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Abstract: Surface second-harmonic generation (SHG) in plasmonic metal nanostructures

provides a promising approach to design compact and ultrafast nonlinear nanophotonics devices.

However, typical plasmonic nanostructures, such as those with tiny gaps that provide strong

near-field-amplified nonlinear sources, often suffer from the cancellation of nonlinear fields in

the gaps, which results in the so-called silenced SHG and consequently attenuates the overall

nonlinear conversion efficiency. In this study, we propose and demonstrate that the silenced SHG

in a gold split-ring resonator can be effectively restored by carefully tailoring its gap geometry to

avoid the cancellation of nonlinear fields in the gap and simultaneously achieve both spatial and

frequency mode matching between the magnetic and the electric dipolar resonances. As a result,

the effective nonlinear sources in the gap can be dramatically amplified and the surface second-

harmonic emissions can be efficiently coupled out, leading to an SHG intensity enhancement of

7 times compared to a conventional split-ring resonator. The overall SHG conversion efficiency

can thus be enlarged to about 1.49 × 10−8 in the near-infrared excitation region. Importantly,

the restored surface second-harmonic emission exhibits the scattering characteristics of an ideal

electric dipole, which can be very useful for nonlinear far-field manipulation such as beam

steering and holograms.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Surface second-harmonic generation (SHG) in plasmonic metal nanostructures plays an important

role in modern nonlinear nanophotonics devices [1–9]. Although the nonlinear conversion

efficiencies are in general weaker than that of their dielectric counterparts [10], plasmonic

nanostructures possess superior performance in many aspects benefiting from their extraordinary

surface sensitivities and tiny mode volumes. For example, plasmonic SHG nanostructures

have been widely studied in the context of nonlinear biosensing [11–14], single nanoparticle

mapping [15], and nonlinear far-field manipulation [16–24]. Besides that, numerous strategies

have been developed to enhance the surface SHG efficiencies in plasmonic nanostructures,

including symmetry breaking [25,26], surface lattice modes [27–29], Fano resonances [30–33],

index-matching antennas [34,35], and hybridized nanoparticles [36–40].
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It is well known that the strength of SHG nonlinear sources is proportional to the field intensity

at the fundamental wavelength, and therefore plasmonic nanostructures with tiny gaps are often

used to enhance the nonlinear conversion efficiency. However, the so-called silenced SHG that

strongly attenuates the emission intensity has been observed in plasmonic nano-rod dimers

[41,42]. It is shown that, although there is a stronger near-field enhancement around the resonance,

the SHG emission intensity decreases significantly when the incidence frequency is approaching

to the resonance of the system. This phenomenon is caused by the cancelation of nonlinear fields

in the gap region [41,42]. Similar results have been observed with asymmetric nanorod dimers

[43], dense arranged clusters under cylindrical vector beam excitation [44], and nanodisks with

tiny splits [45]. The silenced SHG can be restored by using electrically-connected antennas [41],

lowering structural symmetry [46], or adjusting gap positions to form double resonant antennas

[47]. Nevertheless, the SH emissions in these structures are often amplified by higher-order

plasmon resonances, whose scattering efficiencies are inherently weaker than that of dipolar

resonances [48–50].

Among the above-mentioned plasmonic nanostructures, metallic split-ring resonators (SRRs)

are a promising class of structures for realizing enhanced SHG [51], where the nonlinear sources

at the fundamental excitation wavelength can be enhanced with its magnetic dipolar (MD)

resonance mode and the nonlinear emission scattering at the SH wavelength amplified by its

electric dipolar (ED) resonance mode. As a result, the nonlinear far-field radiation features the

scattering characteristics of the ED mode [52–54]. Since the SRR SHG is governed by the

nonlinear sources generated in the gap region, the cancelation of nonlinear fields may significantly

attenuate the SHG emission of the system when the fundamental excitation wavelength matches

the MD resonance band. In order to overcome this issue, we propose and demonstrate that the

silenced SHG can be effectively restored by delicately engineering the SRR gap geometry to

avoid the cancellation of nonlinear fields and also achieve both spatial and frequency mode

matching of the MD and ED resonances.

