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RETRACTIONS AND QUASI-MONOTONE MAPPINGS
OF UNICOHERENT SPACES

M. M. MCWATERS AND J. H. REED!

AsBsTRACT. It is shown that retractions of connected, locally
connected, unicoherent spaces are unieoherent, and that quasi-
monotone maps preserve the unicoherence of any connected uni-
coherent space.

1. Introduction. It is well known [3] that the unicoherence of locally
connected metrizable continua is invariant under maps which are either
(i) interior, (ii) monotone or (iii) retractions. Wallace [2] showed that
quasi-monotone maps preserve the unicoherence of such continua, and
recently Charatonik [1] proved that confluent maps preserve the uni-
coherence of these continua. Charatonik also showed that the class of
confluent maps includes the interior maps as well as the monotone maps
on continua, and that quasi-monotone and confluent maps coincide on
locally connected continua. It should be remarked that a monotone map
preserves the unicoherence of, and is quasi-monotone on, any continuum.

Our purpose here is to show that the conditions of compactness and
metrizability may be dropped in the first mentioned theorem for re-
tractions; and that quasi-monotone maps preserve the unicoherence of any
connected space. We give examples to show that in the absence of compact-
ness neither monotone, confluent, nor interior maps preserve unico-
herence.

We assume throughout the paper that the spaces under discussion are
Hausdorff, and use the asterisk to denote the closure of a set.

2. Retractions of connected, locally connected, unicoherent spaces. The
following two results enable us to show that such retractions preserve
unicoherence.

LemMA 2.1.  Ler X be a locally connected, connected space and let C, D
be closed cornected subsets of X with X=CUD. If CND=AUB where
A and B are closed disjoint subsets of CN\ D then some component of D—
(AUB) has limit points in both A and B.
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PrOOF. Suppose no component of D—(A4 U B) has limit points in both
A and B. Let R(A) be the union of all components of D—(A4UB) which
have limit points in 4, and let R(B) be the union of all components of
D— (AU B) which have limit points in B. Let S(4)=AUR(A4) and S(B)=
BUR(B). ‘

Since D— (AU B)is an open subset of X, D—(A4 U B)is locally connected.
Thus each component of D—(A4UB) is open in D, and therefore no com-
ponent of D—(A4UB) is closed in D since D is connected. Thus each
component of D—(AUB) has limit points in either 4 or B, and hence
S(A)VS(B)=D.

Since no component of D—(4UB) has limit points in both 4 and B,
we have S(4)NS(B)=2. Thus since D is connected, [S(A)NS(B)*]V
[SA)*NS(B)]# . Assume S(A)NS(B)*# o and let xeS(4)NS(B)*.
We consider two cases, either xe4 or x¢A.

If xed, let U be an open connected subset of X such that xeU and
UNB=g. Let V=UND. Then V¥NS(B)# & but ¥YNB=g. Thus there
exists a component K of D—(4UB) with limit points in B such that
VNK# @. Since K*NA=o, KUB is closed in D and X. Therefore,
VAK=(UND)NK=UN(KND)=UNK=UN(KUB) is closed in U.
But Kis a component of the open subset D— (AU B) of a locally connected
space, hence K is open in X. Thus KNnU=VNK is also open in U. Since
U is connected, U=VNK. Thus xeVNK, and xc4, hence KNA# Qo
which contradicts K¥*NA=g.

If x¢A, then xeR(A4), hence there exists a component K; of D—(4AUB)
which has limit points in A4 such that xeK,. Thus Kf"B= @ and so x¢4U
B. Therefore there exists an open connected subset U of X such that
xeUs D—(AUB). But since x is a limit point of S(B), U must contain
some point yeR(B), where y is an element of some component K, of
D—(AVUB) which has limit points in B. Thus xeK;NU and yeK,NU
which means U< K, and U< K,. Therefore K; =K, and K| has limit points
in each of 4 and B, a contradiction.

