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Results of Calculations of Atomic Wave Functions. I . —  , and

Self-consistent Fields for  C l-  and C u + .

B y  D .  R .  H a r t r e e , F .R .S . ,  D e p a r t m e n t  o f  M a th e m a t i c s ,  M a n c h e s te r

U n i v e r s i t y .

( R e c e iv e d  M a y  1, 1933 .)

1 . Introduction.

A n  a p p r o x i m a t i o n  t o  t h e  s t r u c t u r e  o f  a  m a n y - e l e c t r o n  a t o m  c a n  b e  o b ta in e d  

b y  c o n s id e r in g  e a c h  e l e c t r o n  t o  b e  a  s t a t i o n a r y  s t a t e  i n  t h e  f ie ld  o f  t h e  n u c le u s  

a n d  t h e  S c h r o d in g e r  c h a r g e  d i s t r i b u t i o n  o f  t h e  o t h e r  e le c t r o n s ,  a n d  r a t h e r  

m o r e  t h a n  f iv e  y e a r s  a g o  I  g a v e  a  m e t h o d  o f  w o r k in g  o u t  a to m ic  s t r u c t u r e s  

b a s e d  o n  t h i s  id e a ,  a n d  c a l l e d  t h e  f i e ld  o f  t h e  n u c le u s  a n d  d i s t r i b u t i o n  o f  

c h a r g e  so  o b t a i n e d  t h e  “  s e l f - c o n s i s te n t  f i e ld .” *

T h e  m e t h o d  o f  w o r k in g  o u t  t h e  s e l f - c o n s i s t e n t  f ie ld  f o r  a n y  p a r t i c u l a r  a t o m  

in v o lv e s  e s s e n t i a l l y  (a )  t h e  e s t i m a t i o n  o f  t h e  c o n t r i b u t i o n s  t o  t h e  f ie ld  f r o m  t h e  

v a r io u s  e l e c t r o n  g r o u p s  c o n s t i t u t i n g  t h e  a t o m  i n  q u e s t i o n  ; (b) t h e  s o lu t io n  o f  

t h e  r a d i a l  w a v e  e q u a t i o n  f o r  a n  e l e c t r o n  i n  t h e  f ie ld  o f  t h e  n u c le u s  a n d  o t h e r  

e le c t r o n s ,  t h i s  s o lu t io n  b e in g  c a r r i e d  o u t  f o r  e a c h  o f  t h e  w a v e  f u n c t io n s  s u p ­

p o s e d  o c c u p ie d  b y  e le c t r o n s  i n  t h e  a t o m i c  s t a t e  c o n s i d e r e d ; a n d  (c) t h e  

c a l c u l a t i o n  o f  t h e  c o n t r i b u t i o n  t o  t h e  f ie ld  f r o m  t h e  S c h r o d in g e r  c h a r g e  d i s ­

t r i b u t i o n  o f  a n  e l e c t r o n  g r o u p  w i t h  e a c h  r a d i a l  w a v e  f u n c t io n .  T h e  e s t i m a te s  

o f  t h e  c o n t r i b u t i o n s  t o  t h e  f ie ld  h a v e  t o  b e  a d j u s t e d  b y  t r i a l  u n t i l  t h e  a g r e e m e n t  

b e tw e e n  t h e  c o n t r i b u t i o n s  f in a l ly  c a l c u l a t e d  a n d  t h o s e  e s t i m a t e d  is  c o n s id e r e d  

s a t i s f a c t o r y .

I n  t h e  p a p e r  i n  w h ic h  t h e  m e t h o d  w a s  f i r s t  s u g g e s te d ,  s o m e  r e s u l t s  w e re  

a ls o  g iv e n ,  a n d  s in c e  t h e n ,  r e s u l t s  f o r  a  n u m b e r  o f  a t o m s  h a v e  b e e n  w o r k e d  

o u t  b y  m y s e l f  a n d  o th e r s ,  a n d  s o m e  o f  t h e s e  h a v e  b e e n  p u b l i s h e d .  B u t  t h e  

r e s u l t s  p u b l i s h e d  h a v e  u s u a l l y  b e e n  r e s u l t s  f o r  t h e  w h o le  a t o m ,  s u c h  a s  t h e  

t o t a l  c h a r g e  d i s t r i b u t i o n  o r  f i e ld  ; d e t a i l e d  r e s u l t s  s u c h  a s  i n d iv id u a l  w a v e  

f u n c t io n s ,  a n d  c o n t r i b u t i o n s  t o  t h e  f ie ld  f r o m  t h e  d i f f e r e n t  e le c t r o n  g r o u p s  

h a v e  n o t  b e e n  g iv e n  e x c e p t  f o r  O , 0 + , 0 + + , 0 + + + , a n d  S i+4. t  T h e s e  i n d iv id u a l  

w a v e  f u n c t io n s  a n d  c o n t r i b u t i o n s  t o  t h e  f ie ld ,  h o w e v e r ,  a r e  o f t e n  t h e  q u a n t i t i e s

*  H a r tr e e ,  * P r o c . C a m b . P h i l .  S o c . , ’ v o l .  2 4 , p p . 8 9 , 1 1 1  (1 9 2 8 ) .

f  O x y g e n  : H a r tr e e  a n d  B la c k ,  ‘ P r o c . R o y .  S o c . , ’ v o l .  1 3 9 , p . 3 1 1  (1 9 3 3 ) .  S i l ic o n  

M c D o u g a ll ,  ‘ P r o c . R o y .  S o c . , ’ v o l .  1 3 8 , p . 5 5 0  (1 9 3 2 ) .
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r e q u ir e d  in  a p p l ic a t io n s .  A  c o n s id e ra b le  a m o u n t  o f  in f o r m a t io n  o f  th i s  k in d  

is a v a ila b le , a n d  h a s  b e e n  s u p p l ie d  p r iv a t e ly  t o  a n y o n e  w h o  k n e w  o f  i t s  e x is te n c e  

a n d  a s k e d  f o r  i t ,  b u t  fo r  so m e  t im e  i t  h a s  s e e m e d  d e s i r a b le  to  p u b l is h  i t  so  a s  

to  m a k e  i t  m o re  w id e ly  a v a i la b le .

T h e re  w e re , h o w e v e r , so m e  o b je c t io n s  t o  p u b l i s h in g  i t  a s  i t  s to o d . A s 

e x p e r ie n c e  o f  w o rk in g  o u t  a to m ic  s t r u c tu r e s  h a s  in c re a s e d , s e v e r a l  im p r o v e ­

m e n ts  h a v e  b e e n  m a d e  in  n u m e r ic a l  t e c h n iq u e ,  a n d  a lso  t h e  s t a n d a r d  o f  w h a t  

is c o n s id e re d  a  “  s a t i s f a c to r y  ”  a g r e e m e n t  b e tw e e n  e s t im a te d  a n d  c a lc u la te d  

c o n t r ib u t io n s  to  t h e  f ie ld  h a s  g o n e  u p  c o n s id e r a b ly .  A  g o o d  d e a l  o f  t h e  a v a i l a b le  

in fo r m a t io n  w a s  b a s e d  o n  o ld  w o r k  in  w h ic h  n e i th e r  t h e  d e g re e  o f  a g r e e m e n t  

b e tw e e n  e s t im a te d  a n d  c a lc u la te d  f ie ld s , n o r  t h e  n u m e r ic a l  a c c u r a c y  to  w h ic h  

th e  w o rk  w a s  c a r r ie d  o u t ,  n o w  s e e m  a d e q u a te .  I t  s e e m e d  d e s i r a b le  th e r e f o r e  

to  c a r r y  o u t  a  r e v is io n  o f  t h e  w o rk , u s in g  th e  im p r o v e d  m e th o d s  a n d  w o rk in g  

to  a  h ig h e r  n u m e r ic a l  a c c u r a c y  (p r in c ip a l ly  in  o r d e r  t o  le s s e n  t h e  e f fe c t  o f  

p o ss ib le  c u m u la t iv e  i n t e g r a t io n  e r ro r s ) ,  a n d  a lso  a im in g  a t  a  h ig h e r  s t a n d a r d  

o f  a g r e e m e n t  b e tw e e n  e s t im a te d  a n d  c a lc u la te d  c o n t r ib u t io n s  t o  t h e  f ie ld , 

b e fo re  p u b l i s h in g  t h e  d e ta i le d  r e s u l t s .  T h a t  s u c h  r e v is io n  is  d e s i r a b le  is  

sh o w n  b y  a p p r e c ia b le  d if f e re n c e s  in  s o m e  c a s e s , b e tw e e n  t h e  re v is e d  a n d  e a r l ie r  

re s u lt s .

T h e  m e th o d  o f  c a r r y in g  o u t  t h e  n u m e r ic a l  w o r k  is  n o w  f a i r ly  w e ll s t a n d a r d ­

ized , a n d  th e  re v is io n  o f  t h e  c a lc u la t io n s  is  la r g e ly  a  m a t t e r  o f  e x p e r t  c o m p u t in g .  

A  g r a n t  w a s  m a d e  b y  t h e  G o v e r n m e n t  G r a n t s  C o m m it te e  o f  t h e  K o y a l  S o c ie ty  

fo r  t h e  p u r p o s e  o f  e m p lo y in g  t h e  p r o f e s s io n a l  a s s i s t a n c e  o f  e x p e r t  c o m p u te r s  

in  c o n n e c tio n  w i th  th i s  w o rk , a n d  I  w is h  t o  a c k n o w le d g e  m y  t h a n k s  to  t h e  

C o m m it te e  f o r  i t s  a s s is ta n c e ,  t o  M iss  D . S . G re e n e ,*  f o r  u n d e r t a k in g  th e  

a r r a n g e m e n ts  fo r  g e t t in g  t h e  w o r k  d o n e , a n d  to  D r .  L .  J .  C o m r ie  a n d  M r. 

D . S . S a d le r  w h o  a c tu a l ly  d id  t h e  c a lc u la t io n s ,  f o r  t h e  v e r y  s a t i s f a c to r y  w~ay 

th e y  h a v e  c a r r ie d  o u t  t h e  c o m p u t in g  w o rk  w h ic h  is  o f  r a t h e r  u n u s u a l  a n d  n o t  

a l to g e th e r  s t r a ig h t f o r w a r d  k in d .

W ith  th i s  a s s is ta n c e  a v a i l a b le ,  t h e  w o r k  o f  im p r o v in g  t h e  e a r l ie r  r e s u l t s  o f  

a n y  p a r t i c u la r  a to m  is  b e in g  c a r r ie d  o u t  a s  fo llo w s . F r o m  th e  e a r l ie r  w o rk , I  

m a k e  r e v is e d  e s t im a te s  o f  t h e  c o n t r ib u t io n s  to  t h e  f ie ld  f r o m  th e  v a r io u s  

e le c tro n  g ro u p s , a n d  th e  c o m p u t in g  w o rk  c a r r ie d  o u t  p ro fe s s io n a lly  is  c o n c e rn e d  

w ith  th e  c a lc u la t io n  o f  w a v e  f u n c t io n s  in  t h e  fie ld  so  c o n s t r u c te d ,  r e g a r d e d  a s  

given, a n d  o f  c h a r g e  d i s t r ib u t io n s  f r o m  th e s e  w a v e  f u n c tio n s .  F o r  re fe re n c e  

I  w ill c a ll  th e s e  c a lc u la t io n s  t h e  “  s t a n d a r d  c a lc u la t io n s .”  U n le s s  e s t im a te s  o f

* D ir e c to r , C a lc u la t in g  a n d  S t a t i s t i c a l  S e r v ic e ,  V ic to r ia  H o u s e ,  V e r n o n  P la c e ,  

L o n d o n , W .C . l .
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2 8 4 D .  R .  H a r t r e e .

t h e  c o n t r i b u t i o n s  t o  t h e  f ie ld  h a v e  b e e n  u n u s u a l l y  f o r t u n a t e ,  t h e  r e s u l t s  o f  

t h e s e  s t a n d a r d  c a l c u l a t i o n s  a r e  n o t  y e t  n e a r  e n o u g h  t o  t h e  s e l f - c o n s is te n t  f ie ld  

t o  b e  q u i t e  s a t i s f a c t o r y ,  b u t  t h e y  s h o u ld  b e  n e a r  e n o u g h  f o r  t h e  e f f e c t o f  a n y  

v a r i a t i o n  o f  t h e  e s t i m a t e s  t o  b e  t r e a t e d  a s  a  f i r s t  o r d e r  v a r i a t i o n  f r o m  t h e  

r e s u l t s  o f  t h e  s t a n d a r d  c a lc u la t io n s .

A  f u r t h e r  r e v i s io n  o f  t h e  e s t i m a t e s  is  m a d e  i f  n e c e s s a r y  a n d  t h e  variations 

i n  t h e  w a v e  f u n c t io n s ,  e t c . ,  d u e  t o  t h e  variations i n  t h e  e s t i m a t e s  f r o m  th o s e  

u s e d  in  t h e  s t a n d a r d  c a lc u la t io n s ,  a r e  c a l c u l a t e d ,  a n d  t h e  v a r i a t i o n s  o f  w a v e  

f u n c t io n s ,  e tc . ,  a d d e d  t o  t h e  r e s u l t s  o f  t h e  s t a n d a r d  c a l c u l a t i o n s  ; t h e  v a r i a t i o n s  

a r e  so  s m a l l  t h a t  t h i s  v a r i a t i o n  c a l c u l a t i o n  is  v e r y  m u c h  s h o r t e r  a n d  e a s ie r  

t h a n  t h e  m a in  c a l c u l a t i o n .  I f  n e c e s s a r y ,  f u r t h e r  r e v i s io n s  o f  t h e  e s t i m a te s  a r e  

m a d e  a n d  c o r r e s p o n d i n g  v a r i a t i o n s  f r o m  t h e  r e s u l t s  o f  t h e  s t a n d a r d  c a lc u la t io n s  

a r e  w o r k e d  o u t ,  u n t i l  a  s a t i s f a c t o r y  a p p r o x i m a t i o n  t o  t h e  s e l f - c o n s i s te n t  f ie ld  

i s  o b t a i n e d .  F o r  t h e  a t o m s  f o r  w h ic h  r e s u l t s  a r e  g iv e n  h e r e ,  I  h a v e  m y s e l f  

b e e n  r e s p o n s ib le  f o r  c a r r y i n g  o u t  t h e s e  f in a l  s t a g e s  o f  t h e  w o r k .

