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In order to better understand when man-made structures may be considered as metamaterials with
effective properties at optical frequencies, we study the scattering �reflection, transmission� of light
at a single interface between a uniform half-space and a bulk metamaterial, i.e., a semi-infinite
three-dimensional periodic structure. We accurately compute the scattering coefficients between
plane waves and Bloch modes and test the validity of the single-Bloch-mode approximation within
the metamaterial. The knowledge of the single-interface scattering coefficients allows us to propose
an innovative method for deriving effective optical parameters. © 2010 American Institute of
Physics. �doi:10.1063/1.3478241�

Since the first realization of negative-refractive-index
metamaterials �MMs� for microwaves,1 intensive work has
been performed on this promising topic for ultimately con-
trolling the electric and magnetic components of electromag-
netic waves.2,3 As the quest for MMs has been moving to-
ward the optical spectral range, various theoretical issues
have received considerable attention. The homogenization of
artificially structured materials and the computation of their
effective properties is one of them.4–12 Indeed, because the
characteristic length of the functional unit is only slightly
smaller than the wavelength, i.e., the MM is mesoscopic,
the homogenization of optical MMs is challenging5,6 and
various numerical techniques have been developed, includ-
ing field averaging,7 Bloch mode approaches,8–10 multipole
expansion,11,12 and inversion of scattering parameters
�S-parameters�.4,5 The latter consists of comparing the scat-
tered waves from a MM slab, which is inherently inhomoge-
neous, to those scattered from a hypothetical homogeneous
slab with both an effective permittivity �eff and permeability
�eff. The effective properties are thus derived from calcula-
tions or measurements of the S-parameters for finite-
thickness samples. Owing to its generality that makes it ap-
plicable to virtually any structure, the S-parameter retrieval
method has rapidly become the most commonly used tool for
characterizing artificially structured MMs. But the generality
of the method has a downside; since only the far-field re-
sponse of the MM matters, the retrieval procedure fully ig-
nores the near-field response and the actual light propagation
inside the structure.

In order to better understand when man-made structures
may be homogenized, we study the scattering of light at a
single interface between a uniform half-space �air� and a
semi-infinite three-dimensional �3D� periodic structure �the
bulk MM�, see Fig. 1�a�. Taking advantage of an efficient
fully-vectorial numerical method, we show that the knowl-
edge of the single-interface scattering coefficients allows for
an in-depth test of the validity of the MM homogenization
and we propose an innovative retrieval approach that relies

on physical quantities that are attached to the fine structure
of the bulk MM.

For the sake of illustration, we consider hereafter the
fishnet structure composed of rectangular air holes etched in
an Ag–MgF2–Ag periodic stack. For the set of geometrical
parameters defined in Fig. 1, the structure offers negative
refraction at near-infrared wavelengths �1.4���2 �m�
with low losses,13 an achievement frequently interpreted as
resulting from the realization of a MM with both negative
permeability and permittivity.

Light scattering at a single interface between a homoge-
neous half-space and a 3D periodic half-space, see Fig. 1�a�,
represents a generalization of the textbook case of scattering
at a flat interface between two homogeneous media. The cal-
culation of the generalized Fresnel coefficients requires a
correct handling of outgoing wave conditions in a semi-
infinite periodic medium. Only a few numerical methods are
presently available to calculate those coefficients and only
two-dimensional geometries have been considered so far,
mostly with dielectric materials.10,14,15 Hereafter, we calcu-
late the scattering coefficients by using a 3D fully-vectorial
formalism that is an extension of a previous work on peri-
odic waveguides16 to structures that are periodic in both
transverse �x ,y� directions. For the sake of consistency, we
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FIG. 1. �Color online� Scattering at a single interface between air and a bulk
MM. �a� Definition of the main scattering coefficients: rPW is the specular
reflection of the plane wave in air, rBM is the reflection of the fundamental
Bloch mode, and tPB is the transmission from the fundamental Bloch mode
to the plane wave and vice-versa. �b� One fishnet period in z-direction. A
square lattice �ax=ay=860 nm� of rectangular holes �wx=295 nm and wy

=595 nm� is etched into an Ag�15 nm�-MgF2�50 nm�-Ag�15 nm� peri-
odic stack �az=80 nm�.
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concisely recall the main lines of the approach; more details
can be found in Ref. 16.

