RESTRICTION OF FOURIER TRANSFORMS TO CURVES
AND RELATED OSCILLATORY INTEGRALS
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ABSTRACT. We prove sharp endpoint results for the Fourier restriction
operator associated to nondegenerate curves in R%, d > 3, and related
estimates for oscillatory integral operators. Moreover, for some larger
classes of curves in R? we obtain sharp uniform LP? — L7 bounds with
respect to affine arclength measure, thereby resolving a problem of Drury
and Marshall.

1. INTRODUCTION

For a Schwartz function f defined on R, d > 2 consider the restriction
of its Fourier transform to the curve t — (t,t2,... t%) i.c.,

RAE) = Ft. 12, 1),
The problem of LP(R%) — L4(R) bounds is understood, namely R is bounded
from LP(R%) to LI(R) if and only if

d?>+d+2 d(d+1)

d>+d 2
likewise, if I is a compact interval, then, for the same range of p, R is
bounded from LP(R?) to L4(I) when p’ > d(d + 1)q/2.

In two dimensions the sharp boundedness result is due to Zygmund [37]
who extended earlier work by Fefferman and Stein ([18]) (see also [12], [19]
for estimates on more general oscillatory integral operators). Initial results
in higher dimensions for the smaller range 1 < p < (d? + 2d)/(d? + 2d — 2)
are due to Prestini [28], with strict inequality p’ > d(d + 1)gq/2 for the local
result. For the same range of p, Christ [13] showed boundedness on the
edge p' = d(d + 1)q/2. The full range (1.1) has been obtained by Drury
[14]. The necessity of the condition p’ > d(d + 1)g/2 follows by scaling and
the necessity of the condition 1 < p < pg follows from work by Arkhipov,
Chubarikov and Karatsuba [1] (¢f. also [24], [2] and [9]).

The first problem considered in this paper is what can be said about
estimates for the endpoint p = ¢ = pg. In two dimensions p; = 4/3 and
Beckner, Carbery, Semmes and Soria [6] showed by a Kakeya set argument
that the restricted weak type 4/3 estimate fails; in fact R does not even

(1.1) 1<p<pg:= and p’ = q;
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2 FOURIER RESTRICTION FOR SPACE CURVES

map L*31(R?) to L»>°(I). Using a result by Keich [23] this can be further
quantified for functions supported in Dy := {x € R? : |z| < R}, namely one
gets for large R the lower bound in the equivalence

(1.2) Sup{”RfHLI,oo(I) : ”f”L‘l/SJ(R?) <1, supp(f) C DR} R [logR]1/4.

The upper bounds can be deduced from the method or results in [19] and
indeed the analogue of (1.2) for the L*/3(R?) — L*3(I) inequality holds as
well, for functions supported in Dy (see also [36] for a related estimate).

In higher dimensions the arguments by Drury are not promising to obtain
similar endpoint bounds. He obtained his result by an elegant iteration
procedure where it is shown that if the L* — LP inequality for the adjoint
operator holds on the critical edge for some range b > by > qq = p;, =
(d? + d + 2)/2, then it also holds for b > p(by) where by > p(by) > gq and
the sequence recursively defined by b;+1 = p(b;) is decreasing and converges
to qq- We note that the constants in the estimates increase exponentially
with the number of iterations, so that a sensible endpoint bound for R on
functions in LP4! seems out of reach with this method. Given also the lower
bounds (1.2) in two dimensions, it is somewhat surprising that the restricted
weak type endpoint bound does hold in three and higher dimensions; in fact
the better restricted strong type estimate is true:

Theorem 1.1. Let d > 3 and pg = di;{ijf. Then

R : [Po1(RY) — LP4(R)
18 bounded.

Note that all LP — L9 inequalities for R can be deduced by interpolation
with trivial estimates for L' functions. Arguments in [2] or [9] show that
the source space LP4! cannot be replaced by a larger Lorentz space. The
argument in §5 below also shows that the target space LP? cannot be replaced
by a smaller Lorentz space. It would be interesting to investigate whether
the validity of the endpoint bounds in higher dimensions has implications
to some integral geometric or Kakeya type problems.

The estimate for R is deduced from an estimate for the adjoint operator
which after some rescaling leads to a problem about more general oscillatory
integral operators given by

(1.3) Thf(z) = / M@ g () f(t)dt

where A > 1, the amplitude a is C"*° and compactly supported in 2 x I C
R? x R and ¢ is a real valued phase function in C*°(Q x I). Following [3] we
impose the curvature condition that for each z € Q the curve s — V,¢(z, s)
is nondegenerate, in the sense that

(1.4) det (0(Va8), 07 (Vad), ..., 0] (Vad)) #0
in Q2 x1.
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Theorem 1.2. Suppose that d > 3 , A > 0, and that (1.4) holds in Q x I.
Let g4 = %. Then

(1.5) HT)‘|‘L‘1(1(1)—>quv°°(Rd) < C(14N) .
Moreover,
(1.6) ||T>\Hqu(1 —Lta(R) S C(log(2 + /\))1/%(1 + \) Y4,

Again (1.5) and even the weaker restricted weak type inequality fail in
two dimensions, by a Kakeya set argument ([6], [35]). Calculations with
f € C§° and the phase for the extension operator, ¢(z,t) = —(v(t), x), show
that (1.6) is sharp; moreover the space L% (R%) in (1.5) cannot be replaced
by a smaller Lorentz space L°, see [2], [9]. Finally we shall show in §5
that for the case of the extension operator in (1.5) L% cannot be replaced
by any Lorentz space L with p > g4. We point out an important aspect
of the proof of Theorem 1.2, namely the idea that in order to prove a weak
type (¢, q) bound for very large g one estimates a multilinear expression with
many symmetries on the space L™, for some r < 1, and takes advantage
of the r-convexity of this space (cf. §2).

We now turn to classes of curves for which the nondegeneracy condition
is not satisfied. It has long been known that restriction theorems such
as Theorem 1.1 hold under a finite type condition, if p is taken from a
sufficiently small interval [1,1 + €) with € depending on the “type”; for the
known results of this type see the papers by Sjolin [30] and Sogge [31] in two
dimensions and by Christ [13] and Drury and Marshall [16], [17] in higher
dimensions. Another direction that has been pursued is to prove a sharp
universal restriction theorem in the full range p € [1,pg), on the critical edge
1/g = d(d +1)/(2p"). Now the standard measure needs to be replaced by
the affine arclength measure given by w(t)dt where

(1.7) w(t) = w, (1) = r(t)| T,
(L8) r(t) = (1) = det (Y1), 7"(1), ..., 7 D).
The objective is then to prove the endpoint inequality
1/q
a9 ([iFawreee) " <clsl,. o =250,

for all p < pg, see e.g. [15] for a general discussion.

Note that the arclength measure is invariant under reparametrization.
Moreover, an important feature of the inequality (1.9) on the critical edge
is its invariance under general linear change of variables.

In two dimensions, inequality (1.9) has been proved by Sjolin [30] for
large classes of convex curves, see also Oberlin [26]. Moreover Drury and
Marshall [17] proved a positive result for large classes of finite type curves

in higher dimensions, in the partial range p < dfj_‘;jg (i.e. p < 15/13 in
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three dimensions), and Drury [15] improved the result for some curves in
three dimensions, obtaining a better partial result for p < 36/31.

It is conceivable that the inequality (1.9) is true for all curves, as to our
best knowledge no counterexamples are known. However, in three and higher
dimensions, very few positive results have been known for all p < pg. For
example given the family of monomial curves with nonvanishing curvature,
i.e. (t,t2,t%), the only three cases for which (1.9) has been known in the
full range p < p3 = 7/6 are (i) the trivial case § = 2 where the weight
w vanishes identically, (ii) the nondegenerate case = 3, and, (iii), the
curious exceptional case § = 9, which follows via a change of variables from
an estimate for “rough” nondegenerate curves, due to the first two authors
[4], cf. also Theorem 1.4 below.