T h is  p a p e r  p r e s e n t s  t h e  r e s u l t s  o f  t h i s  w o r k  f o r  tw o  a t o m s ,  C l-  a n d  C u + ; 

t h e  e a r l i e r  w o r k  f o r  b o t h  o f  t h e s e  a t o m s  w a s  d o n e  b y  m y s e l f ,  a n d  s o m e  r e s u l t s  

f o r  C l“  w e r e  p u b l i s h e d  i n  m y  f i r s t  p a p e r .  S o m e  r e s u l t s  o f  t h e  e a r l i e r  w o r k  o n  

C u +  h a v e  b e e n  p u b l i s h e d  b y  S l a t e r  i n  c o n n e c t io n  w i t h  h i s  a p p r o x i m a t i o n s  t o  

t h e  w a v e  f u n c t i o n s  b y  a n a l y t i c a l  fo rm u la e .*  O t h e r  a t o m s  f o r  w h ic h  s u c h  w o r k  

is  i n  p r o g r e s s  a r e  A l +S, K + , R b + , C s + .

T h e  r e s u l t s  f o r  C u +  h e r e  g iv e n  a r e  i n t e r e s t i n g ,  a s  t h e y  a r e  t h e  f i r s t  w h ic h  

h a v e  b e e n  o b t a i n e d  f o r  a n  a t o m  w i t h  a n  o u t e r  s h e l l  o f  1 8  e le c t r o n s  ; t h e  o t h e r  

a t o m s  f o r  w h ic h  c a l c u l a t i o n s  h a v e  so  f a r  b e e n  c a r r i e d  o u t  a r e  a to m s  f o r  w h ic h  

t h e  o u t e r  s h e l l  is  a  c o m p le te  o r  i n c o m p le t e  8 -s h e l l .  C o m p a r is o n  o f  t h e  r e s u l t s  

f o r  C u + a n d  t h e  a l k a l i  m e t a l  io n s  m a y  t h r o w  l i g h t  o n  t h e  c h a r a c t e r i s t i c  d if f e re n c e  

o f  p r o p e r t i e s  o f  t h e  tw o  s u b - g r o u p s  o f  t h e  f i r s t  c o lu m n  o f  t h e  p e r io d ic  t a b le .

S in c e  t h e  m e t h o d  o f  o b t a i n i n g  a p p r o x i m a t e  w a v e  f u n c t io n s  f o r  a  m a n y -  

e le c t r o n  a t o m  b y  m e a n s  o f  t h e  “  s e l f - c o n s i s te n t  f ie ld  ”  w a s  s u g g e s te d ,  a  b e t t e r  

a p p r o x i m a t i o n  h a s  b e e n  i n d i c a t e d  in d e p e n d e n t l y  b y  S l a t e r f  a n d  F o c k J ,  a n d  

t h e  e q u a t i o n s  o b t a i n e d  b y  t h e  l a t t e r  ; b u t  t h e  n u m e r i c a l  a p p l i c a t io n  o f  F o c k ’s 

a p p r o x i m a t i o n  in v o lv e s  d i f f ic u l t  p r o b le m s  o f  n u m e r i c a l  t e c h n i q u e  f o r  a n y  b u t  

t h e  l i g h t e s t  a to m s ,  a n d  a s  f a r  a s  I  k n o w , n o  c a s e  h a s  y e t  b e e n  w o r k e d  o u t  

q u a n t i t a t i v e l y .  S l a t e r  a n d  F o c k  h a v e  s h o w n  t h a t  t h e  a p p r o x i m a t i o n  m a d e  in  

t h e  “  s e l f - c o n s i s te n t  f ie ld  ”  m e t h o d  is  t h e  b e s t  f o r  i t s  s im p l ic i ty  t h a t  c o u ld  b e

* S la t e r ,  ‘ P h y s .  R e v . , ’ v o l .  4 2 ,  p .  3 3  ( 1 9 3 2 ) .

t  ‘ P h y s .  R e v . , ’ v o l .  3 5 , p .  2 1 0  (1 9 2 9 ) .

J * Z . P h y s i k , ’ v o l .  6 1 , p . 1 2 6  (1 9 3 0 ) .
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Calculations of Atomic Wave Functions. 2 8 5

o b ta in e d  ; a lso  i t  is  p r o b a b le  t h a t  in  t h e  s o lu t io n  o f  F o c k ’s  e q u a t io n s  fo r  a n y  

a to m  th e  f i r s t  s te p  w o u ld  b e  t h e  a p p r o x im a te  s o lu t io n  o f  th e  e q u a t io n s  o f  th e  

s e lf -c o n s is te n t f ie ld , so  t h a t  a s  w e ll a s  b e in g  t h e  b e s t  r e s u l t s  a t  p r e s e n t  a v a i la b le ,  

th e  r e s u l ts ,  o f  w h ic h  th o s e  p r e s e n te d  h e r e  f o r m  a  p a r t ,  a r e  a lso  s te p s  o n  th e  

w a y  to  b e t t e r  a p p r o x im a t io n s .

§ 2 . Summary of Notation and Nomenclature.

A ll q u a n t i t i e s  a r e  s u p p o s e d  m e a s u r e d  in  n a t u r a l  a to m ic  u n i t s ,  t h a t  is  u n i t s  

su c h  t h a t  t h e  m e a s u r e s  o f  t h e  m a s s  o f  t h e  e le c t r o n ,  o f  t h e  m a g n i tu d e  o f  t h e  

c h a r g e  o n  th e  e le c t ro n , a n d  o f  h/2rz, a r e  a ll  1 ; t h e  u n i t  o f  l e n g th  is

h2jhz2me2= 0 *  5 3 2  A .U .

If ,  in  s p h e r ic a l  p o la r  c o - o r d in a te s  w i th  o r ig in  a t  th e  n u c le u s ,  t h e  w a v e  

f u n c t io n  o f  a  s in g le  e le c t r o n  in  a  c e n t r a l  f ie ld  o f  p o t e n t i a l  v is  w r i t t e n

.J, (r. 0, S, (©, j»). (1)
r

w h e re  S* is  a  s p h e r ic a l  h a r m o n ic  o f  d e g re e  l, P  (r) is  c a ll e d  th e  r a d i a l  w a v e  f u n c ­

t io n , a n d  sa tis f ie s  t h e  e q u a t io n *

d2P/dr2 -f- [2v -  e  -  l {l +  l ) /

w h e re  e is  t h e  n e g a t iv e  e n e r g y  p a r a m e t e r  r e c k o n e d  w i th  t h e  io n iz a t io n  e n e r g y  

o f  t h e  h y d r o g e n  a to m  a s  u n i t ,  so  t h a t  i f  v is  t h e  c o r r e s p o n d in g  w a v e  n u m b e r ,  

e =  v /R .  I t  is  s o m e t im e s  c o n v e n ie n t  t o  w r i te  t h e  q u a n t u m  n u m b e r s  n. I o f  

th e  w a v e  f u n c t io n  o f  w h ic h  P  (r)/r is  t h e  r a d i a l  p a r t  a s  su ffix e s  [v iz .,  P Hj  (r )] , 

o r  a l t e r n a t iv e ly  in  t h e  f o r m  P  (nl | r ) ; a n d  fo r  s p e c ify in g  t h e  v a lu e  o f  l i t  is 

b e s t  to  a d o p t  th e  u s u a l  c o n v e n t io n a l  l e t t e r  a c c o r d in g  to  t h e  s c h e m e

s p d f  g h ...

fo r  Z =  0  1 2 3 4 5

f  00
I f  P  (r) is  n o rm a l iz e d  so  t h a t  j  P 2 dr 1, t h e n  P 2 dr is  t h e  c h a r g e  ly in g

in  a  s p h e r ic a l sh e ll  b e tw e e n  r a d i i  r a n d  r -f- dr, o n  S c h r o d in g e r ’s  i n t e r p r e t a t i o n  

o f  th e  w a v e  fu n c t io n , a n d  P 2 m a y  c o n v e n ie n t ly  b e  c a l le d  th e  “  r a d ia l  d e n s i ty  ”  

o f  t h e  c h a r g e  d i s t r ib u t io n  o f  t h e  e le c tr o n  c o n c e rn e d  ; i f  P  is  n o t  n o rm a liz e d

th e  r a d ia l  d e n s i ty  is  P  2 j  j P  2 dr.

* Cf. H a r tr e e , loc. cit.
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2 8 6 D .  R .  H a r t r e e .

I f  w e  w r i te *

Z0 {nl, nl| r) =  j* [ P  

t h e n  Z  0( n l , n l  | r) is  t h e  t o t a l  c h a r g e  ly in g  in s id e  r a d i u s  r, f o r  a n  e le c t r o

(n, l) w a v e  f u n c t io n .  I f  t h e  f ie ld  o f  t h e  a t o m  is  c o n s id e r e d  t o  b e  s p h e r ic a l ly  

s y m m e t r i c a l ,  a n d  Z  is  t h e  “  e f f e c t iv e  n u c l e a r  c h a r g e  ”  a t  r a d i u s  r, d e f in e d  so  

t h a t  t h e  f i e ld f  a t  r a d i u s  r i s  Z / r 2, t h e n  f o r  a n  a t o m  o f  n u c l e a r  c h a r g e  N

Z  =  N  -  S  Z 0

t h e  s u m  b e in g  o v e r  a l l  o c c u p ie d  w a v e  f u n c t io n s .  T h e r e  m a y  b e  a  n u m b e r  o f  

w a v e  f u n c t i o n s  w i t h  t h e  s a m e  v a lu e s  o f  {nl) ; i f  t h e r e  a r e  N nl w a v e  f u n c t io n s ^  

w i t h  g iv e n  v a lu e s  o f  n a n d  l, t h e n

Z  =  N  —  E nIN nZZ 0 {nl, nl | r) (4 )

t h e  s u m  b e in g  n o w  o v e r  a l l  v a lu e s  o f  n a n d  l ; i f  t h e  {nl) g r o u p  is  c o m p le te *  

N nl =  2 ( 2 Z  +  l ) .

I f  C  is  t h e  t o t a l  c h a r g e  o n  t h e  a t o m ,

C =  N - S nlN nI,

so  (4 ) c a n  b e  w r i t t e n  a l t e r n a t i v e l y

Z  =  C +  S „ j N „ ,  [1 —  Z 0 (nl, nl | r ) ] .  (5 )

F o r  a n  e l e c t r o n  o c c u p y in g  a n  {nl) w a v e  f u n c t i o n ,  [1 —  Z 0 {nl, nl | r ) ]  is  t h e  

c h a r g e  ly in g  o u t s id e  r a d i u s  r, a n d  t e n d s  t o  0  f o r  l a r g e  r ; [1 —  Z 0 {nl, nl | r ) ]  

m a y  b e  d e s c r ib e d  a s  t h e  c o n t r i b u t i o n  t o  Z  a t  r a d i u s  r f r o m  a n  e le c t r o n  o c c u p y in g  

a n  {nl) w a v e  f u n c t i o n ,  a n d  u n i t  c h a r g e  o n  t h e  n u c l e u s  ; i t  i s  i n  t e r m s  o f  th e s e  

c o n t r i b u t i o n s  t o  Z  t h a t  w o r k  o n  t h e  s e l f - c o n s i s t e n t  f ie ld  is  u s u a l l y  d o n e ,  a n d  

t h e  e x t e n t  o f  t h e  a g r e e m e n t  b e tw e e n  e s t i m a t e d  a n d  c a l c u l a t e d  c o n t r ib u t io n s  

e x p r e s s e d .

*  T h is  n o t a t i o n  i s  u n n e c e s s a r i ly  e la b o r a t e  fo r  c o n s id e r a t io n  o f  t h e  s e l f - c o n s is t e n t  f ie ld  

a lo n e ,  b u t  i s  u s e d  fo r  c o n s i s t e n c y  w i t h  t h e  n o t a t i o n  w h ic h  i s  n e c e s s a r y  i n  s o m e  a p p l ic a t io n s  

o f  t h e  r e s u l t s  ( s e e  H a r t r e e  a n d  B la c k ,  loc. cit.), a n d  w h ic h  i s  a l s o  c o n v e n ie n t  f o r  t h e  e x t e n s io n  

t o  F o c k ’s  e q u a t io n s .

f  I t  i s  im p o r t a n t  t o  r e m e m b e r  t h a t  w h e n  Z  v a r ie s  w i t h  r ,  t h e  p o t e n t i a l  a t  r a d iu s  r i s  

n o t  e v e n  a p p r o x im a t e ly  Z /r ,  i n  g e n e r a l .

