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Restructured single parabolic band model for quick analysis

in thermoelectricity
Jianbo Zhu 1, Xuemei Zhang2,3, Muchun Guo1, Jingyu Li2, Jinsuo Hu1, Songting Cai 4✉, Wei Cai1, Yongsheng Zhang 2✉ and

Jiehe Sui 1✉

The single parabolic band (SPB) model has been widely used to preliminarily elucidate inherent transport behaviors of

thermoelectric (TE) materials, such as their band structure and electronic thermal conductivity, etc. However, in the SPB calculation,

it is necessary to determine some intermediate variables, such as Fermi level or the complex Fermi-Dirac integrals. In this work, we

establish a direct carrier-concentration-dependent restructured SPB model, which eliminates Fermi-Dirac integrals and Fermi level

calculation and emerges stronger visibility and usability in experiments. We have verified the reliability of such restructured model

with 490 groups of experimental data from state-of-the-art TE materials and the relative error is less than 2%. Moreover, carrier

effective mass, intrinsic carrier mobility and optimal carrier concentration of these materials are systematically investigated. We

believe that our work can provide more convenience and accuracy for thermoelectric data analysis as well as instructive

understanding on future optimization design.

npj Computational Materials           (2021) 7:116 ; https://doi.org/10.1038/s41524-021-00587-5

INTRODUCTION

Thermoelectric (TE) materials can enable reversible conversion
between electrical and thermal energy via strong electrical-thermal
coupling effect, thus have enormous potential in waste heat power
generation and refrigeration1,2. The conversion efficiency of TE
materials is determined by the dimensionless figure-of-merit ZT=
S2σT/(κe+ κL), where S, σ, T, κe, and κL are Seebeck coefficient,
electrical conductivity, absolute temperature, electronic and lattice
thermal conductivity, respectively3. Furthermore, the power factor
is defined as PF= S2σ= S2nqμ, a vital criterion for the output
power density, wherein n is the carrier concentration, q the
electronic charge, and μ the carrier mobility4–6. In practice, there
are inevitable contradictions among these properties such as
the opposite trend between the electrical conductivity and the
Seebeck coefficient with increased carrier concentration7–10. Such
conflicts notoriously impede further improvement of thermo-
electric performance, and thereby raises the interest of excavating
intrinsic independent parameters to optimize the thermoelectric
property11–15.
The Boltzmann transport equation can simulate the electrical

transport properties of carriers in real crystals, and constitute a
viable mean to investigate inherent material properties16–18.
However, strictly solving this equation is computationally expen-
sive in real materials systems, especially the ones with complex
band structure and multiple scattering mechanisms. Therefore,
some simplified models are proposed19–22. In particular, the
derived single parabolic band (SPB) model is under the assump-
tion that there is only one purely parabolic band contributing to
the electronic conduction, and the acoustic phonon scattering is
dominant in the system. This model has been commonly used to
analyze fundamental thermoelectric characteristics for a long
time21,23,24. In the SPB model, all transport properties can be
established by four isolated key factors25: (i) Fermi level EF (or
reduced Fermi level η= EF/kBT), which reflects the doping level, (ii)

the effective mass m*, which estimates the band dispersion, (iii)
the scattering factor λ, which represents the mechanism of carrier
scattering, and (iv) the relaxation time τ, which reflects the
scattering intensity. One can obtain these important parameters
from fitting the experimental transport measurements or from the
density-functional theory (DFT) calculations. With these evaluated
parameters, we can predict the TE performance. Comparing to
both computationally expensive first principles calculations or
directly solving the complex Boltzmann transport calculations, the
simplicity of SPB model makes it a much more viable method to
be used in practice. Therefore, the SPB model can realize a two-
way analysis between theoretical and experimental data, from
which we can quickly reveal the underlying physical mechanism
that is not easy to obtain from the experimentally measured
data26–29, or reversibly realize designs of the electronic structure
or screen potential TE materials by high throughput computa-
tional methods30–33.
With the proliferation of SPB model applications, it is found

that all properties are delicately governed by the reduced
Fermi level and Fermi-Dirac integrals, which are defined as

