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ABSTRACT

The Real Business Cycle (RBC) research program has grown spectacularly over the last

decade, as its concepts and methods have diffused into mainstream macroeconomics.  Yet, there is

increasing skepticism that technology shocks are a major source of business fluctuations.  This

chapter exposits the basic RBC model and shows that it requires large technology shocks to produce

realistic business cycles.  While Solow residuals are sufficiently volatile, these imply frequent

technological regress.  Productivity studies permitting unobserved factor variation find much smaller

technology shocks, suggesting the imminent demise of real business cycles.  However, we show that

greater factor variation also dramatically amplifies shocks: a RBC model with varying capital

utilization yields realistic business cycles from small, nonnegative changes in technology.  
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8Krzhyhu/ wkhuh lv vrph uhfhqw lqwhuhvw lq wkhvh phwkrgv1 Zdwvrq ^4<<7` xvhv wkh Exuqv dqg
Plwfkhoo phwkrgrorj| wr frqwudvw lqwhu0zdu dqg srvw0zdu X1V1 exvlqhvv f|fohv1 Vlpnlqv ^4<<7`
dqg Nlqj dqg Sorvvhu ^4<<7` vkrz wkdw UEF prghov surgxfh duwl�fldo gdwd wkdw wkh Exuqv dqg
Plwfkhoo phwkrgv zrxog uhfrjql}h dv kdylqj vlplodu fkdudfwhulvwlfv wr X1V1 gdwd1
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Iru txduwhuo| gdwd/ wkh vwdqgdug ydoxh fkrvhq iru wkh vprrwklqj sdudphwhu � lv 49331 Zkhq
� @ 4 wkh vroxwlrq wr wklv sureohp lv d olqhdu wuhqg/ zkloh zlwk � @ 3 wkh wuhqg frlqflghv
zlwk wkh ruljlqdo vhulhv1 Lq d �qlwh vdpsoh frqwh{w/ wkh zhljkwv dm lq +514, ghshqg rq wkh ohqjwk
ri wkh vdpsoh vr wkdw wkh wh{w h{suhvvlrq lv d vlpsol�fdwlrq1 Nlqj dqg Uhehor ^4<<6` glvfxvv
dgglwlrqdo surshuwlhv ri wklv ghwuhqglqj surfhgxuh/ lqfoxglqj ghulydwlrq ri �owhu zhljkwv dqg
iuhtxhqf| uhvsrqvh ixqfwlrqv iru wkh fdvh lq zklfk wkh vdpsoh lv lq�qlwho| odujh1 Wkh| hvwdeolvk
wkdw wkh KS �owhu kdv vwurqj ghwuhqglqj surshuwlhv/ lq wkh vhqvh wkdw lw fdq pdnh vwdwlrqdu|
vhulhv xs wkurxjk irxu rughuv ri lqwhjudwlrq1

:Vlqfh dq h{dfw edqgsdvv �owhu frqwdlqv dq lq�qlwh qxpehu ri prylqj dyhudjh whupv/ d
sudfwlfdo edqgsdvv �owhu fdqqrw eh surgxfhg h{dfwo| exw lqyroyhv dssur{lpdwlrqv1 Ed{whu dqg
Nlqj ^4<<8` ghulyh wkh uhohydqw irupxodv/ lpsrvlqj wkh frqvwudlqw wkdw wkh vxp ri wkh �owhuzhljkwv
pxvw eh }hur> wkh| dovr frpsduh wkh ES �owhu wr vhyhudo rwkhu ghwuhqglqj phwkrgv lqfoxglqj
wkh KS �owhu1
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;Hljkw |hduv fruuhvsrqgv wr wkh orqjhvw uhihuhqfh f|foh wkdw Exuqv dqg Plwfkhoo ^4<79` xq0
fryhuhg xvlqj yhu| gl�huhqw phwkrgv1 Vwrfn dqg Zdwvrq ^4<<;` dgrsw dq dowhuqdwlyh ylhz ri wkh
lqwhuhvwlqj exvlqhvv f|foh shulrglflwlhv +vl{ wr wzhqw| irxu txduwhuv,/ exw wklv lv d gl�huhqfh ri
ghjuhh udwkhu wkdq nlqg1

<Wklv gdwd vhw fryhuv wkh shulrg 4<7: +�uvw txduwhu, wr 4<<9 +irxuwk txduwhu,1
43Iru d glvfxvvlrq ri rshq hfrqrp| vw|ol}hg idfwv vhh Ed{whu dqg Vwrfnpdq ^4<;<`/ Edfnxv

dqg Nhkrh ^4<<5` dqg Ed{whu ^4<<8`1
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44Wklv phdvxuh ri fdsdflw| xwlol}dwlrq/ frqvwuxfwhg e| wkh Ihghudo Uhvhuyh V|vwhp/ lv vxemhfw
wr vxevwdqwldo phdvxuhphqw huuru/ vhh Vkdslur ^4<;<`1

45Wkh revhuydwlrq wkdw wkh uhdo zdjh lv qrw wljkwo| uhodwhg wr wkh exvlqhvv f|foh jrhv edfn wr
Gxqors ^4<6;` dqg Wduvklv ^4<6<` zkr vwuhvvhg wkdw wklv zdv dw rggv zlwk Nh|qhvldq prghov1
Wklv �qglqj lv vrphzkdw ghshqghqw rq suhflvho| krz wkh uhdo zdjh lv frqvwuxfwhg/ ghshqglqj rq
wkh zkhwkhu wkh qxphudwru +wkh zdjh, lqfoxghv ydulrxv frpshqvdwlrq lwhpv dqg rq wkh lqgh{ lq
wkh ghqrplqdwru +wkh sulfh ohyho,1 Wzr sduwlfxodu ihdwxuhv ri zdjh phdvxuhphqw wkdw d�hfw lwv
f|folfdo ehkdylru duh dv iroorzv1 Iluvw/ �upv sd| iru ryhuwlph krxuv lq dq h{sdqvlrq dqg od|r�
uhjxodu krxuv lq d uhfhvvlrq1 Vhfrqg/ wkhuh lv d f|folfdo frpsrvlwlrq eldv lq wkh oderu irufh~orzhu
txdolw| zrunhuv duh kluhg lq h{sdqvlrqv~zklfk vxjjhvwv wkdw wkh uhdo zdjh shu h�flhqf| xqlw ri
oderu h�ruw lv surf|folfdo1
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46Vhh Vwrfn dqg Zdwvrq ^4<<;/ vhfwlrqv 6+g,/ 6+i,/ dqg 714` iru d glvfxvvlrq ri olwhudwxuh dqg
hpslulfdo uhvxowv1

b



U)U*�U@* Mi�@��Lh Lu @ 4i@t�hi Lu |�i i TiU|i_ hi@* h@|i Lu �?|ihit| uhL4 5|LU! @?_
@̀|tL? d�bbHo �? A@M*i �� A��t hi@* �?|ihit| h@|i �t UL?t|h�U|i_ M) t�M|h@U|�?} @

uLhiU@t| Lu �?�@|�L? uhL4 |�i ?L4�?@* �?|ihit| h@|i L? N�5� |hi@t�h) M�**t� A�ihi �t
@ ?i}@|��i ULhhi*@|�L? Lu |�i hi@* �?|ihit| h@|i ��|� hi@* L�|T�| UL?|i4TLh@?iL�t*)
@?_c �?_ii_c |��t ?i}@|��i hi*@|�L?t��T �t i�i? t|hL?}ih Mi|�ii? hi@* L�|T�| @?_
*@}}i_ hi@* �?|ihit| h@|it� �@?) 4L_ih? 4@UhLiUL?L4�U 4L_i*tc �?U*�_�?} hi@*
M�t�?itt U)U*i 4L_i*tc �@�i _��U�*|) 4@|U��?} |��t ui@|�hi Lu M�t�?itt U)U*it��e

2��� 5L4i 5|)*�3i_ 6@U|t Lu ,UL?L4�U BhL�|�

`��*i |�i N�5� |�4i tih�it uLh 4@?) @}}hi}@|it }hL� L�ih |�4ic |�ihi @hi 4@?)
R}hi@| h@|�Lt� |�@| @TTi@h |L Mi hi*@|��i*) UL?t|@?|c t�}}it|�?} |�@| |�ihi @hi @
t4@** ?�4Mih Lu UL44L? uLhUit ���U� }��i h�ti |L |hi?_ }hL�|�� �t ��|� |�i
t)t|i4@|�U T@||ih?t Lu M�t�?itt U)U*itc |��t �?_�?} �t @*tL UL?t�t|i?| @UhLtt 4@?)
UL�?|h�it @?_ |�4i Tih�L_tc t�}}it|�?} |�@| |�ihi 4@) Mi @ UL�ihi?| |�iLhi|�U@*
i T*@?@|�L? Lu �|t Lh�}�?� A�iti t|)*�3i_ u@U|t Lu iUL?L4�U }hL�|� �ihi �?UL�ihi_
@t @TT*�i_ hiti@hU�iht t�U� @t k�3?i|t d�b.�o @tti4M*i_ *L?} |�4i tih�it L? iUL�
?L4�U }hL�|�� A�i) @hi tL4i|�4it U@**i_ |�i Rk@*_Lh u@U|t� Lu }hL�|� MiU@�ti
k@*_Lh d�bD.o _hi� @||i?|�L? |L |�i4G �? @__�|�L? |L |�i UL?t|@?U) Lu }hi@| h@|�Ltc
�i t|hitti_ |�@| |�i }hL�|� ThLUitt tii4i_ |L �?�L*�i }hL�|� h@|it @?_ �?|ihit|
h@|it |�@| �ihi t|@|�L?@h) i�i? |�L�}� |�i *i�i* Lu iUL?L4�U @}}hi}@|it �ihi ?L|�

A�i }hi@| h@|�Lt� �@?i*t ��� Lu 6�}�hi D �**�t|h@|it |�@| |�i ThLUitt Lu t�t�
|@�?i_ }hL�|� @TTi@ht |L *i@�i 4@?) Lu |�i t�@hit Lu �?UL4i UL4TL?i?|t @?_
L�|T�| UL4TL?i?|t hi*@|��i*) �?@giU|i_��D A�i h@|�Lt Lu �?�it|4i?| |L L�|T�|
@?_ *@MLh �?UL4i |L L�|T�| @TTi@h |L ��U|�@|i @hL�?_ UL?t|@?| 4i@?t� A�i
h@|�L Lu UL?t�4T|�L? |L L�|T�| _Lit �?Uhi@ti uhL4 �bD2 L?�@h_tc M�| |�ihi �t

47Nlqj dqg Zdwvrq ^4<<9` �qg wklv qhjdwlyh _ohdglqj lqglfdwru% uhodwlrqvkls ehwzhhq wkh uhdo
lqwhuhvw udwh dqg uhdo dfwlylw|/ xvlqj ES �owhuhg gdwd1 Wkh| dovr vkrz wkdw d qxpehu ri prghuq
pdfurhfrqrplf prghov/ lqfoxglqj wkh edvlf UEF prgho/ duh xqdeoh wr pdwfk wklv idfw hyhq
zkhq gulyhq e| frpsolfdwhg iruflqj surfhvvhv wkdw doorz wkhp wr pdwfk prvw rwkhu ihdwxuhv ri
wkh exvlqhvv f|foh1 Krzhyhu/ zkloh wklv uhvxow lv suryrfdwlyh/ lw lv lpsruwdqw wr vwuhvv wkdw wkh
ehkdylru ri wklv uhdo lqwhuhvw udwh lqyroyhv dvvxplqj wkdw wkh lq�dwlrq iruhfdvwlqj htxdwlrq lv
whpsrudo| vwdeoh dqg wkdw djhqwv nqrz wklv iruhfdvwlqj vwuxfwxuh lq dgydqfh1

48Nohlq dqg Nrvrexg ^4<94` surgxfhg dq hduo| whvw ri wkh vwdelolw| ri wkh _juhdw udwlrv% lq wkh
X1V1 Pruh uhfhqwo|/ Nlqj/ Sorvvhu/ Vwrfn dqg Zdwvrq ^4<<4` guhz dwwhqwlrq wr krz wkh frqvwdqf|
ri wkhvh juhdw udwlrv zdv d frlqwhjudwlrq lpsolfdwlrq derxw wkh orjdulwkpv ri wkh yduldeohv/ zklfk
wkh| whvwhg iru wkh X1V1 Hylghqfh rq frlqwhjudwlrq iru rwkhu RHFG frxqwulhv lv frqwdlqhg lq
Qhxvvhu ^4<<4`1

�f



?L|��?} *�!i |�i *@h}i |hi?_ |�@| �i t@� �? L�|T�| �? 6�}�hi �� 5|@M�*�|) Lu |�i
}hi@| h@|�Lt �4T*�it |�@| 4Lt| tih�it �@�i @ t�4�*@h h@|i Lu }hL�|�c tL |�@| |�ihi �t
?L _i|ih4�?�t|�U |hi?_ �? |�i h@|�Ltc @?_ |�@| u@U|Lht U@�t�?} Tih4@?i?| U�@?}it �?
|�i *i�i* Lu iUL?L4�U @U|���|) _L tL �? @ �@) |�@| 4@!it |�i�h igiU|t ThLTLh|�L?@*
@UhLtt tih�it�

w@MLh @?_ }hL�|�� #�h�?} *L?}�|ih4 iUL?L4�U }hL�|�c ���U� 4Lt| iUL?L4�t|t
Mi*�i�i LUU�ht 4@�?*) _�i |L TLT�*@|�L? }hL�|� @?_ |iU�?�U@* ThL}hittc 4i@t�hit
Lu *@MLh �?T�| Tih TihtL? @hi @*tL hi*@|��i*) UL?t|@?| @t _LU�4i?|i_ �? T@?i* e Lu
6�}�hi D� A��t hi*@|��i UL?t|@?U) Lu �L�ht Tih U@T�|@ �t hi4@h!@M*i }��i? |�i h�ti
�? hi@* �@}it |�@| @UUL4T@?�it iUL?L4�U }hL�|�� ��ih L�h t@4T*i Tih�L_c |�i
hi@* �@}i 4i@t�hi Thi��L�t*) t|�_�i_ �? T@?i* e Lu 6�}�hi e }hi� @| ��.SI Tih
)i@hc M�| |�ihi �t *�||*i i��_i?Ui Lu @ |hi?_ �? �L�ht �Lh!i_ Tih TihtL?�

2�e� W4T*�U@|�L?t Lu 5|)*�3i_ 6@U|t

5L4i Lu |�i u@U|t ��t| _itUh�Mi_ �@�i Mii? �?��i?|�@* �? t�@T�?} |�i ��i�t Lu
iUL?L4�t|t @ML�| Lu �L� |�i iUL?L4) LTih@|it� W? |ih4t Lu |�i M�t�?itt U)U*i
u@U|tc |�i ��}� �L*@|�*�|) Lu �?�it|4i?| ?L _L�M| �?_ih*�it ki)?it< u@4L�t @t�
tih|�L? |�@| �?�it|Lht �@�i R@?�4@* tT�h�|t�� �| |�i t@4i |�4ic |�i *L� U)U*�U@*
�L*@|�*�|) Lu U@T�|@* �t Lu|i? |@!i? |L �4T*) |�@| L?i U@? t@ui*) @Mt|h@U| uhL4
4L�i4i?|t �? U@T�|@* �? UL?t|h�U|�?} @ |�iLh) Lu iUL?L4�U ��U|�@|�L?t� A�i hi�
4@h!@M*) ��}� ULhhi*@|�L? Mi|�ii? �L�ht �Lh!i_ @?_ @}}hi}@|i L�|T�| �@t *i_
tL4i iUL?L4�t|t |L Mi*�i�i |�@| �?_iht|@?_�?} |�i *@MLh 4@h!i| �t !i) |L �?�
_iht|@?_�?} M�t�?itt ��U|�@|�L?t� 6�?@**)c |�i hi*@|��i*) t4@** �@h�@M�*�|) Lu hi@*
�@}it @?_ |�i *@U! Lu @ U*Lti ULhhitTL?_i?Ui Lu �@}it ��|� @}}hi}@|i L�|T�|c �@t
*i_ tL4i iUL?L4�t|t |L UL?U*�_i |�@| |�i �@}i h@|i �t ?L| @? �4TLh|@?| @**LU@|��i
t�}?@* �? |�i M�t�?itt U)U*i� A�i }hL�|� u@U|t t�}}it| |�i �4TLh|@?Ui Lu M��*_�?}
4L_i*t |�@| ui@|�hi @ UL44L? |hi?_ �? 4Lt| hi@* @}}hi}@|it�

�� A�i �@t�U �iLU*@tt�U@* �L_i*

W? |�i �bDft @?_ �bSftc @}}hi}@|i iUL?L4�U @U|���|) �@t @?@*)3i_ ��|� |�L �ih)
_�gihi?| |)Tit Lu _)?@4�U 4@UhLiUL?L4�U 4L_i*t� A�i |hi?_ UL4TL?i?|t Lu @}�
}hi}@|i iUL?L4�U @U|���|) �ihi t|�_�i_ ��|� R}hL�|� 4L_i*t� |�@| t|hitti_ |�hii
tL�hUit Lu _)?@4�UtG TLT�*@|�L? }hL�|�c ThL_�U|���|) }hL�|� @?_ U@T�|@* uLh4@�
|�L?� A�i M�t�?itt�U)U*i UL4TL?i?|t �ihi t|�_�i_ ��|� ki)?it�@? 4@UhLiUL?L4�U