J  I f  t h e  (nl) g r o u p  i s  n o t  c o m p l e t e ,  i t s  c o n t r ib u t io n  t o  t h e  f ie ld  i s  n o t  s p h e r ic a l ly  s y m ­

m e t r ic a l  a n d  fo r  t h e  p u r p o s e  o f  t h e  s e l f - c o n s i s t e n t  f i e ld  w e  t a k e  a  s p h e r ic a l  a v e r a g e .  S la te r  

h a s  s h o w n  t h a t  t h e  a p p r o x im a t io n  i n v o l v e d  i n  t a k i n g  t h i s  a v e r a g e  i s  o f  t h e  s a m e  o r d e r  a s  

t h a t  i n v o lv e d  i n  o m i t t in g  t h e  in t e r c h a n g e  t e r m s  w h ic h  fo r m  t h e  d if f e r e n c e  b e t w e e n  F o c k ’s  

e q u a t io n s  a n d  t h e  e q u a t io n s  o f  t h e  s e l f - c o n s i s t e n t  f ie ld .
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Calculations of Atomic Wave Functions. 2 8 7

I n  t h e  r e s u l t s  o f  w h ic h  t h i s  p a p e r  g iv e s  a  f i r s t  i n s t a l m e n t ,  t h e  a g r e e m e n t  

w ill  b e  c o n s id e r e d  “  s a t i s f a c t o r y  ”  i f  t h e  d i f f e r e n c e  b e tw e e n  t h e  e s t i m a t e d  

a n d  c a l c u l a t e d  c o n t r i b u t i o n s  [1 —  Z 0 (nl, nl | r ) ]  t o  Z  f r o m  e a c h  w h o le  

g r o u p  d o e s  n o t  e x c e e d  0  • 0 2  a t  a n y  r a d i u s ,  a n d  t h e  d i f f e r e n c e  b e tw e e n  t h e  s u m s  

o f  t h e  c o n t r i b u t i o n s  f o r  t h e  w h o le  a t o m  d o e s  n o t  e x c e e d  0 * 0 3  a t  a n y  r a d i u s ,  

a n d  p r o b a b l y  t h e  a c t u a l  r e s u l t s  p r e s e n t e d  w il l  u s u a l l y  b e  w e ll  w i t h i n  t h e s e  

l im i ts .

F o r  t h e  s t a n d a r d  c a l c u l a t i o n s  a n d  s u b s e q u e n t  w o r k  b a s e d  o n  t h e m ,  t h e  

c o n t r i b u t i o n s  t o  Z  h a v e  b e e n  e s t i m a t e d  t o  0 * 0 0 5 , a n d  t h e  c a l c u l a t e d  v a lu e s  

h a v e  b e e n  c a l c u l a t e d  t o  t h r e e  d e c im a ls ,  t h e  l a s t  n o t  a lw a y s  c e r t a i n  t o  1 o r  2 . 

F o r  a l l  b u t  t h e  o u t e r m o s t  g r o u p s ,  i t  h a s  b e e n  q u i t e  p r a c t i c a b l e  t o  e s t i m a t e  t h e  

c o n t r i b u t i o n s  t o  Z  s o  t h a t  t h e  d i f f e r e n c e  b e tw e e n  e s t i m a t e d  a n d  c a l c u l a t e d  

v a lu e s  is  n o w h e r e  g r e a t e r  t h a n  0  • 0 0 5 ,  a n d  f o r  t h e  o u t e r m o s t  g r o u p  i t  h a s  b e e n  

p o s s ib le  t o  a t t a i n  a  m a x i m u m  d i f f e r e n c e  o f  0 * 0 1  o r  o n ly  s l i g h t l y  o v e r .  T h e  

a to m s  f o r  w h ic h  r e s u l t s  a r e  g iv e n  h e r e  a r e  t h e  tw o  m o s t  t r o u b l e s o m e  o f  a l l  f o r  

w h ic h  c a l c u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t ,  o n  a c c o u n t  i n  e a c h  c a s e  o f  t h e  

s e n s i t iv e n e s s  o f  t h e  o u t e r  g r o u p s  t o  t h e  e s t i m a t e d  c o n t r i b u t i o n s  t o  t h e  f ie ld ,  

a n d  t h e  o r d e r  o f  a g r e e m e n t  o f  e s t i m a t e d  a n d  c a l c u l a t e d  c o n t r i b u t i o n s  t o  Z , 

a n d  so  o f  a p p r o x i m a t i o n  t o  t h e  s e l f - c o n s i s te n t  f ie ld ,  a t t a i n e d  f o r  t h e m  s h o u ld  

a lw a y s  b e  a t t a i n a b l e  f o r  o t h e r s  w i t h  le s s  t r o u b l e .

T h e  c o n t r i b u t i o n s  t o  Z  m a y  b e  c a l l e d  “  s t a b l e , ”  i n  t h e  s e n s e  t h a t  i f  t h e  e s t i ­

m a t e d  c o n t r i b u t i o n s  f r o m  a n y  g r o u p  is  i n c r e a s e d  o v e r  a  r a n g e  o f  r ,  t h e  e f f e c t  

o f  t h i s  is  t o  d e c r e a s e  t h e  c a l c u l a t e d  c o n t r i b u t i o n  f r o m  t h i s  g r o u p  ( a n d  f r o m  

o th e r s  a l s o ) ; f o r  a n  in c r e a s e  o f  Z  m e a n s  t h a t  t h e  a t t r a c t i v e  f ie ld  o n  a n  e le c t r o n  

to w a r d s  t h e  n u c le u s  is  in c r e a s e d ,  t h e  w a v e  f u n c t i o n s  o f  e le c t r o n s  i n  t h e  f ie ld  

b e c o m e  m o r e  c o m p a c t ,  a n d  t h e  p r o p o r t i o n  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  ly in g  

in s id e  a n y  g iv e n  r a d i u s  is  i n c r e a s e d ; t h a t  i s  Z 0 f o r  t h a t  g r o u p  is  i n c r e a s e d ,  

a n d  1 —  Z 0 is  d e c r e a s e d  ; a n d  1 —  Z 0 o c c u r s  w i t h  a  p o s i t i v e  s ig n  i n  (S ) .

F o r  a l l  b u t  t h e  g r o u p s  o f  t h e  o u t e r m o s t  s h e ll ,  i t  is  u s u a l l y  i f  n o t  a lw a y s  t h e  

c a s e  t h a t  t h e  c h a n g e  i n  t h e  c a l c u l a t e d  c o n t r i b u t i o n s  is  s m a l le r  t h a n  t h e  c h a n g e  

i n  t h e  e s t i m a t e d  c o n t r i b u t i o n s .  I f  t h i s  w e r e  so  f o r  a l l  g r o u p s ,  a n  i t e r a t i v e  

p ro c e s s ,  t a k i n g  t h e  c a l c u l a t e d  c o n t r i b u t i o n s  f r o m  o n e  a p p r o x i m a t i o n  a s  t h e  

e s t im a te s  f o r  t h e  n e x t ,  w o u ld  g iv e  a  s e r ie s  o f  c a l c u l a t i o n s  w i t h  r e s u l t s  c o n v e r g in g  

t o  th o s e  f o r  t h e  s e l f - c o n s is te n t  f ie ld  ; t h o u g h  t h i s  p r o c e s s  w o u ld  b e  u n n e c e s s a r i ly  

l e n g th y ,  a s  w i t h  e x p e r ie n c e  i t  is  u s u a l l y  p o s s ib le  t o  m a k e  r e v i s e d  e s t i m a t e s  b e t t e r  

t h a n  th o s e  o b ta in e d  b y  s im p ly  t a k i n g  t h e  c a l c u l a t e d  c o n t r i b u t i o n s  o f  t h e  p r e v io u s  

a p p r o x im a t io n .  B u t  f o r  t h e  g r o u p s  o f  t h e  o u t e r  s h e ll ,  a n d  p a r t i c u l a r l y  t h e  

m o s t  lo o s e ly  b o u n d  g r o u p ,  t h e r e  s o m e t im e s  o c c u r s  a  p h e n o m e n a  w h ic h  m a y  b e
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2 8 8 D .  R .  H a r t r e e .

t e r m e d  o v e r - s t a b i l i t y ,  in  w h ic h  a  c h a n g e  o f  e s t i m a t e d  c o n t r i b u t i o n  t o  Z  c a u s e s  

a  c h a n g e  i n  t h e  c a l c u l a t e d  c o n t r i b u t i o n  l a r g e r  t h a n  a  c h a n g e  i n  t h e  e s t im a te .  

W h e n  a  g r o u p  is  o v e r - s t a b l e  i n  t h i s  s e n s e ,  a n  i t e r a t i v e  p r o c e s s  w o u ld  n o t  c o n ­

v e r g e ,  b u t ,  f o r  s m a l l  v a r i a t i o n s ,  w o u ld  o s c i l l la t e  a n d  d iv e r g e ,  a n d  i t  is  t h e n  

q u i t e  n e c e s s a r y  t o  c h o o s e , a s  r e v i s e d  e s t i m a t e s  o f  c o n t r i b u t i o n s  t o  Z , v a lu e s  

b e t t e r  t h a n  t h e  c a l c u l a t e d  c o n t r i b u t i o n s  o f  t h e  p r e v io u s  a p p r o x i m a t i o n ; i t  

is  a ls o  u n u s u a l l y  d i f f ic u l t  t o  m a k e  s a t i s f a c t o r y  e s t i m a t e s  a n d  a d j u s t m e n t s  t o  

t h e m ,  so  t h e  p r o c e s s  o f  a p p r o x i m a t i o n  t o  t h e  s e l f - c o n s i s te n t  f ie ld  is  m o s t  

t r o u b l e s o m e  i n  s u c h  c a s e s .

A  n u m e r i c a l  e x a m p l e  o f  o v e r - s t a b i l i t y  is  g iv e n  i n  t h e  d is c u s s io n  o f  t h e  

r e s u l t s  f o r  C u +  i n  § 4 .

§ 3 . Description and Explanation of the Tables.

I t  is  p r o p o s e d  t o  g iv e  t h e  f o l lo w in g  r e s u l t s  f o r  e a c h  a t o m  f o r  w h ic h  c a lc u la t io n s  

o n  t h e s e  l in e s  a r e  c a r r i e d  o u t :—

{a) A  t a b l e  o f  t h e  r a d i a l  w a v e  f u n c t i o n s  n o t  n o r m a l iz e d ,  a n d  a ls o

P  Jrl+1 fo r  s m a l l  r.

(b) A  s u b s id i a r y  t a b l e  g iv in g  f o r  e a c h  w a v e  f u n c t i o n  t h e  v a lu e  o f  t h e  e n e r g y

p a r a m e t e r  s  i n  t h e  r a d i a l  w a v e  e q u a t i o n  (2 ) , a n d  t h e  v a lu e  o f  t h e

r  oo

n o r m a l iz in g  i n t e g r a l s  I P 2 dr.

(c) A  t a b l e  o f  t h e  c o n t r i b u t i o n s  2  (21 -{- 1) [1 —  Z 0 (nl, nl | r ) ]  t o  Z  a t  r a d i u s  r.

[ T h e  a t o m s  f o r  w h ic h  c a l c u l a t i o n s  a r e  a t  p r e s e n t  i n  p r o g r e s s  a l l  c o n s is t  

o f  c o m p le te  g r o u p s  so  t h a t  N nl =  2  (2 / 4 -  1 ).]

(a) and (b) .— T h e  r a d i a l  w a v e  f u n c t io n s  a r e  t a b u l a t e d  u n n o r m a l iz e d  f o r  

s e v e r a l  r e a s o n s .

I n  a p p l i c a t io n s  o f  t h e  r e s u l t s ,  i n t e g r a l s  o f  t h e  f o r m  | P  (a  | F  ( r ) P  ((31 dr,
J o

w i t h  n o r m a l iz e d  w a v e  f u n c t io n s ,  o f t e n  o c c u r  ; b u t  i n  e v a l u a t i n g  t h e m  i t  is  

a t  l e a s t  a s  e a s y  t o  u s e  u n n o r m a l i z e d  w a v e  f u n c t io n s  a n d  d iv id e  b y

l P 2 (a  | r) drf  P 2 ((3 1

- J °  J  [_Jo

a t  t h e  e n d ,  a s  t o  u se  n o r m a l iz e d  w a v e  f u n c t io n s  t h r o u g h o u t .  T h e  v a lu e s  o f

r°°
t h e  n o r m a l i z a t io n  in t e g r a l s  J P 2 dr a r e  g iv e n  in  t h e  s u b s id i a r y  t a b l e .
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Calculations of Atomic Wave . 2 8 9

A lso  a s  r -> 0 , P  jrl+1 t e n d s  t o  a  f in i te  a n d  n o n -z e ro  v a lu e ,  a n d  f o r  n u m e r i

re a s o n s  i t  is  c o n v e n ie n t  in  t h e  i n t e g r a t io n  o f  t h e  w a v e  e q u a t i o n  t o  k e e p  th i s  

l im it  t h e  s a m e  f o r  d i f f e r e n t  w a v e  f u n c t io n s  w i th  t h e  s a m e  l. W h e n  t h i s  is  

d o n e , th e s e  d i f f e r e n t  w a v e  f u n c t io n s  a r e  n e a r ly  t h e  s a m e  f o r  r s m a l l,  a n d  

a d v a n ta g e  c a n  o f t e n  b e  t a k e n  o f  t h i s  in  a p p l i c a t i o n s ; t h i s  a d v a n ta g e  is  lo s t  

w h e n  n o r m a l iz e d  w a v e  f u n c t io n s  a r e  u s e d .

