) we have that F(a,n) is the
sum of the following terms:

Fi(a) = /1a3/g04
Fy(a,n;) = 31&2/([)317,, Jj=12,3
Fi(a,n) = 3Ja / o’
Fy(n) = i/(pvf- (4.18)

The remainder of this section is primarily devoted to an (involved)
expansion of Fy(a,n,). The terms of this expansion are of several
types: (a) the resonant damping term, (b) terms of the same order
whose net effect is a nonlinear phase correction and (c) higher order
terms which are to be treated perturbatively in the asymptotic anal-
ysis at t — £oo.
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Computation of F>(a,n,)

We first break #, into a part containing the key resonance 5 and
nonresonant part #5".

Proposition 4.1.
m=n+mn,

where

t

Y .
=5z / e B £ (5)dsPeg’ (4.19)
0

and

t
n zzl%eigt [3/eiS<BQ>A2(s)A(S) ds
0

t
+3 / e+ 12(0) 4(s) ds
0

t
_}_/e—iS(B—&-BQ)A?(S) dS] cho?a
0

t
A g is(B+3Q) 43
- A
5i5° / e (s)ds
0

t t
+3 / B 42()A(s) ds + 3 / B £2(5)A(s) ds

0 0
t

+/eis(B3Q) A?(S) dS] Pc(/)3
0

7
=> (4.20)
j=1

The superscripts » and nr denote respectively a resonant contribution
and nonresonant contribution.
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Proof. The solution of (4.13) can be expressed, using the variation of
constants formula, as:

t

in B(r —
0 = ﬂu/smgfs)cﬁ(s) dsP.g’ (4.21)
0

Substitution of (4.15) for a(s) and using the expansion of sin(B(z — s))
in terms of the operators exp(£iB(¢ — s)) leads to an expression for 7,
which is a sum of eight terms. The term 75, as defined above, is
anticipated to be the most important. The other seven terms are
lumped together in 75"

We now focus on #5. In order to study #5 near the resonant point
3Q in the continuous spectrum of B, we first introduce a regulariza-
tion of #5. For ¢ > 0, let

t
eiBt/e_is(B—3Q+[£)A3(S) ds ch)3 (422)
0

A
roo_
n28_2i

Note that n5 = lim,—o #5,. The following result, proved using inte-
gration by parts, isolates the key (local in ¢) resonant term.

Proposition 4.2. For ¢ > 0,

-1

/ eBiQtA3 (t) estl)c(p3

", = 5 [B(B —3Q +i¢)

-1

A ) :
— §A(3) [B(B —3Q+ig)| e® P’
3 -1 t
_ 51 B(B _ 3Q + 18) eiBt / efiS(Bf3Q+i8)A2AI dS PC(,D3
0
=0+ (4.23)

Remark: The choice +i¢ in (4.22) is motivated by the fact that the
operator

B —3Q +i0) " 'e# 4.24
( ) (4.24)
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satisfies appropriate decay estimates ¢ — oo; see Proposition 2.1. It
follows that the limit as ¢ — 07 of the last two terms in (4.23) decay in
time like (£)~'"*(2 > 0); see Section 7.

We now use the above computation to obtain an expression for
F>(a,n,). First, from Proposition 4.1 we have

FB(a,ny) = Fy(a,n5) + F(a,ny)
= lim Fy(a, 1) +lim P (a, ;" +n'%) + Fala, n3'),
&E— E—
=F(a,n) + Fla,n” +n"?) + FB(a,ny), (4.25)

where F;(a, -) is defined in (4.18). We begin with the contribution to
(4.17) coming from F(a,n’). What follows now is a detailed expan-
sion of the term F(a, 1)) and Fy(a,n"). The terms F(a, ™" + n?)
can be treated perturbatively by estimation of its magnitude; see
Section 5.

Computation of F>(a, ")

Let

1 B —3Q
A=lim [P’ ———————P.¢’
=0 B (B —3Q)" + &2

1 1
= (P.¢’,~PV.———P.¢° 4.2
< 0, VB—3Q (p),and (4.26)

1 e
I'=1l Po' —-—— "  P.o*
i (R sy

P ¢*, 8(B - 3Q)P, (p3>

I
B =
—

= 257013 . (4.27)

By hypothesis (1.8), I > 0.

We now substitute the expression for 7], given in (4.23) into the
definition of F>(a, n’,) in (4.18). Passage to the limit, ¢ — 0, and use of
the distributional identity:

(x+i0)"' =lim(x+ie) ' =P - V-x~' Tind(x) (4.28)

e—0

yields:
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Proposition 4.3.

F2(a7 771) = !E%F'Z(a, ’7;)

3 . ) .
= S2(A=iD) [\A|4Ae19f AU {243 | (4.29)

We have completed the evaluation of the first term in (4.25). To
calculate the contribution of (4.29) to the amplitude equation (4.17)
we need only multiply (4.29) by (ZiQ)fle*‘Qt . This gives

Proposition 4.4.

e . _
2 (IA+T) [|A|4A+ A5e419f+2|A|2A3e21Qf] .

2i0 -1 —iQtF "y — _ 2

(4.30)
The term ———1"|A\ A plays the role of a nonlinear damping; it
drives the decay of 4 and, in turn, that of #; see the discussion in the
introduction.

Computation of Fy(a,n5"):

We now focus on F (a ), the third term in (4.25). This requires a
rather extensive, expansion of 14’ Z 1y} see (4. 20) From Propo-
sition 4.3, we expect the dominant terms to be O(|4[). Our approach
is now to make exphclt all terms Wthh are formally 0(|AJ ) (antic-
ipating that 4' = 0(|4]%), 4” = 0(|4]°) and (|4]*) = ©(|4])) and to
treat the remainder as a perturbation which we shall later estimate to
be of higher order. This expansion of #3" is presented in the following
proposition which we prove using repeated integration by parts. As
written, these expressions are formal. By the definition of /5 (a, #3") we
require that they hold when integrating against a rapidly decaying
function, i.e. ¢°.