��



4L_i*tc ���U� t|hitti_ |�i �?|ih@U|�L? Lu UL?t�4T|�L? @?_ �?�it|4i?| M�| _L�?�
T*@)i_ |�i �4TLh|@?Ui Lu U@T�|@* @UU�4�*@|�L? @?_ ThL_�U|���|) }hL�|�� `��*i
|�ihi �ihi @||i4T|t |L t)?|�it�3i |�iti _i�i*LT4i?|t |L�@h_t |�i i?_ Lu |��t
Tih�L_c |�i t|�_) Lu }hL�|� @?_ M�t�?itt U)U*it 4Lt| uhi^�i?|*) �?�L*�i_ �ih)
_�tT@h@|i 4L_i*t� +i*@|��i |L |��t |h@_�|�L?@* 4@UhLiUL?L4�U @TThL@U�c |�i hi@*
M�t�?itt U)U*i *�|ih@|�hi |LL! @ �ih) _�gihi?| TL�?| Lu ��i�� W|t ULhi �t @ ?iL�
U*@tt�U@* }hL�|� 4L_i* Lu |�i uLh4 _i�i*LTi_ M) 5L*L� d�bDSoc �@tt d�bSDo @?_
kLLT4@?t d�bSDo� W| |�i? uL**L�t �hLU! @?_ ��h4@? d�b.2o �? 4@!�?} |��t }hL�|�
4L_i* t|LU�@t|�Uc M) TLt�|�?} |�@| |�i ThL_�U|�L? |iU�?L*L}) �t M�gi|i_ M) h@?�
_L4 @}}hi}@|i t�LU!t |L ThL_�U|���|)�

��h �?|hL_�U|�L? |L +�� @?@*)t�t |��t ?@|�h@**) Mi}�?t M) hi��i��?} |�i RM@�
t�U ?iLU*@tt�U@* 4L_i*�c ���U� �@t �4T*�U@|�L?t uLh ML|� }hL�|� @?_ M�t�?itt U)�
U*it� W? |��t tiU|�L?c �i uLU�t L? |�i t|h�U|�hi Lu |�i 4L_i*c |h@Ui tL4i Lu �|t
�4T*�U@|�L?t uLh U@T�|@* @UU�4�*@|�L?c @?_ _�tU�tt 5L*L�<t �Lh! L? ThL_�U|���|)
4i@t�hi4i?|� W? |�i ?i | tiU|�L?c �i _�tU�tt �|t M�t�?itt U)U*i ThLTih|�it�

���� A�i t|h�U|�hi

A�i M@t�U ?iLU*@tt�U@* 4L_i* �t M��*| L? @tt�4T|�L?t @ML�| Thiuihi?Uitc i?_L��
4i?|t @?_ |iU�?L*L}) |�@| @hi _it�}?i_ |L U@T|�hi !i) ui@|�hit Lu }hL�|� @?_
M�t�?itt U)U*itc ���*i M��*_�?} @ 4L_i* iUL?L4) |�@| �t hi@_�*) @4i?@M*i |L iUL�
?L4�U @?@*)t�t�

�hiuihi?UitG A�i iUL?L4) �t TLT�*@|i_ M) @ *@h}i ?�4Mih Lu �?�?�|i*) *��i_
@}i?|t ��Lti i TiU|i_ �|�*�|) �t _i�?i_ @t

.f

"[

|'f

K|�E�|c u|�c K : fc E����

��ihi K _i?L|it |�i _�tUL�?| u@U|Lhc �| hiThiti?|t UL?t�4T|�L? @?_ u| *i�t�hi�
A�i t)4ML* .f _i?L|it |�i i TiU|@|�L? Lu u�|�hi �@*�it Lu � @?_ u M@ti_ L?
|�i �?uLh4@|�L? @�@�*@M*i @| |�4i 3ihL��S A�i �?�?�|i �Lh�3L? @tt�4T|�L?c ���U�
}hi@|*) t�4T*��it |�i 4@|�i4@|�U@* @?@*)t�t Lu iUL?L4�U }hL�|� @?_ M�t�?itt
U)U*itc �t �t�@**) ��t|��i_ M) @TTi@*�?} |L |�i Thiti?Ui Lu @*|h��t|�U *�?!t @UhLtt

49Wr vlpsoli|/ zh dgrsw d gdwlqj frqyhqwlrq wkdw grhv qrw glvwlqjxlvk ehwzhhq _sodqqlqj
wlph% iru wkh lqglylgxdo dqg _fdohqgdu wlph% iru wkh hfrqrp|1 Dowhuqdwlyh suhvhqwdwlrqv wkdw
hpskdvl}h wklv glvwlqfwlrq zrxog zulwh wkh remhfwlyh dv Hw

S4
m@3 e

mx+Fw.m > Ow.m,/ zkhuh w lv

fdohqgdu wlph dqg m lv sodqqlqj wlph1

�2



}i?ih@|�L?t E�@hhL d�b.eo�� OL�i�ihc �| U@? Mi ��i�i_ @t @? @TThL �4@|�L? |L @?
iUL?L4) ��|� 4@?) *L?}�*��i_ @}i?|t��. W? L�h i TLt�|�L? Lu |��t 4L_i*c �i |hi@|
|�i TLT�*@|�L? @t UL?t|@?| uLh t�4T*�U�|)c @*|�L�}� �i _�tU�tt |�i UL?ti^�i?Uit
Lu hi*@ �?} |��t @tt�4T|�L? @| �@h�L�t TL�?|t Mi*L��

A�i 4L4i?|@h) �|�*�|) u�?U|�L? �E�|c u|� �? E���� �t @tt�4i_ UL?U@�i @?_
LMi)t hi}�*@h�|) UL?_�|�L?t _�tU�tti_ �? |�i @TTi?_� � W| �4T*�it @ Thiuihi?Ui
uLh t4LL|� ThL�*it Lu UL?t�4T|�L? @?_ *i�t�hi� W| @*tL �4T*�it @ ��**�?}?itt |L
t�Mt|�|�|i @UhLtt |�4i �u �?|ihit| h@|it @?_ �@}i h@|it �4T*) _�gih�?} ULt|t Lu
UL?t�4T|�L? @?_ *i�t�hi @| _�gihi?| _@|it� A��tc |�i ?iLU*@tt�U@* 4L_i* �4Mi_t
@ uLh4 Lu |�i Tih4@?i?| �?UL4i �)TL|�it�t Lu 6h�i_4@? d�bD.o�

,?_L�4i?|tG A�i u�?_@4i?|@* i?_L�4i?| |�@| �?_���_�@*t �@�i �t |�i�h |�4ic
���U� U@? Mi tT*�| Mi|�ii? �Lh! E�|� @?_ *i�t�hi @U|���|�it Eu|�� �Lh4@*�3�?} |�i
|L|@* @4L�?| Lu |�4i �? i@U� Tih�L_ |L L?ic |�i |�4i UL?t|h@�?| �tG

�| n u| ' �� E��2�
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4<Wkuhh w|shv ri whfkqlfdo surjuhvv iuhtxhqwo| glvfxvvhg lq wkh olwhudwxuh fdq eh uhsuhvhqwhg
lq d jhqhudo surgxfwlrq ixqfwlrq=
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Wkh yduldeoh [K
w uhsuhvhqwv wrwdo idfwru dxjphqwlqj +Klfnv0qhxwudo, whfkqlfdo surjuhvv/ [N
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fdslwdo dxjphqwlqj whfkqlfdo surjuhvv/ dqg [w oderu dxjphqwlqj +Kduurg0qhxwudo, whfkqlfdo
surjuhvv1 Zkhq wkh surgxfwlrq ixqfwlrq lv Free0Grxjodv wkhvh gl�huhqw irupv ri whfkqlfdo
surjuhvv duh lqwhufkdqjhdeoh dqg/ khqfh/ wkh| duh doo frqvlvwhqw zlwk edodqfhg jurzwk1 Iru doo
rwkhu surgxfwlrq ixqfwlrqv/ wkh rqo| irup ri whfkqlfdo surjuhvv frqvlvwhqw zlwk vwhdg| vwdwh
jurzwk lv oderu dxjphqwlqj1
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zlwk wkh odwwhu htxdolw| iroorzlqj iurp holplqdwlqj frqvxpswlrq xvlqj wkh exgjhw frqvwudlqw1
Fkdqjhv lq z kdyh qr h�hfw rq wkh rswlpdo ohyho ri ohlvxuh dqg oderu vxsso|1
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E�? ���U� # ' �� @?_ |�i? UL?t�_ih tL4i @*|ih?@|��i �@*�it �? tiU|�L? S Mi*L��

�L**iU|�?} |�iti hit�*|tc �i �@�i |�i uL**L��?} |@M*i Lu T@h@4i|iht |�@| @hi
�ti_ �? |�i M@ti*�?i 4L_i* �? |�i hi4@�?_ih Lu |��t tiU|�L?G