A lso  in  d iv id in g  e a c h  c a lc u la te d  v a lu e  o f  P  b y  t h e  s q u a r e  r o o t  o f  t h e  n o r m a l ­

iz in g  in te g r a l ,  a n d  r o u n d in g  o ff t o  t h e  n u m b e r  o f  p la c e s  r e t a i n e d  in  t h e  t a b l e ,  

th e r e  is  s o m e  lo s s  o f  a c c u r a c y  a n d  t h e  r e s u l t in g  r o u n d e d - o f f  v a lu e s  m a y  n o t  b e  

q u i te  n o rm a l iz e d .

I t  h a s  th e r e f o r e  s e e m e d  b e s t  t o  t a b u l a t e  a c t u a l  c a lc u la te d  v a lu e s  o f  P  in  

m o s t  c a se s . I n  a lm o s t  a ll  c a s e s  t h e  t a b u l a t e d  v a lu e s  a r e  r o u n d e d  o ff f r o m  t h e  

v a lu e s  o b ta in e d  o n  t h e  c a lc u la t io n  s h e e ts ,  o n  w h ic h  u s u a l ly  o n e , a n d  o c c a s io n a lly  

tw o , m o re  s ig n if ic a n t  f ig u r e s  a p p e a r  t h a n  in  t h e  t a b l e s ; so  t h a t  i t  is  h o p e d  

t h a t  t h e  d iv e rg e n c e  f r o m  t h e  c o r r e c t  s o lu t io n  o f  t h e  e q u a t io n s  w i th  t h e  f ie ld  

a c tu a l ly  u s e d  in  t h e  f in a l c a lc u la t io n s  is  g e n e r a l ly  n o t  m o r e  t h a n  1 in  t h e  l a s t  

f ig u re  t a b u l a t e d .  T h e  f ie ld  a c t u a l l y  u s e d  w a s  n o t  o f  c o u r s e  e x a c t ly  t h e  se lf - 

c o n s i s te n t  f ie ld , a n d  i t  is  r a t h e r  d if f ic u l t  t o  e s t i m a te  t h e  v a r i a t i o n  in  t h e  c a lc u ­

la te d  v a lu e s  w h ic h  w o u ld  r e s u l t  f r o m  r e p la c in g  t h e  a c t u a l  f ie ld  u s e d  b y  t h e  

s e l f - c o n s is te n t  f ie ld , b u t  in  t h e  r e s u l t s  h e r e  g iv e n  t h i s  v a r i a t i o n  w o u ld  p r o b a b ly  

n o t  b e  m o re  t h a n  1 o r  2 , in  t h e  l a s t  f ig u re  t a b u l a t e d ,  f o r  a  w a v e  f u n c t io n  o f  a n  

in n e r  g ro u p ,  a n d  m ig h t  b e  r a t h e r  m o r e  f o r  a  w a v e  f u n c t io n  o f  o n e  o f  t h e  o u te r  

g r o u p s  (e s p e c ia lly  f o r  (3 p )in C l-  a n d  (3d ) i n  C u + ) b u t  s h o u ld  n o t  u s u

m o re  t h a n  5.

T h e  c a lc u la t io n s  g e n e r a l ly  p r o v id e  v a lu e s  o f  P  a t  a b o u t  tw ic e  a s  m a n y  v a lu e s  

o f  r a s  th o s e  s h o w n  in  t h e  t a b l e ,  t h e  i n t e r v a l s  u s e d  in  t h e  n u m e r ic a l  i n t e g r a t io n  

b e in g  u s u a l ly  h a l f  th o s e  u s e d  in  t h e  t a b u l a t i o n  ; t h e  t a b le s  h e r e  g iv e n  s h o u ld  

b e  a d e q u a te  f o r  a ll  o r d in a r y  a p p l ic a t io n s ,  b u t  t h e  in te r m e d ia t e  v a lu e s  o f  P  

c a n  b e  s u p p l ie d  a s  r e q u i r e d .

F o r  so m e  a p p l ic a t io n s ,  P  m a y  b e  r e q u i r e d  f o r  s m a l l  r t o  g r e a t e r  a c c u r a c y ,  

o r  a t  s m a l le r  in te r v a l s  o f  r, t h a n  i t  is  g iv e n  in  t h e  m a in  t a b le  ; f o r  s u c h  p u r p o s e  

i t  is  b e s t  t o  w o rk  in  t e r m s  o f  P / r l+1, a s  t h i s  is  f in i te  a n d  n o n -z e ro  a t  0 , 

a n d  is  n e a r ly  l in e a r  in  r f o r  r sm a l l,  a n d  so  is  e a s y  t o  i n t e r p o l a t e  ; a n d  a  s m a l l 

ta b le  o f  t h i s  f u n c t io n  fo r  s m a l l  r is  g iv e n  a t  t h e  h e a d  o f  t h e  m

A  ta b l e  is  a lso  g iv e n  o f  t h e  e n e r g y  p a r a m e te r s  e f o r  t h e  d i f f e r e n t  w a v e  

fu n c tio n s . E a c h  o f  th e s e  is  f o r m a l ly  t h e  n e g a t iv e  e n e r g y  o f  a n  e le c t r o n  in  a  

w a v e  fu n c t io n  in  t h e  f ie ld  o f  t h e  n u d e s  a n d  t h e  r e s t  o f  t h e  a to m ,  o r  t h e  e n e r g y  

r e q u ir e d  to  re m o v e  th i s  e le c t r o n  f r o m  t h e  c o r r e s p o n d in g  w a v e  f u n c t io n  to  r e s t
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2 9 0 D .  R .  H a r t r e e .

a t  in f i n i ty ,  t h e  r e s t  o f  t h e  a t o m  b e in g  c o n s id e r e d  a s  p r o v i d i n g  a  s t a t i c  f ie ld  ; 

t h i s  is  n o t  t h e  s a m e  a s  t h e  X - r a y  i o n i z a t io n  e n e r g y  o f  t h e  a t o m ,  f o r  t h e  r e s t  o f  

t h e  a t o m  is  n o t  a  s t a t i c  f ie ld  b u t  a n  e l e c t r o n ic  s y s t e m  w h o s e  c o n f ig u r a t io n  a n d  

e n e r g y  c h a n g e s  w h e n  o n e  e l e c t r o n  is  r e m o v e d .  B u t  e m p i r i c a l ly  t h e r e  is  a  

c lo s e  q u a n t i t a t i v e  c o r r e s p o n d e n c e  b e tw e e n  t h e s e  c ’s  a n d  t h e  X - r a y  io n iz a t io n  

e n e r g ie s ,  w h ic h  h a s  n o t  b e e n  f u l l y  e x p l a i n e d  a s  f a r  a s  I  a m  a w a r e .

(c) F o r  e a c h  a t o m  t h e  c o n t r i b u t i o n s  t o  Z  a r e  t a b u l a t e d ,  p a r t l y  b e c a u s e  t h e y  

w il l  b e  u s e f u l  a s  a  s t a r t i n g - p o i n t  f o r  a  b e t t e r  a p p r o x i m a t i o n  t o  t h e  s e l f - c o n s is te n t  

f ie ld  i f  o n e  is  e v e r  r e q u i r e d ,  a n d  a l s o  f o r  t h e  f i r s t  s t e p s  i n  t h e  s o lu t io n  o f  F o c k ’s 

e q u a t i o n s ,*  b u t  m o r e  p a r t i c u l a r l y  b e c a u s e  t h e y  a r e  p r o b a b l y  t h e  m o s t  u s e f u l  

q u a n t i t i e s  i n  t e r m s  o f  w h ic h  t o  c a r r y  o u t  t h e  i n t e r p o l a t i o n  b e tw e e n  d i f f e r e n t  

a t o m s .  S l a t e r  h a s  s u g g e s t e d  a  m e t h o d  o f  i n t e r p o l a t i o n  o f  w a v e  f u n c t io n s  

b a s e d  o n  t h e  a p p r o x i m a t e  r e p r e s e n t a t i o n  o f  t h e  w a v e  f u n c t i o n s  b y  a n a l y t i c a l  

fo rm u la e , a n d  i n t e r p o l a t i o n  o f  t h e  c o n s t a n t s  i n  t h e s e  fo rm u la e , b u t  h a r d l y  

e n o u g h  a t o m s  h a v e  b e e n  y e t  w o r k e d  o u t  t o  p r o v i d e  e n o u g h  v a lu e s  o f  t h e  

c o n s t a n t s  b e tw e e n  w h ic h  t o  i n t e r p o l a t e  a c c u r a t e l y ; t h e  c h a n g e  o f  a to m ic  

s t r u c t u r e  w i t h  a t o m i c  n u m b e r  is  r a t h e r  i r r e g u l a r  (cf. t h e  o c c u r r e n c e  o f  “  t r a n ­

s i t i o n  g r o u p s  ” ) s o  t h a t  t h e  r e l a t i o n s  b e t w e e n  t h e  a t o m i c  n u m b e r  a n d  t h e  

c o n s t a n t s  d e f in in g  a  w a v e  f u n c t i o n  w o u ld  n o t  b e  e x p e c t e d  t o  b e  v e r y  e a s y  

f u n c t i o n s  t o  i n t e r p o l a t e  a c c u r a t e l y .  I f  f a i r l y  a c c u r a t e  w a v e  f u n c t io n s  a r e  

r e q u i r e d ,  i t  s e e m s  b e s t  a t  p r e s e n t  n o t  t o  t r y  t o  i n t e r p o l a t e  t h e  w a v e  f u n c t io n s  

th e m s e lv e s ,  b u t  t o  i n t e r p o l a t e  t h e  c o n t r i b u t i o n s  t o  Z , w h ic h  a r e  p r o b a b l y  m u c h  

le s s  s e n s i t i v e  t o  d e t a i l s  o f  a t o m i c  s t r u c t u r e ,  a n d  c a l c u l a t e  w a v e  f u n c t io n s  in  

t h e  f ie ld  so  c o n s t r u c t e d .  T h i s  m u s t  i n  a n y  c a s e  b e  t h e  p r o c e s s  i n  b e g in n in g  

t h e  c a l c u l a t i o n  o f  t h e  s e l f - c o n s i s t e n t  f i e ld  f o r  a  n e w  a t o m ,  a n d  i t  is  m a in ly  

f o r  t h i s  p u r p o s e  t h a t  t h e  c o n t r i b u t i o n s  t o  Z  a r e  t a b u l a t e d .

T h e  c o n t r i b u t i o n  f r o m  e a c h  (nl) g r o u p  is  t a b u l a t e d ,  n o t  t h e  c o n t r i b u t i o n  

f r o m  o n e  e le c t r o n ,  a s  t h e s e  c o n t r i b u t i o n s  f r o m  e a c h  w h o le  g r o u p  a r e  t h e  

q u a n t i t i e s  u s u a l l y  r e q u i r e d .  T h r e e  d e c im a l s  a r e  g iv e n ,  a s  a l t h o u g h  o n ly  tw o  

d e c im a ls  a n d  s o m e t im e s  a  5  i n  t h e  t h i r d  p l a c e  w e r e  u s e d  i n  t h e  e s t im a te s ,  

t h e  v a r i a t i o n s  o f  t h e  c a l c u l a t e d  v a l u e s  w i t h  t h e  v a r i a t i o n s  i n  t h e  e s t im a te s  

s h o w  t h a t  t h e  t h i r d  d e c im a l  i n  t h e  c a l c u l a t e d  v a l u e s  is  p r o b a b l y  w i t h i n  2  o r  3

*  T h e  f u n c t i o n s  o c c u r r in g  in  F o c k ’s  e q u a t io n s ,  c o r r e s p o n d in g  t o  t h e  P ’s  i n  t h e  e q u a t io n s  

o f  t h e  s e l f - c o n s i s t e n t  f ie ld , a r e  o r t h o g o n a l  f u n c t i o n s ,  w h ic h  t h e  s o lu t io n s  o f  t h e  s e l f - c o n ­

s i s t e n t  f ie ld  e q u a t io n s  a r e  n o t ; b u t  t h e  c h a n g e s  i n  c o n t r ib u t io n s  t o  Z  d u e  t o  m a k in g  t h e  

P ’s  o r t h o g o n a l  a r e  p r o b a b ly  s m a l l e r  t h a n  t h o s e  d u e  t o  t h e  r e s o n a n c e  t e r m s  in  F o c k ’s  

e q u a t io n s ,  a n d  a s  a  f i r s t  s t e p  t h e  Z 0 ( a a |  r) fu n c t io n s  w h ic h

b e  t a k e n  a s  t h o s e  o f  t h e  s e l f - c o n s i s t e n t  f ie ld .
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Calculations of Atomic Wave Functions. 2 9 1

o f  i t s  v a lu e  f o r  t h e  s e l f - c o n s i s t e n t  f ie ld  i n  m o s t  c a s e s ,  a n d  a l m o s t  c e r t a i n l y  f o r  

t h e  i n n e r  g r o u p s ; s o  t h a t  t h e  t h i r d  d e c im a l  is  o f  s o m e  v a l u e ,  a l t h o u g h  n o t  

c e r t a i n  t o  a  u n i t .

§ 4 . Results for  C l .