2. Silenced SHG in conventional SRRs

The inset of Fig. 1(a) sketches a conventional SRR with a rectangular gap, the scattering

(absorption) spectrum of which under x-polarized incidence exhibits a strong resonance at around

900 nm with a larger scattering efficiency than the absorption efficiency, where the outer radius

R, the inner radius r and the thickness of the SRRs are 80, 40, and 30 nm, respectively. The

multipolar expansion results in Fig. 1(a) reveal that the ED contribution of this resonance plays

a dominant role in the scattering cross-section, indicating its ED nature. This is consistent

with the simulated near-field distribution at the resonance position which features two relatively

strong near-field lobes around the SRR (see the left panel of Fig. 1(d)), forming an equivalent

ED oriented along the x-axis. As a result, both the three-dimensional far-field radiation pattern

and its two-dimensional polar plot exhibit the scattering characteristics of the ED mode (see

the middle panel of Fig. 1(d)), i.e. a typical doughnut shape with the same radiation intensity

distribution profile in the x-y and x-z planes (see the right panel of Fig. 1(d)).

Under y-polarized incidence, the scattering and absorption spectra of the SRR in Fig. 1(b)

exhibit a pronounced resonance at around 1800 nm yet with a weaker scattering efficiency than

the absorption efficiency, indicating an effectively suppressed radiative damping. The multipolar

expansion results show that, in addition to the dominant ED component (the green dashed line),

the MD component is significantly leveraged, indicating excitation of the so-called MD mode of

the SRR. This is also consistent with the simulated near-field distribution where the fields are

tightly localized in the gap region (see the left panel of Fig. 1(e)), resulting in an overall equivalent

ED dipole along the incidence polarization. Importantly, the rotating near-field currents in the

ring lead to the formation of an equivalent MD oriented along the z-axis [51–54]. Due to spatial

overlapping of the ED and MD modes, the far-field radiation pattern at this resonance dramatically
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Fig. 1. SHG in conventional SRRs of a rectangular gap, with an outer radius R= 80 nm and

an inner radius r= 40 nm. The thickness of each SRR is 30 nm, and G in the inset of (a)

denotes the SRR gap width. (a, b) Scattering (solid circular points) and absorption (open

circular points) spectra for an SRR with G= 30 nm under (a) x- and (b) y-polarized incidence.

The green dashed and the orange dotted lines represent, respectively, the electric dipole (p)

and the magnetic dipole (m) contributions obtained from multipolar decomposition of the

scattering spectra. The m contribution is scaled by a factor of 3 for better visualization.

The corners of the SRR structure are rounded by 3 nm to avoid unphysical singularities. (c)

SHG scattering spectrum under y-polarized incidence. (d-h) Electric near-field amplitude

distribution profiles (the left panels), three-dimensional far-field radiation patterns (the

middle panels), and cross-sectional views of far-field scattering patterns under x-polarized

incidence at λinc = 900 nm (d), under y-polarized incidence at λinc = 1800 nm (e), and SHG

electric near-field amplitude distribution profiles under y-polarized incidence at λinc = 1760

nm (f), 1800 nm (g), and 1840 nm (h). The SHG near-field amplitudes in (f-g) are scaled by

a factor of 2. (i-k) Fundamental (i, j) and SH (k) scattering cross-sections as functions of

gap width G and incident wavelength under x- (i) and y-polarized (j, k) incidence. The SH

scattering cross sections in (k) are scaled by a factor of 3. The blue and the red dashed lines

denote the spectral positions of the ED and the MD modes, respectively.
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differs from that of an ideal dipole scattering (see the middle panel of Fig. 1(e)), manifested itself

by totally different distribution profiles in the three planes (see the right panel of Fig. 1(e)).