THEOREM 2.2 (WILDER [4, Theorem 4.13, p. 51]). If X is a connected,
locally connected space which is unicoherent, then for any closed subset M
of X and components C, D of M, S— M respectively, the set CNBd(D) is
connected.

THEOREM 2.3. Let X be a connected, locally connected, unicoherent
space, and let f be a retraction on X. Then f(X) is unicoherent.

ProOOF. Suppose f(X) is not unicoherent. Then f(X) is a closed,
connected, locally connected subset of X which can be expressed as the
union of two closed connected subsets CUD such that CND is not
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connected. Let CND=AUB where 4 and B are disjoint closed subsets
of f(X).Let M=f~1(C) and let Q be the component of f~2(C) containing
C. Consider X—M=f"1(D—C). By Lemma 2.1, there exists a com-
ponent K of D—C having limit points in each of 4 and B. Since
K D-Ccf-Y(D—C)=X—M, there exists a component K; of X—M
having limit points in each of 4 and B, and by Theorem 2.2, 0N Bd(X,)
is connected.

We show that f[QNBd(K;)]= CND. Let xeQNBd(K,). Then f(x)eC.
Also, since K, S f~1(D—C) we have Kf <[4 D—-C)*<f[(D—-C)*]=
fY(D*)=f"Y(D). Thus if xeBd(K,) then f(x)eD. Hence f[QNBd(K,)]=
CND.

Since K< K; and K*NA% & #K*NB, we have KfNA# @ #K{NB.
Also, ASf~Y(C) and B< f~1(C), and since K,<f~}(D—C) we have K;N
A= @ =K,NB. Moreover, K, is an open subset of X since K is a compo-
nent of the open set f~(D—C) in X, and so Bd(K,)=K{—K,. Thus
Bd(K;)NA# @ and Bd(K;)NB# &. But since C< @, we have Bd(K;)N
(AUB)S Bd(K;)NC< Bd(K;))NQ. Thus [Bd(K;)NA]U[Bd(K,)NB]l=
fIBd(K;)N(AUB)l<f[Bd(K,)NCl<f[Bd(K,;)N Q). Therefore,

fIBA(K)NCINA% @ and f[Bd(K)NQINB#* 3.

But then f[QNBd(K,)] is not connected, a contradiction.

3. Quasi-monotone maps on connected unicoherent spaces. We begin
with the following definitions.

DEFINITION. A map f of a space X onto a space Y is quasi-monotone if
for each closed, connected subset Q of Y with a nonempty interior, the set
of components of f~*(Q) is finite and f maps each component onto Q.

DEFINITION.  Let & be a collection of subsets of a space X. A chain in
& is a finite sequence X, X,, - - -, X; of elements of & such that X;N X,
@ if and only if |i—j|<1.

THEOREM 3.1. Let X be a connected, unicoherent space and let f be a
quasi-monotone map of X onto Y. Then Y is unicoherent.

Proor. Let C and D be closed connected proper subsets of Y such that
Y=CuD. We show that CN D is connected.

Since f is quasi-monotone, f~!(C) has a finite number of components,
say K;, K,, - - -, K,,. Similarly f~1(D) has a finite number of components,
say L,, L,, -+, L,,. Each K intersects some L, and each L, intersects some
K;, otherwise X is not connected. Also, f(K;Nf~1(D))=f(L;nf~(C))=
CND for each K, and L;.

Consider K;. Reindex the L’s so that L,, L,, - - -, L, each intersect K;
and L, L, ., - .L, each do not intersect K,. Let &/={K;, - -, K,,
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Ly, Ly} and let #=.o/ —{K;}. For each i, 1Zi<p, let M,={P|PeA,
P can be joined to L; by a chain in 4}, and let L¥=U {Q|QEM,.}.

Each PeZ is a member of some M;, 1=<i=p. For if P¢M, for any i,
let ¥={4€#, A is a link of some chain in # starting at P}. Let @ =/ —¥.
Then &/ —€# &, since L, L,,- -, L, and K, are in &/ —€. Also, € is
nonempty, since PE€. Moreover, K, intersects no element of €, and if an
element of &/ —% different from K, intersects an element of %, then it is in
%. Thus (U ®)n(U (& —%))=2 and (U G)u(U (& —%¥))=X, a con-
tradiction since X is connected.