We prove sharp and uniform LP — L4 estimates for all monomial curves.

Theorem 1.3. For given real numbers a1, ...,aq, d > 2, consider the curve
t— () = (£, 62, ..., t%), 0<t < oo,
let w be as in (1.7) and suppose 1 < p < pg = di;if, and p' = @q.
Then there is C(p,d) < 0o so that for all f € LP(R?)
RPN 1/q

(1.10) ( /0 Fa@)twt)d) ™ < Cm.d)|fllpsa)-

It should be emphasized that the finite constant C(p,d) does not depend
on the choice of exponents ai,...,aq. Some related results for classes of

‘simple’ curves (¢,t2,...,t%1 ¢(t)), but with possibly flat ¢ will be treated
in a subsequent paper [5].

Finally, it is natural to ask whether a restricted strong type estimate with
respect to affine arclength measure holds at the endpoint p = pg, d > 3, for
some class of “degenerate curves”. This remains largely open, and we have a
positive result only for special cases. We formulate such a result for certain
curves in R3; note that the critical exponent is p3 = 7/6.

Theorem 1.4. Let y(t) = (t,t*,t%), and w(t) = | det(y'(t), " (t),~" (t))|"/6.
Then there is a universal constant C so that the inequality

(111) ([ 17" wra)” < Yl o ey

holds in the following two cases:

(7’) a+B: 5; « gé (273);

(ii) B=5a—1, a ¢ (1/3,1/2).

The proof of this result is a combination of the method in §3 with ideas
in [4].

Structure of the paper: In §2 we discuss preliminaries on Lorentz spaces,
multilinear interpolation and the Drury-Marshall bound on a class of multi-
linear operators involving Vandermonde determinants (the proof is given in
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an appendix). The weak type estimates for nondegenerate curves are proved
in §3, and the strong type bound (1.6) is proved in §4. §5 contains a lower
bound for the norms of the extension operator proving the sharpness of the
weak type gg bound. Theorem 1.3 is proved in §6 and Theorem 1.4 in §7.

Acknowledgement. This paper relies substantially on ideas in the articles
by M. Christ [13], S. Drury [14] and by S. Drury and B. Marshall [16], [17].
We have added an exposition of some of their work hoping that the paper
becomes more accessible. We also thank the referees for their comments.

2. PRELIMINARIES

Lorentz spaces. We use the standard quasi-norm on the Lorentz space
LP4 namely for p,q < oo

o0 dt\1/
o= (2 [ 10mr@)$)" <o

where f* is the nonincreasing rearrangement of f. Moreover
% 1
[Flpe = sup /7 £(t) = sup Ameas ({a : [ £(2)] > A})]"".
>0 A>0

This does not define a norm unless 1 < p = ¢; however LP? is normable if
1 <p<ooand 1 < g < oo. For this and many other useful properties on
Lorentz spaces we refer to [20] or [33].

We state some facts on Lorentz spaces needed later. First, there is the
following variant of Holder’s inequality for the L™ quasinorms, namely

n n n
RV ) (R § (LR[S SES S
i=1 ’ i=1 i=1 "

This follows by observing that the set Q = {z : [[\_; |hi| > A} is contained
in the union of the n sets

(@) A o
Q= {z: v (7 Hhium,o)l )

Next, as mentioned in the introduction, we shall use bounds for multilin-
ear operators on L™ for r < 1. The advantage of working with the spaces
L% r < 1 (as opposed to L'*, say) is that they are r-conves, that is, the
inequality

N 1/r
22) [>om], < e (X imix)
=1 =1

holds for X = L™ with C, independent of N. This is a result of Stein,
Taibleson and G. Weiss [32] who prove (2.2) with C, = (23£)'/"; indepen-
dently the r-convexity of L™> was shown by Kalton [22] (who states that
Pisier and Zinn also proved an equivalent result). Note that in contrast L

is not 1-convex, however a useful precursor to (2.2) in this case had been
found by Stein and N. Weiss in [34].
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We note the following immediate consequence of (2.2).

Lemma 2.1. Let 0 < r < 1, r < p < oo, and let Y be a complete r-
convex space of measurable functions. Suppose that the linear operator S
maps simple functions to measurable functions in'Y and that for every for
every measurable set E, and for every simple f with |f(z)| < xp(z) a.e.,
the inequality ||Sf|ly < C|E|Y? holds. Then S maps LP" boundedly to Y.

In particular we may consider Y = L™, r < 1; thus a linear operator S
which is restricted weak type r is also of weak type r. To verify Lemma 2.1 let
f* be the nonincreasing rearrangement of f and let E; be the set of all x for
which f*(2)) < |f(z)| < f*(2"=1); thus the measure of F; does not exceed 2.
Define g;(z) = xg,(z)f(x)/|f*(271)] if E; has positive measure (otherwise
put g; = 0). By assumption ||Sg|ly < C|E|*/P. Since f =3, f*(271)g we
get by (2.2) [Sflly < C(TLF N EI/P)Y < (T, 270 f (211
which implies the assertion of the Lemma.

We shall use an analytic interpolation theorem for Lorentz spaces, for all
parameters; this is due to Y. Sagher [29] who extended a version of the Riesz-
Thorin theorem for Lorentz spaces by Hunt [20]. These results were proved
for all indices using the harmonic majorization of subharmonic functions.
We state the following consequence of Sagher’s theorem:

Proposition 2.2. Let T be a multilinear map defined on n tuples of simple
functions, with values in measurable functions (on some measure space) so
that the inequality

n
Ti,84 S Ai H Hfj”pj,iﬂj,i

J=1

HT(f17 7fn)

holds for i = 0,1. Then there is a constant C' depending only on the expo-
nents r;, i, Pji, ¢, S0 that

T ],y < CAT AL T 1 il
j=1

holds for (£, 2,1 1) =1 —-v)(-L, L, L L)+v

p;’qi’r’s P50’ g5,0" o’ So

( 11 1 1 )
pj1’qj1’r1’ s1/°

This follows from Sagher’s theorem by normalizing each entry f; in LP,
so that || fjllp,q = 1 and then imbedding each entry in an analytic family
fj=» so that f; = f;0, fj-= eiarg(fj)G}’BzGil with suitable G;o, G;1, and
1Gj.illps,qs < C,i=0,1. See [20] and also [29].

We shall use a version of a multilinear interpolation argument introduced

by M. Christ in [13], often referred to as the multilinear trick. The result is
summarized in

Proposition 2.3. Let 0 < 3; < oo, j=1,...,n, let

H:{xGR”:Zﬁj_lezl},

i=1
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and let K be a compact subset of HN[0,00)™. Denote by conv(K) the convex
hull of K and by (convK)° its interior (with respect to the subspace topology
on H induced by R™).