Since the ED resonance mode in Fig. 1(a) is at the SH wavelength of the MD mode in Fig. 1(b),

the spectral mode-matching condition for efficient SHG is fulfilled in the SRR system, where

the nonlinear source can be enhanced in the gap region by the MD mode at the fundamental

wavelength and the nonlinear scattering efficiency can be amplified by the ED mode at the SH

wavelength. One may expect that the SHG intensity would be the strongest when the incidence

frequency matches the MD mode at which the field intensity in the gap region is the largest (see

Fig. 5 in the Appendix section). However, the SHG scattering spectrum in Fig. 1(c) reveals that,

instead of having a scattering peak, a scattering dip at 1800 nm (accompanied by two scattering

peaks at 1760 and 1840nm) appears when the incidence frequency matches the MD mode, where

a plane wave with an electric field amplitude of 1 × 107 V/m, polarized along the y-axis and

propagating along the z-axis, is used as the pump beam. This unexpected result indicates the

silenced SHG effect in the SRR gap attenuates the SHG emission intensity. Indeed, the simulated

SHG near-field distribution profiles in the left panels of Figs. 1(f) – 1(h) demonstrate that the

nonlinear fields in the gap region are much weaker at the MD resonance excitation (i.e. at 1800

nm) than that at the two adjacent scattering peaks (i.e. at 1760 and 1840nm). In addition, the

multipolar decomposition results of the SHG scattering spectrum reveal that the SHG radiation

is dominated by an ED component (see the dashed line in Fig. 1(c)), which is consistent with

the far-field scattering patterns shown in the middle and right panels of Figs. 1(f) – 1(h). The

SHG scattering of the plasmonic SRR is similar as that of metal nanodisks with tiny splits [45],

where the silenced SHG can also be observed in the measured spectrum when the fundamental

excitation energy matches with the MD mode resonance.

To better depict the dependence of SHG efficiency on the gap width of a conventional SRR,

we calculated the linear and nonlinear scattering cross-sections of the system as functions of gap

width and incidence wavelength under x- and y-polarized incidence, respectively. The linear

results that the ED resonance frequency red shifts slightly with decreasing the gap width (see

the blue dashed line in Fig. 1(i)), whereas the MD resonance frequency red shifts rapidly (see

the red dashed line in Fig. 1(j)). Besides, the near-field enhancement factor at the fundamental

wavelength (corresponding to the nonlinear source strength in the gap) can be enlarged by

reducing the gap width (e.g., G= 20 nm in Figs. 6 and 7). However, the SHG scattering results

reveal a pronounced SHG silencing response exactly at the MD resonance frequencies (see the

red dashed line in Fig. 1(k)). It is worth to note that, despite the silenced SHG effect, plasmonic

SRRs are still a promising class of SHG platforms. For example, the maximum SHG scattering

cross-section can be as large as 2.62 × 10−10 µm2 for the SRR with G= 30 nm, and the maximum

SHG conversion efficiency is about 2.90 × 10−9 (which is defined as the ratio between the SHG

scattering cross section and the linear extinction cross section at the incidence). This value is

comparable to that of an L-shaped mode-matching antenna (6.4 × 10−9) [35]. More importantly,

the SHG radiation of the SRR preserves the scattering characteristics of an ideal ED resonance

mode, enabling straightforward nonlinear far-field manipulation [48–50]. Owing to these unique

merits, it is therefore desirable to further leverage the overall SHG conversion efficiency of SRRs

by restoring the silenced SHG and coupling out its radiation.

3. Physical mechanisms for SHG in conventional and tailored plasmonic SRRs

In the following, the SHG mechanism in conventional SRRs is investigated (Fig. 2(a)), which

provides a clue to restore the silenced SHG. The excitation of the MD mode leads to strong

near-field enhancements around the gap area, consequently resulting in amplified nonlinear

sources for SHG (Scheme I, Fig. 2(a)). Previous studies have shown that SHG with plasmonic

nanostructures can be mainly attributed to the surface contribution [55–58]. There are three

non-zero surface nonlinear susceptibilities (χ
(2)
⊥⊥⊥, χ

(2)

⊥‖ ‖
, and χ

(2)