T h e  m a x i m u m  d i f f e r e n c e  b e t w e e n  e s t i m a t e d  a n d  c a l c u l a t e d  c o n t r i b u t i o n s  

t o  Z  f r o m  a n y  g r o u p ,  f o r  t h e  s t a n d a r d  c a l c u l a t i o n s ,  w a s  0 * 0 3 ;  r e v i s e d  e s t i m a t e s ,  

w e re  m a d e  f o r  a l l  g r o u p s  o n  t h e  b a s i s  o f  t h e  r e s u l t s  o f  t h e  s t a n d a r d  c a l c u l a t i o n s ,  

a n d  a  s e c o n d  s e t  o f  r e v i s e d  e s t i m a t e s  w a s  m a d e  f o r  t h e  (3  g r o u p  o n ly ,  a n d  

w a s  u s e d  f o r  t h e  c a l c u l a t i o n s  g iv in g  t h e  r e s u l t s  t a b u l a t e d .  T h e  m a x i m u m  

d if f e r e n c e  b e tw e e n  e s t i m a t e d  a n d  c a l c u l a t e d  c o n t r i b u t i o n s  t o  Z  f o r  t h e  f ie ld  

u s e d  t o  g iv e  t h e s e  r e s u l t s  is  le s s  t h a n  0 - 0 1  f o r  e a c h  g r o u p ,  a n d  t h e  d i f f e r e n c e  

b e tw e e n  e s t i m a t e d  a n d  c a l c u l a t e d  Z  f o r  t h e  w h o le  a t o m  is  a l s o  n o w h e r e  l a r g e r  

t h a n  0 * 0 1  ; f o r  t h e  e a r l i e r  c a l c u l a t i o n s  o f  w h ic h  s o m e  r e s u l t s  w e r e  g iv e n  i n  

m y  f i r s t  p a p e r ,  t h e  m a x i m u m  d i f f e r e n c e  i n  t h e  t o t a l  Z  w a s  0 * 0 8 .

T h e  w a v e  f u n c t i o n  f o r  t h e  o u t e r m o s t  (nl) g r o u p  o f  a  n e g a t i v e  i o n  is  v e r y  

s e n s i t i v e  t o  t h e  e s t i m a t e d  f ie ld .  A n a l y t i c a l l y  t h i s  a r i s e s  f r o m  t h e  s m a l ln e s s  

o f  t h e  e n e r g y  p a r a m e t e r  e f o r  s u c h  a  w a v e  f u n c t i o n ; i t  is  r e l a t e d  t o  t h e  lo o s e n e s s  

o f  b in d in g  o f  t h i s  e l e c t r o n ,  a l t h o u g h ,  a s  a l r e a d y  e m p h a s i z e d ,  e  c a n n o t  b e  t a k e n  

d i r e c t l y  a s  a  m e a s u r e  o f  t h e  i o n i z a t i o n  e n e r g y .  F o r  l a r g e  r, t h e  b e h a v i o u r  o f  

t h e  w a v e  f u n c t i o n  is  c h ie f ly  d e t e r m i n e d  b y  t h e  v a l u e  o f  s  ; w h e n  t h e  e s t i m a t e d  

f ie ld  is  c h a n g e d ,  t h e n  e f o r  e a c h  w a v e  f u n c t i o n  is  c h a n g e d ,  a n d  i f  s  is  s m a l l ,  a  

s m a l l  c h a n g e  i n  e  m a y  b e  a  c o n s id e r a b le  'proportional c h a n g e  a n d  so  a f f e c t  

c o n s id e r a b ly  t h e  b e h a v i o u r  o f  t h e  w a v e  f u n c t i o n  f o r  l a r g e  r. T h e  ( 3 p ) 6 g r o u p  

is  i n  f a c t  o v e r - s t a b l e  i n  t h e  s e n s e  e x p l a i n e d  a t  t h e  e n d  o f  § 2 , a n d  i t  i s  s a t i s f a c t o r y  

t h a t  s u c h  a  g o o d  a g r e e m e n t  b e t w e e n  e s t i m a t e d  a n d  c a l c u l a t e d  c o n t r i b u t i o n s  

w a s  r e a c h e d  a t  t h e  s e c o n d  r e v i s io n  o f  t h e  e s t i m a t e s  u s e d  i n  t h e  s t a n d a r d  

c a lc u la t io n s .

T a b le  I . — C l~  W a v e  F u n c t i o n s .  

T a b le s  o f  P  Jrl+1 f o r  s m a l l  r .

r . ( I s ). (2 s ). m - (2 s ). (3p ).

0  0 0 0 1 0 0 1 0 0 4 0 0 1 0 0 4 0 0
0  0 0 5 9 1 - 8 6 9 1 - 7 9 3 8 3 - 4 9 1 - 7 9 3 8 3 - 4
0  0 1 0 8 4 -3 8 8 4 - 1 4 3 6 7 - 6 8 4 - 1 2 3 6 7 - 5
0 0 1 5 7 7 - 5 2 7 7 -0 1 3 5 2 - 5 7 6 -9 7 3 5 2 - 2
0 -0 2 0 7 1 - 2 3

i

7 0 -3 6 3 3 8 - 2 7 0 - 3 0 3 3 7 - 6

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



2 9 2 D . R . H a r tr e e .

T a b le  o f  P .

r . (1«). (2 s ). ( 2p ). (3 s ). (%>)•

0  0 0 0 0  0 0 0 0 * 0 0 0 0 * 0 0 0 0 * 0 0 0 0 * 0 0 0
0  0 0 5 0 * 4 5 9 0 * 4 5 9 0 * 0 1 0 0 * 4 5 9 0 * 0 1 0

0  0 1 0 0 * 8 4 4 0 * 8 4 1 0 * 0 3 7 0 * 8 4 1 0 * 0 3 7

0 0 1 5 1 * 1 6 3 1 * 1 5 5 0 * 0 7 9 1 * 1 5 5 0 * 0 7 9

0  0 2 0 1 * 4 2 5 1 * 4 0 7 0 * 1 3 5 1 * 4 0 6 0 * 1 3 5

0 - 0 3 1 * 8 0 5 1 * 7 5 2 0 * 2 8 0 1 * 7 4 9 0 * 2 8 0
0  0 4 2 * 0 3 4 1*921 0 * 4 6 0 1 * 9 1 3 0 * 4 5 8
0 0 5 2 * 1 5 0 1*951 0 * 6 6 4 1 * 9 3 7 0 * 6 6 1
0  0 6 2 * 1 8 3 1 * 8 7 2 0 * 8 8 4 1 * 8 5 0 0 * 8 7 8

0 - 0 7 2 * 1 5 6 1 * 7 0 9 1 * 1 1 3 1 * 6 7 8 1*1 0 5
0 - 0 8 2 * 0 8 7 1 * 4 8 3 1 * 3 4 6 1*441 1*335
0  0 9 1 * 9 8 9 1 * 2 1 0 1 * 5 7 9 1 * 158 1*563
0 1 0 1*8 7 3 0 * 9 0 6 1 * 8 0 8 0 * 8 4 2 1*7 8 5

0 - 1 2 1 * 6 1 6 0 * 2 4 1 2 * 2 4 4 0 * 1 5 7 2 * 2 0 3
0 1 4 1 * 3 5 7 - 0 * 4 4 2 2 * 6 3 9 — 0 * 5 4 2 2 * 5 7 2
0  16 1*1 1 7 — 1 * 1 0 2 2 * 9 8 4 — 1 * 2 0 8 2 * 8 8 4
0 -1 8 0 * 9 0 5 - 1 * 7 1 0 3 * 2 7 6 — 1 * 8 1 2 3*1 3 3

0 - 2 0 0 * 7 2 5 - 2 * 2 5 2 3 * 5 1 6 — 2 * 3 3 6 3 * 3 2 0

0 -2 2 0 * 5 7 6 - 2 * 7 2 2 3 * 7 0 4 — 2*7 7 1 3 * 4 4 6

0 - 2 4 0 * 4 5 5 - 3 * 1 1 7 3 * 8 4 5 — 3 * 1 1 5 3 * 5 1 4
0 - 2 6 0 * 3 5 7 - 3 * 4 3 9 3 * 9 4 2 — 3 * 3 6 8 3 * 5 2 8

0 - 2 8 0 * 2 7 8 — 3 * 6 9 3 4 * 0 0 1 - 3 * 5 3 7 3 * 4 9 4

0 - 3 0 0 * 2 1 6 — 3 * 8 8 4 4 * 0 2 6 - 3 * 6 2 5 3 * 4 1 6

0 * 3 5 0 * 1 1 3 - 4 * 1 3 0 3 * 9 6 8 - 3 * 5 4 3 3 * 0 5 8

0 - 4 0 0 * 0 5 8 - 4 * 1 2 2 3 * 7 8 6 — 3 * 1 1 6 2 * 5 2 3

0 - 4 5 0 * 0 3 0 - 3 * 9 4 4 3 * 5 2 8 — 2 * 4 4 7 1 * 868

0 - 5 0 0 * 0 1 5 — 3 * 6 6 2 3 * 2 2 8 - 1 * 6 2 2 1*137

0 - 5 5 0 * 0 0 8 - 3 * 3 2 6 2 * 9 1 2 - 0 * 7 1 1 0 * 3 6 7

0 * 6 0 0  0 0 4 — 2 * 9 6 9 2 * 5 9 8 + 0 * 2 3 1 - 0 * 4 1 4

0 - 7 0 * 0 0 1 - 2 * 2 7 6 2 * 0 1 4 2 * 0 6 5 — 1 * 9 2 8

0 - 8 — 1*681 1 * 5 1 9 3 * 6 7 3 - 3 * 2 9 6

0 - 9 — 1 * 2 0 9 1 * 1 2 3 4 * 9 6 6 — 4 * 4 6 0

1 0 - 0 * 8 5 2 0 * 8 1 7 5 * 9 2 4 - 5 * 4 0 3

1 1 - 0 * 5 9 1 0 * 5 8 7 6*571 - 6 * 1 3 3

1*2 - 0 * 4 0 5 0 * 4 1 8 6 * 9 4 6 - 6 * 6 6 9

1 * 4 — 0 * 1 8 6 0 * 2 0 7 7 * 0 7 6 - 7 * 2 6 6

1 - 6 —0 * 0 7 9 0 * 1 0 1 6 * 6 7 4 — 7 * 403

1 * 8 — 0 * 0 3 5 0 * 0 4 8 6  0 0 6 — 7*251

2  0 — 0 * 0 1 5 0 * 0 2 3 5 * 2 4 4 - 6 * 9 3 2

2 * 2 - 0 * 0 0 6 0 * 0 1 1 4 * 4 8 8 — 6 * 5 2 9

2 * 4 —0 * 0 0 2 0 * 0 0 5 3 * 7 8 8 — 6*0 8 9

2 - 6 — 0 * 0 0 1 0 * 0 0 2 3 * 1 6 7 — 5 * 6 4 6

2 * 8 0 * 0 0 1 2 * 6 2 8 - 5 * 2 1 3

3 * 0 2 * 1 7 0 - 4 * 8 0 3

3 * 2 1*7 8 5 - 4 * 4 1 9

3 * 4 1 * 4 6 4 - 4 * 0 6 1

3 - 6 1 * 1 9 8 — 3*733

3 - 8 0 * 9 7 9 — 3*431

4 - 0 0 * 7 9 9 — 3 * 1 5 4

4 * 5 0 * 4 7 9 —2 * 5 6 2

5 0 0 * 2 8 6 — 2 * 0 8 9

5 * 5 0*171 — 1*710

- 6 0 0 * 1 0 2 — 1*403
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Calculations of Atomic Wave Functions.

T a b le  I — (c o n t in u e d ) .

2 9 &

r . (1*). (2s ). (2p ). (2s). (3P ).

7 0  0 3 6 - 0 - 9 5 4
8 0  0 1 3 - 0 - 6 5 4
9 0  0 0 4 5 - 0 - 4 5 1

10 0 -0 0 1 5 - 0 - 3 1 3

12 - 0  152

14 - 0 - 0 7 5
16 — 0 -0 3 7
18 - 0 - 0 1 9
2 0 - 0 - 0 0 9
22 - 0 - 0 0 4
2 4 - 0 - 0 0 2
2 6 — 0 -0 0 1

6 .
Jo" €.

Jo"  r * * ‘

( Is ) 2 0 9 -0 0 -5 3 4 6 (3s ) 1 -0 7 9 6 7 -8 9
(2s) 1 8 -3 5 7 -2 5 2 m 0 -1 1 4 1 1 9 -9 0
m 1 4 -3 7 7 -2 3 2

T a b le  I I . — C l C o n tr ib u t io n s  t o  Z . 

T a b le  o f  2 (21 +  1) [1 —  Z 0 (nl, r ) ] .

r . ( Is ). (2s). (2P ). (3$). (3p ).