Letr <1, letp; >r,j=1,...,n, and letY be an r-convexr Lorentz space
(i.e. ifr <1 thenY = LPY for p € [r,0), q € [r,o0], or Y = L*). Let T be
an n-linear map with values in Y, defined on n-tuples of simple functions,
so that

(23) ||T(f17afn)HY él_IHfJIHLpJ"T’ (p1_17"'>pr_Ll) GKv
j=1
here, p; = 00 is allowed but L°>" should be interpreted as L.
Then, for (p7*,...,pyt) € (CO??/U(K))O and Y%, qj_l =r-4

(2.4) IT(fro- - F)lly < C T IFilpy -

j=1

For Banach spaces Y this is due to Christ [13]. The version for all Lorentz
spaces can be proved using results on analytic interpolation in the form of
Proposition 2.2 in combination with Christ’s method and Lemma 2.1. We
sketch Christ’s argument for the case r < 1. First, Proposition 2.2 yields
the inequality (2.3) for all (pl_l, .,py ) € conv(K). Next, the main idea
is to assume that |fi(x)| < xg(z) a.e., and then to prove, for k =1,...,n,
and all (p;!,...,p; ') in the interior of conv(K), the inequality

k n
25) (T f)ly < Clors ) EFP [T il TT 1550000
Jj=2 J=k+1

with the obvious interpretation that the first product is 1 if £ = 1 and
the second product is 1 if £ = n (we are interested in this last case). We
argue by induction and assume that (2.5) is true for some k = k, < n (the
case k = 1 has been already obtained, in all of conv(K)). We freeze p;
for i ¢ {1,k, 4+ 1} and consider the line segment ¢ obtained by intersecting
conv(K) with the two-dimensional plane {z : x; = p; *,i # 1,i # k, + 1}.
If X = (p;',...,p;") is in the interior of conv(K) then it is in the interior
of that line segment. We interpret the inequality (2.5) as a linear operator
acting on f and, by real interpolation (i.e. the Marcinkiewicz theorem in
its general form) we get (2.5) for k = k, + 1 on the open line segment.

Let &™ be the group of permutation on n letters. Given any w € G" we
can apply (2.5) for k = n to the operator T% defined by T%(f1,..., fn) =
T(f=q),---» fwm)), with K modified appropriately. By using also Lemma
2.1 we get, for k=1,...,n,

IT(frs- e fallly < C'(1y o2l Filloer [T 1Fillpy 000
i#k
This is already a special case of the assertion and the general case follows
by further multiple applications of Proposition 2.2.
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Remark: Alternatively a more general result can be obtained for Lions-
Peetre interpolation spaces; an elegant version for r-convex quasi-normed
spaces which in several respects is more general is due to Janson [21], and
Proposition 2.3 can be seen as a special case of his result.

Vandermonde operators. We now discuss a result by Drury and Mar-
shall which concerns certain multilinear operators involving the Vander-
monde determinants. For a vector z € R? let V;(z) be the determinant of

the d x d Vandermonde matrix (xg_l)i,j; i.e.
(2.6) Var)= [ (aj—2)
1<i<j<d
For h = (hy,...,hq—1) € (R4)%! define k(h) € [0,00)? by
(2.7) k1(h) =0, £Kj(h)=h1+-+hj_1, 2<j<d,
and
(2.8) v(h) = wa(h) = Va(r(h)).
Define
Qj[fl)"'afd](th IHth"i'K/Z

Let LA(L?) denote the weighted mixed norm space consisting of functions
(t,h) — G(t,h) with |G| pa ) = ([ G(, v(h)dh)'/4 < oo; then

(29) 1B[f1,- -, fallLawsy =

([ ([ TLis+manPar) ™y =4an) ™.

Proposition 2.4. (c¢f. [16], [17]).
(i) Let, for a > 0,
Qq(a) = {h € (0,00)%7 1 : vy(h) < a}
and assume d > 2. Then Qq(a) has (d — 1)-Lebesque measure < Cqa®/?.
(ii) Suppose that 1 < A < d%a’ 1< A< B« d—l—giédA’ and set o =
2/(d+2—dA). Forv=1,...,d let Q, be the point in RY for which the
v coordinate is B~ and the other coordinates are equal to (6 A)™Y, and let

Y(A, B) be the d—1 dimensional closed convex hull of the points Q1,...,Qq.
Suppose that (pl_l, ... 7p;l) € X(A,B). Then

1/4

d
(2.10) 1D1f1, - fdlll pay < CTTIMill ot
1=1

The proof is given in Appendix §A. As has been pointed out in [17]
the Lorentz spaces LPi'' can be replaced by larger LPi% provided that
(pl_l,...,pgl) belongs to the interior of ¥(A, B) and Z] 1qj = 1; this
follows from Proposition 2.3. However this improvement of Proposition 2.4
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does not seem to be relevant for the critical estimates on the extension
operator.

3. PROOF OF THEOREM 1.2: THE WEAK TYPE ESTIMATE

Instead of a single oscillatory integral operator it will be convenient to
consider classes of operators with certain uniform estimates, depending on
the derivatives of phase and amplitude.

Definition. (i) Let N > d be fized. Let B > 3, and 0 < b < 1/2. Denote
by A(B) the class of functions a € CN(R? x R) which are supported in the
cylinder Z :={(x,t) : |x| < 1,|t| < 1} and which satisfy the inequalities

|030]a(x,1)| < B, |a] < N,j <N,
for all (z,t) € Z.
(ii) Let Z9 := {(x,t) : |x| < 2,|t| <2} and let P[B,b] be the class of phase
functions ¢ € CN for which the inequalities
| det (04(V20), 07 (Vad), ..., 0 (Vag))| > b
and '
050 ¢z, 1) < B, 1<j<N, 1<]al<N,
hold, for all (x,t) € Z,.

(iii) Let
(3.1) A(B,b) := sup sup {(1+ A2 S g0}
where the inner supremum is taken over all f € L with ||f||fea <1 and all
oscillatory integral operators Ty of the form (1.3) for which the amplitude a
belongs to A[B] and the phase ¢ belongs to ®[B,b].

Clearly Ag(B,b) is increasing in R and finite for any choice of R, B, b; an
immediate estimate is Ag(B,b) = O(RY?) as R — co. However we need to
prove that

AR(Bv b) = 0(1)7 R — oo,
with the implicit constant only depending on B, b. By suitable rescaling
arguments one can show some stability of the constants Ag(B,b), namely:

Lemma 3.1. The inequality
AR(Ba b) S C(Bv b)(l + AR(?’v 2_1))
holds for b <1/2, B > 3.

The notation < indicates a constant which does not depend on the pa-
rameters B, b, R (but may depend on the dimension). It is easy to see that
Lemma 3.1 is equivalent with
(3:2) Ar(2B,2b) < C(B,b)(1 + Ar(B,b))

for b < 1/2, B > 3. We shall first take Lemma 3.1 for granted and give a
proof at the end of this section.
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Proof of Theorem 1.2. We need to show that Agr(B,b) in (3.1) is bounded,
uniformly in R. We may assume that the support of a is in a small ball of
radius < (b/B%)10%, We fix R > 1 and we shall estimate the L% — [94:>
operator norm ||73| for A < R, provided that a € A(B) and ¢ € ®(B,b).
We may assume that A > Cy(B,b) (suitably chosen).