Proposition 4.5. The following expansions hold in S’

A 2 ,itQ 3 34
|44 P g+ —
2B(B - Q) I v BB Q)

3261 4 B 5
355 g Mol Ao + (4P | .ol Peo’
t

A . .
—melm/e_IS(B_Q)(‘A|2A)//dSPC(P3 (431)

m) = ei[Q(|A|ZA)/P

0
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nr 3)
2 =BT Q)
32
+ PN
2iB(B+ Q)

|A|* Ae 7P >
LA + 2414 P’

3 A 3/1

A 2\ 3

+ eiBz

t

34 81 / —is(BQ) (| 413 1) 3
—— ¢ e ™ A|"A)" (s) ds P, 4.32
2B 1 QY (I4]°4)"(s) ds Pegp (4.32)

nr

. M(’)3 —3Qp 34

__ M\ . + —e—izm
23 = 5B(B + 30) 7 BB+ 30) (

(1)°) Peo®

3 B (Y|P
2"B(B+3Q)"° =0lte®

t
3 A iBt / ~is(B+3Q) ( 4 "
————¢ e ¥ ds P, 4.33
2iB(B +3Q)* (A7) ” (4:33)

A 4 32
nro_ A3 ¢ e31lQPC 3 _ e31lQ A Pc
s = g 3q) " e Pee 2iB(B + 3Q) () Peg”

3 e—iBt 3 N 3
B P A
2 B(B 4 3Q) [ 0 + (A )[:O]PC(;D

t

Y . .
+ 372 e—lBl‘ / els(B-&-SQ) (AS (S))// ds Pc (P3 (434)
2iB(B + 3Q)

3]
A4 P> — 34

A T 01 4)P4)P,
“2B(B+ Q) 2iB(B + Q)* (41°4)

t

Vo w / BB (44 Y e Py
+———e! e A|"A) dsP 4.35
TR (141%4)" ds Pep (435)
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32 32
nro__ A A —llQPC - -
"% = 3BB - 0) APy 2iB(B — Q)

3 —iBt 5 o
—~A———[]40|°4 A’ 4 P.o3
2"B(B-Q) (401”40 + (4] )|t:0] c®

e 104 A) Py’

t

32 : : .
+————¥ / B (|4)24)" ds P’ (4.36)
2B(B Q)

. A (1)e—30 5 3
M7 = ~Pep” —— )
2B(B — 3Q —i0) 2iB(B — 3Q — i0)

o3 (143)/P0(p3

efiBt

3 3 3 3
~2 BB =30 10) [A ) O]PCQ’

t

32 . . _
e / eSED (L) ds Pegp? (4.37)

+ 3
2iB(B — 3Q —i0)

Recall that our goal is to elucidate the structure of the amplitude
equation: 4’ = (2iQ) 'e¥F, in (4.17), where we first focused on the
contribution: (2iQ)*1e*iQ’Fz. From (4.25) and Proposition 4.4. we see
now that we need to obtain convenient expressions for

(2Q) e ¥ Fa(a, ) =
j

= 34(2iQ)" IQfZ/qﬁng; . (4.38)

7
(2iQ)" e F(a, n))
-

Each of the seven terms contributing to 14" is expressed as a part
which is 0(|4]°) plus an error term which is estimated in magnitude in
section 5. The ((]4]°) part and error terms are displayed in the fol-
lowing two propositions.

Proposition 4.6. Let

p(0) = (Peg®, B (B— 1) 'Peg”) . (4.39)

Then,
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(2iQ) e ¥ Fy(a,n37)
)“ 3 2 3 ZiQt —2iQ nr
= Cp(@)| TIPS a1 A e | L (440)
(2iQ)'e ¥ Fy(a, n3)

gp( Q)

|A|A+ |A|A oA | \A|A3 i e

(4.41)
(2iQ) e ¥ Fy(a, n3)
22
= 50(‘39)

3.4 120 3 2B ki | 35 e r
Al e 'f+§yA\Ae "—i—ZAeé‘Q’ + E5

(4.42)
(21Q) e ¥ Fr(a, n3})

}2

3 » 3 »
Qp( 39) _A564IQt+ A3A2 2iQ¢

3 4

+ES,  (4.43)

(2Q) e ¥ By (a, ;) =

2 9 9 9 4 .
© Q)| AP A1+ LA A e B
(4.44)
(2iQ) e ¥ Fy(a, ;)
22 —2i0r | 9 25 oy
=50 \A|A+ A A AP LBy (445)

(21Q) e ¥y (a, )
2

3 e 3 e s
PGB +i0) = Al de 5 5 AP A e 4 e

+ E%

(4.46)

In our analysis of the large time behavior (r — £o0), we shall
require an upper bound of the error terms E%’ given in
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Proposition 4.7.

nr 21 412 - -1 i
E5| < Col2l7 A {|A2 1A' + 1) (B = ) €' Pegp’]l

t

HIw B =57 [ PI(UP)) dPtlh) L (447
0
where (1 = €6 = Q, CZ = CS =-Q. €3 = (4 = —3Q, and €7 = 3Q +10.

In section 7, we shall estimate this expression using the decay esti-
mates of section 2, in particular Proposition 2.2.

The desired form of the A-equation is now emerging. Use of
Propositions 4.4 and 4.6 in (4.17) yields:

Proposition 4.8. The amplitude A(t) satisfies the equation (see Propo-
sition 4.6 for the definition of p({)):

—il , . ,
A :éH({)Hj <3|A|2A APy 3| 4PAe Y 4 A%e““g’)

32 4
—2Z T|4)*4 -
zq M

31

20 FIA = 5p(Q) + 3p(-Q) + p(-3Q))|4[*4

312 5 L4iQtr:

3i)2 :
—;—Q\A|2A3 HU2A + 2T + p(Q) + ip(—3Q) + 3p(—Q)]

31/12 —2iQ .
e A A 1p(Q) 4 9p(~Q) + p(=30) + p(30+10)]

3“ S e [3p(-Q) — 2ip(=3Q) + p(3Q2+10) + 3p(Q)]

31/1 _
5 e 61Q¢

SAEB e ip(-30) — Jip(0 +i0)| + (4.48)

where
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E:@@”W%M/@M
) 7
+ (2iQ) e ¥ / o + ZEZ
j=1
+ (2iQ)_le_iQt[F2(av ’71) + Fz((l, 773)]

+ B(a, "+ 1) (4.49)

Here, F>(a,n;) is given by (4.18).

In the next section we show how to rewrite (4.48) in a manner
which makes explicit which terms determine the large time behavior
of the amplitude and phase of A4(¢).

5. Dispersive Hamiltonian normal form

To analyze the asymptotic behavoir of 4(¢) (or equivalently a(¢)) and
n(t,x) as t — oo it is useful to use the idea of normal forms [3], [26],
[52] from dynamical systems theory. We derive a perturbed normal
form which makes the anticipated large time behavior of solutions
transparent.