Fn ηð Þ ¼
Rþ1
0

xn= 1þ ex�ηð Þdx, see Table 1 for more details. Due to

the difficulty in analyzing and comprehending the integral, it is
not easy to perform the SPB model based on experimental
measurements. Thus, a simpler formula is needed practically34–36.
If the Fermi level is within the band gap like intrinsic
semiconductors, the η is far less than 0 (EF ≪ −kBT), the Fermi-
Dirac integral could be replaced by Eq. (1) under non-degenerate
approximation (NDA)25

Fn ηð Þ ¼ exp ηð ÞΓ nþ 1ð Þ; (1)

where Γ(n) is called the gamma function. On the other hand, if
the Fermi level is deep in conduction/valence band like metals,
the η is much greater than 0 (EF ≫ kBT), and the Fermi-Dirac
integrals can be expressed as Eq. (2) under the degenerate

1National Key Laboratory for Precision Hot Processing of Metals, Harbin Institute of Technology, Harbin, China. 2Key Laboratory of Materials Physics, Institute of Solid State

Physics, Chinese Academy of Sciences, Hefei, China. 3Science Island Branch of Graduate School, University of Science and Technology of China, Hefei, China. 4Department of

Materials Science and Engineering, Northwestern University, Evanston, IL, USA. ✉email: songtingcainu@gmail.com; yshzhang@theory.issp.ac.cn; suijiehe@hit.edu.cn

www.nature.com/npjcompumats

Published in partnership with the Shanghai Institute of Ceramics of the Chinese Academy of Sciences

1
2
3
4
5
6
7
8
9
0
()
:,;

http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-021-00587-5&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-021-00587-5&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-021-00587-5&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-021-00587-5&domain=pdf
http://orcid.org/0000-0001-5126-7694
http://orcid.org/0000-0001-5126-7694
http://orcid.org/0000-0001-5126-7694
http://orcid.org/0000-0001-5126-7694
http://orcid.org/0000-0001-5126-7694
http://orcid.org/0000-0003-2203-5362
http://orcid.org/0000-0003-2203-5362
http://orcid.org/0000-0003-2203-5362
http://orcid.org/0000-0003-2203-5362
http://orcid.org/0000-0003-2203-5362
http://orcid.org/0000-0003-0007-0589
http://orcid.org/0000-0003-0007-0589
http://orcid.org/0000-0003-0007-0589
http://orcid.org/0000-0003-0007-0589
http://orcid.org/0000-0003-0007-0589
http://orcid.org/0000-0003-4906-9183
http://orcid.org/0000-0003-4906-9183
http://orcid.org/0000-0003-4906-9183
http://orcid.org/0000-0003-4906-9183
http://orcid.org/0000-0003-4906-9183
https://doi.org/10.1038/s41524-021-00587-5
mailto:songtingcainu@gmail.com
mailto:yshzhang@theory.issp.ac.cn
mailto:suijiehe@hit.edu.cn
www.nature.com/npjcompumats


approximation (DA)25

Fn ηð Þ ¼ ηnþ1

nþ 1
þ nηn�1 π

2

6
þ n n� 1ð Þ n� 2ð Þηn�3 7π

4

360
þ ¼ : (2)

Since the series converge rapidly, we often use the first two
items to describe transport parameters in general25. These
simplifications under NDA and DA make the SPB model an
accessible way to conveniently estimate the inherent properties
of intrinsic (lightly doped) and heavily-doped (metal-like)
semiconductors, respectively. Some derived equations are widely
used under these circumstances. For example, we can evaluate

the scattering factor λ by S ¼ k
q
λþ 5

2
� η

� �

under NDA25 or

estimate m* by S ¼ 8π2k2
B

3qh2
m�T π

3n

� �2=3
under DA37,38. However, for

high performance TE materials, both simplified approximations
above would not work properly because ZT and PF always reach
the maximum when η is close to zero, i.e., EF is close to band edge
(Supplementary Discussion). This unphysical feature will lead to a
large error of estimation (over 30%) when applying NDA or DA
approximation. Therefore, it is of great interest to build a more
general, accurate and simpler SPB model for better usability.
Apart from Fermi-Dirac integral calculations, the location of