We now choose an integer n > g4 and estimate the n-linear expression

(3:3) MA(G1 - - > In) HTAgJ,

observe that ||T)f|lgy00 = HE)JTA(f,...,f)HZ;Ln’OO. We will take n = dgq

(although a similar argument works for any n > ¢4). Using the symmetry
of M, we may factor it in various ways and first derive estimates for the
d-linear expression

A(freos fa) = HTAfZ

Let x; be the indicator function of
Se={teR": 27" < T[] Iti—t|<27}

1<i<j<d
Following [3] split My = >, ., M)k, where
d
M)\,k(fla e afd) = /eik(¢(x,t1)+...¢(x,td)) H [a(l‘, tz)fl(tl)xk(t)] dty...dtg
i=1

We first use a by now standard L? estimate (for the complete details see [3]).
One may introduce the singular change of variables y = 2?21 ¢(z,t;), apply
a standard L? estimate for singular integrals and change variables back and
it follows that

IMrk(fi,.oos fa)ll2 <
Cl(B,b)(1+)\)_d/2</ 2k|f1(t1)-~fd(td)\2dt1mdtd>1/2.
Sk

The factor 2F is comparable to the reciprocal of the Jacobian, which is
(Ii<icj<alti — t;])7!. The measure of the t;-section of Sy (i.e. the set of

all (ta,...,tq) for which (t1,...,tq) € Sk) is O(272#/%) (¢f. Proposition 2.4,
(i)). Thus also

d
(3:4) |Mxi(fr,-- - fa)lla S Co(B, )22 CD AL N~ 1l TT 1 filloo-
=2

Now let ’LL(hl, ey hd—l) = h1 cee hd—l H1§i<j§d—1 |hl - hj| Then

Mik(f1,---5 fa) =/ /ei’\w(m’s’h)a(:n,s,h)F(s,h)dsdh
h:2—k—1<y(h)<2-k
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where
d—1

F(s,h) = fi(s) [ forr(s + ha),

=1
d—1

W@, s,h) = p(z,8) + Y d(z, 5+ hy),
=1

and
d—1

a(z,s,h) = a(z,s) H a(x,s + h;).
i=1
Then it is easy to check that
a('7h) € Q((CB)7 w(ah) € CI)[CB,C_lb],

for some absolute constant C, uniformly for the A under consideration.
Define

ShaF(z) = / ML) (1 B F (L) dt
then by the definition of Ar(C'B,b/C)
(1 + )Y \Fllgg00 < AR(CB,b/C)||F| sa.
Using the (integral form of the) triangle inequality
(1 + NP9 Mg (frs s f)] oo

< / (14 X) Y948, \F (-, 7) | g,00dh
h:2—k—1<y(h)<2—Fk

< AR(CB,b/C)/ |E (- 1) lg,dn

h:2—k—1<y(h)<2—Fk

d
< An(cE.b/0) | il TT 1l

h:2—k—1<y(h)<2— =2

d
< C'Ar(CB,b/C)27 M| filgy TT 1 filloo
i=2
here we used again, that meas({h : |u(h)| < 27%}) ~ 272k/d,
By Lemma 3.1 (¢f. (3.2)) we also get
(35) (1+ N4 Myg(fr,-- fa)

qd,>0

d
< Co(B,b)(1+ Ar(B, )27 fillg, [ T 1 filloo-
1=2

Now we interpolate the L? and L9*° bounds (3.4) and (3.5) by the real
method (based on the familiar argument by Bourgain [8] for the spherical
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maximal function, see also [11]). Let ¢ € (0,1) be defined by

d—2 —2

(1 =9) = +9(—) =0,

then notice that
d—2 d 1-9 n 9 d
= an — =,
d+2 2 44  qd

(3.6) 9

and 0 < ¥ < 1ifd>3.
Thus, for fixed fo,..., f4, the linear operator fi — >, My r(fi,..., fd)
is of restricted weak type (qq/d,qq/d); in fact

|- Masthiseoo fa) < C3[C1 (B, b)(1 + A) =Y/
k

Qd/d,OO

d
x [(1+ N9 (1 4+ Ap(B, o))’ || fillguyar T T I filloo
=2

d
< Cu(B,b)(1+ N9 (1 + AR(B,0))° || fillgayas [T 1filloo-
=2

By the symmetry and various interpolations this estimate leads to a re-
stricted weak type (or even improved Lorentz type) estimate for T; however
to prove the stronger weak type estimate we now set n = dgy and consider
the n-linear operator (3.3).

We use (2.1) to bound

dqq qqa—1
H il;[lTxgz e <C kl;[o HMA(de—H,---,g(k—irl)d)qu/d’oo
) qa—1 d
< Cu(BLo)" (10 (L4 Ap(B.6)"" TT [lgnasi lgusar [T Igeasill] -
k=0 =2

Using the symmetry of the operator we get for any permutation 7 on
n = dqq letters

(3.7)
dqq , dqq
| T D], < o580 +Aa(B5)" 0+ 37 [T g2l
i=1 ’ j=1
where (pl_l, . ,p;qld) is in the set

K={P"=(P[,...,P]):7¢€ &gy},
with P™ defined by

T d/qd7 izlv"'aqda
Py = :
O, Qd+1§1§de7
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and with r; = 1if 1 < j < gq and r; = 00, j > g4 (so that L = L*> in
(3.7)). The convex hull of the set K is a simplex on the hyperplane {X €
R44a Z?i‘il X; = d} with vertices P™. Using the multilinear interpolation
result of Proposition 2.3, part (ii), we obtain that

(3. 8)
dqq
HH 31 o S OB+ Ar(BLB) (14 27 T 92 .o
7j=1
for all (pl_l,...,p;qld) € (conv(K))° and Z?qdl J_ = r~! =d. The cen-
ter (qgl,...,qgl) lies in (conv(K))° and we can choose s; = qq, for j =
1,...,dqq.
Setting g; = f we get
dq d
T3 g = NN

< C5(B.)(1 + Ar(B, )" (1 +0) | fl42.
Thus, by definition of Ag,
Ar(B,b) < Cs(B,b)(1 + Ar(B, )"/
which gives Ar(B,b) = O(1) as R — oo. O

Remark: 1t is perhaps instructive to compare this argument with one in
differentiation theory, namely Christ’s simplification of the LP boundedness
result (p > 1) by Nagel, Stein and Wainger [25] on differentiation in lacunary
directions. In [25] a bootstrap argument is used which is formally similar to
Drury’s argument. Our argument resembles the simplification which avoids
this iteration, see e.g. Theorem B in [10] for an exposition.

Proof of Lemma 3.1. Let ¢ in ®(B,b) and let a € A(B). We wish to bound
the LY — L% operator norm of T where

Thf(w) = /eiw(“”s)a(w,s)f(s)ds.

Let x € C*(R) be a function supported in (—1,1) satisfying
D x(s—n)=1
neL

for all s € R. The argument will involve rescalings depending on two small
numbers € < 1 and § < ¢, in fact we shall see that

(3.9) e = (10(d)?>B% 1),

(3.10) § = 10~ 2N (d!)—l(d!Bdb—l)—Nd2

is an admissible choice.
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We begin by observing the trivial estimate

(3.11) | Tallpo—pac < Ca < Cy(1 45 HH9(1 4 )=,
if A < min{6~!, R}.

This takes care of the case \ < 5_1, and in what follows we shall assume that

A > 671, We decompose the symbol into pieces supported in (g, cee g,e)

boxes. To this end we set, for 4 € Z and v € Z¢,
Qo (10,5) = a(w, 5)xa(45~ 1w — v)x (215 — p)
where xq(w) = Hle X(w;). We also set s(p) = en/2, w(v) = dév/4, Py, =
(w(v),s(p)). Let J(‘;V be the d x d matrix with
(757 jx = 020w @ (Pup)-

By assumption |det Jj"| > b. Let L*” be the inverse matrix of J;”. By the
cofactor formula we see that its entries have the bound

(3.12) [[L")k] < (d = 1)!1BT o

We also denote by J;”[e] the matrix whose i row is €0V, ¢(Pyy). Let

L*[¢] be its inverse so that the k'™ column of L*[¢] is equal to e =% times
the k™ column of L*. Let 7}" be the oscillatory integral operator with
phase ¢ and amplitude a,,. Then, by the support properties of a and a,,,

(3.13) 1T fllgoo < 10972674 max || T | paco
2214
and it suffices to estimate the individual operators 7;".
In what follows we fix p, v and usually drop the superscripts p, v in L*

and L [e].
Define a rescaled operator Sy = Si” by

Sglx) = / ENED (e, t)g()dt

where
(3.14) Y(x,t) = 6 tp(w(v) + Llg|ox, s(u) + et)
and
(3.15) w(z,t) = ap(w(v) + dL[e|x, s(p) + €t)
= a(w(v) + L[|z, s(u) + et)x(2t)xqa(4L[e]x).
Then

I" f(w(v) + L[e]lx) = eSxs[f (s(n) + )] (x)

and it follows

(3.16) 1T || papace < e'71/49| det L[e]|V96%9||Ss || La— pao -
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We verify that | det Lle]| < b~1e=4@+1)/2 by the lower bound for det Jg”
and that || L[e]||oo < e~%(d—1)!B41b~1; here || L[€]||oo := max; j | Lij[e]|. We
shall then check that

(3.17) b e B(3,1/2)
and
(3.18) “ € 2A(1).