‖ ‖⊥
, where ⊥ and ‖ represent the
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orientations perpendicular and parallel to the surface of a structure, respectively), among which

χ
(2)
⊥⊥⊥ plays the dominant role [52,53]. As a result, the generated nonlinear sources can be treated

as various equivalent dipoles that perpendicular to the surfaces (Scheme II, Fig. 2(a)), which are

mainly accumulated around the gap area. Due to the structural symmetry, the nonlinear sources

on the upper and lower surfaces of the gap have the same intensity but with opposite orientations,

thereby leading to the cancelation of the nonlinear fields, and the effective nonlinear sources are

attenuated significantly (Scheme III, Fig. 2(a)), which is the reason for the silenced SHG. The

cancelation of the nonlinear fields leads to the SHG scattering dip when the incidence matches

with the MD mode, and the field intensities within the gaps are weak for the SHG near-field

distributions (the left panels, Figs. 1(f) – 1(h)). In addition, when the gap is very narrow (e.g.,

G= 20 nm), the cancelation of nonlinear fields can be more effective, thereby leading to the

decreasing of SHG emission (Fig. 1(k)). Nevertheless, the ED mode still can be excited with the

residual nonlinear sources (Scheme IV, Fig. 2(a)), which leads to an equivalent electric dipole

moment for SHG scattering (PSHG), and the far-field distributions represent an ideal ED scattering

characteristic. It has been demonstrated that SHG calculations using this model agree well with

the experimental results, and it is valid even for plasmonic nanoparticles with dimensions much

less than the SHG and incident wavelengths [55–58]. Nevertheless, only the surface nonlinear

contributions are considered in this model, and the electron pressure term in the bulk region for

SHG should be considered when strong field gradients are generated inside the nanoparticles [1].
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Fig. 2. Schematics of silenced SHG in a conventional SRR (a) and restoring the silenced

SHG in the SRR of a V-shaped gap (b). (I): Surface charge distribution associated with the

MD mode at the fundamental wavelength; (II) Overall and (III) effective nonlinear source

distributions in the gap region; and (IV) Surface charge distribution associated with the ED

mode at the SH wavelength.

Previous studies have shown that plasmonic SHG is very sensitive to structural geometries.

Even though the linear responses are not changed, the SHG far-field scattering patterns change

dramatically by slightly modifying plasmonic nanostructure shapes, which is promising for

the sensitive optical characterization of nanostructures [15]. Since the SHG nonlinear sources

are mainly accumulated around the tiny gap region, carefully tailoring the gap geometry for

the SRRs is critical to restore the silenced SHG. From another point of view, the MD and ED

modes spectrally overlap with each other for SHG. However, the spatial overlap of the localized

fields at the fundamental and the SH wavelengths is poor for the conventional SRRs, where it

is found that there are strong localized fields within the gap area for the MD mode (Fig. 1(e)),

whereas the fields are very weak for the ED mode (Fig. 1(d)). As a result, most of the nonlinear

sources are cancelled with each other, which contribute little to the excitation of the ED mode

for SHG, and the nonlinear scattering intensity is attenuated. Noted that the generated effective
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nonlinear sources can be seen as a result of the vector superposition of the nonlinear dipoles on

the upper and lower surfaces, so the simplest way to enhance the effective source intensity is

by adjusting the relative angle between the two gap surfaces (Fig. 2(b)). In this way, the MD

mode still can be excited to enhance the nonlinear sources (Scheme I, Fig. 2(b)), which are also

oriented perpendicular to the surfaces (Scheme II, Fig. 2(b)). Although the y-components of the

nonlinear sources are cancelling with each other, strong effective nonlinear sources that oriented

perpendicular to the polarization can be generated (Scheme III, Fig. 2(b)), and the ED mode

would be strongly excited to amplify the SHG (Scheme IV, Fig. 2(b)).