Proposition 5.1. There exists a smooth near-identity change of vari-
ables, A— A with the following properties:

A=A4+h4,1)
h(4,1) = O(l4[), |4] =0
h(A,t) = h(4,t+2nQ7") | (5.1)
and such that in terms of A equation (4.48) becomes:
A =ideyi|APPA + Pds|A) A +172ex|A)' A
+0(l4") +E | (5.2)

where ;de32 = — %r < 0. The constants cy1 and c3, are real numbers,
explicitly calculable in terms of the coefficients appearing in (4.48). The
remainder term |E| is estimable in terms of |E| for |A| < 1 (equivalently
4] < 1).
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Remarks. The point of this proposition is that in the new variables the
dynamics evidently have a dissipative aspect. Specifically, neglecting
the perturbation to the normal form one has:

O|A|> = 3ﬁr‘~6 0 5.3
/|4 =730 l4]” < (5.3)

We therefore refer to (5.2) as a dispersive Hamiltonian normal form. In
finite dimensional Hamiltonian systems, the normal form associated
with a one degree of freedom Hamiltonian system is an equation like
(5.2), but with all the coefficients of the terms |4|*"4 being purely
imaginary. Here we find that resonant coupling to an infinite di-
mensional dispersive wave field can lead to a normal form with
general complex coefficients, which in our context implies the internal
damping effect described above. See section 8 for further discussion.

We now present an elementary derivation of the change of vari-
ables (5.1) leading to (5.2). Equation (4.48) is of the form:

g — Z Z o dF Al k1D g (5.4)
Je3.5) ktl=j

where the coefficients oy; can be read off (4.48). The proof we present
is quite general and shows, in particular, that the normal form for
equations like (5.4) is (5.2).

Proposition 5.2. There is a change of variables, as in (5.1), such that
equation (5.4) is mapped to:
A = ky |14 + k3o |A|*A

+0(4)+E | (5.5)
where

E=Eo(I+h),
ka1 = o1
_ . —1 3 2 2
k32 = 032 + (219) 5|O€03| — 20(300(12 + 2|OC]2‘ (56)
The conclusion in Proposition 5.1 concerning the ‘“damping

coefficient” d3, depends on the particular properties of the coefficients
in (4.48). In particular we have from (4.48) and (5.4) that:
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34 4
Op] = o2 = 20 ||(P||4,

oL = —
03 =750 Plla>

A Ve
R To R To)

[A=5p(Q) +3p(=Q) + p(=3Q)] . (57)

From these formulae, we have A%ds, is given by the real part of as,
the “singular”” Fermi golden rule contribution.

Remark. The construction of the map 4 — A can be applied as well to
equations of the form (5.4) where the right hand side is an arbitrary
expansion in powers of 4 and 4.

To make the structure clear we write out the equation with a
particular ordering of terms:

A" = a1 |A]A + a3)A|*4 + O3(4) 4+ O5(4) +E (5.8)
where
03(4) = a3 A>e™ ¥ + apAA%e Y 4 a3 A%e ¥, and (5.9)
05(A) = as0A e 4 0y A* 4P Y + 0334% 43¢5
+ o4 A e ™Y g5 AP0 (5.10)

Note that each term in O3(4) and Os(A4) is of the form: oscillatory
function of 7 times order O(|4[*) or €(|4]).

The computations that follow, though elementary, are rather
lengthy so we first outline the strategy of our proof. Integration of
(5.8) gives

t
A :Ao+/oc21|A\2A+oc32|A\4A+03(A)+O5(A)+Eds . (5.11)
0

The idea is that terms with explicit periodic oscillations average to
zero and can be neglected in determining the large time behavior of
the solution. Our strategy is now to expand the explicitly oscillatory
terms using repeated integrations by parts and to make explicit all
terms up to and including order |4]>. The computation has two
stages. In stage one, after repeated integration by parts the equation
(5.11) is expressed in the equivalent form:
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A(t) — Hi(A(1), 1) = Ao — H\ (4o, 0)
t
+ / “resonant” terms like |4|°4, |4|*4 ds

0
t

+ / terms of type Os(A) ds

0
+ higher order corrections (5.12)

This suggests the change of variables 4+ A4, = A(t) — H (A(?), 1),
giving
t
A (1) :A10+/ terms like |4 [*4,, |4,]*4; ds
0
+ terms of type Os(4;)
+ higher order corrections. (5.13)

The latter equation is equivalent to a differential equation of the form:
A" (1) = terms like |44, |4,]*4,
+ terms of type Os(4;)
+ higher order corrections. (5.14)

which is a step closer to the form of the equation we seek. A second
iteration of this process yields the result.
We now embark on the details of the proof.

t
Expansion of [ O3(A4) ds:
0

Integration of the expression in (5.9) gives
t

/03(/1) ds = h3(A(Z), l‘) — h3(A0,0)

0

t
3030 2005 42 41 g 2/ -2i0 P
- A“A ds + —= ”AA
21’Q/ 2iQ

0

t

03 —_4iQs /

—i—m/e (A7) ds, (5.15)
0
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where

hsy(A, ¢ %30 P30 30200 _ %12 %12y p2o-2ic %03 3 o4 .
(1) = 2iQ 2iQ 4QA (5.16)

We now replace 4’ in (5.15) by its abbreviated expression given in
(5.8). Thus we have:

t

/03(,4) ds = hy(A(1), 1) — hs (A, 0)
0

t

3 .
- %/ %2 o4 A + O5(4) + O(14P) + E] ds
0
t
;“5/ =2 2 [cle\A|2A +03(4) + 0(4°) + E} ds

t

(x . — — —
+i—£§/ems|A\2 [&21 A4 + O3(4) + 0(4)°) + E] ds
0

t

+3%/e—4@% [&21|A|2A‘+ 0s(4) + 0(j4]°) +E} ds
0

(5.17)

Substitution of (5.9) into (5.17) and integrating by parts, we arrive
at the following expression:

t

/03(14) ds = h3(A(t), I) =+ h3a(A(t), t) — h3(A0,0) — h3a(A0,0)
0

1 3 2 2 4
+m<§|am| — 20030012 + 2|12 )/\A| A ds

/ AP (AP + [ED) ds, (5.18)
0

where
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% . 302 .
haa(A, 1) = [_ “;25;)3 e fgf]] A g %A%‘“ﬂ‘