A@M*i 2
�@*�Mh@|�L? Lu �@ti*�?i �L_i*

j K w # � k B 4 j0

� f�bHe ��eH � ��ffe f�SS. f�f2D f�b.b f�ff.2

wL}*�?i@h�3�?} |�i 4L_i* iUL?L4)G A�i ?i | t|iT �? tL*��?} |�i 4L_i* �t |L
@TThL �4@|i �|t �@h�L�t i^�@|�L?tc ���U� �t 4Lt| uhi^�i?|*) _L?i tL @t |L ThL_�Ui
*L}�*�?i@h hi*@|�L?t� 5L4i|�4itc @t ��|� |�i �|�*�|) tTiU��U@|�L? Ee�2�c �| �@TTi?t
|�@| |�i hi*@|�L?t Lu �?|ihit| @hi i @U|*) *L}�*�?i@h |L t|@h|� 6Lh i @4T*ic |�i
UL?t�4T|�L? i�U�i?U) UL?_�|�L? E���D� �t b| ' (��ES|c u|� ' ES|�

3� @?_ |�i *i�t�hi
i�U�i?U) UL?_�|�L? E���S� �t /| ' b|�| ' (2�ES|c u|� ' u3#

| c tL |�@|G

�eS| ' eb|c Ee���

�# eu| ' Eeb| n e�|�� Ee�e�

W? |�iti i Thitt�L?tc @ U�hU�4�i ER�@|�� L�ih @ �@h�@M*i hiThiti?|t ThLTLh|�L?@|i
_i��@|�L?t Lu |�@| �@h�@M*i uhL4 �|t t|i@_) t|@|i *i�i*c eS| ' *L}ES|*S�c i|U�

64Wkdw lv/ wkh frqglwlrq z @ G5x+f>O,
G4x+f>O,

@ �f
O� lpsolhv wkdw � @ zQ

| @ �Q
O�

f
| / zklfk fdq eh vroyhg

iru �1
65Wkhuh lv vxevwdqwldo xqfhuwdlqw| derxw �/ zklfk whqgv wr eh hvwlpdwhg zlwk d yhu| odujh

vwdqgdug huuru/ vhh Nrfkhuodnrwd ^4<<9`1

2S



A�i �LMM�#L�}*@t ThL_�U|�L? u�?U|�L? @*tL �4T*�it |�@| |�i i�U�i?U) UL?_��
|�L? E���.�Q���U� U@? Mi hi�h�||i? @t @? i^�@*�|) Mi|�ii? |�i hi@* �@}i h@|i @?_
|�i 4@h}�?@* ThL_�U| Lu *@MLhQ�t i @U|*) *L}*�?i@hc

e�| ' e�| n E�� k�Ee&| � f�|�c Ee�D�

��i�c |�i hi@* �@}i �t h@�ti_ M) ThL_�U|���|) @?_ M) �?Uhi@tit �? |�i U@T�|@* *@MLh
h@|�L�

�|�ih i^�@|�L?t Lu |�i 4L_i* @hi ?L| i @U|*) *L}�*�?i@h @?_ tL 4�t| Mi @T�
ThL �4@|i_� A�i |�4i UL?t|h@�?| �t �| n u| ' � tL |�@| t4@** U�@?}it �? *@MLh
@?_ *i�t�hi t@|�tu) _�|n_u| ' f @?_ |��t � _�|

�
nu_u|

u
' �� 5�?Ui *L}E�|

�
� � _�|

�
c

�i UL?U*�_iG��

E��f�| n Eu�eu| ' f� Ee�S�

5�?Ui |�i UL?t|h@�?| L? �tit Lu }LL_t |@!it |�i uLh4 S| n �| ' �|&
E�3k�
| �k

| tL
|�@| @ 4� |�hi Lu |�i |�L 4i|�L_t �ti_ @ML�i )�i*_tG

E
S

+
�eS| n E

�

+
�e�| ' e+| ' e�| n kf�| n E�� k�e&|� Ee�.�

�|�ih i^�@|�L?t t�U� @t E��S� @?_ E���H�c ���U� UL?|@�? �@h�@M*it @| _�gihi?|
_@|itc U@? Mi t�4�*@h*) @TThL �4@|i_� A�i hit�*| �t @ *L}*�?i@h _)?@4�U t)t|i4
|�@| U@? Mi tL*�i_ ?�4ih�U@**)�

W?|ihThi|�?} @tTiU|t Lu |�i 4L_i* iUL?L4)G �?i Mi?i�| Lu |��t tL*�|�L? t|h@|�
i}) �t |�@| |�i hiti@hU�ih 4@) Mi @M*i |L �?|ihThi| Uih|@�? @tTiU|t Lu |�i 4L_i*
iUL?L4) Th�Lh |L LM|@�?�?} �|t ?�4ih�U@* tL*�|�L?� 6Lh L?i i @4T*ic Ee�D� U@? Mi
�?|ihThi|i_ @t @ _itUh�T|�L? Lu R*@MLh _i4@?_�c tL @t |L _�tU�tt |�i �?��i?Ui Lu
ThL_�U|���|)c |�i hi@* �@}i h@|i @?_ |�i t|LU! Lu U@T�|@* L? |�i ^�@?|�|) Lu *@MLh�
6Lh @?L|�ihc UL4M�?�?} Ee�e� @?_ Ee�S�c �i @hh��i @| @ R*@MLh t�TT*) tU�i_�*i�
|�@| hi*@|it |�i ^�@?|�|) Lu *@MLh |L |�i hi@* �@}i @?_ |�i t�@_L� Th�Ui Lu }LL_tc
��i�c

66Dq dowhuqdwlyh ghulydwlrq ri wklv dqg rwkhu uhvxowv lqyroyhv dvvxplqj wkdw wkh ehkdylrudo
htxdwlrq ghshqgv rq eQw @ orj+Qw@Q, hwf1 dqg wkhq wdnlqj d olqhdu dssur{lpdwlrq lq wkh kdwwhg
yduldeohv1 Iru h{dpsoh/ wkh wlph frqvwudlqw lv

Q h{s+ eQw, . O h{s+eOw, @ 4>

vr wkdw lw lv dssur{lpdwho| htxdwlrq +719,/ jlyhq wkdw d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq

wr h{s+ eQw, derxw eQw @ 3 lv eQw1

2.



f�| '
u

#�
Eeb| n e�|�c

tL |�@| @ ��}�ih �@*�i Lu # *L�iht |�i *@MLh t�TT*) i*@t|�U�|)� W?_���_�@**)c |�iti
i^�@|�L?t _itUh�M�?} R*@MLh t�TT*)� @?_ R*@MLh _i4@?_� U@? Mi �ti_ |L i�@*�@|i
|�i UL?t�t|i?U) Lu |�i 4@UhLiUL?L4�U 4L_i* ��|� 4�UhLiUL?L4�U i��_i?Ui� A@!i?
|L}i|�ihc |�i) ThL��_i @? i T*@?@|�L? Lu �L� |�i ^�@?|�|) Lu *@MLh @?_ |�i hi@*
�@}i h@|i hitTL?_ |L �@h�@|�L?t �? ThL_�U|���|)c |�i U@T�|@* t|LU!c @?_ |�i t�@_L�
Th�Ui�

e��� ��t�?itt �)U*i �L4i?|t

�?i �@) Lu i�@*�@|�?} |�i Thi_�U|�L?t Lu |�i M@t�U +�� 4L_i* �t |L UL4T@hi 4L�
4i?|t |�@| t�44@h�3i |�i @U|�@* i Tih�i?Ui Lu @? iUL?L4) ��|� t�4�*@h 4L4i?|t
uhL4 |�i 4L_i*� �? |�i M@t�t Lu t�U� @ 4L4i?| UL4T@h�tL?c �hitUL|| d�bHSo @h�
}�i_ |�@| |�i M@t�U +�� 4L_i* Thi_�U|t |�i LMtih�i_ R*@h}i ��U|�@|�L?t �? L�|T�|
@?_ i4T*L)4i?|� @?_c 4Lhi tTiU��U@**)c |�@| Rt|@?_@h_ |�iLh) ��� ULhhiU|*) Thi�
_�U|t |�i @4T*�|�_i Lu ��� ��U|�@|�L?tc |�i�h tih�@* ULhhi*@|�L? ThLTih|�itc @?_ |�i
u@U| |�@| �?�it|4i?| �t @ML�| t� |�4it @t �L*@|�*i @t UL?t�4T|�L?��

A@M*i � hiTLh|t t�44@h) t|@|�t|�Ut L? O� U)U*�U@* UL4TL?i?|t Lu !i) �@h�@M*it
uLh t�4�*@|�L?t Lu |�i M@t�U ?iLU*@tt�U@* 4L_i* _h��i? M) ThL_�U|���|) t�LU!t�
A�iti t|@|�t|�Ut @hi UL4T@h@M*i |L |�Lti hiTLh|i_ �? A@M*i � uLh |�i N�5� iUL?L4)�

VL*@|�*�|) Lu L�|T�| @?_ �|t UL4TL?i?|tG �hL_�U|���|) t�LU!t ThL_�Ui @ 4L_i*
iUL?L4) |�@| �t ?i@h*) @t �L*@|�*i @t |�i @U|�@* N�5� iUL?L4)� �Lhi tTiU��U@**)c
UL4T@h�?} |�i h@|�L Lu 4L_i* @?_ i4T�h�U@* t|@?_@h_ _i��@|�L?tc k)_*@?_ @?_
�hitUL|| d�bb�o �@�i @h}�i_ |�@| |�i hi@* M�t�?itt U)U*i 4L_i* i T*@�?t |�i _L4�
�?@?| T@h| Lu M�t�?itt U)U*it��e 6Lh |�i ?�4Miht �? A@M*i � @?_ �c |�i k)_*@?_�
�hitUL|| �@h�@?Ui h@|�L �t f�.. ' E���b*��H��2c t�}}it|�?} |�@| |�i +�� 4L_i*
i T*@�?t ..I Lu M�t�?itt ��U|�@|�L?t� Nt�?} @ �@h�@|�L? L? |�i M@t�U 4L_i* ���U�
�?|hL_�Uit ULt|t Lu 4L��?} *@MLh L�| Lu |�i M�t�?itt tiU|Lhc k)_*@?_ @?_ �hitUL||
d�bb�o @h}�i_ |�@| R|iU�?L*L}) t�LU!t @UUL�?| uLh .f TihUi?| Lu M�t�?itt U)U*i
��U|�@|�L?t�� Nt�?} @ t*�}�|*) _�gihi?| �iht�L? Lu |�i 4L_i* �hitUL|| d�bHSo �@_
Thi��L�t*) @||h�M�|i_ .DI Lu L�|T�| ��U|�@|�L?t |L ThL_�U|���|) t�LU!t�

A�i hi@* M�t�?itt U)U*i 4L_i* �t UL?t�t|i?| ��|� |�i LMtih�i_ *@h}i �@h�@M�*�|)
Lu �?�it|4i?| hi*@|��i |L L�|T�|c @t �?_�U@|i_ M) |�i hi*@|��i t|@?_@h_ _i��@|�L?t

67Vhh Hlfkhqedxp ^4<<4` iru d fulwlflvp ri wklv lqwhusuhwdwlrq ri wkh yduldqfh udwlr1

2H



hiTLh|i_ �? |�i tiUL?_ UL*�4?t Lu A@M*it � @?_ �� W? T@h|�U�*@hc �?�it|4i?| �t
@ML�| |�hii |�4it 4Lhi �L*@|�*i |�@? L�|T�| �? ML|� |�i @U|�@* iUL?L4) E��ihi
|�i h@|�L Lu t|@?_@h_ _i��@|�L?t �t D��f%��H�'2�b�� @?_ |�i 4L_i* iUL?L4) E��ihi
|�i h@|�L Lu t|@?_@h_ _i��@|�L?t �t 2�bD�� �L?t�4T|�L? �t t�Mt|@?|�@**) t4LL|�ih
|�@? L�|T�| �? ML|� |�i 4L_i* @?_ @U|�@* iUL?L4�it� W? L�h M@t�U 4L_i*c �L�i�ihc
UL?t�4T|�L? �t L?*) @ML�| L?i�|��h_ @t �L*@|�*i @t L�|T�| ���*i �| �t L�ih |�L |��h_t
@t �L*@|�*i @t L�|T�| �? |�i N�5� iUL?L4)� ì hi|�h? |L _�tU�tt�L? Lu |��t ui@|�hi
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gdwd= wkh yduldelolw| ri krxuv uhodwlyh wr wkh yduldelolw| ri rxwsxw dqg wkh fruuhodwlrq ehwzhhq
krxuv zrunhg dqg oderu surgxfwlylw| +zklfk lv hvvhqwldoo| }hur lq wkh gdwd,1 Xqiruwxqdwho|/ klv
phwkrg lv qrw urexvw wr wkh suhvhqfh ri oderu krduglqj ru fdsdflw| xwlol}dwlrq1
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93Wkh dssurdfk zdv vxjjhvwhg e| Pdulr Fuxflql lq xqsxeolvkhg uhvhdufk pdq| |hduv djr/ vr
shukdsv zh vkrxog fdoo wkhvh _Fuxflql uhvlgxdov1% Dqrwkhu dssolfdwlrq lv frqwdlqhg lq Exuqvlgh/
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94Wkhuh lv qr xqltxh zd| ri frpsxwlqj wklv vkrfn surfhvv/ exw udwkhu dq| ri wkh prgho*v
ghflvlrq uxohv frxog eh xvhg lq wklv zd| ru wkhvh uxohv frxog eh frpelqhg zlwk rwkhu uhodwlrqvklsv
lq wkh prgho1 Iru h{dpsoh/ rqh frxog h{sorlw wkh ghflvlrq uxoh iru xwlol}dwlrq dv lq Exuqvlgh/
Hlfkhqedxp dqg Uhehor*v ^4<<6` dqdo|vlv ri oderu krduglqj/ e}w @ �|nenw . �|D eDw/ dqg frpelqh
wklv zlwk wkh prgl�hg Vrorz ghfrpsrvlwlrq +:14,1 Wklv dowhuqdwlyh phwkrg zrxog surgxfh d
gl�huhqw vkrfn surfhvv/ zklfk ohdg wr eurdgo| vlplodu/ exw vrphzkdw ohvv gudpdwlf uhvxowv1 Wkh
gl�huhqfhv ehwzhhq wkhvh wzr surgxfwlylw| phdvxuhv olhv lq zkhwkhu oderu lq +:14, lv wdnhq iurp
wkh gdwd ru iurp wkh prgho1

95Zh vkrxog qrw xvh wkh hpslulfdo fdslwdo vwrfn vhulhv vlqfh wkhvh duh �dzhg lq wkh h|hv ri wkh
prgho= wkh| duh frpsxwhg dvvxplqj frqvwdqw udwhv ri ghsuhfldwlrq1 Wklv fdq eh flufxpyhqwhg
e| xvlqj d vhfrqg ghflvlrq uxoh wr frpsxwh wkh _wuxh% fdslwdo vwrfn vhulhv1 Lq sudfwlfh wklv kdv
olwwoh lpsdfw rq wkh uhvxowv1
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|�L? @?_ �?_���t�M*i *@MLh ThL_�Ui @? iUL?L4) �? ���U� E�� t4@** ThL_�U|���|)
t�LU!t �@�i *@h}i igiU|t L? L�|T�|( E��� |�i t|@?_@h_ 5L*L� hit�_�@* �t t�Mt|@?�
|�@**) 4�t4i@t�hi_( @?_ E���� *@MLh @?_ L�|T�| 4L�i |L}i|�ih L? @? @TThL �4@|i*)
L?i�uLh�L?i M@t�t� W? |��t iUL?L4)c �L�i�ihc |�ihi �t @? �4TLh|@?| ti?ti �? ���U�
L�|T�| �t 4�t4i@t�hi_� A�ihi �t @ t|@?_@h_ *�?i Lu �?|��|�L? ���U� t�}}it|t |�@|
R�?|ih4i_�@|i� @U|���|�it t�U� @t �|�*�3@|�L? t�L�*_ ?L| Mi |LL �4TLh|@?| uLh iUL�
?L4�U @U|���|) @?_c �? |��t U@tic t�}}it|t |�@| |�i *@h}i igiU|t Lu ThL_�U|���|) L?
L�|T�| @?_ |�i t|hL?} UL4L�i4i?| Lu L�|T�| @?_ *@MLh @hi t�4T*) @h|�u@U|t Lu
L�|T�| 4�t4i@t�hi4i?|� AL i T*Lhi |�iti �_i@tc L�|T�| ?i| Lu _iThiU�@|�L? U@?
Mi _i�?i_ @t

�| ' +| � BE5|�&| ' �|8 E5|&|c �|�� BE5|�&|c EH���

@?_ |��t i Thitt�L? U@? Mi �ti_ |L 4@!i uL�h �4TLh|@?| TL�?|t� 6�ht|c L�|T�|
�t @*tL 4�t4i@t�hi_ �? |�i t|@?_@h_ ?iLU*@tt�U@* 4L_i*c ��i�c i�i? �? |�i @Mti?Ui
Lu @ �@h�@M*i _iThiU�@|�L? h@|i� 5iUL?_c ��|� i�U�i?| �|�*�3@|�L?c U�@?}it �? ?i|
L�|T�| @hi