4. Shedding light on silenced SHG by tailoring the SRR gap

To verify the above assumption, the optical responses of the modified SRRs are investigated. The

inset of Fig. 3(a) shows the schematic view of the structure, where θ and s denote the angle and

the distance of the gap, respectively. When the polarization is along the x-axis, the solid (open)

green points in Fig. 3(a) demonstrate the scattering (absorption) spectrum of the modified SRR

with s= 20 nm and θ = 65°, and the gray points show the corresponding spectra of the unmodified

conventional SRR with G= 20 nm. There is a broad resonance for the modified SRR, and the

multipolar expansion results (the dashed and the dotted lines, Fig. 3(a)) and field distributions

(Fig. 3(d)) reveal the excitation of the ED mode, where it shifts to the blue side compared with

that of the conventional SRR due to the enlarged restoring force.

When the polarization is along the y-axis (Fig. 3(b)), the resonance of the modified SRR

(the red points) blue shifts significantly compared with that of the conventional SRR (the gray

points). The multipolar expansions reveal that a MD component is involved in the resonance (the

dotted line, Fig. 3(b)). There are also strong near-field enhancements around the gap area (the

left panel, Fig. 3(e)), and the far-field scattering patterns are the superposition of the ED and

the MD contributions (the middle and the right panels, Fig. 3(e)). Nevertheless, the near-field

distributions for the MD and the ED modes are modified along with the geometry changes, which

have a direct consequence on nonlinear responses. For example, the generated nonlinear sources

around the apexes may cancel each other caused by the structural symmetry, but the relative

strong near-field enhancements around the surfaces that away from the apexes lead to enhanced

effective nonlinear sources, and the silenced SHG can be restored for the modified SRRs.

The nonlinear spectrum shown in Fig. 3(c) indeed reveals that the SHG scattering is strongly

amplified compared with that of the conventional SRRs. The maximum SHG scattering cross

section is about 9.09 × 10−10 µm2, which is more than seven times as large as that of the

conventional SRR (the gray points, Fig. 3(c)). Besides that, the maximum conversion efficiency

is enlarged to about 8.00 × 10−9, and the SHG near-fields are also strongly enhanced for the

modified SRR (the left panels, Figs. 3(f) – 3(h)). Since the structural symmetry is not changed,

the SHG far-field scattering patterns are the same as that of the conventional SRRs, and the ideal

ED scattering characteristic is maintained (the middle and the right panels, Figs. 3(f) – 3(h)). It

is worth to mention that when the incidence matches the MD mode, a scattering dip appears in

the spectrum (Fig. 3(c)), and the silenced SHG still exists for the modified SRR caused by the

cancelation of the nonlinear fields around the apexes. Nevertheless, the SHG scattering intensity

of the dip is several times larger than that of the conventional SRR, and the intensity ratio between

the scattering dip and the maximum scattering peak is enlarged to 54.7% (Fig. 3c), while the ratio

is only 40.1% for the conventional SRR (Fig. 1(c)). This indicates the silenced SHG is restored

with the modified SRR. Please note that the near-field enhancement associated with the MD mode

is strongly amplified in the modified SRR (Fig. 3(e)). In addition to the LSPR enhancement,

it can be partially attributed to the lightning rod effect, that is, strong local fields produced by

sharp metal tips [59]. Consequently, enhanced nonlinear sources are generated around the gap

region, which can also be used to leverage the SHG efficiency. Since all the near-fields around

the SRR are used to calculate the nonlinear sources with the hydrodynamic model, the near-field
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Fig. 3. Similar results as Fig. 1 for tailored SRRs of a V-shaped gap. The gap geometry is

characterized by the tip-to-tip separation s and the apex angle θ as sketched in the inset of (a).

In (a-h), R= 80 nm, r= 40 nm, s= 20 nm, θ = 65°; in (i-k), R= 80 nm, r= 40 nm, s= 20 nm.

In (a-c), the gray points show the spectra for a conventional SRR with G= 20 nm and other

parameters the same as above.

enhancement caused by the lightning rod effect has been explicitly considered in the numerical

calculations.