Fermi level is also an impediment to perform the SPB model. With
the increase of the carrier concentration n, σ will increase while S
will decrease and an optimal concentration exists, at which power
factor reaches the maximum. Therefore, the optimization of n via
extrinsic doping or intrinsic defects tuning is one of the most
effective strategies in improving TE performance39. As mentioned
above, the Fermi level EF reflects the doping level or carrier
concentration of the system, which plays a vital role in the classical
SPB model since it correlates to all transport parameters of
interest. Although n can be directly measured experimentally
based on the Hall effect, it is unfeasible to solve EF from
experimental n in the current SPB framework because the exact
density-of-state effective mass is further required and solving the
Fermi-Dirac integral is unavoidable (Supplementary Table 1).
Therefore, it is desirable to bypass the Fermi level or η, and
directly quantify the carrier concentration dependency on TE
parameters, such as the Seebeck coefficient and carrier mobility.
In this work, we introduced a restructured SPB model, in which

all thermoelectric parameters are directly associated with carrier
concentration by simple analytic expressions with less than 2%
relative error. We have collected 490 groups of experimental data
of state-of-the-art TE materials (see overview of all samples in
Supplementary Fig. 1) to verity the feasibility and reliability of the
restructured SPB model. The model provides a platform for deeper
understanding of the carrier transport features in TE materials,
such as electron–electron scattering intensity and maximum
power factor. Based on our restructured model, a series of
practical formulas could be constructed easily, which allows us to
reasonably evaluate effective mass, facilely estimate intrinsic
carrier mobility, and immediately predict optimum doping
concentration and corresponding power factor using experimen-
tal data. Moreover, benefiting from the extreme simplicity of the

calculations, all evaluation of key factors based on the experi-
mental data could be accomplished in a simple MS Excel file.

RESULTS AND DISCUSSION

Restructured SPB model

For convenience and general applicability, we carried out a
nondimensionalization operation in the present restructured
model as listed in Table 1. For the restructured SPB model, we
establish the relationship between n and the three key transport
parameters, namely S, μ, and L, and the other parameters such as
σ, PF, and κe(=LσT) can be further derived from them. Besides the
consideration of accuracy, the following three crucial design
principles are proposed to improve the usability of restructured
model:

(I) Simplicity, which is the major motivation of this work.
(II) Availability of an explicit inverse function, which allows us to

directly calculate key factors and establish the expression
between any two parameters.

(III) Compatibility with the conventional NDA & DA, which can
promise usability in a wide range of carrier concentration,
even when η goes to infinity.

As such, we can build well-designed SPB model by a series of
practical formulas (see “Methods” section for more details). The
three key transport parameters are expressed as

Sr ¼ ln 1:075þ e2

nr

� �

; (3)

μr ¼ 1þ nr

2

� ��1=3

; (4)

Lr ¼ Lmin þ
Lmax � Lmin

1þ nr=2πð Þ�3=2
h i3=2

;
(5)

where Lmin = 2 and Lmax = π2/3 are limit values when η goes to
negative infinity and positive infinity, respectively. Finally, the
entire formula of original SPB and restructured SPB model is listed
in Supplementary Table 1. As shown in Fig. 1, our restructured
model has a good fit on classical SPB model in the entire range of
carrier concentration. Calculation errors of the key parameters are
all less than 0.02 at optimal doping concentration (Supplementary
Fig. 2), which provides a more reliable experimental data analysis
compared to previous NDA or DA model. We further verified the
restructured SPB model with 490 groups of collected experimental
data from many state-of-art TE materials, including BiSbTe (BST),
metal chalcogenides (IV-VI), skutterudites (SKD), Zintl phases
(Zintl), half-Heusler compounds (HH), silicon-germanium alloys
(GeSi), metal oxide (Oxide), and so on, details are listed in
Supplementary Table 1. The effective mass, intrinsic mobility and
weighted mobility of these experimental TE materials are
calculated by the restructured model, and the relative errors are

Table 1. Key transport parameters modeled by SPB model and the corresponding dimensionless expressions.