_�| ' 8 E5|&|c �|�_�| n�|(28 E5|&|c �|�_�|

96Edvx dqg Nlpedoo ^4<<:` surylgh dq hvwlpdwh ri d sdudphwhu wkdw lv hvvhqwldoo| rxu �1 Wkhlu
srlqw hvwlpdwh lv derxw xqlw|/ exw wkh sdudphwhu lv yhu| lpsuhflvho| hvwlpdwhg1

97Ed{whu dqg Mhupdqq ^4<<<` vwuhvv wkdw htxloleulxp prghov zlwk qrqvhsdudeoh suhihuhqfhv
fdq jhqhudwh dssduhqw h{fhvv vhqvlwlylw| ri frqvxpswlrq wr lqfrph/ zrunlqj lq d prgho zkhuh
oderu vxsso| yduldwlrq lv rq wkh lqwhqvlyh udwkhu wkdq h{whqvlyh pdujlq1

Sf



n�|(�8 E5|&|c �|�E&|_5| n 5|_&|��(BE5|�&|_5| � BE5|�_&|

' 8 E5|&|c �|�_�| n�|(28 E5|&|c �|�_�| n�|(�8 E5|&|c �|�5|_&| � BE5|�_&|c

��ihi |�i *@||ih i^�@*�|) uL**L�t uhL4 �|(28 E5|&|c �|�&|_5| � (BE5|�&|_5| ' f
��i? �|�*�3@|�L? �t i�U�i?|� A��tc |�ihi �t @ ti?ti �? ���U� |�i t|@?_@h_ �?|��|�L?
�t ULhhiU| MiU@�ti ?i| L�|T�| _Lit ?L| hitTL?_ |L �|�*�3@|�L?� A��h_c ?i@h |�i
t|i@_) t|@|ic |�i 5L*L� _iUL4TLt�|�L? uLh ?i| L�|T�| �t

e�| ' 6 e�| n6r� f�| n6Er& �
B&

+
�e&|c EH�2�

��ihi 6 ' +

�
' d� � B&

+
o3�� A��t 4L_��U@|�L? |@!it �?|L @UUL�?| |�i u@U| |�@|

|�i ?i| ThL_�U|�L? u�?U|�L? �t 4Lhi *@MLh �?|i?t��i @?_ |�i u@U| |�@| ThL_�U�
|���|) t�LU!t @giU| }hLtt L�|T�| M�| ?L| _iThiU�@|�L?� A��tc uLh i @4T*ic �u
_iThiU�@|�L? �?�it|4i?| �t �fI Lu L�|T�|c |�i? 6 ' ����� A��tc �u L�|T�| �t 4i@�
t�hi_ @t ?i| Lu _iThiU�@|�L?Q�?_iTi?_i?| Lu ��i|�ih U@T@U�|) �|�*�3@|�L? @giU|t
_iThiU�@|�L?Q|�i? |��t ��** |i?_ |L t|hi?}|�i? |�i 4@}?�|�_i Lu *@MLh<t igiU| L?
L�|T�|� 6L�h|�c 4Lt| �4TLh|@?|*) uLh L�h T�hTLtitc |�i ?i| ThL_�U|�L? u�?U|�L?
�| ' �|8 E�|c 5|&|� � BE5|�&| �@t |�i t@4i 4@h}�?@* ThL_�U| tU�i_�*i uLh *@MLhc
�|(�8 E�|c 5|&|� @t _Lit |�i t|@?_@h_ ThL_�U|�L? u�?U|�L?� A��tc L�h @?@*)t�t Lu
|�i R*@MLh _i4@?_� UL?ti^�i?Uit Lu i�U�i?| �|�*�3@|�L? @hi �?@giU|i_ M) ��i|�ih
_iThiU�@|�L? ULt|t @hi _i_�U|i_ uhL4 L�|T�| Lh ��i|�ih |�i) @hi ?L|� +i|�h?�?}
|L ES���� @?_ ES��2�c �i U@? |��t tii |�@| @ R?i| L�|T�|� 4i@t�hi4i?| hi^��hit
|�@| �i hiT*@Ui ES���� ��|� |�i 4L_��i_ }hL�|� @UUL�?|�?} i Thitt�L? EH�2�c M�|
|�@| �i ?ii_ ?L| U�@?}i |�i *@MLh _i4@?_ tU�i_�*i ES��2� @| @**� 6�h|�ihc �| �t @
��}�*) i*@t|�U *@MLh _i4@?_ |�@| �t |�i !i) uLhUi Mi��?_ |�i }hi@| @4T*��U@|�L?
Thiti?| �? L�h ��}� t�Mt|�|�|�L? iUL?L4)�

b� �L?U*�t�L?t

A��t U�@T|ih ThL��_it @ TihtTiU|��i L? _i�i*LT4i?|t �? |�i *�|ih@|�hi L? hi@* M�t��
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98Mxvw dv wklv �uvw urxqg ri sureohpv lv vhw wr uhvw/ qhz fkdoohqjhv dulvh iru wkh UEF prgho
uhjduglqj wkh frpryhphqw ehwzhhq surgxfwlylw| dqg hfrqrplf dfwlylw|1 Lq d uhfhqw sdshu/
Jdol ^4<<9` dujxhv/ xvlqj YDU whfkqltxhv/ wkdw whfkqrorj| vkrfnv dfwxdoo| uhgxfh lqsxw xvdjh
lq wkh djjuhjdwh hfrqrp|1 Wklv �qglqj uhfhlyhv lqgluhfw vxssruw iurp wzr vrxufhv wkdw gr
qrw uho| rq wkh YDU phwkrgrorj|= Exuqvlgh/ Hlfkhqedxp dqg Uhehor ^4<<9` grfxphqw wkdw
d vhfwrudo fdslwdo0xwlol}dwlrq dgmxvwhg phdvxuh ri whfkqrorj| vkrfnv lv hvvhqwldoo| xqfruuhodwhg
zlwk surgxfwlrq lq 50gljlw VLF pdqxidfwxulqj lqgxvwulhv1 Edvx/ Ihuqdog dqg Nlpedoo ^4<<:` vkrz
wkdw/ iru wklv vdph vhw ri lqgxvwulhv lqsxw xvdjh lv qhjdwlyho| fruuhodwhg zlwk whfkqrorj| vkrfnv1
Rqh lqwhusuhwdwlrq ri wkhvh idfwv lv wkdw wkh| uh�hfw wkh suhvhqfh ri qrplqdo uljlglwlhv wkdw
nhhs qrplqdo djjuhjdwh ghpdqg �{hg dqg ohdg lqsxwv wr frqwudfw lq uhvsrqvh wr d surgxfwlylw|
lqfuhdvh +Jdol ^4<<9`,1 Dq dowhuqdwlyh �h{leoh0sulfh h{sodqdwlrq iru wkhvh vdph idfwv lqyroyhv d
pxowlvhfwru prgho lq zklfk jrrgv duh frpsohphqwv vr wkdw d whfkqrorj| vkrfn wr dq lqglylgxdo
vhfwru grhv qrw qhfhvvdulo| zduudqwv dq h{sdqvlrq ri lqsxw xvdjh lq wkdw vhfwru1

99Dq lqwhuhvwlqj dqg rshq txhvwlrq lv zkhwkhu wkhvh vdph phfkdqlvpv fdq dpsoli| rwkhu
vkrfnv ehvlghv surgxfwlylw| vkrfnv vx�flhqwo| wkdw wkhvh fdq surgxfh uhdolvwlf exvlqhvv f|fohv1
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,UL?L4) H2G �fbD����.c �b.e�

dHo �@hhLc +� @?_ +� k�?} RA�4i 5iT@h@M*i �hiuihi?Uit @?_ W?|ih|i4TLh@* 5�M�
t|�|�|�L? �L_i*t Lu ��t�?itt �)U*itc� "�@h|ih*) aL�h?@* Lu ,UL?L4�Utc bbG
H�.�H�bc �bHe�

dbo �@t�c 5�c a� 6ih?@*_ @?_ �� k�4M@** R�hi AiU�?L*L}) W4ThL�i4i?|t �L?�
|h@U|�L?@h)qc� L̀h!�?} �@Tihc N?��iht�|) Lu ��U��}@?c �bb.�

d�fo �@t�c 5� @?_ �� k�4M@** R�)U*�U@* �hL_�U|���|) ��|� N?LMtih�i_ W?T�|
V@h�@|�L?c� ��,+ L̀h!�?} �@Tih Db�Dc �bb.�

d��o �@ |ihc �� RW?|ih?@|�L?@* Ah@_i @?_ ��t�?itt �)U*itc� �? B� BhLtt4@?
@?_ k� +L}Lg Ei_t�� O@?_MLL! Lu W?|ih?@|�L?@* ,UL?L4�Utc �L*� �c �Hf��Sec
,*ti��ih 5U�i?Ui ��M*�t�ihtc ��V�c �4t|ih_@4c �bbD�

d�2o �@ |ihc �� @?_ N�a� aih4@?? ROL�ti�L*_ �hL_�U|�L? @?_ |�i , Uitt 5i?�
t�|���|) Lu �L?t�4T|�L? |L ��hhi?| W?UL4ic� uLh|�UL4�?}c �4ih�U@? ,UL�

?L4�U +i��i�c �bbb�

Se



d��o �@ |ihc �� @?_ +� k�?} R6�tU@* �L*�U) �? Bi?ih@* ,^��*�Mh��4c� �4ih�U@?