The variation of the optical responses by adjusting the gap angle θ further confirms that

the silenced SHG can be effectively restored with the modified SRRs. Figures 3(i) and 3(j)

demonstrate, respectively, the linear scattering spectra when the incident polarization is along

the x- and the y-axis, and the ED and the MD modes blue shift with the increasing of θ. At

the same time, due to the formation of the sharper apexes, stronger near-field enhancements

can be generated with the excitation of the MD mode for the modified SRRs. Although there

are strong cancelations of the nonlinear fields around the apex regions, the effective nonlinear

sources are enhanced with the present of the oblique surfaces, and the SHG scattering is amplified

significantly with the increasing of θ (Fig. 3(k)).

Another way to enlarge the SHG is by adjusting the gap separation s. For the modified SRRs

with s= 3, 9 and 20 nm, Figs. 4(a) and 4(b) demonstrate, respectively, the linear scattering spectra
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for x- and y-polarized incidences, and the SHG scattering spectra are presented in Fig. 4(c). To

better show the variations, Figs. 4(d) – 4(f) demonstrate the corresponding linear and nonlinear

scattering spectra when s is in the range of 40–3 nm. It is found that the ED mode red shifts

slightly with the decreasing of s (Figs. 4(a) and 4(d)), while the resonance energy is reduced

significantly for the MD mode (Figs. 4(b) and 4(e)). When s is in the range of 40–9 nm, the SHG

scattering is enhanced with the reduction of the gap separation. And this observation can be

understood from the following two aspects. The first one is that the near- field can be further

enhanced when the gap width is reduced, which results in amplified nonlinear sources. The

second one is that the MD and the ED modes are approaching to each other for SHG, and the

nonlinear scattering can be enhanced by a better spectral mode-matching condition. On the other

hand, when s is in the range of 3–9 nm, the near-field can be further enhanced with the decreasing

of the separation (Fig. 8), but the MD and ED modes are mismatched for SHG (Figs. 4(c) and

4(f)). For example, when s= 3 nm, the SHG wavelength is located at the tail of the ED mode (the

triangle points, Figs. 4(a) – 4(c)), which means that the nonlinear scattering can only be weakly

amplified by the ED mode, and the SHG cross section drops significantly by further decreasing

s. The strongest SHG is optimized at s= 9 nm, where the above mentioned conditions are both

fulfilled, the nonlinear sources are relatively strong, and the scattering efficiency can be effectively

amplified by the ED mode. The maximum SHG scattering cross section is 1.31 × 10−9 µm2, and

the maximum conversion efficiency is enlarged to 1.49 × 10−8. It is worthwhile noting that in the

above studies, the modified SRRs still possess a mirror symmetry with respect to the horizontal

axis. Therefore, partial cancelation of nonlinear fields around the gap region of the modified

SRRs still occurs, which can be an obstacle for further SHG enhancement. Previous studies have

shown that there are more nonzero susceptibility components for plasmonic structures without

mirror symmetry, and thus one can expect to further optimize the SHG efficiency by using SRRs

with asymmetric gaps.
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Fig. 4. Tuning SHG in tailored SRRs by adjusting the tip-to-tip gap separation s. Here the

SRRs have R= 80 nm, r= 40 nm, θ = 65°, and a thickness of 30 nm. (a-c) Fundamental (a, b)

and SHG (c) scattering spectra for s-varied SRR under (a) x- and (b, c) y-polarized incidence.

(d-f) Fundamental (d, e) and SHG scattering cross sections as functions of the tip-to-tip gap

separation s and incident wavelength under x- (d) and y-polarized incidence (e, f). The blue

and red dashed lines denote the spectral positions of the ED and MD modes, respectively.
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5. Conclusion

In conclusion, this study shows that, owing to the cancelation of nonlinear fields in the gap

region, the silenced SHG significantly attenuates the overall nonlinear conversion efficiency

of conventional plasmonic SRRs. We propose and theoretically demonstrate that the silenced