IXIIEN (8dldBdb—te=d)N
Given (3.17) and (3.18) it follows that, for =1 < A < R,
1936 | o e < (14 A8) ™9 x| & (8B~ e ™)V AR(3,1/2)

and thus, combining this estimate with (3.13) and (3.16) we obtain

(1+ N T Lo pace < 6~ HI(1 + XY T La— parce
< 1Od+15—d6—(d2+d+2)/2qb—1/q”X”dc-‘,l-vl (8d!dBdb_lE_d)N.AR(3, 1/2)

for A > 671, If we also take into account the trivial bound (3.11), and the
dependence of § and € on B and b then we get

Ar(B,b) < C(B,b,N,d)Ar(3,1/2).

It remains to check (3.17) and (3.18). The latter follows by straightfor-
ward applications of the Leibniz rule. Concerning (3.17) we consider the
matrix Jy, with entries [Jy(x,t)] 5 = 8¢z, (z,t). By definition Jy(0,0) is
the identity matrix. We expand using Taylor’s formula

I AR n
(319) &b, (0,1) Zz_ e, (0,0) + maﬁ Uy, (0, 7)
1=0 ’

and notice that the first sum equals (with P = P,,)

d]ld

0 if k<j
S 0, (PY L™ = ey

~

|

=0 m=1

=~

The absolute value of the remainder term in (3.19) is

td j+1
‘m Z O (@, 8)= ! Lpe ™| < 2dBel| Ll < 2418,

There is also another error term for the expansion about x = 0, and we have

d

8g¢xk (l‘, t) - 813%% (07 t) = Z @j%km (i‘a t)xl

=1
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with

d
|8t]¢xkxl(i'7t)‘ = ‘5_1€j_k_152 Z Lmankag(bwnwm(w7§)|

m,n=1
<o MITERBA? (b7 (d - 1)1BYT)? < ged TR (@B,
Thus, for all (z,t) € 2y,

th—J . )
(3.20) [Ty (1)), = § BT + Eji(v,t), if k>
| B, it k< J,
with
(321) |E]k‘($7 t)| é Zd!Bdb_lg _|_ 2561_2dB(b—1d!Bd—1)2.

By straightforward considerations using cofactor expansions we see that

det J,(z. 1) — 1| < (d! — 1 Eip(x, )|
|det Jy (z,t) — 1] < ( )gggdn}%XI ik (@, )],

and thus, by our choice of €, we have

(3.22) det Jy(x,t) > 1/2, (x,t) € 2o,
moreover, using also our choice of § and the assumption |¢| < 2
(3.23) 0]y (2,8)| <3, 1<j<N.

The above estimates for the second derivatives can be extended in a
straightforward manner to higher derivatives and we obtain for j < N,
and multiindices o = (ayq,...,qq) with |a| := Z?:l a; that

0] 02 (. 1)| < §aﬂ'-al-2az-"'—dad6‘a'<d!Bdb—1>'“‘.
Observe that when we have at least two z-differentiations then the smallness
of § can be used. By our choice (3.10)
(3.24) /00 p(x,1)| <2, 1<j<N, 2<lal <N,
and it follows from (3.22), (3.23) and (3.24) that ¢ € ®[3,271]. O

The extension operators for nondegenerate curves. The model case
for our class of phase functions is ¢(x,t) = —(z,y(t)) where v : I — R?
is defined on the compact interval I and has the property that for each ¢
the derivatives 7/(t), ..., (9 (t) are linearly independent. Define the Fourier
extension operator

EF(€) = /I F(t)e e gt

and let B()\) be a ball in R? of radius \. Then by a change of variable
Theorem 1.2 implies that there is C' > 0 so that for all « > 0

meas({€ € BO\) : [££(6)] > a}) < [Ca[f]l4,]".
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By letting A — oo and using the monotone convergence theorem we see that
£ : L%(]) — L9>°(R%). A duality argument shows the local version of
Theorem 1.1, namely

Hfo/}/HLpd([) < CIHfHLPdvl(Rd)‘

A nonisotropic scaling using the dilations = +— (uw1,u%zs, ... ,udxd) can be

used to deduce the global version of Theorem 1.1.

4. PROOF OF THE L% BOUND

We now show (1.6). Recall the bounds for M} . As T has bounded
operator norms the estimate (3.4) is wasteful for large k& and the term
2k(1/2=1/d)(1  \)=%/2 can be replaced by a constant.

Note that for all £ > 0

d
[Mk(Fr s Sl S (LN 827 259 g0 TT 1 filloos

i=2
which follows from (3.5) since we have already established the restricted
weak type bound for ¢4. By real interpolation,

d
(4.1) [ Mok(fis- - 7fd)qu/d71 < L+ N4 g H 1 filloo:

i=2
but there is also the trivial bound

d
(4.2) [Map(frseees falll gy jan S (LX) 9027220 gy [T filloos
=2

with ¥ = (d —2)/(d +2). Let
Ny = 10d> log A
then certainly by (4.2)
d
_ 2
S L+ 2% fillguzan [T I filloo:

qd/d71 ~

(4.3) H > Moklfr,- s fa)

k>N =2
Furthermore one can show, for 1 < 7 < oo,
(4.4)
) d
1 _
| > Mokt S NN g s TT e
OSkSN)\ qd/ 5T i—o

This follows from the case 7 = 1 which holds by (4.1) and the case 7 = oo
which is the restricted weak type estimate that follows from Bourgain’s
interpolation argument. All together

d
1/7 —d?
e ST il TT il
’ 1=2

(4.5) H f[ T f;
j=1
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and similar bounds with the f; permuted. We apply this with 7 = ¢;/d and
use the multilinear trick for the gg4-linear expression ‘Jl-d:l T\f; on L'. We
have for all permutations 7 on ¢q4 letters

qd d
ITm, | T
J= 1=

9d

dad
1T sl
j=d+1

qq—d’
d qd
SHHTAJ‘}@) 0 H HTAfw(j)qupo
i=1 477 j=d+1

qd

d
SN+ X N fr lgasan [T 1@ llse TT 1o llgun-

i=2 j=d+1

The multilinear interpolation result of Proposition 2.3, for Y = L!, yields
qd 44
| TI ], = M+ 0 T ol
j=1 i=1

for (pl_l, . ,pq_dl) in a neighborhood of (qd_l, ceey qd_l), satisfying > %, pl._1 =
1, and for > ¥, 7’2-_1 = 1. Now Ny =~ log A for A > 2 and the asserted result

follows if we set p; =r; = qq, fi = f. O

5. A LOWER BOUND

We show that the extension operator for the nondegenerate case does not
map L9447 (1) to L4>(R%) for r > g4. By the uniform boundedness principle
it suffices to consider smooth and compactly supported functions and show
that the operator norm is not finite. We may assume that I = (—1,1).
By a linear change of variable we may also assume that ’y(j)(O) = ej, for
j=1,...,d.