,UL?L4�U +i��i�c H�G ��D���ec �bb��

d�eo �@ |ihc �� @?_ +� B� k�?}c R�i@t�h�?} ��t�?itt �)U*itG �TThL �4@|i
�@?_��@tt 6�*|iht uLh ,UL?L4�U A�4i 5ih�itc� ��,+ L̀h!�?} �@Tih �L�
Df22c uLh|�UL4�?}c +i��i� Lu ,UL?L4�Ut @?_ 5|@|�t|�Utc �bbb�

d�Do �@ |ihc �� @?_ �� 5|LU!4@? R��t�?itt �)U*it @?_ |�i , U�@?}i�+@|i
+i}�4iG 5L4i W?|ih?@|�L?@* ,��_i?Uic� aL�h?@* Lu �L?i|@h) ,UL?L4�Utc
2�G �..�effc �bHb�

d�So ��*tc ��c @?_ a� �� ��L� R�)U*�U@* 6@U|Lh N|�*�3@|�L?c� aL�h?@* Lu �L?i|@h)

,UL?L4�Utc ��G ��b��Dec �bbe�

d�.o �L*_h�?c ��c w� ��h�t|�@?Lc @?_ a� 6�t�ih R�tti| �h�U�?} wittL?t uLh �L_�
i*�?} ��t�?itt �)U*itc� L̀h!�?} �@Tihc �Lh|��it|ih? N?��iht�|)c �bbD�

d�Ho �L*_h�?c �� @?_ �� OL@h�@|�c Rw@MLh �L?|h@U|t @?_ ��t�?itt �)U*itc�
aL�h?@* Lu �L*�|�U@* ,UL?L4) �f�G b.2��ffec �bbD�

d�bo �hLU!c `� ��c @?_ w� a� ��h4@? R�T|�4@* ,UL?L4�U BhL�|� @?_ N?Uih�
|@�?|)G A�i #�tUL�?|i_ �@tic� aL�h?@* Lu ,UL?L4�U A�iLh) eG e.b�D��c
�b.2�

d2fo �h@�?c +� �� RA@ #�t|�hM@?Ui @?_ +i@* ,UL?L4�U �U|���|) �? |�i �Lt|�@h
N?�|i_ 5|@|itc� aL�h?@* Lu �L?i|@h) ,UL?L4�Utc ��G ee��S2c �bbe�

d2�o ��h?tc �� 6�c@?_ `� �� ��|U�i** �i@t�h�?} ��t�?itt �)U*itc �@|�L?@* ���
hi@� Lu ,UL?L4�U +iti@hU�c �i� vLh!c �beS�

d22o ��h?t�_ic �� @?_ �� ,�U�i?M@�4 R6@U|Lh OL@h_�?} @?_ |�i �hLT@}@|�L? Lu
��t�?itt �)U*i 5�LU!tc� �4ih�U@? ,UL?L4�U +i��i�c HSG ��De���.ec �bbS�

d2�o ��h?t�_ic ��c �� ,�U�i?M@�4c @?_ 5� +iMi*Lc Rw@MLh OL@h_�?} @?_ |�i
��t�?itt �)U*i�� aL�h?@* Lu �L*�|�U@* ,UL?L4)c �f�G 2eD�.�c �bb��

d2eo ��h?t�_ic ��c �� ,�U�i?M@�4c @?_ 5� +iMi*Lc R�@T�|@* N|�*�3@|�L? @?_ +i�
|�h?t |L 5U@*ic� ��,+ �@UhLiUL?L4�Ut �??�@* �bbDc S.���fc �WA �hittc
�@4Mh�_}ic ��c �bbD�

SD



d2Do ��h?t�_ic ��c �� ,�U�i?M@�4c @?_ 5� +iMi*L R5iU|Lh@* 5L*L� +it�_�@*tc�
,�hLTi@? ,UL?L4�U +i��i�c efG HS��HSbc �bbS�

d2So �@M@**ihLc +� @?_ ,� ,?}i*c R, T*@�?�?} W?�it|4i?| #)?@4�Ut �? N�5� �@?�
�u@U|�h�?}G � Bi?ih@*�3i_ E5ct� �TThL@U�c� ��,+ L̀h!�?} �@Tih �L� eHH.c
�bbe�

d2.o �@4TMi**c a� RW?tTiU|�?} |�i �iU�@?�t4G �? �?@*)|�U@* �TThL@U� |L |�i
5|LU�@t|�U BhL�|� �L_i*c� aL�h?@* Lu �L?i|@h) ,UL?L4�Utc ��G eS��DfSc
�bbe�

d2Ho �@4TMi**c a�c ��@T|ih �bc |��t �L*�4ic �bbb

d2bo �@4TMi**c a� +� R,?|h)c , �|c ,4ML_�i_ AiU�?L*L})c @?_ ��t�?itt �)U*itc�
+i��i� Lu ,UL?L4�U #)?@4�Ut 2G �.��efHc �bbH�

d�fo �@ttc #� R�T|�4�4 BhL�|� �? @? �}}hi}@|��i �L_i* Lu �@T�|@* �UU�4��
*@|�L?c� +i��i� Lu ,UL?L4�U 5|�_�it �2G 22��2efc �bSD�

d��o ��@h�c V� �� a� ki�Lic @?_ ,� +� �UBh@||@? R5|�U!) �h�Ui �L_i*t Lu |�i
��t�?itt �)U*iG �@? |�i �L?|h@U| ��*|�T*�ih 5L*�i |�i �iht�t|i?Ui �hLM�
*i4qc� ��,+ L̀h!�?} �@Tih �L� DHfbc �bbS�

d�2o ��@||ih�iic 5� @?_ +� �LLTih R,?|h) @?_ , �|c �hL_�U| V@h�i|) @?_ |�i
��t�?itt �)U*ic� ��,+ L̀h!�?} �@Tih �L� eDS2c �bb��

d��o ��Lc a� ��c @?_ A� 6� �LL*i) RA�i ��t�?itt �)U*i ��|� �L4�?@* �L?|h@U|tc�
,UL?L4�U A�iLh) �����c �bbD�

d�eo ��Lc a� ��c @?_ A� 6�� �LL*i) R,4T*L)4i?| @?_ OL�ht L�ih |�i ��t�?itt
�)U*ic� aL�h?@* Lu ,UL?L4�U #)?@4�Ut @?_ �L?|hL*c �HG e���e�2c �bbe�

d�Do ��Lc a� ��c @?_ +� +L}ihtL? R6@4�*) w@MLh 5�TT*) @?_ �}}hi}@|i 6*�U|��
@|�L?tc� aL�h?@* Lu �L?i|@h) ,UL?L4�Ut 2�G 2���eDc �bHH�

d�So ��h�t|�@?Lc w� R5L*��?} |�i 5|LU�@t|�U BhL�|� �L_i* M) w�?i@h "�@_h@|�U
�TThL �4@|�L? @?_ M) V@*�i 6�?U|�L? W|ih@|�L?c� aL�h?@* Lu ��t�?itt @?_

,UL?L4�U 5|@|�t|�Utc HG 2��2Sc �bbf�

SS



d�.o ��h�t|�@?Lc w� a�c @?_ �� ,�U�i?M@�4 R��hhi?| +i@* ��t�?itt �)U*i A�iLh)
@?_ �}}hi}@|i w@MLh �@h!i| 6*�U|�@|�L?tc� �4ih�U@? ,UL?L4�U +i��i�c