1 3 i B
+ 102 (O(ZlOClZ + 50603&12 — 3ozg003 + 20(120521) A2 Pe 2

1 3 ~ .
+ 302 (“%2 + 5 %3001 + 20612063o> A e

1 1 1 _ .
+ @ <§ 0312 + 50(030(30) A56—61§2! . (519)

Referring back to (5.8), we see we must now obtain an
Expansion of [, Os(A) ds:

From (5.10) we have, after integration by parts:

t

/ Os(4) ds = hyy(A(1), £) — h3p(Ao, 0)

0
t

+/(9(|A|4(|A|3+|Ey)) ds . (520)

0

where

o i o . o3 .
]’l3b(A,t) :ﬂASC“le +¢A4A621Qt . .2 A2 P2

4iQ 2iQ 2i1Q
014 =4 —aior %05 5 _6i0r
40 "¢ 6’ © G21)

Therefore from (5.11) and our computations we have:

A— h3(A, l) — h3a(A,l) — h3b(A,t)
= Ao — h3(A40,0) — h34(40,0) — h3,(A40,0)
t
+ / 0(21|A|2A + O(32|A|4A ds

0
t t

1 3 2 2 4 /
— | = -2 2 A|"A E d
+ %0 <2 ‘0603’ 30012 + ‘0612‘ ) / ‘ ’ ds + s
0 0
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t

+ [ (M1 AP +1BD) + € (MPAP +ED) ds . (522

0

This suggests the change of variables:

Ay =A—H\(4,t), where
H, (A, t) = h3(A, l) + h3a(A,l> + ]’l3b(A,t) , (523)

which for small |4], is a near-identity change of variables. Using this

change of variables we have that (5.22) becomes
t

Ay = Ay +/d21|A1|2A1 —|—OC32|A1|4A1 ds
0

1
-2 2
+219< ‘0‘03’ 300012 + 2|02 )/\All Ay ds

t t

+/<2O€21|A1|2H1(A1,S)—|—A%H1(A1,S)> dS—|—/E1 ds
0 0

+/(9<|A1|4(|A1|3+|E1|)) +(0(]A1\2(|A1!5+!E1\)> ds . (5.24)

0

We expand the terms involving H;(4,t). Using integration by
parts, as above, we obtain:
t

2001 / |41 |*H, ds = hsa(A1,1) — hsa(410,0)
0

+ [ o (i + EiD) ds . (5.25)

S —

and
t

o2 /A%Hl ds = hsp(A1,t) — hsp(A10,0)
0

+ 0/ O(If(rf + Ea)) ds , (5.26)
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where
021030 2iqr 4 7 X1%12 20 2 73
hSa(A t) = _WGI tAl 1 ——292 € ! A Al
06210503 —41(2[A A4 (527)
807
021030 _2ir 23 21002 iy 44 1
hsp(d, 1) = — - e A4
06210€023 e Af
16Q
Hs(A, 1) = hsy(A, 1) + hsp(4, 1) (5.28)
Thus

Ay — Hs(A,(2),t) = A1o — Hs(410,0)
t
+/0621!A1\2A1 +o¢32]A1\4A1 ds
0

t
1 /3
+E <§ !0603!2 — 20300012 + 2\a12\2> / |4 !4141 ds
0

t
+/(9(|A1|7+!A1\2]E1\+|E1|> ds . (5.29)
0
Now define

A=4,—Hs4,,1) . (5.30)

In terms of this new variable we have:

t

A~=A~() + / 0621|A~|2A~+ OC32‘A~|4A~ ds

0
I
+2Q< o037 — 20130215 -+ 2ot >/|A\ A ds
t
+/(9(|/ﬂ7+|1§|) ds | (5.31)

0
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where |E| is estimable in terms of |E| for |4| < 1. This completes the
proof.

6. Asymptotic behavior of solutions of perturbed normal form equations

We now consider the large time behavior of solutions to the ordinary
differential equations of the form (5.2). In particular, we compare the
behavior of solutions of (5.2) to those of the equations with E set
equal to zero.

Thus we consider the equations:

B =icanlBP B+ (iex =)'+ Q) (6.1)
o = icor|o) o + (iczr — p)|of*er | (6.2)
wherer y > 0. We first consider the uperturbed equation, (6.2).

Multiplication of (6.2) by & and taking the real part of the resulting
equation yields the equation:

F==2 r=o . (6.3)
Integration of (6.3) yields:
P2t =r2(1+4p2) " (6.4)

To prove the above lemma, we begin by multiplying (6.1) by f and
taking the real part of the resulting equation. This gives:

F(t) = =29 (0) + QA1) + Q1) B(z) (6.5)

which implies the differential inequality:

7 (1) < =2 (0) + 2Q()IA(0) - (6.6)
We now prove
Lemma 6.1. Suppose r(t) = |B(1)|* satisfies (6.6) with:

Q)| < Qo) ™, 620 6.7)
Then,
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_ 2O’
BN < (14 4lBol ) 1(2\ﬂ0|“+y%2t>%%> : (6.8)

where m., = max{1,4y|B,[*}.

Proof. Use of (6.7) in (6.6) gives the inequality
P(0) < =29 (0) + 200(0) 0P (6.9)
Multiplication by r(¢) gives:
Z(t) < —y22(6) + 400(t) 704 (1), where z(t) = () . (6.10)
Note that the equation
() = —4L(0), L0) =20 = |y[* (6.11)

has solutions:

(1) = zo(1 + 4zopr) " . (6.12)

Anticipating this as the dominant behavior for large ¢, we define:

z(t) = {(¢) R(z) . (6.13)
Substitution into (6.10) and simplifying gives:
RO <—T_ pr—1)+ 22 (1 + 2yt (0 0 Ri(r) . (6.14)
T 1+ dzpyt ENE

We now consider the last term in (6.14). Noting that
(140" <m,(1+4yzor)"",  m, = max{1,4yz} , (6.15)

we have for any ¢ > 0:

1

1 1
1 +4zppt)* M ;
c 2 R e 2ok
2ot ()" |zo[* (1)
3 3
<C Qom, " eRi(1)

ol

elzo[ (0 (1 + dzoyr)
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8 3 s

o SR(1
<o o, ER0
S%Zf)<[>l+§b (1 + 4zgy1)

g '(b/e)!, p'+4¢ ' =1, for the choice p=% and g =%
This last estimate can now be used in (6.14) and implies:

The last inequality follows from the inequality: ab < p~'(ea)’+

8 3
—4 Ce 4 S
ke Y 10 B M 17) S L
1 + 4zpyt 1 + 4zgyt p Zo<t>1 §

/

which when setting Coed = 2yzg, 1S

_Gom. (6.16)

2yzg
R(R-2)+C i

L day Vizo 1)
Now set R = 2 + S. Since the term proportional to S? is negative, we
obtain
4 ;
< T g4 Oy (6.17)
1+ 4zgyt Yz (1)

/

Multiplication by 1 + 4zyyt yields:

8
Oym.. 1 +4zppt 1
(1 +4zgyt)S(t)] < C
(14 4zoy1)S(2)] < y%Zo (1+41) <t>§5

8
5 02 1
< cm = (6.18)
y?zo <t>§
Integration of (6.18) from 0 to ¢ implies:
% 2 1
s() < ¢ 2™ = (6.19)
The Lemma now follows from (6.19) and the relation:
(6.20)

B = 2(6) = L) R(t) = L2+ (7)) -
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7. Asymptotic behavior of solutions of the nonlinear Klein-Gordon
equation

In section 2 we proved that local in time solutions, u(t), exist in the
space C°(—T*, Ty; Xp), for some T, T* > 0. We now study obtain the
required ‘a priori’ bounds to ensure (a) persistence of the solution,
u(t), as a continuous function with values in Xy (7* = 7, = c0) and
(b) the decay of soltuions as ¢ — 4oc in suitable norms. Due to the
linear estimates of section 2, we require more stringent hypotheses on
uo and u;. These linear estimates require finiteness of W'*/3 and
w'#/7 norms which, by interpolation, are controlled under the as-
sumption uy € X (see Section 2). Specifically, uy € W>> N W>! and
up € w2 nwhl,

Using the results of the previous section, the original dynamical
systems (4.1) can now be rewritten as:

u(x, 1) = a(t)p(x) +n(x,1),
n(x, 1) = my(x, 1) + 1y (x, 1) + 13(x, 1),
a(t) = A(t)eY + A(t)e ¥,
A(t) = A(t) +h(A(2), 1) , (7.1)

Here, h(4,t) is a smooth periodic function of #, cubic in A for
A — 0, n, and n, are defined by (4.12)—(4.13), and A4(¢) satisfied the
perturbed normal form equation:

A = iden|APA —y|A* A + i enld* A + 0(A]) + Bt a,n) . (7.2)

Here E = E o (I + k), with E given by (4.49).
In (7.2),

3 po ™

_ - 3 o 3
=2a0 0 (P.p’,6(B—3Q)P.¢°) >0 . (7.3)

?
The constants ¢;; and c3; are real numbers which are computable by
the algorithm presented in Section 5.

The above definitions of 4,4, and #, together with the estimates
proved below, can be used to verify in a straightforward manner the
assertions of Theorem 1.1 concerning R(¢) = |A(¢)|, and 0(¢) =
arg A(t).

To proceed with a study of the + — oo behavior, recall that:
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(812 —i—Bz)m =0 n(x,0)="P.ug, On(x,0)=Pu; , (74)

(atZ +B2)’72 - ;~a3Pc€03a ’12(35»0) = O7at7//2(x7 0) =0 ) (75)
(07 + B*)ny = iP.(3d° 9’y + 3apr” + 1),
1’]3(X,0) = az’?3(x7 0) =0. (76)

To motivate the strategy, we first argue heuristically. Since y > 0,
if E is ne%ligible, then |4| ~ (1)”"* as t — oo, and therefore by (1.25),
an~ ()" 4 as t — oo. It then follows from (7.5) that, in appropriate
norms, that i, ~ (1) and 3 ~ (¢)"'*° for some & > 0.

To make all this precise requires d priori estimates on the above
system of equations. We now recall Lemma 6.1 concerning equations
of the form (7.2). This result gives conditions ensuring that 4 behaves
like the solution of the equation obtained by setting E to zero.

Our next task is to obtain an upper bound on E(?) in (4.49) of the
form (6.7). Since the equation for 4(¢) is coupled to that of #, the
factor Qp in (6.7) will depend on 5 and 4. The next proposition,
together with Proposition 4.7, provides estimates for the individual
terms in E.

It is convenient to introduce the notation:

AL(T) = sup ()" lA(1) (1.7
1,2(7) = sup ()" lln()] (1.9

To avoid cumbersome notation, where it should cause no confusion,
we shall abbreviate expressions like [---](7) by [---], until it is ne-
cessary to make the dependence on T explicit. In the estimates below,
we shall often use the notation C,, to denote a constant depending on
some W*? norm of the bound state, ¢. Under our hypotheses, ¢ is a
sufficiently smooth and exponentially decaying function for which
these norms are finite; see [1].

Because of Proposition 5.1, we need only estimate the terms of E,
given in (4.49). The following proposition is the main step toward the
estimate on E.

Proposition 7.1. Estimates on the terms in E(t): For 0 < s < t, the terms
of E(s), as defined in (4.49), are estimated as follows:
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(1)

ja | gmfj < VACH ALl (7.9)

(if)

/1/@01’]%‘ S )~C<p[77]§,3/4<t>79/4 ’ (710)
(iii) [P (a, n1)] < [A][4]] 4llo] [ )%

(7.11)
V) 1Fa(a,15)] < Col AT 14C ([ s Dl s B3 L1 s [ )
(
(
(

x (1) Ao 7.12)

W) |Faa, )] < Col2PAoPAT; 14 (0 7.13)

(Vi) [Fa(a, )] < Col P[RR AP 14540077 7.14)
(vii) 12371 < 11C (A1 W 0 + AT+ DAP 1A 1) (07

(7.15)

In (iv), C(r1,r2,73,74) is bounded for 3. |r;| bounded and tends to zero
as Y, |yl tends to zero; see Proposition 7.4.

We now embark on the proof of this proposition. Parts (i) and (ii)
follow by Holder’s inequality. To prove part (iii), apply Holders’s
inequality and the linear propagator estimates of Theorem 2.3. We
now focus on (iv)—(vi).