Let x be a nonnegative C§° function supported in (—1/8,1/8) with x(t) =
1 for t € (—1/10,1/10). For n € N define

U (t) = 294\ (27 (t — 27™)),

(5.1) 2N
N =D ualt).
n=N+1
It is easy to see that for N > 2
(5.2) | fnllpaary < CNYT,
and thus it suffices to show that for large N
(5.3) €Nl Laaoe may > CN'/az,

In order to achieve this we need the following van der Corput type asymp-
totics which is taken from Lemma 5.1 in [9].
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Asymptotics. Let 0 < h < 1, I = [—h,h], I* = [-2h,2h] and let
g € C*(I*). Suppose that h < 1071 (1 + ||gllcz(r+)~" and let n € C' be
supported in I and satisfy the bounds

(5-4) 11lloo + [l7'll1 < Ao, and [|1[|oc < Ar.

Let k > 2 and define

k—2 '
55 ILnz) = / n(s) exp (MY 557 + 5 + g(5)51) ) ds.

=1

Let oy, = %F(%)sin(%), if k is odd and o = ZT(3)exp(if), if k is
even. Suppose that |z;| < eAU—R)/k 5 — 1 ...k —2. Then there is an
absolute constant C' so that, for X > 2,

1L (1, 2) — n(0)ap A~k < ClAge ™ + ANT2R(1 4 651, log \);

here 622 =1, and 02, = 0 for k > 2.

Proof of (5.3). We shall get good lower bounds for the set where |€ fny| > 3
provided that 8 < 272V, Consider large ¢ with &; ~ |£|. By the implicit
function theorem the equation (741 (t),£) = 0 has a unique solution #, (&)

which is homogeneous of degree zero.
For each n € [N,2N] we let A, = 2"/% 3= and set

Vi = {€: €] < cléal, A < [€al < 20, tear(€) € (5277 15277,
[y (tex (€)), ) < X/ j =1,...,d — 2}

Note that if ¢ € supp(ug) and k # n then [t — t ()| > 27" and there-
fore |(y(4=1(t),£)] > ¢27"¢|. By van der Corput’s lemma with (d — 1)
derivatives we get the bound

|Eug(€)] < C2M/9agn/ld=D\=1/(d=1) = e cy = | +Ln,
By the asymptotics above, if € > 0 is sufficiently small, then
|Eup (&) > 2M/9aN-1/d _g2nfaay\~2/d > Jonfaay—1l/d — /g ¢ e,
Combining the last two inequalities we obtain

(5.6) Efn ()] > "8, e v,

. (d=2)(d=1) 0/
The measure of V,, is > ¢.27"\, * = 27" \" = ¢.379% and the
sets V,, N < n < 2N are disjoint if N is large. Thus for N large (5.3)
follows. g
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6. PROOF OF THEOREM 1.3

We first note that it suffices to assume that the powers b; are mutually
distinct and also b; # 0; in the other cases the weight vanishes identically.

We only need to prove the result for I = (0,1] here, by a scaling argu-
ment we can easily extend the result to I = (0, 00), using the linear isomor-
phisms x +— (szq,...., s%24). Following [17] we will use the exponential
parametrization, replacmg t by e~t. Setting a; = —b; we may assume, after

a further linear change of variables, that
(6.1) y(t) = (a] et agle“dt), 0<t< oo,

where the a; are real numbers so that either (i) a1 < --- < aq < 0, or (ii)
0<ay < -<ag,or (iii) a3 < -+ < apm <0< ape1 < -+ < ag, for some
m € {1,---,d}. We shall give the argument for case (iii), and the proofs for
the other cases require only notational changes.

Fix any point (1/p, 1/q) on the critical line segment 1/p+(d?+d)/(2q) = 1,
0 < 1/q < 1/qq, where g4 = (d*> + d + 2)/2. Let us fix a number R > 1 and
set Ir = [0, R] and let

Trf(x / £(®) A0 g,
It suffices to show

(6.2) TR Sl Laray < Cllfllze(war)

with a constant C independent of R > 1. We need to prove this for 2 < p <
44, ¢ = d(d + 1)p'/2 (and g4 > 2 if d > 3); the estimate for p < 2 follows
then by interpolation with the trivial case p = 1.

Observe that (6.2) holds with some C' = C(a, R) < 0o, by the estimates
for the nondegenerate curve «y (restricted to I); notice that indeed |w(t)| >
C(a) min{1, ef1(=; 2)2/( (d+d) )} > 0 on I. Let now Br,, be the infimum over
all C for which (6.2) holds. Bg, is finite and we have to establish that Bg
is uniformly bounded in R > 1 and a = (ay, ..., aq).

We shall estimate the d-linear expression

HTRfJ /1 (zy(t1)++v(ta)) H )t - - dtg

Jj=1

U

We change variables x;(h) = 5;11 hi as in (2.7), and let Jr denote the set
of all h € [0, R]%~1 satisfying k4(h) < R. For h € Jglet I, = [0, R—kq(h)],
and define for any permutation 7 on d letters

d

(6.3) F7(h,t) = X (W) X150, (8) T | Fry (¢ + mil(R).

i=1
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For fixed h let

d
(6.4) D(t,h) =Y ~(t+k;(h)
j=1
and
d
(6.5) H(t,h) = [Jw(t + r;(h)).
j=1

Define an operator Sgj by
SralF)@) = xun(h) / TG P VE (1, ) d.
Ir.n
Then
d
(6.6) [[7esi0) = 32 [ Sralt)
j=1

We first give an estimate on the operators Sgj; which will put us in the
position to apply the Vandermonde estimate (2.10).

d(d+1) 4

Proposition 6.1. Fiz 1 < p < q4 = % and let ¢ = ==5—p'. For
¥ € (0,1) define
1 Y 1 1 1 1
——-1-= 49— =
' l_ﬂ_Fﬁ — _ﬂ(l_g)
s q 2’ n= 2q
Then (with v as in (2.8))
©8) | [ Snalr

gCB}gj(/(/mt, h)H (¢, h)"~ 57| dt) (h)l—Adh)%

Proof. The proof relies on arguments in the papers by Drury and Marshall
[16], [17]. We begin with a few remarks on the affine arclength measure for
the curve 7 and for the “offspring” curves t — I'(¢,h). Let 7 and w be as in
(1.8), (1.7) (for the curve v in (6.1)). Then

d
|7(t)] = v(a)exp tZaZ
=1

with a = (aq,...,aq), and

d
H(t,h)Y? = w(t) )exp ( d2d+1 Zal Z h))).
i=1

j=2
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Next, I'(t, h) = y(t)E(h), where E(h) is a d x d diagonal matrix with the
diagonal entries

d
Eii(h) = Z eiri(h)
j=1

so that 1 < Ej(h) < d, for 1 < i < m and etiralh) < E;;i(h) < de®ira(h)

for m +1 < j < d (for the definition of m see the paragraph after (6.1)).

Moreover, if 73, is the expression (1.8) for the curve I'(-, k) then

d d
ai) | | Ewr(h).