Item Modeled by SPB Constant part Dimensionless part

n = n0nr
2m�kBTð Þ3=2
2π2�h3

� F1=2 ηð Þ n0 ¼ 2:5094 ´ 1019 m�

me

T=K
300

� �3=2
cm�3 nr ¼ 2

ffiffi

π
p F1=2 ηð Þ

S = S0Sr
kB
q

2F1 ηð Þ
F0 ηð Þ � η

� �

S0 ¼ 86:1733 μV=K Sr ¼ 2F1 ηð Þ
F0 ηð Þ � η

μ = μ0μr
4π�h4qC1

m�
I
2m�

b
kBTð Þ3=2Ξ2 �

F0 ηð Þ
3F1=2 ηð Þ μ0 μr ¼

ffiffi

π
p

2

F0 ηð Þ
F1=2 ηð Þ

L = L0Lr
kB
q

� �2

3
F2 ηð Þ
F0 ηð Þ � 4

F1 ηð Þ
F0 ηð Þ

� �2
	 


L0 ¼ 0:7426 ´ 10�8 WΩ=K2 Lr ¼ 3
F2 ηð Þ
F0 ηð Þ � 4

F1 ηð Þ
F0 ηð Þ

� �2
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less than 2% (Supplementary Fig. 2). The computational cost of
restructured SPB model is similar with NDA or DA model but the

accuracy is greatly improved. Therefore, a quick analysis of
experimental TE data can be implemented using the restructured
SPB model, and the procedure to improve the TE performance will
be accelerated.

Effective mass m*

The effective mass m*, sometimes called the Seebeck effective
mass40,41, is generally calculated by the relationship between

Seebeck coefficient and carrier concentration, i.e., the Pisarenko
plot. In fact, the m* is an average density-of-state effective mass
that reflects a general outline of the overall band edge. The
configuration of band edge has a large influence on TE
performance, for instance, increasing the number of carrier

pockets at band edge can effectively increase m* and results in
a larger S. Therefore, developing a method by which m* can be
estimated both accurately and directly from experimental S and n

is of importance. Specifically, m* is related to n0/nm,0 as shown in
Table 1 and Eq. (6), where n0 is the ratio of experimental n to nr. In
the classical SPB model, nr is solved from Seebeck coefficient by a
couple of Fermi-Dirac integrals41, as listed in Table 1. Such process
can be formalized as

m�

me

T=K

300

� �3=2

¼ n0

nm;0
; (6)

n0 ¼
n

nr
¼ n

S�1
r S=S0ð Þ ; (7)

wherein Sr
−1(S/S0) is the reverse function of Sr(nr), nm,0 is a

constant (2.5094 × 1019 cm−3) and T is the absolute temperature in
Kelvin (K). Based on Principle II, we can directly calculate nr using
Eq. (3) in our restructured model rather than solving Fermi-Dirac
integrals as in the classical SPB model. Under NDA and DA, m* can
be calculate by25

m�

me

T=K

300

� �3=2

¼ n

nm;0
exp

S

S0
� 2

� �

; (8)

m�

me

T=K

300

� �3=2

¼ n

nm;0

S

βS0

� �3=2

: (9)

While our model, m* is expressed as,

m�

me

T=K

300

� �3=2

¼ n

nm;0
exp

S

S0
� 2

� �

� 1þ δð Þ exp �2ð Þ
	 


: (10)

When δ = 0.075, it can be described as

m�

me

T=K

300

� �3=2

¼ n

nm;0
exp

S

S0
� 2

� �

� 0:1455

	 


: (11)