0  0 0 0 2  0 0 0 2 -0 0 0 6 -0 0 0 2 -0 0 0 6 -0 0 0
0 -0 0 5 1 -9 9 9 2 -0 0 0 6 -0 0 0 2  0 0 0 6 -0 0 0
0 -0 1 0 1 -9 9 0 1 -9 9 9 6 -0 0 0 2 -0 0 0 6 -0 0 0
0 -0 1 5 1 -9 7 1 1 -9 9 8 6 -0 0 0 2 -0 0 0 6  0 0 0
0 -0 2 0 1 -9 4 0 1 -9 9 6 6 -0 0 0 1 -9 9 9 6 -0 0 0

0  0 3 1 -8 4 0 1 -9 8 8 5 -9 9 9 1 -9 9 9 6 -0 0 0
0 0 4 1 -7 0 0 1 -9 7 9 5 -9 9 8 1 -9 9 8 6 -0 0 0
0 - 0 5 1 -5 3 5 1 -9 6 9 5 -9 9 5 1 -9 9 7 6 -0 0 0
0 - 0 6 1 -3 5 8 1 -9 5 8 5 -9 9 0 1 -9 9 6 5 -9 9 9
0 - 0 7 1 -1 8 1 1 -9 4 9 5 -9 8 2 1 -9 9 5 5 -9 9 9
0 -0 8 1 -0 1 3 1 -9 4 2 5 -9 6 9 1 -9 9 4 5 -9 9 8

0 -1 0 0 -7 1 7 1 -9 3 4 5 -9 2 8 1 -9 9 3 5 -9 9 5
0 -1 2 0 -4 8 8 1 -9 3 2 5 -8 5 9 1 -9 9 2 5 -9 9 1
0 -1 4 0 -3 2 3 1 -9 3 1 5 -7 6 0 1 -9 9 2 5 -9 8 5
0 -1 6 0 - 2 0 8 1 -9 2 7 5 -6 2 8 1 -9 9 2 5 -9 7 8
0 - 1 8 0 -1 3 2 1 -9 1 6 5 -4 6 4 1 -9 9 1 5 -9 6 9
0 -2 0 0 -0 8 2 1 -8 9 4 5 -2 7 3 1 -9 8 8 5 -9 5 9

0 -2 2 0 -0 5 1 1 -8 5 9 5 -0 5 6 1 -9 8 4 5 -9 4 8
0 -2 4 0 -0 3 1 1 -8 1 2 4 -8 2 0 1 -9 7 9 5 -9 3 5
0 - 2 6 0 -0 1 8 1 -7 5 3 4 -5 6 8 1 -9 7 3 5 -9 2 3
0 -2 8 0 -0 1 0 1 -6 8 2 4 -3 0 5 1 -9 6 6 5 -9 1 0
0 -3 0 0 -0 0 6 1 -6 0 3 4 -0 3 7 1 -9 5 8 5-899-
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2 9 4 1 3 . B -. H a r t r e e .

T a b le  I I — ( c o n t in u e d ) .

r . ( I s ). (2 s ). (2p ). (3 s ). (3 p ).

0 - 3 5 0 - 0 0 2 1 -3 7 9 3 - 3 7 0 1 -9 3 9 5 -8 7 3
0 - 4 0 1 -1 4 2 2 - 7 4 3 1 -9 2 2 5 -8 5 3
0 - 4 5 0 - 9 1 7 2 -1 8 7 1 -9 1 1 5 -8 4 0
0 - 5 0 0 - 7 1 6 1 -7 1 2 1 -9 0 5 5 -8 3 5
0 - 5 5 0 - 5 4 8 1 -3 2 1 1 -9 0 3 5 -8 3 3
0 - 6 0 0 -4 1 1 1 -0 0 5 1 -9 0 2 5 -8 3 3

0 - 7 0 - 2 2 1 0 - 5 6 4 1 -8 9 8 5 -8 2 5
0 - 8 0 - 1 1 4 0 -3 0 5 1 -8 7 2 5 -7 9 1
0 * 9 0 - 0 5 6 0 -1 6 1 1 -8 1 6 5 -7 1 3
1 0 0 - 0 2 7 0 -0 8 3 1 -7 2 8 5 -5 9 1
1 -1 0 - 0 1 3 0 - 0 4 2 1 -6 1 2 5 -4 2 3
1 -2 0 - 0 0 6 0 -0 2 1 1 -4 7 6 5 -2 1 7

1 - 4 0 -0 0 1 0 - 0 0 4 1 -1 8 2 4 -7 2 5
1 * 6 0 -0 0 1 0 - 9 0 0 4 -1 8 0
1 - 8 0 - 6 6 2 3 -6 4 1
2 0 0 - 4 7 6 3 -1 3 7

2 - 2 0 - 3 3 6 2 - 6 8 2
2 - 4 0 - 2 3 6 2 -2 8 4
2 - 6 0 - 1 6 4 1 -9 4 0
2 - 8 0 - 1 1 4 1 -6 4 4
3  0 0 - 0 8 0 1 -3 9 4

3 - 2 0 -0 5 8 1 -1 8 1
3 - 4 0 - 0 4 2 1 -0 0 2
3 - 6 0 -0 3 2 0 - 8 5 0
3 - 8 0 -0 2 5 0 -7 2 1
4 0 0 -0 1 9 0 -6 1 3

4 - 5 0 - 0 0 6 0 - 4 0 9
5 0 0 - 0 0 2 0 - 2 7 5
5 - 5 0 -0 0 1 0 -1 8 5
6 0 0 - 1 2 5

7 0 -0 5 7
8 0 -0 2 4
9 0 -0 1 0

10 0  0 0 3
11 0 -0 0 1

§ 5 . Results for  C u + .

F o r  C u +  t h e  (3 d ) w a v e  f u n c t i o n  is  v e r y  s e n s i t iv e  t o  t h e  e s t i m a te d  f ie ld , t h e  

r e a s o n  b e in g  r a t h e r  d i f f e r e n t  f r o m  t h e  c a s e  o f  t h e  (3p) w a v e  f u n c t io n  o f  C l- . 

H e r e  t h e  v a lu e  o f  s  is  n o t  in c o n v e n i e n t ly  s m a l l ,  b u t  t h e r e  is  a  c o n s id e r a b le  

r a n g e  o v e r  w h ic h  t h e  a t t r a c t i v e  f ie ld  is  o n ly  s l i g h t ly  l a r g e r  t h a n  t h e  c e n t r i f u g a l  

f ie ld  (w h o s e  p o t e n t i a l  e n e r g y  is  r e p r e s e n te d  b y  t h e  t e r m  +  1)A*2 i11 ^h e  

r a d i a l  w a v e  e q u a t i o n  ( 2 ) )  so  t h a t  a  s m a l l  c h a n g e  i n  t h e  a t t r a c t i v e  f ie ld  m a k e s
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Calculations of Atomic Wave Functions. 2 9 5

a  la rg e  p r o p o r t io n a l  c h a n g e  in  t h e  r e s u l t a n t  f ie ld  a n d  so  in  t h e  w a v e  f u n c t io n .  

A n a ly t ic a l ly ,  i n  t h e  w a v e  e q u a t i o n

P "  +  [2t> —  s  —  l (l4 -  l ) / r 2] p  =  0 .

t h e  c o e ff ic ie n t o f  P  r e m a in s  s m a l l  o v e r  a  c o n s id e r a b le  r a n g e .

T h is  f e a t u r e  is  c lo s e ly  r e l a t e d  t o  t h e  p o s i t i o n  o f  C u  i n  t h e  p e r io d ic  t a b l e .  T h e  

o c c u r r e n c e  o f  t h e  “  t r a n s i t i o n  g r o u p  ”  o f  e le m e n ts  t o  S c  t o  N i  i n  t h e  p e r io d ic  

t a b l e  is  a s s o c ia te d  w i t h  t h e  t r a n s i t i o n  o f  t h e  (3 d ) w a v e  f u n c t i o n  f r o m  t h a t  o f  

p o ta s s iu m ,  w h e r e  i t  is  n e a r l y  h y d r o g e n - l ik e  a n d  is  a n  e x c i t e d  s t a t e  o f  t h e  s e r ie s  

e le c t r o n ,  t o  t h e  m u c h  m o r e  c o m p a c t  (3 d ) w a v e  f u n c t io n ,  f o r m in g  p a r t  o f  t h e  

c o re , o f  t h e  c o p p e r  a t o m .  T h is  t r a n s i t i o n ,  w h ic h  is  j u s t  c o m p le te d  i n  c o p p e r ,  

is  d u e ,  r o u g h ly  s p e a k in g ,  t o  t h e  v a r i a t i o n  w i t h  a t o m i c  n u m b e r  o f  t h e  r a n g e  

o v e r  w h ic h  t h e  a t t r a c t i v e  f o r c e  e x e r t e d  o n  a n  e l e c t r o n  b y  t h e  r e s t  o f  t h e  a t o m  is  

g r e a t e r  t h a n  t h e  c e n t r i f u g a l  f o r c e  o n  a n  e l e c t r o n  w i t h  a n g u l a r  m o m e n t u m  

sp e c if ie d  b y  l =  2  ; f o r  p o t a s s i u m  t h e  c e n t r i f u g a l  f o r c e  is  g r e a t e s t  e x c e p t  a t  

d i s ta n c e s  w e ll o u t s id e  t h e  a t o m ; f o r  c o p p e r  t h e  a t o m i c  f ie ld  is  e n o u g h ,  b u t  

n o t  m u c h  m o r e  t h a n  j u s t  e n o u g h ,  t o  h o ld  a n  e le c t r o n  w i t h  2  i n  t h e  c o re  

a g a i n s t  t h e  c e n t r i f u g a l  fo r c e .

F i a .  1 .— T o  i l lu s t r a t e  o v e r s t a b i l i t y  o f  (3 d )10 g r o u p . ------ F u l l - l i n e  c u r v e  s h o w s  c h a n g e  o f

e s t im a t e d  c o n tr ib u t i o n  t o  Z ; -------- b r o k e n  c u r v e  s h o w s  c o n s e q u e n t  c h a n g e  o f

c a lc u la te d ,  c o n tr ib u t i o n  t o  Z .

T h is  s e n s i t iv e n e s s  o f  t h e  (3 d ) w a v e  f u n c t io n ,  a n d  t h e  c o m p a r a t i v e l y  l a r g e  

n u m b e r  o f  e le c t r o n s  w i t h  t h i s  r a d i a l  w a v e  f u n c t io n ,  m a k e s  t h e  (3 d )10 g r o u p  

s e r io u s ly  o v e r - s ta b le  i n  t h e  s e n s e  d e f in e d  a t  t h e  e n d  o f  § 2 . F ig .  1 s h o w s  

q u a n t i t a t i v e l y  a n  e x a m p l e ; t h e  f u l l  c u r v e  s h o w s  a  v a r i a t i o n  m a d e  i n  t h e  

e s t im a te d  c o n t r ib u t io n  t o  Z  f r o m  t h e  (3 d )10 g r o u p ,  a n d  t h e  b r o k e n  c u r v e  t h e  

c o n s e q u e n t  v a r i a t i o n  i n  t h e  c a l c u l a t e d  c o n t r i b u t i o n ,  w h ic h  c a n  b e  s e e n  a t  o n c e  

to  b e  c o n s id e r a b ly  g r e a t e r  t h a n  t h e  v a r i a t i o n  i n  t h e  e s t i m a t e d  c o n t r ib u t io n .

T h is  p r o n o u n c e d  o v e r s t a b i l i t y  o f  t h e  (3 d )10 g r o u p  m a k e s  t h e  p ro c e s s  o f  

a p p r o x im a t io n  t o  t h e  s e l f - c o n s is te n t  f ie ld  v e r y  t r o u b l e s o m e ; a l t o g e th e r ,  n in e  

s te p s  o f  a p p r o x im a t io n  w e re  m a d e  in  o r d e r  t o  o b t a i n  t h e  r e s u l t s  h e r e  g i v e n ; 

m o s t  o f  t h e s e  s t e p s  w e re  m a in ly  c o n c e r n e d  w i th  r e v is io n  o f  t h e  e s t i m a te d
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2 9 6 D .  R .  H a r t r e e .

c o n t r i b u t i o n  f r o m  t h e  (3 d )10 g r o u p .  I n  t h e  f in a l  a p p r o x i m a t i o n ,  f o r  w h ic h  t h e  

r e s u l t s  a r e  t a b u l a t e d ,  t h e  d i f f e r e n c e s  b e t w e e n  e s t i m a t e d  a n d  c a l c u l a t e d  c o n ­

t r i b u t i o n s  t o  Z  f r o m  e a c h  g r o u p  a r e  le s s  t h a n  0  • 01  t h r o u g h o u t ; t h e  (3 d )  w a v e  

f u n c t i o n ,  a n d  c o n t r i b u t i o n  o f  t h e  (3 d )10 g r o u p  t o  Z , a r e  t h e  b e s t  t h a t  c a n  b e  

o b t a i n e d  w i t h o u t  d o in g  t h e  c a l c u l a t i o n  t h r o u g h o u t  w i t h  a n  a c c u r a c y  c o r r e ­

s p o n d in g  t o  t h r e e  f u l l  d e c im a l s  i n  t h e  e s t i m a t e d  c o n t r i b u t i o n s  t o  Z .

O b s e r v e d  v a l u e s  o f  v / R  f o r  t h e  X - r a y  l e v e l s  a r e  g i v e n  i n  t h e  s a m e  t a b l e  a s  

t h e  v a l u e s  o f  t h e  e n e r g y  p a r a m e t e r  s  o f  t h e  c e n t r a l  f ie ld  w a v e  f u n c t i o n s ; 

a l t h o u g h  t h e  v a l u e s  o f  e c a n n o t  b e  r e g a r d e d  a s  c a l c u l a t e d  v a lu e s  o f  t h e  X - r a y  

le v e l s ,  a s  a l r e a d y  m e n t i o n e d ,  t h e y  a g r e e  v e r y  c lo s e ly  w i t h  t h e  o b s e r v e d  v a lu e s  

f o r  t h e  X - r a y  l e v e l s  ; a  s i m i l a r  c lo s e  a g r e e m e n t  w a s  a l s o  f o u n d  f o r  R b + .*

T a b l e  I I I . — C u +  W a v e  F u n c t i o n s .  

T a b l e  o f  P  jrl+1 f o r  s m a l l  r .

r. ( I s ) . (2 s ) . (2P). (3 s ) . (3p). (3d).