In the first step, we determine the complete set of MM
Bloch modes for a given in-plane wave vector �kx ,ky� and at
a given frequency by calculating the S-matrix relating the
field amplitudes in two planes separated by a single MM
period az. The calculation is performed with the rigorous
coupled-wave analysis �RCWA�.17 Then the Bloch modes
and their propagation constants kz,BM are obtained by solving
for a generalized eigenmode problem. This procedure re-
moves potential numerical instabilities,18 even if a large
number of Fourier harmonics is retained for the calculation
or if thick and/or metallic layers are considered. The last step
consists in matching the tangential field components at the
air/MM interface to derive the associated scattering matrix,
i.e., transmission and reflection coefficients of all Bloch
modes and plane waves. For that purpose, we use a Bloch
mode and a plane wave �or Rayleigh� expansion in the MM
and in the upper uniform half-space, respectively.

For a MM slab to be reasonably considered as a homo-
geneous effective medium, the energy transfer through the
slab has to be mediated dominantly by a single Bloch mode
that is bouncing between the two interfaces, like a single
plane wave is bouncing forth and back in a homogeneous
film.8–10,19 This Bloch mode will be referred to as the funda-
mental Bloch mode hereafter. It can be identified from the
infinite set of Bloch modes by considering either its effective
index, nBM=kz,BM /k0 with k0=2� /�, which possesses one of
the smallest imaginary part, or its field distribution. For the
fishnet, the field distribution inside the holes much resembles
that of the fundamental TE10 mode of an infinite rectangular
air-waveguide in silver. The real and imaginary parts of nBM
are shown in Figs. 2�a� and 2�b�. The calculation has been
performed at normal incidence �kx=ky=0�. The refractive in-
dex of the MgF2 films is n=1.38 and the frequency-
dependent permittivity of silver is taken from Ref. 20. A total
number of N= �2mx+1��2my+1�=1681 Fourier harmonics
has been used in the calculation, mx=my=20 being the trun-
cation ranks in both transverse directions. In agreement with
the experimental and theoretical data in Ref. 13, it is found

that Re�nBM��0 for ��1.5 �m and that the Bloch mode
attenuation is remarkably weak, Im�nBM��0.18 for 1.5��
�1.8 �m.

At a single interface, the coupling between the zeroth-
order plane wave and the fundamental Bloch mode defines
three independent scattering coefficients, the specular reflec-
tion of the plane wave in air, rPW, the reflection of the fun-
damental Bloch mode inside the MM, rBM, and the transmis-
sion between the fundamental Bloch mode and the plane
wave, tPB, see Fig. 1�a�. Reciprocity imposes that the latter is
equal to the transmission coefficient between the incident
plane wave and the fundamental Bloch mode. The moduli of
the scattering coefficients are shown by red curves in Figs.
2�c� and 2�d� for the spectral range of interest and for normal
incidence. Several interesting features are observed. First, we
note that the spectra of every scattering coefficient exhibit a
resonance for 1.4���1.6 �m. This can be understood as
the signature of the excitation of a surface mode at the air/
fishnet interface. Second, after entering the negative-index
regime ���1.5 �m�, every scattering coefficient smoothly
varies with the wavelength, attesting that the negative index
is not due to any acute resonance. Finally, it is interesting to
check whether the calculated reflection coefficients satisfy
the usual Fresnel relation at an interface between two homo-
geneous media, rPW=−rBM. The moduli of the scattering co-
efficients are almost equal over the full spectral range
��rPW���rBM�� but the phases of the coefficients are not op-
posite �see Fig. 2�c��. This shows that the air/MM interface
cannot be fully understood as an interface between two uni-
form media.

The single interface scattering coefficients being deter-
mined, we now test the single-Bloch-mode approximation
for a fishnet slab. Under the assumption that the energy
transport is mediated only by the fundamental Bloch mode,
the reflection r and transmission t of a fishnet slab of thick-
ness d are given by