=1 k=1

Th(t) = v(a) exp (t '

(2

We first establish the inequality
(6.9)  ||SpalFH"T||, < CBR,G(/ \F(t, h)PH(t, h) % dt)

with a constant C' uniform in h. Notice that the quotient of H(t, h)"/? and

= 2@+

wp, is independent of ¢, namely

Q(h) := H(t, h)l/d _ exXp (dz(d2+1) (2?21 aj)(z;-l:2 lij(h)))
= — 2 .
wh (t) (sz::[(z;lzl eaiﬁj (h))) d(d+1)

Since I'(t,h) = v(t)E(h) we have by affine invariance

</ ‘/I €i<m’r(t’h)>g(t)wh(t)dt‘qu)1/q < BR@(/‘Q(t)‘pwh(t)dt)l/p
R,h

and thus with g(t) := F(t, h),

[Salt B0 < BraQuy = ( [ 1 mIPHE wyiar) "

Thus, the estimate (6.9) will follow once we establish the inequality that
Q(h) is bounded. But note that

Q(h) D2 < exp (é(i aj)(zd: k5 (h))) P (50 40) g (1)
=1 =2

Hd eaitid(h)

i=m+1

d d

<o (30D @) (s(h) —mah)) <1
j=m+1 Jj=1
since kg > Kg_1 > ko > k1 = 0 and a; < 0 for ¢« < m, a; > 0 for i > m.
Thus (6.9) is proved.
We may replace F by FH@=1/4 and integrate the resulting estimate with
respect to h. This yields

610) [ 5tFll a0 < OB [ ([ 1wy m T ipar) an
I I,

Note that this implies the claimed estimate (6.8) for the case ¢ = 0.
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Now as in [16], [17] one can perform the change of variables (¢, h) — I'(¢, h)
(justified in [17], p. 549) and use Plancherel’s theorem, to obtain

(6.11) H/SR,h[F]dh(L < 0(//|F(t, hYH (¢, h)J(t, h)—l/z‘zdtdh)l/z

where J(t, h) is the Jacobian of this transformation.
Interpolating these two estimates gives

(6.12) H/SRJL[F]dh

S

< CB}{C?( / ( / |F (¢, h)H (¢, h)" I (¢, h) =2 PP gy

where 0 < ¢ <1 and A, B, s,n are as in (6.7).

>A(19)/B(19)dh> 1/A(9)

We now use a crucial estimate concerning the determinant of the d x d
matrix £(a, s) 1= (e“isj)ijzl i

A total positivity bound by Drury and Marshall. [17], p.5/6. The
estimate

det &(a, s) 1,
(6.13) - > cqexp (= a; s
[li<icj<a ((a; = ai)(s; — si)) (d(; j)(; 2
holds for all real ay,...,aq and all real si,...,8q with a constant cq that

depends only on the dimension d.

This means J(t, h) > cq v(h)H(t, )1/ and therefore
| /SR,h[F]thS < C(Bra)' "
A/B 1/A
(/ (/\F(t, hH(t, h)”—%ﬂ\BdQ / »u(h)—ﬁf‘/?dh) "

Now observe that A=! =1 —1/2 means —9A/2 = 1 — A and thus the proof
of the proposition is complete.
O

Proof of Theorem 1.3, continued. Proposition 6.1 enables us to apply the
inequality (2.10). We wish to use it for the value
4d—-1)  2(d-1)
(d+1)dp —4 q—2
and we let A = A,, B = By, s = s, and 7 = 1, be the values which

correspond to ¥ = ¥(p) via (6.7). The reason for this choice is that the
exponent of H in (6.8) becomes

(6.14) 9 =9(p) =

d+1 1
1 S8y =2
(6 5) 77p 4 p7
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moreover
g d+1,

6.16 _a_d+l
( ) Sp d 2

In order to apply (2.10) we need the additional restriction 1 < A, < d%;z,
which corresponds to ¥(p) < 4/(d+2). A short calculation reveals that this
requirement is equivalent with our assumption p < d2+72d+2.
We also set 0, = 2/(d + 2 — dA,) and obtain after a short computation
I d+2 al_p_l—q_1

Apop A, 2 1—2¢~1

and e

11, G0

B, p % — dip,
We check that B~! > p=! > (A,0,) 7! since 2 < p and we have
(6.17) a1, 1_4d

Apop By p
Now let (A, Bp) be the simplex defined in the statement of Proposition

2.4. We apply this proposition to the right hand side of (6.8) with F' = F™
as in (6.3); then by (6.6)

d d
(6.18) H H TRfqu/d < CB}{aﬁ(p) H 1501,
j=1 J=1

for all (pl_l, e ,pgl) € X(Ap, By).
We continue to argue as in the proof of Theorem 1.2 and consider now
the gg4-linear expression

qd
mR[gh e 7qu] = H TR[gjw_l/p]'
k=1

Consider the set K, consisting of the points P¥ = (P, ... ,P(Z), w e Gy,
(i.e. a permutation on {1,...,qq}) with P¥ defined by

1/B,, i=1,
ww(z) = 1/(Ap0p)7 2 S { S d7
1/p, d+1<i<aqu.

The (closed) convex hull of K, is a simplex on the hyperplane {X € R% :
%4 X; = qa/p} with vertices P¥, and center (p~1,...,p71).

By (6.18) and Holder’s inequality

qd
HmR[gla s ,qu] Hq/qd < C(BRﬂ)(l_ﬂ)qd/d H ||ng;Dk71
k=1

for all (pl_l, e ,pq_dl) € K,. We now apply Proposition 2.3 and observe that
since g > g4 our multilinear operator takes values in a Banach space.
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Thus we get

HmR[Ql, <y 9qq Hq/(]d C(BR a)(l )44/ H ng(k Hpk,qu’
k=1

for all (pl_l, ... 7pq_dl) € (convK,)°. Clearly the center (p~1,...,p!) belongs

to (convK,)? and it follows that for g; = fwl/?,
1 _
IZ0f g = [9alar. g0, ][ < Clood)(Bra) = f0 ]},
By p < g4 and the continuous imbedding LP C LP9¢ we have

/
7w s < | F Pl e = ( / FoPut)

Thus Bra < C'(p,d)(Br.a)? /¢ and the assertion of the theorem follows.
O

7. PROOF OF THEOREM 1.4

Let a < 3, a, 3 ¢ {0,1}. We first note that the affine arclength measure
w(t)dt for the curve (t,t* t%), t > 0, is given via w(t) = c(a, B)t(@+5-5)/6
with c(a, 3)% = aB(a —1)(8 — 1)(8 — «). We consider the case a + 3 = 5
which clearly plays a special role as the affine arclength measure is now a
constant multiple of Lebesgue measure on R. The case a = 2, § = 3 has
been handled in §3, and part (i) of Theorem 1.4 asserts that it holds also
true fora =5 — [ < 2.

To prove this assertion we consider a more general class of curves

(7.1) t— (t,y(t),z(t),t e I =(0,b); 0<b<oo

where y, 2 € C3(I) and satisfy a strong nondegeneracy condition introduced
in [4], namely

(7.2) As,t) = |y"(s)2"(t) —y"(s)2"(t)| 2 6 >0, s,t,€I;

moreover it is assumed that

(7.3) Z"(t) #0, te(0,b),

however no upper bounds for the third derivatives are required on the open
interval (0,b). Note that the determinant in (7.2) cannot change sign. In
particular if hl, ho > 0, hi + ho < b, and if we consider the offspring curves
(t h) 3 Zz 17(t + K’Z(h))? t <b—hy — hg, then F(t7 h) = (tvyh(t)7 Zh(t))
where (yp, zp,) satisfies (7.2) (with the same ¢§) on the interval (0,b— hy — hg).
This follows from an expansion using the multilinearity of the determinant.
Let .
Ef(z) = / e~ X ®) £ (1)dt.

0
Proposition 7.1. Let v be as in (7.1), (7.2). Then

(7.4) IEf N L700m3) < 05_1/7”f”L7(I)
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Proof. Let K(b,0) be the class of curves v satisfying (7.1), (7.2) on (0,b) and
let

(7.5) As(b,R) = sup(l + R7'p)™ sup  sup  [|Ef] 7o,
>0 YD) 700 <)

Clearly As(a, R) < C(b, R) < oo for a < b and we need to show that As(a, R)
is uniformly bounded in a and R.

Now let a < b and let v € K(a,d). As in §1.2 we estimate the trilinear
expression M(f1, fa, f3) = [[ £ fi(x) and split M = >, M, where

M. f(x) :/ e T 7(8) L1 fiti)dtrdtadts
Sk

with S = {(t1,t2,t3) : 27771 < V3(t) < 27F}.