Estimation of F>(a,n3)

Recall (see 4.18) that
F(a,n;) = 34d® / s
We start by estimating ||n5]|s. We first express 75, defined in (7.6), as

3
n5(t) = ,IZ/El(t —s)P. (3a2<p2n + 3apn® + 113) ds | (7.17)
=Ty

where
I =10,t/2], L, =[t/2,t —1],and s = [t — 1,¢] . (7.18)

We estimate each integral separately.
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3
I3 (0)]ls < WZ/ 1E1 (1 = 5)Pc(3a>@?n + 3ag® + 1) || ds .

(7.19)

The integrands are estimated as follows using the linear estimates of
Corollary 2.1:
t/2

t/MW—ﬂﬂﬁ}mﬁﬁC/v—ﬂ%M“Nmﬂﬁa
I 0

t—1
/Mm—mumM$sc/vﬂvﬂw»mwﬁ,
b4)

t/2

/WM%ME%}mwSC/V—ﬂWMmWWwwy(U®
I3 —1

where

2
I{- '}||178/7 < C<|A| ||<P2’7||173/7 + |4] ||(/”72”1,8/7 + ||’73||1,8/7> :

(7.21)

Proposition 7.2.

. 2 2

@ WPllo?nllgr < ColdP (1nlls -+ 11Bals) -

.. 2

i) lalllomll sz < Cold] (Il -+ 1Balllnls)

5/3

i) (17157 < C(lInlloa o) Il (7.22)

Proof. We prove part (i). The estimates (ii) and (iii) follow similarly.

H€0271H1,8/7 < C<H€0271||8/7 + H908§0’7||8/7 + H§02877H8/7)
< C<||(/)2H4/3||’7||8 + ||<P5(0||4/3||’7||8 + ||<P2||s/5||8’7||4> )
(7.23)

by Hoélder’s inequality. To express the right hand side of (7.23) in
terms of ||By||,, and thereby completing the proof of part (i), it
suffices to show that:
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onlly < Cl[Bnlly - (7.24)

This follows if we show that the operator 9;B~' is bounded on L?
(with p = 4).

To prove the L? boundedness of 9;B~!, we can apply the results on

the wave operator, W, in §2.2. Indeed, for any g € L”, we have using
the boundedness of the wave operators on W'», for p > 1, that

10:B~"gll, = l|o:W,.By ' Wigll,
< ClIW.By ' Wigllys
< Cl1By ' Wiglly.

< Cl[wigll, < Cllgll,
Remark. We offer here an alternative proof which does not make use
of the wave operators, and therefore applies under weaker hypotheses

on V. We begin with the square root formula see [49] and (2.33):
For any € D(B?):

w 2B 4 w)aw . (7.25)

||
;l

By (7.25) and the second resolvent formula we have:

OB ' =8By + 1 [ w B +w) V(B2 +w) aw . (7.26)

The boundedness in L (p > 1) of the operator 9;B;' holds because

E(1EF +m?)” 1/2 is a multiplier on L?; see [64]. S1m1ldrly, Oi(B3 +w)~ !
is bounded on L? for any w > 0 and estimation of the second term in
(7.26) is reduced to estimation of the norm of the operator
V(B2 +w)~". Note that:

(B> +w)” / e 1(B+0) gy (7.27)
0

Since inf ¢(B%) = Q> > 0,
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—1(B*-Q)2) | |

le aw) < C

and therefore

B>+ w)7 ', <C [ e @2 < (1 +w) "
0

Boundedness in L? of 9;B~' now follows. Namely,
108~ | sz < 110:By ] par)

+ C'||83:(B2 +w) ™!

A1V s

oo
x/w1/2(1+w)1dw<oo :
0

61

(7.28)

(7.29)

(7.30)

From (7.22) we see that ||Bn||, must be estimated. Recall that

By = By + By + Bis .
By (7.4)
Bn, = Eo(t)BP.uy + E,(t)BP.u;
and so

1By (D)l < €)™ luoll

see (3.7) for definition of ||ug||,.
By (7.5)

t

By =7 [ Bl = 5)a(s) BPu*ds
0

which can by Theorem 2.3 be estimated as
t
—3/4 3
1B (0)lls < ClA| / [t = s|74A(s) 1P|y ds
0

< Col2[A} 4 (1)~

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)
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The estimation of ||B#;(¢)]||, is more involved. By (7.6),

t
By = i/ sin B(t — s) P.[3a® o*n + 3a o + n’l ds . (7.36)
0

By Theorem 2.3,
t
—1/2 2
18050l < €12] [ 16~ sl 1P g%l
0

+ |4| H€0’72||1,4/3 + ||’73H1,4/3 ds . (7.37)

The following proposition provides estimates for the integrand. It is
proved in the same manner as Proposition 7.2.

Proposition 7.3.

2 2
AP ol a3 < Coldl (llnlls + 11Bnlly + [1Brally + [1Bu3]14),
2
AL 111473 < Coldl (Inlls + lInlls|1Bulls)
17111473 < 3llnllg [10nll; - (7.38)

Anticipating the behavior

[A@)] ~ 2 (@)l ~
and using (7.33), we find that By; is driven by terms which are for-
mally of order () ~'. Estimation in L* will lead to convolution of (¢)~'

with (/)% giving a rate of (£)""/***_for any &, > 0.
For 0 <t < T, with T fixed and arbitrary, we have:

2 ~5/4 1
|4°| H‘P2’7H4/3,1 < Cold]i/s (['7]8,3/4<t> Has (Bl 0 (1)

+[B’72]4,1/2<l>71 + [B’13}4,1/z—50<f>71+50> :

where dg is positive and arbitrary. Also,
|A] ||(P’72||1,4/3 = Cw[A]1/4<[’7]§,3/4<t>77/4 + [’7]8,3/4[3771}4,0@)71)

2 _3)2
”’73H1,4/3 < nlly 2 [n)s 34(8) 2
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It follows that for 0 << T
t
1B |ly < Colil / (= s sy G T) (739)
0

where
—
G(4,n,T) = [A]1/4<[;7]873/4 + [Bmlyip + By p + [Bﬂ3]4,1/2750)

+ [A}1/4([’7]§,3/4 + [’7]8,3/4[3771]4,0> + ||’7||1,2[’7]§,3/4 :
Therefore, for 0 <¢ < T
1Bn3 ()]s < Col21G(A,n, T) ()™ /27, (7.40)

for any d9 > 0. We now use the estimate (7.40) in (7.22) in order to
obtain a bound on ||i;(¢)||g. First, a consequence of (7.22), (7.33),
(7.35) and (7.40) is that for 0 <¢ < T