Four hundred and ninety groups experimental data are
collected to verity the availability of NDA/DA model and our
restructured model. Fig. 2 shows that the effective mass calculated
by three simplified models (m*

cal), including (a) NDA model, (b) DA
model, and (c) our restructured SPB model, versus classical SPB
model (m*

η). Clearly, the calculated effective mass (m*
cal) will be

over-estimated and under-estimated in the NDA model and DA
model as shown in Fig. 2a, b, respectively. In contrast, m*
calculated by our model shows a high consistency with the
original SPB model with m*

η spanning over two orders of
magnitude as shown in Fig. 2c.
To further compare the accuracy of the calculated effective

masses of different materials by these models, we plot m�
cal=m

�
η

with respect to their carrier concentration in Fig. 3. Consequently,
if we adopt the Pisarenko relationship derived from the DA model

(commonly expressed as S ¼ 8π2k2
B

3qh2
m�T π

3n

� �2=3
) to calculate m*

among a series of samples with different dopant concentrations,
we will gain a larger m* in the ones with higher n even though the
actual m* is a constant, which gives misleading results. A similar
situation exists in the NDA model. The degree of accuracy for
these traditional models relies heavily on the carrier concentra-
tion: The NDA and DA models present reasonable results (m�

cal=m
�
η

converges to unity) at the extremely low and high concentrations
(Fig. 3a), respectively. However, within the optimal carrier
concentration range (1019 to 1021 cm−339) corresponding to the
PF approaches maximum, both models have failed (Fig. 3b); the
effective mass will be overestimated in NDA model but under-
estimated in DA model (a fraction of overestimated m* in DA
model are attributed to higher degree perturbed terms, see
“Discussion” in SI). Specifically, at the optimally doping concentra-
tion range, the error is up to ~30%, which obviously would lead to
significant problems in practice. In view of this, exploiting a model
computing m* well in a wide carrier concentration range is
necessary to promise applicability for all sorts of TE materials.

Fig. 1 Reduced carrier concentration dependence on key trans-
port parameters and power factor. a Reduced Seebeck coefficient,
b reduced mobility, c reduced Lorenz number and d normalized
power factor. The open circles are generated by solving the classical
SPB model, while solid lines are calculated by three simplified
models, including the NDA model (blue), DA model (green) and our
restructured model (red), respectively. The dark gray region
represents the optimum range of reduced carrier concentration.
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Arising from Principe III, our model successfully yields consistent
results with m*

η no matter how the carrier concentration is
extremely low or high (Fig. 3). Thus, it convers not only the
suitable carrier concentrations for the NDA and DA models, but
also those cannot be described by the two models.

Intrinsic mobility μ0

The actual mobility can be written as μ = μ0μr, where μr reflects
the degradation brought by the electron interplay and μ0 reflects
the intrinsic scattering arising from the lattice. The parameter μ0 is
not highly dependent on carrier concentration, while the μr
decreases with increased n25. For an intrinsic or lightly doped
semiconductor, μr goes to unity and the experimentally measured
μ approaches to μ0. However, excellent thermoelectric materials
are usually heavily-doped semiconductors and the electron
interplay for carrier mobility cannot be neglected. In our
restructured SPB model, the relationship between TE transport
parameters and n is the main issue and the influence arising from
carrier concentration is easy to evaluate. Here, the μr is facilely
confirmed by Eq. (4) and μ0 can be further estimated by

μ0 ¼
μ

μr
¼ μ � 1þ n

2n0

� �1=3

(12)

wherein n0 ¼ m�

me

T=K
300

� �3=2
´ 2:5094 ´ 1019cm−3 as listed in Table 1.

m* can be obtained by Eq. (11) using S and n, and Eq. (12) can also

be written as

μ0 ¼ μ � 1þ S�1
r S=S0ð Þ

2

	 
1=3

¼ μ � 1þ 1

2 exp S=S0 � 2ð Þ � 0:2910

	 
1=3

(13)