r = rPW + �rBMtPB
2u2�/�1 − rBM

2u2� , �1a�

t = �tPB
2u�/�1 − rBM

2u2� , �1b�

with u=exp�ik0nBMd�. Note that these Fabry–Perot equations
hold for any Bloch mode, propagating or damped, which is
encountered in tunneling transmissions. Figure 3 compares
the specular transmission and reflection efficiencies �solid
curves� calculated with the RCWA17 for three slab thick-
nesses, d=3, 5, and 10 az, with those �squares� obtained
from Eqs. �1a� and �1b�. The very good agreement observed
leads us to the conclusion that, for this fishnet geometry, the
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FIG. 2. �Color online� Effective index of the fundamental Bloch mode and
scattering coefficients at the air/fishnet interface. �a� Real part. �b� Imaginary
part. In �a� and �b� the Bloch-mode effective index �thick-solid curves� is
compared with the effective refractive index retrieved with the S-parameter
method4 for several fishnet thicknesses, d=3az �dotted curve�, 5az �solid
curve� and 10az �dashed curve�. �c� Solid curve, �rPW�, circles, �rBM�, and
dashed curve, �rPW+rBM�. �d� Solid curve, �tPB�.
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FIG. 3. �Color online� Transmission �a� and reflection �b� efficiencies of
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obtained by the single-Bloch-mode approximation from Eqs. �1a� and �1b�
are indicated by squares.
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light propagation may be mainly described by a single domi-
nant Bloch mode.

It is instructive to consider what the single interface
problem teaches us on the homogenization problem. For that
purpose, let us apply the S-parameter retrieval algorithm4 to
the RCWA data obtained for the scattering coefficients of the
finite-thickness slab. The effective permittivity �eff and per-
meability �eff are retrieved for three slab thicknesses and the
retrieved effective indices, neff= � ��eff�eff�1/2, are compared
with the dominant-Bloch-mode effective index nBM in Figs.
2�a� and 2�b�. An overall qualitative agreement is achieved.
However, there are also some discrepancies, especially for
large wavelengths, where one observes a spurious oscillatory
behavior for neff, with minima or maxima that depends on the
fishnet thickness. Let us emphasize that since all computa-
tions are performed with the same number of Fourier har-
monics, the discrepancy between neff and nBM is not due to
any numerical artifact. It is rather unexpected, especially for
thick slabs �d=5 and 10 az�, for which the single-Bloch-
mode approximation is highly accurate �Fig. 3�. As explained
before, the reason for this discrepancy comes from the fact
that the scattering properties at the air/MM interface differ
from those between two uniform media, in particular, rPW
�−rBM.

In our opinion, only MMs that satisfy the single-Bloch-
mode approximation may be homogenized and any homog-
enization method should guarantee that the retrieved param-
eters, �eff and �eff, satisfy

nBM = ��eff�eff�1/2, �2�

at least with a good approximation. If not, the effective pa-
rameters necessarily depend on the slab thickness. Equation
�2� alone does not allow to fully determine the effective pa-
rameters. In addition, we propose to use the Fresnel relation
for the reflection between two homogeneous media as a
function of the impedance. For normal incidence, zeff
= ��eff /�eff�1/2 and one gets

��eff/�eff�1/2 = �1 + rPW�/�1 − rPW� . �3�

Equations �2� and �3� can be directly solved for �eff and �eff,
without any ambiguity due to the square root. Figure 4 com-

pares the corresponding effective parameters with those ob-
tained from a finite-thickness slab with the S-parameter re-
trieval algorithm.4 Again, the unphysical oscillatory behavior
is fully removed with the present approach. Formally, this
procedure can be extended toward oblique incidence. The
retrieved parameters �eff and �eff will then depend on the
angle of incidence as a result of spatial dispersion due to the
mesoscopic nature of MMs at optical frequencies.21 In this
case, description of light propagation requires particular care
to be shown elsewhere. In practice, the proposed retrieval
procedure based on Eqs. �2� and �3� can be applied to experi-
mental data for thick MMs. In this limit, �u�	1 and the
scattering coefficients of Eqs. �1a� and �1b� become r=rPW
and t= tPB

2u; rPW is thus directly measured and nBM can be
indirectly �but unambiguously� determined by measuring the
transmission coefficients of two MM slabs with different
thicknesses for instance.

In conclusion, we have studied the scattering at an
air/MM interface. We have shown that the knowledge of the
single-interface scattering coefficients allows for an in-depth
test of the homogenization validity. Moreover, we have pro-
posed an innovative approach for deriving the effective pa-
rameters. The method emphasizes the key role played by the
fundamental Bloch mode and provides retrieved parameters
that are more accurate or stable than those obtained by gen-
eral methods based on far-field physical quantities.

The authors acknowledge financial support from the bi-
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