2 2 3
? 1,8/7 = “olail1/4 8,3/4 U 1/4 314,1/2-6
Aol 87 < ColAly g\ [)s,374 + lwol [ + [4]7 4 + [Bns]
<Z>71+50
2
1,8/7 = “oll1/4 8,3/4 011x 314,172
AL o ll15/7 < Coldly a( [nls 374 + {Iluolly + (B3]
A s il ) (7,

5/3 —
17111877 < Colllnll )z~ (7.41)

Substitution of (7.41) into (7.17-7.20) leads to an estimate for
[In3(1)][g- For 0 <7 <T:

|3 (0)]ls SM‘C(p@)ilﬂso([Aﬁ/4{[’7]8,3/4 + [lwo [y + [Aﬁ/4 + [Bn3la1/2-5,}
+ [A]1/4{[’7]§,3/4 + [H“OHX + [Bnsly i o-s, + [Aﬁ/4] [’1]8,3/4}

+C(lnll 2 @) [M358) (7.42)

where Jg is arbitrary.
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Finally we can now estimate F>(a,n;) using (4.18) and (7.42).
Choosing Jy so that

—1+0p = —3/4—0’0,With gy >0,
we have

Proposition 7.4.

[Fa(a, n3)| < CmMHAﬁm([Aﬁ/4{[’7]373/4 + [lwoll + (134 + BNl as 00 }
+ [41/4{[’1]5,3/4 + [Ilwolly + [Aﬁ/4 + [B13)41 /440, [77]8,3/4}

+ Cllnll 20 @) [l (074 (7.43)

Estimation of Fy(a,n"") and Fs(a,n"?)

By (4.23)
i =1
nt = —EASB”(B —3Q+i0) 'e®P, ¢*, and

t

"

3 o . .
nm’Q — %Bfl(B _ 3Q—|— 10) l/elB(tS)el3§lYA2A/ ds Pc (,03

N —

0

Estimation using Proposition 2.2 gives:

/ ¢ [B(B — 3Q + i0)] ' ¢#P, ¢

|Fa(a, )| = 3|2]|al”

20 4131 412
= ClA"|4o["|4]

112 31 412 R -
< CLAP Aol A1) [ 1 )~

x (B —3Q+i0)""' ¢®P.B~ ¢,

2

< ColaP ol [T (1) +° (7.44)
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Here, we have used that 1/2+46/5=5/4+ 9, for some 6 > 0. The
constant C, depends on ]|<x>"B‘1<x>7‘7H@{L2). It is easy to check that
this norm is bounded if we replace B~' by B~2. The estimate of
interest is reduced to this case using the Kato square root formula

(7.25). Similarly, we have
/ o

/<p3 [B(B —3Q +ig)] "

/ei(l—s)(B—3Q> AZA/ dSPc(p3

nr 2
|F(a,n2)] = 3] |a|

2 412
= Col 274

0
t

< C,lP I / (t — 5) A4 ds
0

21 412 2 -1
< Col Al AN allA|A 5 (1) (7.45)
where we have taken yu sufficiently small so that the last integral ¢-
integral is convolution with an L' function, which then preserves the

decay rate, (1) %, which exceeds (1)
Estimationof E3; :

To estimate (4.47) we use Propositions 2.1 and 2.2. Due to the
singularity in the resolvent at frequency 3Q, the case j = 7, is most
difficult and we focus on it. To treat this singularity, we use Propo-
sition 2.2, for n = 3:

_ 2 iBl—s) A — s
1) ™7(B = &) ) Yl < Cle =) Wl - (7:46)
Use of this estimate in (4.47) yields
2 4 -1 2 .- 4
|ES| < Col4l ([IAI A ]7/488) 7% + [A]1)4(0) " + [14]7]4"|
2 k)
1A% Plyale) )

from which estimate (vii) of Proposition 7.1 follows. This finally
completes the proof of Proposition 7.1.
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Proposition 7.1 can now be used to obtain the desired estimate for
E(¢) and therefore A(¢), for |4| sufficiently small. Note that the right
hand side of the estimates depend on |4’| and |4”|. These can each be
estimated directly from the equation for 4, (4.48), and its derivgtive.
The result is that |4'| and |4”| may be estimated by [4]] sa(t) 3, the
only effect being a change in the multiplicative constants which is
independent of 4 and n. This observation together with Proposition
7.1 yields:
Proposition 7.5. There is positive number 6 such that

E(6)] < Qo(4, ) (1) 7+ (7.47)

where

Oo(d,n) = [’7];,3/4 + [A]1/4(1 + C([A]1/4, [’7]8,3/4v [3773]4,1/4+aoa [luoll))
(7.48)

It now remains to estimate ||n||q.
[Inlls < {Imlls + [Inalls +lInslls
< [[Eo(0)Peuollg + [[E1(1)Petn[[g

t
1 / EL (¢ — 5)a(s)Pegp g s + |15 -
0

Using Theorem 2.3 and the bound (7.42) we get
Proposition 7.6.
[Inlls <Colluolly + 4134
+ [Aﬁ/4{[’7]8,3/4 + [lwolly + [Aﬁ/4 + [3773]4,1/4+a0}
+ [A]1/4{[’7]§,3/4 + [[[uollx + [A]?/4 + B34t jasa | M5 34}

+ Cllnll o @)l ) () (7.49)

The following proposition summarizes our labors.
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Proposition 7.7. For any T > 0:

s 3a(T) < Collwol | + [A134(T) + [Bnsli ) a0 (T)
+ Colllnlly) [)54(T))
4]} (T) < (4o]* + Qo(4, n)?)
[B113]4.1 /840, (T) < ([Aﬁ/z;(T) + [ﬂ]§,3/4<T) + [3772]42;71/2(T)
+ [3773]421,1/4+00(T)),
sup [0l < € o, ) < Clluo, ] -

The first three estimates are proved above while the last follows from
conservation of energy (see section 1) and the decompostion of the
solution.

Now define

M(T) = [’7]3,3/4(T) + [A]1/4(T) + [Bn3:|471/4+0'0(T) : (7.50)

Then, combining the estimates of the previous proposition we have,
for some a > 0:

M(T)(1 = M(T)") < Cylluolly - (7.51)

If M(0) and ||ug||, are sufficiently small, we have by the continuity
of M(T), that there is a constant M,, which is independent of 7', such
that for all T

M(T) <M, . (7.52)

This completes the proof of Theorem 1.1.