The freestanding μ0 could easily be calculated from experimen-
tally measured (μ, n) or (μ, S) using Eqs. (12) or (13) without any
extra tedious calculations; this way, we can easily distinguish the
contribution from μr and μ0, which will help us understand the
intrinsic scattering mechanism.
To visualize the impact of electron-electron scattering on the

carrier mobility in TE materials, we plotted μr of collected TE
materials in Fig. 4a. With the increase of carrier concentration, μr
decreases from unity to half in some TE materials, which indicates
that electron–electron scattering sometimes is comparable with
the intrinsic scattering and cannot be simply ignored during
analyses. Moreover, μr distribution shown in Fig. 4b reveals that μr
mainly disperses at the range of 0.5–1. For a common case (±40
off the average), μr varies from 0.62 to 0.97, meaning that the
fluctuation of μr referring to the average 0.81 is up to ±20% and μr
cannot be regarded as a constant. Therefore, we conclude that
Eq. (13) is effective to exclude the influence of inconstant
electron–electron scattering on the experimental carrier mobility,
and we can easily distinguish the intrinsic scattering originate
from the lattice.

Fig. 3 The carrier concentration dependence on m�

cal=m
�

η
. a m�

cal=m
�
η versus carrier concentration for our restructured model(red), NDA

model (blue) and DA model (green). The orange and magenta solid lines are trend lines for NDA model and DA model, respectively.
b Enlarged m�

cal=m
�
η among 1019 cm−3 to 1021 cm−3.

Fig. 2 Effective masses of different materials calculated by three simplified model (m�

cal). a NDA model, b DA model and c our restructured
model. m�

η is the effective mass solved by the classical SPB model, and the solid line indicates m�
cal = m�

η.
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Weighted mobility μWT

The weighted mobility is an important combination parameter to
evaluate the TE performance41,42, and in most previous works it is
defined as

μw ¼ μ0
m�

me

� �3=2

; (14)

Since μw falls off with temperature as T−3/2, in this work we
include the absolute temperature weight to avoid such
temperature-dependency with reference to Liu et al.’s work43.
The weighted mobility is redefined as

μWT ¼ μ0
m�

me

T=K

300

� �3=2

: (15)

Here, 300 K is served as a reference temperature for conve-
nience since most measurements are conducted at room
temperature. In the classical SPB model, it can be concluded that
the power factor at optimum n is determined via a rarely
mentioned equation before,

PFopt ¼ 0:1212μWT; (16)

where PFopt is in the unit of μW cm−1 K−2 and μWT is in cm2 V−1

s−1. Correspondingly, the optimum n is expressed as (see detail
derivation in Supporting information)

nopt ¼
m�

me

T=K

300

� �3=2

´ 3:15 ´ 1019 cm�3 (17)

or

nopt ¼ 1:26 ´ n exp
S

S0
� 2

� �

� 0:1455

	 


(18)

Combining the μ0 calculated by Eq. (12) and m* by Eq. (11), μWT

and nopt can be acquired directly without solving any complex
equations. Additionally, Snyder et al recently proposed that the
weighted mobility could be estimated by electrical conductivity
and Seebeck coefficient if the Hall mobility measurement is
absent.44 This idea can also be expressed as Eq. (16) in our
restructured model,

μWT ¼
σ

nm;0q

1þ S�1
r S=S0ð Þ=2

� �1=3

S�1
r S=S0ð Þ

(19)

It is verified that Eq. (16) is equivalent to the equation given by
Snyder et al despite their differences in form (Supplementary Fig. 4),
which further demonstrates the high flexibility of our model.