We consider two cases, depending upon how the K’s and L’s intersect.

Case 1. Suppose there exist K, for some 7 such that X intersects exactly
one L;. Reindex the K’s and L’s so that K,NL, @ and K,NL;=@ for
2= j=m. We know each PeZ# can be joined to L, by a chain in &; i.e.,
PeM,. Thus L is closed and connected, and K; NL¥=K,Nf~1(D). Since
K\UL¥=X, we have K;N -1 (D)=K,NL{ is connected and hence
SIK;Nf~1(D))=CN D is connected. A similar argument shows that CN D
is connected if there exists L, for some i such that L, intersects exactly one
K,
Case 2. Suppose each K; intersects at least two L;’s and each L,
intersects at least two K;’s. Consider K,. Then L,, - -+, L, each intersect
Kyand L,,,, -, L, each do not intersect K; where p=2.

If there exist indices g7s such that L¥NL¥> o, 1=q, s<p, let A=
U{L¥|L¥NL{## @, 1=5iSp}. Then 4 is closed and connected. Also
ANK, is not connected, since L,= A4 and L,S 4. Let

B=k U (U{Lf|L¥ N LE = 2,1 S i p)).

Since each element of % is a member of some M, and therefore a subset of
some L¥, we have AUB=X. Also B is connected, and ANB=4A NK;.
Thus X is not unicoherent, a contradiction.

If for all g5s, 1 =q, s=< p, we have LY "L#= &, then consider L,. There
exists K,(q) in & such that K,,NL, &. Then there exists Ly, in Z—
{L,} such that Ly, NK,q)7 & ; there exists K, in Z—{K,)} such that
Ka2NLpq7# @ ; and there exists Ly in B—{Lg(,)} such that Lg;N
K,#@. In general, choose K,(,) in #Z—{K,n_y} such that K,,,N
Lﬂ("_1)¢ g, and ChOOSC Lﬂ(") in g-{Lﬂ(n—l)} such that Lﬁ(n) ('\K,(,,,;ﬁ .
Thus we construct the two sequences K,q), Ky2), * * - and Ly, Lyeay, * * * -
Since there are only a finite number of K’s and L’s, some K, =K,
i7#j, and some Ly, =Ly, r#t. Let u be the smallest integer such that for
some U<ll, Ka(v)=K¢(u) or Lﬂ(v)=LB(u)' SUPPOSC Ka(v)=Ka(u)' Then
[o—ulZ2 and Ky, NLpwy# @ and K, NLg—# 3. Also, Lyyy*
Lg(y—1). Now reindex the K’s and L’s so that K;=K,(,)=K,(,,, and so that
L,,---,L,intersect K, and L_,,, -+, L, do not intersect K;. Then for
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some g, h such that g=h, 1=g, 1= p, we have Ly, =L, and Ly,_y)=L,.
Then L¥ NL¥ 5 &, and as shown above, this leads to X not unicoherent,
a contradiction.

4. Some examples. A map f of a space X onto a space Y is confluent
if for each closed, connected subset Q of Y, each component of f~2(Q) is
mapped by f onto 0. We show here that for noncompact, locally con-
nected, connected spaces, a mapping f may fail to preserve unicoherence
when f is interior, monotone or confluent.

EXaMPLE. Let X be the graph of the function p=(2+¢€%)/(1+¢°),
— 0 <6< w0, in a polar coordinate system. Let C be the unit circle, and let
Jf:X—C be the function which maps each point (p, 6) in X onto the point
(1, 6) in C. Then fis a confluent, interior map of X onto C and C is not
unicoherent.

The map f of this example is not monotone, but the exampie of a one-to-
one mapping of a half-open interval onto a simple closed curve shows that
monotone maps do not preserve unicoherence.
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