8. Summary and discussion

We have considered a class of nonlinear Klein-Gordon equations,
(1.1), which are perturbations of a linear dispersive equation which
has a time periodic and spatially localized (bound state) solution. The
unperturbed and perturbed dynamical systems are Hamiltonian. We
have shown that if a nonlinear resonance condition (1.8) holds, then
solutions with sufficiently small initial data tend to zero as ¢t — +oo.
This resonance condition is a nonlinear variant of the Fermi golden
rule (1.22). A consequence of our result is that time-periodic and
spatially localized solutions do not persist under small Hamiltonian
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perturbations. Time-decay of small amplitude solutions is also a
property of the translation invariant (¥ =0) nonlinear Klein-
Gordon equation. However, the presence of a bound state of the
unperturbed problem, causes a nonlinear resonance leading to the
anomalously slow radiative decay of solutions.

We now conclude with some further remarks on the results of this
paper, mention directions currently under investigation and some
open problems.

1. Anomalously slow time-decay rates:
It is natural to compare the time-decay rate of solutions described by
Theorem 1.1 with those of related problems.

(1a) Translation invariant linear Klein-Gordon equation (V = 0 and
A=0):

We shall refer to free dispersive rates of decay as those associated
with the constant coefficient equation:

Pu—Au+mu=0 . (8.1)
Results on this are presented in section 2. Roughly speaking, if the

initial data has a sufficient number of derivatilves1 in I, 1 <p<2,
then the solution decays at a rate (O(f”(rp_’)) in L”. Here,

—1 / -1 _ 1
o+ =1L
(1b) Translation invariant nonlinear Klein Gordon equation (V =0
and A # 0):

For small initial conditions it has been shown that solutions decay
at free dispersive rates; see [65] and references cited therein.

(1c) Linear Klein-Gordon equation with a potential having a bound
state, as hypothesized (V # 0 and 1 = 0): By the spectral theorem, a
typical solution will decompose into a linear superposition of (i) a
bound state part, of the form: Rycos(Qf + py)¢(x), and (ii) a part
which disperses to zero at free dispersive rates.

(1d) Nonlinear Klein-Gordon equation with a potential having a
bound state, as hypothesized (V' # 0 and A #0): Whereas the de-
caying part of the solution in the above cases tends to zero at a free
dispersive rate, Theorem 1.1 implies that the decay rate is anoma-
lously slow. In particular, the decay rate obtained in L® is C”(t‘%),
while the free dispersive rate in L8 is @(fg). This slow rate of decay,
due to the nonlinear resonant interactions, gives rise to a long-lived
or metastable states.

2. Dispersive Hamiltonian normal form
In a finite dimensional Hamiltonian system of one degree of
freedom, the general normal form is:
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A =i(cio+enld +enld* + - cppald +- 04, (8.2)

where ¢, 41 are real numbers. In present context we have the dis-
persive Hamiltonian normal form

A =ilkio + kot |A? + ksolA|* + -+ kA 4+ -4, (8.3)

where

kn+l,n = dn+l,n + 1Ch+1n

are, in general, numbers with real and imaginary part. Contributions
to the real parts of coefficients come from resonances with the con-
tinuous spectrum. If (1.8) fails there are two possibilities; either (a) 3Q
does not lie in the continuous spectrum of B (it lies in the gap (0, m)),
or (b) 3Q lies in the continuous spectrum of B but we are in the non-
generic situation where the projection of ¢° onto the generalized
(continuum) eigenmode of frequency 3Q is zero. In either case, we
expect that, typically, internal dissipation would arise in the normal
form at higher order. More precisely, we conjecture that the leading
order nonzero d, 1, , which would correspond to a resonance with
the continuum of a higher harmonic: ¢.Q € g.on(B), g« > 3 is always
negative. (If the sign of d, ;1 ,, were positive, this would seem to be in
violation of the conservation of energy and the implied Lyapunov
stability of the zero solution.) Thle corresponding decay rate would
then be slower, specifically O(|¢|7).

From this perspective one may expect the existence of breather so-
lutions of integrable non-linear flows like the sine-Gordon equation or
the extremely long-lived breather -like states of the ¢* -model as corre-
sponding to the case where to all order the coefficients d,1 , are zero.

Does the vanishing of all such coefficients have an interpretat-
ion in terms of the infinitely many time-invariants for the integr-
able flow?

3. Multiple bound state problems:

Of interest are problems where the underlying potential, }V(x), sup-
ports more than one bound state. What is the large time behavior of
such systems? Our analysis and the above remarks suggest that a more
general normal form could be developed, and the corresponding (in
general slower) decay rates anticipated. Is it possible that a resonance
among the multiple “discrete oscillators’ can be arranged so that one
gets a persistence of nondecaying solutions, or does radiation to the
continuum always win out?
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4. Relation to center manifold theory:

Our program of decomposing the original conservative dynamical
system into a finite dimensional dynamical system (1.20) which is
weakly coupled to an infinite dimensional dynamical system is one
commonly used in dissipative dynamical systems. There, it is often
possible using the center manifold approach [14], [67], to construct an
invariant center-stable manifold. The dynamics in a neighborhood of
an equilibrium point are characterized by an exponentially fast
contraction on to the invariant manifold. The contraction is expo-
nential because the part of the linearized spectrum associated with
the infinite dimensional part of the dynamics is contained in the left
half plane. In the current context of conservative dynamical systems,
the linearization about the equilibrium point (here u = 0) lies on the
imaginary axis; in particular, two complex conjugate eigenvalues
+i1Q and continuous spectrum from =+im to +ico. The analogue of
dissipation is the mechanism of dispersive radiation of energy,
related to the continuous spectrum, and the associated algebraic
time-decay.

There is recent work on the application of center manifold
methods to certain special conservative dynamical systems of non-
linear Schrodinger type; see the center manifold analysis of [46] ap-
plied to problem studied by the authors in [60]. It would be of interest
to understand whether geometric insight on the structure of the phase
space for problems of the type considered in this paper can
be obtained using the ideas of invariant manifold theory.

5. Systems with disorder:

In this paper, we have seen the effect of a single localized defect on the
wave propagation dynamics in a nonlinear system. Of great interest
would be an understanding of the effects of a spatially random dis-
tribution of defects modeled, for example, by random potential V(x)
on the localization of energy in nonlinear systems such as (1.1). Re-
lated questions are studied in [22], [25], [10].
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