As mentioned above, Eqs. (16) and (17) can directly determine
whether the doping level reaches optimum at any measuring
temperature. To further verify, we collected the experimental data
measured at not only room temperature but the ones at other
temperature (Supplementary Table 3). Fig. 5a displays the
experimental power factor (PFexp) versus μWT,cal calculated by
experimental S, n, and μ. We found that all data points are located
on or below the solid line given by Eq. (16), which demonstrates
that Eq. (16) provides the reasonable upper boundary of
n-dependent power factor, i.e., the optimal power factor. More-
over, Fig. 5b is an illumination of the relationship depicted by
Eq. (17), in which the size of symbol is positively related to the
PFexp. It is found that the closer to the solid line data point is, the
higher power factor is obtained for most cases. Therefore, PFopt
and the corresponding nopt carrier concentration can be
immediately estimated by only one group of obtained transport
parameters (S, n, and μ) in practice if the change of band scheme
is negligible. This ability makes it easier to determine optimum
doping concentration and explore potential TE materials.
Inspired by the decisive relationship between μWT and PFopt

given by Eq. (16), we can see that all kind of strategies benefiting
to PF can be reflected in the change of μWT. In 1-2-2 type Zintl TE
materials, the enhancement of power factor achieved by tailoring
the band structure has drawn much attention recently45–47. Wang
et al. adopted efficient dopant to shift the Fermi level deeper into
the valence band so that all three band maxima can contribute to
the TE transport (Fig. 6a) and corresponding power factor step
from ~6 to ~9 cm2 V−1 s−1 (150% increasing)48. Meanwhile, Zheng
et al. alloyed EuCd2Sb2 with EuZn2Sb2, realizing a decrease in
energy split between px,y orbit and pz orbit

49. When x equals to 0.6
in EuCd2−xZnxSb2, the energy split disappears and a highest
power factor is obtained as shown in Fig. 6b. In both examples
above, μWT gives us a clear instruction on the change of intrinsic
properties. Furthermore, the improvement of power factor in tin
telluride (SnTe) also can be comprehended from the view of μWT

as well as shown in Fig. 6c. If only tuning carrier concentration like
a common case, such as Cu doping50, the power factor is not
desirable due to the large energy offset (~0.3 eV) between the
light band and heavy hand51. Later, Zhang et al. demonstrated
that a resonant level can be induced by In element, which
corresponds to a drastic increase of μWT from ~100 to ~200 cm2

V−1 s−1, and the power factor is enhanced to over 10 μW cm−1

K−252. Guo et al. employed In and Cu co-doping to improve the
power factor up to 20 μW cm−1 K−2, approaching the theoretical
upper limit, which also reflects the increase of μWT

53. Overall,
comparing the experimentally measured power factors to the

Fig. 4 Calculated reduced carrier mobility of all collected samples. a μr versus carrier concentration, b μr distribution. The gray region in a is
to guide the eye, and the green region in b indicates a range below 40% of average μr and the blue area represents a range higher than 40%
of average μr.
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optimal line given by Eq. (16) (Fig. 6), we notice that the power
factors of doped BaCd2Sb2 and alloyed EuCd2Sb2-EuZn2Sb2 are
almost reach their optimal values, and it is not too much space for
further improvement. However, for the SnTe compound, there is
still a gap between the experimental maximum power factor and
theoretical upper limit, and thus more efforts are expected to
improve the power factor.
In conclusion, our determined μWT is an intrinsic parameter

that directly determines the upper limit of power factor, in which
all the key factors are involved, including effective mass m*,
intrinsic mobility μ0, and completely optimized doping level. μWT

can be immediately evaluated from experimental transport
parameter by our restructured SPB model, which provides
essential information to further improve TE performance.
Particularly, when the calculated electronic structures are absent
in some doped semiconductor with complex unit cell, our
restructured SPB model will supply more sufficient and more
powerful evidence to assist band engineering analyzing.

Applicability of restructured SPB model

The collected 490 groups of experimental data on state-of-the-art
TE materials verify the feasibility of our model and also give us an
overview on their carrier transport characteristics. The effects of
electron–electron scattering on carrier vary significantly in
different TE materials, which can be neglected in lightly doped
ones but is comparable with lattice scattering in heavily doped

ones, and an amendment is supplied as well. Moreover, a general
evaluation of the optimal carrier concentration and corresponding
optimal power factor is confirmed, which gives a clear physical
picture about the carrier transport in TE materials. The achieve-
ment of maximum PF at optimal carrier concentration becomes
possible using one group experimental data (including S, n, μ) at
any carrier concentration, if the band scheme is not sensitive to
dopant. In addition, our restructured model is still based on the
single parabolic band mode; to perform an even wider range of
applications in TE materials, we could further modify the model to
include the multiband effects (a simple example including two
conduction bands is given in Supplementary Discussion). By
applying the restructured SPB model, we can reversibly under-
stand the experimental transport data and the underlying physical
properties, which will accelerate the procedure to improve the
TE performance.