0  0 0 0 1 0 0 0 1 0 0 - 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0

0  0 0 5 8 6 -5 1 8 6 -3 1 9 3 0 8 6 - 2 9 9 3 0 9 5 3

0  0 1 0 7 4 - 8 7 7 4 -1 2 8 6 6 7 4 - 0 4 8 6 6 9 0 9

0 0 1 5 6 4 - 8 0 6 3 - 2 9 8 0 7 6 3 - 1 2 8 0 6 8 6 8

0  0 2 0 5 6 - 6 0 5 3 - 6 5 7 5 2 5 3 - 3 8 7 5 0 8 2 8

T a b l e  o f  P .

r. ( I s ) . (2 s ). (2  p). (3 s) . <3 P) (3 d ).

0 - 0 0 0 0 - 0 0 0 0 - 0 0 0 0 - 0 0 0 0 - 0 0 0 0 - 0 0 0 0 - 0 0 0

0 - 0 0 5 0 - 4 3 3 0 - 4 3 2 0 - 0 2 3 0 - 4 3 1 0 - 0 2 3 0 - 0 0 0

0 - 0 1 0 0 - 7 4 9 0 - 7 4 1 0 - 0 8 7 0 - 7 4 0 0 -0 8 7 0 -0 0 1

0 - 0 1 5 0 - 9 7 2 0 - 9 4 8 0 - 1 8 2 0 - 9 4 7 0 -1 8 1 0 - 0 0 3

0 - 0 2 0 1 -1 2 2 1 -0 7 3 0 - 3 0 1 1 - 0 6 8 0 - 3 0 0 0 - 0 0 7

0 - 0 2 5 1 - 2 1 5 1 -1 2 7 0 - 4 3 8 1 -1 1 8 0 - 4 3 6 0 -0 1 2

0 - 0 3 1 - 2 6 3 1 -1 2 5 0 - 5 8 9 1 - 1 1 0 0 - 5 8 5 0 -0 2 0

0 - 0 3 5 1 - 2 7 6 1 -0 7 7 0 - 7 4 8 1 - 0 5 5 0 - 7 4 2 0 -0 3 1

0 - 0 4 1 - 2 6 4 0 - 9 9 2 0 - 9 1 2 0 - 9 6 3 0 - 9 0 2 0 - 0 4 4

0 - 0 5 1 -1 8 7 0 - 7 4 2 1 - 2 4 3 0 - 6 9 7 1 -2 2 3 0 - 0 7 9

0 - 0 6 1 -0 7 1 0 - 4 2 7 1 - 5 6 5 0 - 3 6 5 1 -5 2 7 0 - 1 2 6

0 - 0 7 0 - 9 4 0 0 - 0 8 1 1 - 8 6 4 0 - 0 0 4 1 - 8 0 0 0 - 1 8 4

0 - 0 8 0 - 8 0 9 - 0 - 2 7 0 2 - 1 3 2 — 0 - 3 5 7 ,2 - 0 3 4 0 - 2 5 3

0 - 0 9 0 - 6 8 6 - 0 - 6 0 9 2 - 3 6 7 - 0 - 7 0 0 2 -2 2 5 0 - 3 3 2

0 - 1 0 0 - 5 7 4 - 0 - 9 2 5 2 - 5 6 5 — 1 -0 1 3 2 -3 6 9 0 - 4 2 0

0 - 1 2 0 - 3 9 2 , — 1 -4 6 2 2 - 8 5 5 — 1 -5 1 3 2 - 5 1 8 0 -6 2 1

0 - 1 4 0 -2 6 1 — 1 -8 5 8 3 - 0 1 3 — 1 -8 3 0 2 - 4 9 5 0 -8 4 7

0 - 1 6 0 - 1 7 0 — 2 - 1 1 9 3 - 0 6 3 — 1 -9 6 8 2 - 3 2 6 1 -0 9 1

0 - 1 8 0 - 1 1 0 — 2 - 2 6 3 3 - 0 2 7 - 1 - 9 4 6 2 - 0 3 8 1 -3 4 6

0 - 2 0 0 - 0 7 0 — 2 -3 1 1 2 - 9 2 5 - 1 - 7 9 3 1 - 6 5 9 1 -6 0 5

*  H a r t r e e ,  loc. cit.
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T a b le  I I I — ( c o n t in u e d ) .

Calculations of Atomic Wave . 2 9 7

r . (1«). (2*). (2j >). (3 s ). (3P ). (3d ).

0 -2 2 0 * 0 4 4 - 2 * 2 8 6 2 * 7 7 9 - 1 * 5 3 6 1 * 2 1 6 1 * 8 6 3

0 -2 4 0 * 0 2 7 - 2 * 2 0 6 2 * 6 0 2 - 1 * 2 0 2 0 * 7 3 1 2 * 1 1 7

0 -2 6 0 * 0 1 7 - 2 * 0 8 9 2 * 4 0 9 - 0 * 8 1 7 0 * 2 2 3 2 * 3 6 2

0 -2 8 0 * 0 1 0 — 1 * 9 4 8 2 * 2 0 8 - 0 * 4 0 0 - 0 * 2 9 0 2 * 5 9 5

0 -3 0 0 * 0 0 6 - 1 * 7 9 5 2 * 0 0 7 + 0 * 0 3 0 - 0 * 7 9 7 2 * 8 1 5

0 -3 5 0 * 0 0 2 — 1 * 4 0 0 1 * 5 3 4 +  1 * 0 7 9 — 1 * 9 7 4 3 * 2 9 6

0 - 4 0 — 1 * 0 4 4 1 * 1 3 6 1 * 9 8 8 — 2 * 9 5 3 3*6 7 1

0 - 4 5 - 0 * 7 5 4 0 * 8 2 1 2 * 6 9 4 - 3 * 7 0 1 3 * 9 4 4

0 -5 0 - 0 * 5 3 3 0 * 5 8 3 3 * 1 9 0 - 4 * 2 2 2 4 * 1 2 6

0 -5 5 - 0 * 3 6 9 0 * 4 0 8 3 * 4 9 4 — 4 * 5 4 5 4*2 3 1

0 - 6 0 - 0 * 2 5 3 0 * 2 8 2 3 * 6 3 7 - 4 * 7 0 2 4 * 2 7 6

0 - 7 — 0 * 1 1 5 0 * 1 3 2 3 * 5 7 8 — 4 * 6 5 4 4 * 2 3 6

0 - 8 - 0 * 0 5 1 0 * 0 6 1 3 * 2 4 7 - 4 * 3 1 4 4 * 0 8 9

0 - 9 - 0 * 0 2 2 0 * 0 2 8 2 * 8 0 4 — 3 * 8 3 9 3 * 8 8 8

1 0 - 0 * 0 0 9 0 * 0 1 2 2 * 3 4 9 - 3 * 3 2 8 3 * 6 6 6

1 1 - 0 * 0 0 4 0 * 0 0 5 8 1 * 9 2 5 - 2 * 8 3 4 3 * 4 3 9

1 * 2 - 0 * 0 0 2 0  0 0 2 6 1 * 5 5 3 - 2 * 3 8 2 3 * 2 1 7

1 -3 - 0 * 0 0 1 0 * 0 0 1 1 * 2 3 8 - 1 * 9 8 4 3  0 0 4

1 -4 0 * 9 7 8 — 1 * 6 4 0 2 * 8 0 3

1*6 0 * 5 9 9 - 1 * 1 0 3 2 * 4 3 7

1 -8 0 * 3 5 9 — 0 * 7 3 1 2 * 1 1 7

2 0 0 * 2 1 3 — 0 * 4 7 9 1 * 8 3 8

2 2 0 * 1 2 5 - 0 * 3 1 1 1 * 5 9 4

2 - 4 0 * 0 7 3 - 0 * 2 0 1 1*381

2 - 6 0 * 0 4 2 - 0 * 1 2 9 1 * 1 9 6

2 - 8 0 * 0 2 4 — 0 * 0 8 3 1 * 0 3 4

3 0 0 * 0 1 4 - 0 * 0 5 3 0 * 8 9 2

3 - 2 0 * 0 0 8 - 0 * 0 3 4 0 * 7 6 9

3 * 4 0 * 0 0 4 - 0 * 0 2 1 0 * 6 6 2

3 * 6 0 * 0 0 2 - 0 * 0 1 4 0 * 5 6 8

3 * 8 0 * 0 0 1 - 0 * 0 0 9 0 * 4 8 7

4 * 0 - 0  0 0 5 0 * 4 1 7

4 * 5 - 0 * 0 0 1 0 * 2 8 1

5 * 0 0 * 1 8 8

5 * 6 0 * 1 2 4

6 * 0 0*0 8 1

7 0 * 0 3 4
8 0 * 0 1 4
9 0  0 0 6

10 0 * 0 0 2 6
11 0  001
12

€•
v /R

o b s . X -r a y  
te r m .

Jo"
€ .

v /R
o b s . X -r a y  

te r m .
J T P * *

( I s ) 6 5 8 * 0 6 6 1 * 6 0 * 1 0 5 8 9 (3 s ) 8 * 9 6 8 8 * 9 7 * 9 0 5
(2s ) 7 8 *45 8 1 * 0 1*1 5 6 8 ( 3 p 6 * 0 7 8 5 * 7 14*913
(2p ) 6 9 * 8 6 6 8 * 9 2 * 0 6 2 1 (3 d ) 1*1 9 5 0 * 4 2 1 * 2 9 6

V O L . O X L I.— A . X
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2 9 8 D .  R .  H a r t r e e .

T a b le  I V .— C u +  C o n t r i b u t i o n s  t o  Z .

T a b le  o f  2  (21 +  1 ) [1  —  Z 0 (nl, nl\r)].

r . (1*)«. (2 « )a. (2*>)«. (3 * )'. (3 p )‘ . (3d f ».

0 - 0 0 0 2 - 0 0 0 2 - 0 0 0 6 - 0 0 0 2 - 0 0 0 6 - 0 0 0 1 0 -0 0 0
0 - 0 0 5 1 -9 9 3 1 -9 9 9 6 - 0 0 0 2 - 0 0 0 6 - 0 0 0 1 0 -0 0 0
0 - 0 1 0 1 -9 5 8 1 - 9 9 6 6 - 0 0 0 1 -9 9 9 6 - 0 0 0 1 0 -0 0 0
0 -0 1 5 1 -8 8 7 1 - 9 9 0 6 - 0 0 0 1 -9 9 8 6 - 0 0 0 1 0 -0 0 0
0 - 0 2 0 1 -7 8 2 1 -9 8 1 5 - 9 9 9 1 -9 9 7 6 - 0 0 0 1 0 -0 0 0
0 - 0 2 5 1 * 6 5 2 1 -9 7 0 5 - 9 9 7 1 * 9 9 6 6 - 0 0 0 1 0 -0 0 0
0 - 0 3 0 1 -5 0 6 1 -9 5 9 5 - 9 9 3 1 - 9 9 4 5 - 9 9 9 1 0 -0 0 0
0 -0 3 5 1 - 3 5 4 1 - 9 4 9 5 - 9 8 7 1 -9 9 2 5 - 9 9 8 1 0 -0 0 0
0 - 0 4 0 1 -2 0 1 1 - 9 4 0 5 - 9 7 7 1 -9 9 1 5 - 9 9 7 1 0 -0 0 0

0 - 0 5 0 - 9 1 5 1 -9 2 6 5 - 9 4 2 1 - 9 9 0 5 - 9 9 2 1 0 -0 0 0
0 - 0 6 0 - 6 7 4 1 - 9 2 0 5 - 8 8 4 1 - 9 8 9 5 - 9 8 4 1 0 -0 0 0
0 - 0 7 0 - 4 8 2 1 -9 1 9 5 - 7 9 8 1 -9 8 9 5 - 9 7 3 1 0 -0 0 0
0 - 0 8 0 - 3 3 8 1 -9 1 8 5 -6 8 1 1 - 9 8 9 5 -9 5 8 1 0 -0 0 0
0 - 0 9 0 - 2 3 2 1 -9 1 5 5 - 5 3 3 1 * 9 8 8 5 - 9 4 0 1 0 -0 0 0
0 - 1 0 0 - 1 5 7 1 - 9 0 4 5 - 3 5 5 1 - 9 8 6 5 - 9 1 9 9 -9 9 9

0 - 1 2 0 - 0 6 9 1 - 8 5 4 4 - 9 2 3 1 -9 7 7 5 -8 7 0 9 -9 9 6
0 - 1 4 0 - 0 2 9 1 - 7 5 7 4 - 4 1 8 1 -9 6 3 5 - 8 1 9 9 -9 9 1

0 - 1 6 0 - 0 1 2 1 -6 1 8 3 - 8 7 8 1 -9 4 5 5 -7 7 2 9 -9 8 2
0 - 1 8 1 -4 5 1 3 -3 3 6 1 - 9 2 5 5 - 7 3 3 9 -9 6 8