SHG can be effectively restored by carefully tailoring the gap geometry, where a better spatial

mode overlap between the MD mode at the fundamental wavelength and the ED mode at the SH

wavelength can be achieved. The calculation results indicate that the SHG intensity can be more

than seven times as large as that of the conventional SRR, and the conversion efficiency can be as

large as 1.49 × 10−8 when the outer radius, inner radius and thickness of the SRR are 80, 40 and

30 nm, respectively. These observations indicate that the cancelation of nonlinear fields for SHG

can be effectively reduced by tactfully adjusting the shape of plasmonic nanostructures around

the hot-spot areas, thus it is of great importance to purposely engineer the geometry of plasmonic

nanoparticles to stimulate an enhanced SHG. It is expected that SHG intensities and conversion

efficiencies can be further enhanced when the structure is hybridized with nanoparticles composed

of conventional nonlinear materials. Besides that, the ideal ED scattering characteristic for SHG

is maintained with the modified SRRs, which is very useful for nonlinear far-field manipulation

such as beam steering and holograms.

Appendix A: Additional near- and far-field distributions for SRRs

The near-field enhancement factor in a plasmonic nanostructure can be enlarged when the

incidence frequency is approaching to the LSPR of the system. Therefore, one can get the

strongest near-field enhancements when the incidence matches with the MD mode for the

conventional SRR with G= 30 nm (λinc = 1800 nm, Fig. 5). Since the intensity of the nonlinear

source is proportional to the field intensity at the fundamental wavelength, the generated nonlinear

source is the strongest around the MD mode. However, the SHG scattering is attenuated caused

by the silenced SHG (Fig. 1).
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Fig. 5. The amplitude of the electric field distributions along the dashed line of the

conventional SRR for the MD mode, where the geometry parameters and excitation

conditions are identical with that of Fig. 1(b).

Figure 6 demonstrates the near- and far-field distributions for the conventional SRR with

G= 20 nm. The near-field enhancements around the gap area are indeed further enlarged

compared with that of G= 30 nm (Fig. 7), thereby leading to stronger nonlinear sources. However,

the cancelation of nonlinear fields would be more effective in this case, and the SHG emission

intensity is weaker than that of G= 30 nm (Fig. 1(k)).
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and λinc = 1950 nm (b), and SHG of the SRR with y-polarized incidence and λinc = 1890

nm (c), 1950 nm (d), and 1980 nm (e), where the SHG near-field distributions have been

scaled by a factor of 2, the gap width G= 20 nm, and the rest geometry parameters for the

conventional SRR are identical with that of Fig. 1.
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For the modified SRR with s= 3 nm, the stronger plasmon interaction around the gap region

results in stronger near-field enhancements compared with that of s= 9 nm (Figs. 8(a) – 8(c)).

Therefore, the nonlinear sources for the SRR with s= 3 nm would be stronger than that of s= 9 nm.

However, the cancelation of nonlinear fields would be more effective for s= 3 nm. In addition,

the MD mode mismatches with the ED mode for SHG, and the SHG scattering decreases for the

modified SRR with a narrower gap width (Figs. 8(d) – 8(f)).
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SHG near-field distributions. The rest geometry parameters of the SRRs are identical with

that of Fig. 3.

Appendix B: Electromagnetic simulation and multipolar decompositions

Finite element method was used to calculate the linear and the nonlinear optical responses of the

SRRs, where the measured complex dielectric constants of gold were used in the calculations

[60]. For simplicity but without loss of generality, the refractive index of the surrounding

medium is supposed to be 1.25. In the simulations, the structure corners are rounded by 3 nm to

avoid unphysical singularities. The linear scattering responses of the SRRs at the fundamental

wavelength with a y-polarized incidence were calculated at first, and one can get the linear spectra

and the fundamental near-field distributions. Then, the nonlinear sources are calculated based on

the fundamental near-field distributions. After that, the linear scattering responses of the SRRs at

the SHG wavelength were calculated by using the nonlinear sources derived from the second

step. From the hydrodynamic model, the nonlinear source for SHG can be written as [52],