METHODS

Nondimensionalization

As listed in Table 1, all transport parameters in SPB model are expressed as
a product of two parts: (1) the extracted constant part named as n0, S0, μ0,
L0. Particularly, μ0 here is a basic element and could be taken as the
combination of the deformation potential Ξ, the elastic constants C1,
inertial effective mass mI

* and band effective mass mb
* under the SPB

model54. (2) The dimensionless part named as nr, Sr, μr, Lr; they only
depend on reduced Fermi level and Fermi-Dirac integrals.

Fig. 6 Typical strategies of band engineering. a Multi-band transport48, b orbital alignment49 and c resonant level50,52,53. The dash line
represents the upper limit of power factor predicted by our reconstructed SPB model (Eq. (16)).

Fig. 5 Evaluations of maximum power factor and optimal carrier concentration. a Experimental power factor versus calculated weighed
mobility. Data points close to the solid line indicate that they are optimally doped, while the ones off the line indicate under-doping or over-
doping. b Carrier concentration versus calculated effective mass. The solid line denotes the optimum carrier concentration predicted by the
SPB model and the size of symbols reflect the magnitudes of their corresponding power factors.
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Design restructured model

Given their incompatibility of Principe II and Principe III we proposed
above, we excluded some typical fitting models frequently used, such as
polynomial and sigmoid function35,44,55. Since the Seebeck equations
derived from NDA and DA model satisfies the Principe I and II well, we
chose them as the initial formulas to derive the reconstructed model; some
undetermined coefficients can be further assigned by fitting the primary
data. Here we take the Seebeck equation in the restructured SPB as an
example to demonstrate how the relationship between Seebeck coeffi-
cient and carrier concentration is derived.
In the NDA model, the reduced Seebeck coefficient Sr is related to the

reduced carrier concentration nr as

Sr ¼ 2� ln nrð Þ ¼ ln
e2

nr

� �

(20)

In the DA model,

Sr ¼ β � 1

nr

� �2=3

; β ¼ π

3

4π

3

� �2=3

(21)

The Eqs. (20) and (21) are plotted with blue and green lines, respectively
in Fig. 1a. Under Principe III, we reckon a general expression as

Sr ¼ c0 � ln 1þ e2

nr

� �c1	 
 �c2

; (22)

where ci (i = 0, 1, 2) are undetermined coefficients. When nr goes to zero,
i.e., η ≪ 0,

lim
nr!0

c0 � ln 1þ e2

nr

� �c1	 
 �c2

¼ c0 � ln
e2

nr

� �c1	 
 �c2

¼ c0 � c1 ln
e2

nr

� � �c2

;

(23)

which is compatible with Eq. (20) under NDA. When nr goes to infinity, i.e.,
η ≫ 0,

lim
nr!1

c0 � ln 1þ e2

nr

� �c1	 
 �c2

¼ c0 �
e2

nr

� �c1 �c2

¼ c0 �
e2

nr

� �c1 �c2
; (24)

which is compatible with Eq. (21) under DA. To further satisfy Principe I, we
then simplify Eq. (22) as

Sr ¼ ln 1þ δþ e2

nr

� �

; (25)

wherein δ (δ→ 0) is used to improve the goodness of fit when nr is large.
As nr approaches zero, the parameter δ together with term “1” can be
neglected and the Eq. (25) becomes equal to Eq. (20). In the end, when δ =
0.075, Eq. (25) has a good fitting within 0.02 absolute error. For μr(nr) and
Lr(nr), similar processes are adopted to gain a good fitting result guided by
above three principles we proposed.
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