0 - 2 0 1 - 2 6 8 2 - 8 1 9 1 -9 0 7 5 - 7 0 5 9 -9 4 7

0 - 2 2 1 -0 8 5 2 - 3 4 5 1 -8 9 3 5 - 6 8 8 9 -9 1 9

0 - 2 4 0 - 9 1 0 1 -9 2 2 1 - 8 8 3 5 -6 8 0 9 -8 8 2

0 - 2 6 0 - 7 5 0 1 -5 5 8 1 - 8 7 8 5 - 6 7 8 9 -8 3 5

0 - 2 8 0 - 6 0 9 1 -2 4 8 1 -8 7 6 5 -6 7 8 9 -7 7 6

0 - 3 0 0 - 4 8 7 0 - 9 9 0 1 -8 7 6 5 -6 7 5 9 -7 0 8

0 - 3 5 0 - 2 6 6 0 - 5 3 4 1 -8 7 1 5 - 6 3 3 9 -4 8 7

0 - 4 0 0 - 1 3 7 0 - 2 7 7 1 - 8 3 9 5 - 5 0 7 9 -2 0 0

0 - 4 5 0 - 0 6 8 0 - 1 3 8 1 -7 6 8 5 - 2 8 2 8 -8 5 8

0 - 5 0 0 - 0 3 2 0 - 0 6 7 1 -6 5 7 4 - 9 6 3 8 - 4 7 4

0 - 5 5 0 - 0 1 5 0 - 0 3 2 1 - 5 1 4 4 - 5 7 3 8 - 0 6 2

0 - 6 0 0 - 0 0 7 0 - 0 1 5 1 * 3 5 3 4 -1 4 1 7 -6 3 7

0 - 7 0 - 0 0 1 0 - 0 0 2 1 -0 1 8 3 - 2 4 9 6 -7 8 1

0 - 8 0 -7 2 1 2 - 4 3 3 5 - 9 6 5

0 - 9 0 - 4 8 8 1 -7 6 2 5 -2 1 7

1 - 0 0 - 3 2 0 1 -2 4 3 4 -5 4 7

1 -1 0 - 2 0 4 0 -8 6 1 3 -9 5 3

1 -2 0 -1 2 8 0 - 5 8 7 3 -4 3 3

1 - 3 0 - 0 7 9 0 -3 9 6 2 - 9 8 0

1 - 4 0 - 0 4 7 0 -2 6 5 2 - 5 8 4

1 - 6 0 - 0 1 6 0 - 1 1 5 1 -9 3 9

1 - 8 0 - 0 0 5 0 - 0 4 8 1 -4 5 4

2 - 0 0 -0 0 1 0 - 0 1 9 1 -0 8 7

2 - 2 0 - 0 0 6 0*8 1 1

2 - 4 0 - 0 0 2 0 -6 0 4

2 - 6 0 -4 4 8

2 - 8 0 -3 3 0

3 - 0 0 -2 4 3

3 - 2 0 -1 7 9

3 - 4 0 -1 3 0

3 - 6 0 -0 9 5

3 - 8 0 -0 6 8

4 - 0 0 -0 5 0
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Calculations of Atomic Wave Functions.

T a b le  I V — ( c o n t in u e d ) .

2 9 9

r. ( I s )* 2 * 4 * * * * *- (2*)2. (2P)*. (3«)2. ( 3 p ) \ (3d )10.

4 - 5 0 -0 2 2

5 0 0 -0 0 8

5 -5 0 -0 0 3

6 0 0 -0 0 1

I t  is  i n te r e s t in g  t o  c o m p a r e  t h e  d i s t r i b u t io n  o f  c h a r g e  f o r  C u + , w i th  a n  o u te r  

sh e ll  o f  18  e le c t ro n s , w i th  t h a t  f o r  in e r t - g a s - l ik e  io n s  w h ic h  h a v e  o u te r  sh e lls  o f  

8  e l e c t r o n s ; a n d  f o r  t h i s  p u r p o s e  t h e  t o t a l  c h a r g e  d e n s i t y  f o r  C u + a n d  c o n ­

t r i b u t io n s  t o  i t  f r o m  t h e  g r o u p s  o f  t h e  o u t e r  s h e l l f  a r e  s h o w n  a s  f u n c t io n s  o f  r

in  fig . 2 , a n d  c o r re s p o n d in g  d ia g r a m s  f o r  K + a n d  R b + a r e  s h o w n  in  figs. 3 a n d

4 re s p e c tiv e ly .] :

T h e  C u + io n  is  m o r e  c o m p a c t  t h a n  K + o r  R b + ; a l t h o u g h  t h e  o u te r  sh e ll  o f  

C u + c o n s is ts  o f  18  e le c t r o n s  w h i le  th o s e  o f  K + a n d  R b + c o n s is t  o f  8 , t h e  c h a r g e  

d e n s i ty  in  C u + is  s m a l le r  t h a n  in  K + o r  R b + o u ts id e  a  r a d iu s  o f  a b o u t  1 • 2 

a to m ic  u n i t s  ; a n d  i t  is  n e c e s s a r y  t o  p a s s  r i g h t  in s id e  t h e  o u t e r  s h e ll  o f  K + o r  

R b + t o  t h e  n e x t  in n e r  s h e l l  b e fo re  c o m in g  t o  a  r e g io n  o f  c h a r g e  d e n s i t y  a s  

h ig h  a s  t h a t  in  t h e  o u te r m o s t  s h e l l  o f  C u + . T h is  a g re e s  w i th  t h e  m u c h  s m a l le r  

o b s e rv e d  p a c k in g  r a d iu s  f o r  a  C u + o r  C u + +  io n  t h a n  o f  a  K + o r  R b + io n  in  

c r y s ta ls  ( th e  e ffe c t o f  a  s e c o n d  io n iz a t io n  o f  t h e  c o p p e r  a t o m  w o u ld  b e  t o  

c o n t r a c t  t h e  “  t a i l  ”  o f  t h e  (3d) w a v e  f u n c t io n  f o r  la r g e  r, b u t  i t  w o u ld  n o t  

g r e a t ly  a l t e r  t h e  d i s t r ib u t io n ) .

I t  s h o u ld  b e  p o in te d  o u t  h e r e  t h a t  t h e  t o t a l  v o lu m e  d e n s i ty ,  w h ic h  is  l /4 r c r 2 

tim e s  th e  r a d i a l  d e n s i ty ,  in c re a s e s  s t e a d i ly  a s  r d e c re a se s ,  a n d  d o e s  n o t  sh o w  

th e  m a x im a  a n d  m in im a  s h o w n  b y  t h e  r a d i a l  d e n s i t y  c u rv e .

A n o th e r  in te r e s t in g  c o m p a r is o n  b e tw e e n  C u  a n d  t h e  a lk a l i  m e ta l  a to m s  is  

t h a t  o f  th e  se r ie s  e le c t r o n  w a v e  f u n c t io n  a n d  i t s  r e l a t i o n  t o  t h e  in te r a to m ic  

d is ta n c e  in  m e ta ls . T h is  c o m p a r is o n  w ill  b e  g iv e n  h e re  a l th o u g h  i t  d e p e n d s  

o n  so m e  r e s u l t s  n o t  g iv e n  in  t h i s  p a p e r .  S l a t e r ’s th e o r y  o f  c o h e s io n  in  m e ta ls §  

su g g e s ts  t h a t  t h e  in t e r a to m ic  d is ta n c e  in  t h e  c r y s t a l  o f  a  m e ta l l ic  e le m e n t

t  T o  a v o id  c r o w d in g  t h e  d ia g r a m , t h e  c o n tr ib u t io n s  f r o m  t h e  in d iv id u a l  g r o u p s  o f  th e  

in n e r  s h e l l  a re  n o t  s h o w n  ; t h e  p o in t  o f  in t e r e s t  in  t h e  c o m p a r is o n  i s  t h e  s tr u c tu r e  o f  th e  

o u te r  sh e l l .

f  T h e se  d ia g r a m s  a re  b a s e d  o n  r e s u lt s  o f  o ld  w o r k , b u t  t h e  a lte r a t io n  in  th e  r e s u lt s  d u e  

t o  r e v is io n  b a s e d  o n  t h e  s t a n d a r d  c a lc u la t io n s  is  n o t  l ik e ly  t o  b e  a p p r e c ia b le  o n  t h e  s c a le  

o f  th e s e  d ia g r a m s .

§ S la te r ,  ‘ P h y s . R e v ., ’ vo l. 3 5 ,p . 5 0 9  (1930).
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0
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10

0

D .  R .  H a r t r e e .

F i g .  2 . C u

\  T o t a l

\  J L ^  (3  p f
s f F ig . 3 .  K +

•-V. —

F ig . 4 .  R b +

4

d i s t r i b u t i o n s  i n  C u + ,  K + ,  R b + .  R a d i a l  c h a r g e  d e n s i t y  i n  e le c tr o n s  

s h o w n  a s  f u n c t i o n  o f  r a d iu s  i n  a t o m ic  u n i t s .  T h e  f u l l - l in e  c u r v e  

ge d e n s i t y  f o r  t h e  w h o le  a t o m ,  t h e  b r o k e n  c u r v e s  s h o w  t h e  c o n -  

b o ta l c h a r g e  d e n s i t y  f r o m  t h e  g r o u p s  o f  t h e  o u t e r  sh e lL
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Calculations of Atomic Wave Functions. 301

m a y  be g iv e n  a p p r o x im a te ly  b y  t h e  c o n d i t io n  t h a t  t h e  u n p e r tu r b e d  se r ie s  

e le c tro n  w a v e  fu n c t io n s  o f  t h e  tw o  a to m s  o v e r la p  so  t h a t  t h e i r  m a x im a  n e a r ly  

co in c id e .

I f  P  is t h e  r a d ia l  f u n c t io n  f o r  t h e  se r ie s  e le c t r o n ,  t h e n  t h e  w a v e  f u n c t io n  i t s e l f  

is P / r  ( th e  n o r m a l  s t a t e  o f  t h e  se r ie s  e le c t r o n  b e in g  a n  s  s t a t e ) ; in  T a b le  V  

th e  a p p r o x im a te  r a d i i  o f  t h e  m a in  m a x im a  o f  P 2 a n d  o f  ( P / r ) 2 f o r  t h e  n o r m a l  

se r ie s  e le c tr o n  w a v e  f u n c t io n  a r e  g iv e n  ; a n d  a lso  t h e  o b s e r v e d  a to m ic  p a c k in g  

r a d iu s  (d e f in e d  a s  h a l f  t h e  in te r a to m ic  d is ta n c e )  a n d  i t s  r a t i o  to  t h e  r a d i i  

o f th e  m a x im a  o f  th e  c a lc u la te d  w a v e  f u n c t io n s .

T a b le  V .

A to m .

R a d iu s  o f  

m a x .  P , a

rv

R a d iu s  o f  

m a x . ( P /r ) 2 

r 2.

C r y sta l  s t r u c tu r e  

o f  e le m e n t .

P a c k in g

r a d iu s*

»V r i

''o

r 2

K  .. . . .. . . . .. . . . .. . . . 2 - 6 6 2 - 0 1 B o d y  c e n tr e d  c u b ic 2 - 3 0 9 0 - 8 7 1 -1 5

R b  . . .. . .. . .. . .. . . 2 - 8 4 2 - 1 8 y y 2 - 4 3 0 - 8 6 I U 5

Cs . . .. . .. . .. . .. . .. . .. 3 - 2 1 2 - 5 3 y y 2 - 6 2 0 - 8 1 1 - 0 4

C u .. . . . . . . . . . . . . . . . . . 1 -5 1 1 0 4 F a c e  c e n tr e d  c u b ic 1 - 2 7 5 0 - 8 4 # 1 -2 3

( A ll  le n g th s  in  A .)

* T a k e n  fro m  N e u b e r g e r , * Z . K r y s t a l lo g . ,1 v o l .  8 0 , p . 1 0 3  (1 9 3 1 ) .

T h e  r e s u l t s  sh o w  a  r e la t io n  b e tw e e n  se r ie s  e le c t r o n  w a v e  f u n c t io n s  a n d  i n t e r ­

a to m ic  d is ta n c e  o f  t h e  k in d  s u g g e s te d  b y  S la te r  ; t h e  a to m ic  r a d iu s  in  a ll  c a se s  

lies  b e tw e e n  t h e  r a d i i  a t  w h ic h  P  a n d  P / r  h a v e  th e i r  m a x im a ,  a n d ,  e x c e p t  fo r  

Cs, a b o u t  h a l f  w a y  b e tw e e n  ; a n d  t h e  v a r i a t i o n  o f  e i th e r  r a t i o  is  c o n s id e r a b ly  

less  t h a n  th e  v a r ia t io n  o f  t h e  p a c k in g  r a d iu s .

§ 6 . Summary.

A p p r o x im a te  wra v e  fu n c t io n s  fo r  a  n u m b e r  o f  a to m s  h a v e  b e e n  c a lc u la te d  

b y  th e  m e th o d  o f  th e  s e lf - c o n s is te n t fie ld , b u t  o f  t h e  a v a i l a b le  r e s u l t s  fe w  h a v e  

b e e n  p u b l is h e d  in  d e ta i l .  T h e s e  r e s u l t s  f o r  a  n u m b e r  o f  a to m s  a r e  b e in g  

re v ise d , a n d  t h e  a p p r o x im a t io n  im p r o v e d ,  w i th  a  v ie w  t o ’p u b l ic a t io n  so  a s  to  

m a k e  th e m  m o re  g e n e r a lly  a c c e s s ib le  ; t h i s  p a p e r  p r e s e n ts  t h e  r e s u l t s  fo r  G l­

a n d  C u + . T h e  r e s u l t s  fo r  c o p p e r  a r e  c o m p a r e d  w i th  th o s e  fo r  t h e  o th e r  a lk a l i  

m e ta ls  a n d  c h a r a c te r i s t ic  d if fe r e n c e s  n o te d  ; a n d  th e  r e la t io n  b e tw e e n  th e  

in te ra to m ic  d is ta n c e  in  m e ta ls  a n d  t h e  w a v e  fu n c t io n  o f  t h e  se r ie s  e le c tr o n  is  

p o in te d  o u t.
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