SNL =
e

m∗
e

E1(∇ · P1) +
iωe

m∗
e

P1 × B1 −
ω2

n0e
[(∇ · P1)P1 + (P1 · ∇)P1] (1)

where n0 = 5.7 × 1022 cm−3 is the equilibrium charge density, m∗
e denotes the effective electron

mass, the subscript “1” refer to the fundamental fields, and the three parts on the right side denote

the nonlinear Coulomb term, the magnetic Lorentz force contribution, and the convective terms,

respectively. One can get an accurate description of SHG with the above nonlinear source, but

the resolution of nonlocal equations is required, and the simulation is hard to implement caused
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by considerable computational resources. Since the electron pressure term in the bulk region can

be neglected, the nonlinear surface polarization can be written as,

PS
2 = −

1

2n0e
[(∇ · P1)P1 +

ω

2ω + iγ
(P1 · ∇)P1] (2)

Then, the effective nonlinear surface current density is given by,

KNL =
iω

n0e

[

t̂(P⊥
1 P

‖

1
) + n̂

1

2

3ω + iγ

2ω + iγ
(P⊥

1 )
2

]

(3)

Where KNL = 2iω
∫

PS
2(r)dr is used, the integral is performed across the surface layer, n̂ is a unit

vector perpendicular to the surface of the structure, the unit vector t̂ pointing in the direction n̂×PS
2,

and γ = 1.07 × 1014 s−1 is the electron collision rate. The effective nonlinear surface current

density is related to the polarization values in the bulk region and do not require the resolution of

nonlocal equations, which makes it possible to study SHG with full three-dimensional simulations.

In this way, the SHG scattering cross sections can be quantitatively determined, and the SHG

conversion efficiency can be defined as the ratio between the SHG scattering and the fundamental

extinction cross sections. In the hydrodynamic model, the effective SH surface currents in terms

of polarization vector in the bulk region of a metal nanostructure have been used as the sources to

calculate its nonlinear responses. Therefore, it can be used to study SHG in metallic nanoparticles

of arbitrary shapes. As for the plasmonic SRR studied here, the excitation of its MD mode at

the fundamental wavelength leads to strong effective SH surface currents (nonlinear sources)

around the tiny gap area, while the ED mode at the SH wavelength results in an amplification

of its SHG scattering efficiency. Both aspects have been fully considered in our numerical

calculations. Previous studies have shown that the calculated SHG results for small SRRs using

the hydrodynamic model agree qualitatively well with the experimental data [52]. It is however

worthwhile noting that the electron pressure term in the bulk region has been neglected in the

hydrodynamic model. As a result, for metallic nanoparticles with a very thin thickness or a very

tiny gap (e.g., ∼ 1 nm), the electron pressure term in the bulk region should be considered to

obtain more accurate SHG results.

The Cartesian multipole decomposition can be calculated with the induced polarization inside

the SRRs [61],

P = ε0(εp − εd)E (4)

where ε0, εd and εp denote the vacuum dielectric constant, the relative dielectric permittivity of

the surrounding medium, and the relative dielectric permittivity of the SRRs, respectively. The

total electric field (E) inside the SRRs can be evaluated with the numerical calculations. To get

the Cartesian multipole expansion of the light-induced polarization,

P(r) =

∫

P(r′)δ(r − r′)dr′ (5)

the Dirac delta function δ(r - r′) is expanded in a Taylor series with respect to r′ around the

origin. Then one can get the irreducible representations for the Cartesian electric dipole and

toroidal dipole,

p =

∫

P(r′)dr′ (6)

T =
iω

10

∫

{2r′
2
P(r′) − [r′ · P(r′)]r′}dr′ (7)

the magnetic dipole,

m = −
iω

2

∫

[r′ × P(r′)]dr′ (8)
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Then, the total scattering power by considering the dipole contributions can be calculated by [61],

Psca =
k4

0

12πε2
0
vdµ0

�

�

�

�

p +
ikd

vd

T

�

�

�

�

2

+

k4
0εd

12πε0vd

|m|2 (9)

where the first and second terms are the total ED and MD contributions, respectively.
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