H2G e�f�Dfc �bb2@�

d�Ho ��h�t|�@?Lc w� @?_ �� ,�U�i?M@�4 Rw�^��_�|) ,giU|t @?_ |�i �L?i|@h)
Ah@?t4�tt�L? �iU�@?�t4c� �4ih�U@? ,UL?L4�U +i��i�c H2G �eS��D�c �bb2M�

d�bo ��h�t|�@?Lc w� @?_ a� 6�t�ih RALM�?<t ^ @?_ �tti| +i|�h?tG W4T*�U@|�L?t uLh
��t�?itt �)U*i �?@*)t�tc� L̀h!�?} �@Tihc �Lh|��it|ih? N?��iht�|)c �bbD�

defo �L}*i)c A� @?_ a� �@tL? R��|T�| #)?@4�Ut �? +i@* ��t�?itt �)U*i �L_i*tc�
�4ih�U@? ,UL?L4�U +i��i�c HDG eb2�D��c �bbD�

de�o �LL*i)c A� @?_ B� O@?ti? RA�i W?�@|�L? A@ �? @ +i@* ��t�?itt �)U*i
�L_i*c� �4ih�U@? ,UL?L4�U +i��i�c .bG .���eHc �bHb�

de2o �LL*i)c A� 6� @?_ w� ��@?�@? RA�i �)U*�U@* �i�@��Lh Lu �h�Uitc� aL�h?@*

Lu �L?i|@h) ,UL?L4�Utc 2HG 2D�Sfc �bb��

de�o �LL*i)c A� @?_ w� ��@?�@? R�Lt|��@h �h�|�t� ,UL?L4�U BhL�|� @?_ |�i
wi}@U) Lu ki)?itc� aL�h?@* Lu �L*�|�U@* ,UL?L4)c �fDG e�b�e.2c �bb.�

deeo �LL*i)c A�c @?_ ,� �hitUL|| R,UL?L4�U BhL�|� @?_ ��t�?itt �)U*itc� �?
A� �LL*i)c i_� 6hL?|�iht Lu ��t�?itt �)U*i +iti@hU�c �h�?Ui|L? N?��iht�|)
�hittc �h�?Ui|L?c ���Hc �bbD�

deDo �Lhhi�@c W�c a� �i�it @?_ 5� +iMi*L R��t�?itt �)U*it �HDf��bDfG �i� 6@U|t
@ML�| �*_ #@|@c� ,�hLTi@? ,UL?L4�U +i��i�c �SG eDb�eS.c �bb2�

deSo #@?|��?ic a� ��c @?_ a� #L?@*_tL? R� �L|i L? |�i ,giU|t Lu �@T�|@* W?UL4i
A@ @|�L? L? |�i #)?@4�Ut Lu @ �L4Ti|�|��i ,UL?L4)c� aL�h?@* Lu ��M*�U

,UL?L4�Utc 2HG 2DD�2SDc �bHD�

de.o #@?|��?ic a� ��c @?_ a� #L?@*_tL? R�L?� @̀*h@t�@? ,UL?L4�itc� �? A� �LL�
*i)c i_�c 6hL?|�iht Lu ��t�?itt �)U*i +iti@hU�c �h�?Ui|L? N?��iht�|) �hittc
�h�?Ui|L?c 2�.�2e2c �bbD�

deHo #@?|��?ic a� ��c a� #L?@*_tL? @?_ +� �i�h@ R�? 5L4i �L4T�|@|�L?@*
�tTiU|t Lu +i@* ��t�?itt �)U*i A�iLh)c� aL�h?@* Lu ,UL?L4�U #)?@4�Ut

@?_ �L?|hL*c ��G eeb�e.fc �bHb�

S.



debo _i? O@@?c L̀�|ih RW?|ih@U|�L? �i|�ii? Oi|ihL}i?iL�t �}i?|t �? W?|ih|i4�
TLh@* 5|LU�@t|�U �L_i*tG � 5L*�|�L? �*}Lh�|�4 @?_ �TT*�U@|�L?tc� L̀h!�?}
�@Tihc N?��iht�|) Lu �@*�uLh?�@ @| 5@? #�i}Lc �bb��

dDfo _i? O@@?c `�c B� +@4i) @?_ a� @̀|tL? RaLM #it|h�U|�L? @?_ �hLT@}@|�L?
Lu 5�LU!tc� L̀h!�?} �@Tihc N?��iht�|) Lu �@*�uLh?�@ 5@? #�i}Lc �bb.�

dD�o #i�ihi� c ��c �� Bhi}Lh)c @?_ B� 54�|� R+i@*�t|�U �hLtt��L�?|h) �L?�
t�4T|�L? �Lhhi*@|�L?t �? @ A�L��L�?|h)c ,^��*�Mh��4c ��t�?itt��)U*i
�L_i*�� aL�h?@* Lu W?|ih?@|�L?@* �L?i) @?_ 6�?@?Ui ��G ���Sc �bb2�

dD2o #L|ti)c ��c +� k�?}c @?_ �� L̀*4@? R5|@|i #iTi?_i?| �h�U�?} @?_ |�i
Bi?ih@* ,^��*�Mh��4 #)?@4�Ut Lu �L?i) @?_ ��|T�|c� 4�4iLc N?��iht�|)
Lu V�h}�?�@c �bbS�

dD�o #L|ti)c ��c @?_ �@Lc ��5�c ROL� ì** #L w�?i@h �TThL �4@|�L? �i|�L_t
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9;Dqrwkhu srvvlelolw| lv wkdw xwlolw| ghshqgv rq ohlvxuh lq h�flhqf| xqlwv/ l1h1/ rq ohlvxuh
dxjphqwhg e| whfkqrorjlfdo surjuhvv +Ow[w,1 Lq wklv fdvh lw lv vx�flhqw wr dvvxph wkdw x+F>O[,
lv krprjhqhrxv/ ri fodvv F5/ dqg frqfdyh1 Wkh ghshqghqf| ri xwlolw| rq ohlvxuh phdvxuhg lq
h�flhqf| xqlwv fdq eh mxvwl�hg e| lqwurgxflqj krph surgxfwlrq lqwr wkh prgho1 Vhh Juhhqzrrg/
Urjhuvrq dqg Zuljkw ^4<<8` sdjh 4940495 iru d glvfxvvlrq1

9<Wklv lqyduldqfh h{whqgv wr d vhwwlqj zkhuh wkh exgjhw frqvwudlqw lqfoxghv qrqzdjh lqfrph
zklfk jurzv dw wkh vdph udwh dv wkh uhdo zdjh1

:3Pruh vshfl�fdoo|/ zh dvvxph wkdw wkh ixqfwlrqv �l duh wzlfh frqwlqxrxvo| gl�huhqwldeoh1 Li
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� @ 4/ wkhq frqfdylw| uhtxluhv wkdw wkh ixqfwlrq orj+�, pxvw eh lqfuhdvlqj dqg frqfdyh1 Li � lv
qrw htxdo wr 4/ wkhq �4�� pxvw eh lqfuhdvlqj dqg frqfdyh li � ? 4 dqg ghfuhdvlqj dqg frqyh{
li � A 41 Lq dgglwlrq zh qhhg= ���+O,�33+O, A +4� 5�, ^�3+O,`5 wr dvvxuh wkh ryhudoo frqfdylw|
ri x1

:4Zkhqhyhu wkhuh lv rqh sdwk wkdw |lhogv lq�qlwh xwlolw| lw lv dozd|v srvvleoh wr frqvwuxfw rwkhu
sdwkv +lq idfw d frqwlqxxp ri sdwkv, wkdw dovr |lhogv lq�qlwh xwlolw|1 Wkxv/ wr hqvxuh wkdw wkhuh
lv rqo| rqh vroxwlrq wr wkh sodqqhu*v sureohp zh qhhg wr frqvwudlq wkh glvfrxqw idfwru vr wkdw
olih0wlph xwlolw|/ X / lv �qlwh1 Wkh uhtxluhphqw +e�4�� ? 4, lqyroyhv wkh lqwhudfwlrq ri suhihuhqfhv
dqg whfkqrorj|1 Vhh Doyduh} dqg Vwrnh| ^4<<<` iru d glvfxvvlrq ri wklv w|sh ri frqglwlrqv1

:5Vhh Kruqvwhlq ^4<<6`/ Urwhpehuj dqg Zrrgirug ^4<<8`/ dqg Fkdwwhumhh dqg Frrshu ^4<<6`
iru d glvfxvvlrq ri prghov wkdw pryh dzd| iurp shuihfw frpshwlwlrq dqg lqfrusrudwh lqfuhdvlqj
uhwxuqv wr vfdoh1

:6Vxssrvh/ iru h{dpsoh/ wkdw wkh surgxfwlrq ixqfwlrq lv Free0Grxjodv dqg wkdw wkhuh lv d
vwrfn ri fdslwdo N dqg d qxpehu ri oderu krxuv Q zklfk zloo eh glylghg htxdoo| dprqj q �upv1
Wrwdo surgxfwlrq zloo eh jlyhq e|= \ @ qD+N@q,�4+Q@q,�5 @ DN�4Q�5q4��4��51 Zlwk
ghfuhdvlqj uhwxuqv wr vfdoh �4 . �5 ? 4 dqg olp

q$4
\ @ 41

:7Dv lq wkh pdlq wh{w zh xvh wkh qrwdwlrq GlI +=, wr uhihu wr wkh sduwldo ghulydwlyh ri I +=,
zlwk uhvshfw wr lwv lwk dujxphqw1 Zh xvh GI +=, wr uhihu wr wkh wrwdo ghulydwlyh ri d ixqfwlrq ri
d vlqjoh yduldeoh1
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