It was observed in Lemma 2 of [4] that the map (t1,t2,t3) — % S ()
is one-to-one, when restricted to {¢t; < ta < t3} (this uses (7.3)). Denote
the Jacobian of this mapping by J(t1,t2,t3). Also as in [14], [4] one uses

a generalized mean value theorem ([27], V.1.95) to obtain the inequality
J > 8V. As before this leads to the L? bound

(7.6) IMi(f1, fo. f3)ll2 < COY2285) £ Lo ]| fall ool £3 o

On the other hand, applying the definition of A to the off-spring curve and
the fact that the measure of {(t2,3) : (t1,2,t3) € Sk} is O(272%/3) leads to

(7.7)  IMe(f1, fo f3)ll oo () < CAs(b, BR)272/3| f1 17| f2lloo | f3 ] oo-

From here on we argue as in the proof of Theorem 1.2. Applying Bour-
gain’s interpolation lemma we get

IMfr, fa, F3)ll rrsco gy < CO2/5 As(b,3R)Y2 | frllz /3,11l f2lloo | f3lloo

and applying the multilinear interpolation arguments to the symmetric n-
linear expression [[;~; £ fi, for n > 7 (e.g. n =21 as in §3) yields

Hilj[lsfi

where >, ri_l =n/7. We may set f; = f, r; = 7 and obtain
As(b, R) < C72/1 Ay (b, 3R)/

and since from definition (7.5) it follows that As(b,3R) < As(b, R) we obtain
As(b, R) < 6~V which is the assertion. O

< Co B A0, 3R T [ I fill prors

i=1

L7/m-%¢(BR)

Conclusion of the proof of Theorem 1.4. We first consider part (i). By sym-
metry we may assume a < 2. The cases @ = 0 and a« = 1 are triv-
ial since then w, = 0, and the case o = 2 has been already handled
in §3. Thus suppose « = 5 — (3 < 2, and o # {0,1}. Then by the
discussion in the beginning of this section the affine arclength measure is

cé/6(5 —2a)Y/0dt with ¢, = |(5 — a)(a — 1)(4 — a)|. Moreover A(s,t) =
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Cal(3—a)s¥ 22724 (2—a)s3 73| and ¢, ' A(s, t) has its minimum (5—2a)
at (1,1). From this part (i) of the theorem follows easily. Part (ii) follows
from part (i) by the change of variable u = t*, and interchanging the first
and second components of +. O

APPENDIX A.
VANDERMONDE OPERATORS: PROOF OF THE DRURY-MARSHALL BOUND

For the sake of self-containedness we give the full proof of Proposition
2.4, due to Drury and Marshall. This is done by first checking (i) for d = 2
and d = 3, and then by arguing by induction, applying a special case of (ii)
in d — 2 dimensions to prove (i) and (ii) in d dimensions.

We note that by a homogeneity argument it suffices to prove that the set
Q4(1) has finite measure in R~!. It is obvious that the measure of (1)
is equal to 1. If d = 3 then v3(h) = Va(k(h1,h2)) = hiha(h1 + h2) and the
set {h : v3(h) < 1} is contained in the union of two sets F; U Ey where
E = {h S (0,00)2 : hlh% <1,h < hg} and FEy = {(hl,hg) : (hg,hl) S El}.
Both sets have area equal to [;° min{s, s™?}ds = 3/2.

Now we assume that (ii) has been established in all dimensions < d — 1,
and we shall prove that Q4(1) has finite measure in (R} )?~!, and that (2.10)
holds in d dimensions.

We now set r = r(h) = kg(h) = hy + -+ hqg_1, t =t(h) = h1/kq(h) and
Ti(h) = hiy1/kq(h), i = 1,...,d — 3. We use the change of variable h —

(t,m,...,7q—3,r) and observe the determinant of its derivative is'r(h)_d“.
Set A(1) = (R1,...,Ra_3), with &1(1) = 0 and &(1) = Y0} 7%, for
2 <i<d-—2. Then we can write
d d—1
ORNE I ET0) [ | ORI ONE § (CIORF0))
j=2 2<i<j<d—1 k=2
sy (w5 (0) [ y(B) () = )
- /{d(h) (g lid(h) < H,d(h)) 2<i<j1_J<:d—1 lid(h) >
d—2
=) T+ AN —t =N TT il = 7))
j=1 1<i<j<d—2

Thus, if U(s) := (]_[C-l:_l2 [si(1 — 8;)]) Va—a(s), defined on X4_5 := {s € R9~2:

U(S)fd(dz—l)
124(1)] < / / ri=2drds < U(s)~ds
¥g-2J0 DIF!

o0 d—2
/(R yd—3 /0 H lg(t + /%i(T))’Adt [”d—2(7')]1_AdT;
+ i=1
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here vg_o(7) := Vy_o(R(7)), A= (d+2)/d, g(s) = s(1 — s)_z/(dﬂ)x[o,”(s).
Thus the last expression is the A*™ power of the L#(L4) norm of the Van-
dermonde operator in d — 2 dimension, applied to the functions f; = g,
i=1,...,d—2. The value A = (d+2)/d < d/(d—2) is permissible for the ap-
plication of part (ii) in (d—2) dimensions. Now with o = 2(d—(d—2)A)~! =
d/2 we need to verify that g € LP! with (d —2)/p = A~Y(1 + (d — 3)/0)
(which corresponds to the point in the center of the (d — 3)-dimensional
simplex 3(A, A)). Note that p = (d + 2)/3, and as g belongs to L"[0, 1] for
all r < (d + 2)/2 it belongs surely to LP!. Thus part (i) is verified in d
dimensions.

We now turn to the proof of (2.10) in d dimensions. First notice that the
allowable p;’s are given by the equation Zle pi_1 =(d—1)(cA)~t+ B!
and that (pl_l, - ,pgl) belongs to ¥(A, B) if and only if

L_1,1_1,1
pi - oA B ogA’r;
where r; € [1,00] with ¢ 771 = 1.

i=1"i
It suffices to prove the estimate (2.10) for f; which is pointwise dominated
by characteristic functions of measurable sets F;, ¢ = 1,...,d, and by mono-
tonicity properties of the operator we may assume that f; = xg,. Thus we
need to prove

d
(Al) H%(XEl”XEd)HL{?(LB) SCH’EZ‘l/Pz
i=1

We use a duality argument for the h integral in (2.9). By part (i) the function
|v|'=4 belongs to L7 >°(R*1) for ¢/ = 2d~'(A — 1)~!. Note that because
of our assumption on A we have ¢’ € (1,00); moreover ¢’ is the conjugate
exponent to o = 2/(2+ d — dA). Define

d
B(h) = / TT b (¢ + ()t
=1

as a function defined on (0,00)?"!. As yp, assumes only the values 0 and 1
it suffices to show that H<I>A/BHL[,,1 S Hle |E;|4/P which follows from

d

B
(A.2) |®|| Lac/B.ass < CH‘E,“%
i=1
We now use the familiar inequality
1/P _
(A.3) 1G] e < C(PIGIE |G YT

which holds for all P € (1,00) and all s € (0,00); and we apply this for
G =®,and P = Ao/B > 1, s = A/B € (0,1]. It is easy to see that
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|P]; < Hle |E;| and, by Holder’s inequality, ||®ls < H?Zl | B/ for all
r1,...,7q € [1,00] satisfying Zle rit = 1. Now by (A.3),

d
(A4) @] pao/p.as5 < c(A,B) ] \Ei!%ﬂl_%)%

i=1

where r; € [1,00] with Ele ri1 = 1. By the above description of the
simplex X(A, B) this inequality yields (A.2) and thus the assertion. O
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