Revealing higher-order light and matter energy exchanges using quantum trajectories in
ultrastrong coupling

Vincenzo Macri,!* Fabrizio Minganti,’»? T Anton Frisk Kockum,3
Alessandro Ridolfo,*® Salvatore Savasta,® and Franco Nori!:7-8

! Theoretical Quantum Physics Laboratory, RIKEN, Wako-shi, Saitama 351-0198, Japan
2 Institute of Physics, Ecole Polytechnique Fédérale de Lausanne (EPFL), CH-1015 Lausanne, Switzerland
3 Department of Microtechnology and Nanoscience,

Chalmers University of Technology, 412 96 Gothenburg, Sweden
4 Dipartimento di Fisica e Astronomia, Universita di Catania, 95123 Catania, Italy
SINFN Sezione Catania, Catania, Italy
S Dipartimento di Scienze Matematiche e Informatiche,

Scienze Fisiche e Scienze della Terra, Universita di Messina, 1-98166 Messina, Italy
"RIKEN Center for Quantum Computing (RQC), Wakoshi, Saitama 351-0198, Japan
8 Physics Department, The University of Michigan, Ann Arbor, Michigan 48109-1040, USA
(Dated: July 20, 2021)

The dynamics of open quantum systems is often modelled using master equations, which describe
the expected outcome of an experiment (i.e., the average over many realizations of the same dynam-
ics). Quantum trajectories, instead, model the outcome of ideal single experiments—the “clicks” of
a perfect detector due to, e.g., spontaneous emission. The correct description of quantum jumps,
which are related to random events characterizing a sudden change in the wave function of an open
quantum system, is pivotal to the definition of quantum trajectories. In this article, we extend the
formalism of quantum trajectories to open quantum systems with ultrastrong coupling (USC) be-
tween light and matter by properly defining jump operators in this regime. In such systems, exotic
higher-order quantum-state- and energy-transfer can take place without conserving the total num-
ber of excitations in the system. The emitted field of such USC systems bears signatures of these
higher-order processes, and significantly differs from similar processes at lower coupling strengths.
Notably, the emission statistics must be taken at a single quantum trajectory level, since the sig-
natures of these processes are washed out by the “averaging” of a master equation. We analyze
the impact of the chosen unravelling (i.e., how one collects the output field of the system) for the
quantum trajectories and show that these effects of the higher-order USC processes can be revealed
in experiments by constructing histograms of detected quantum jumps. We illustrate these ideas
by analyzing the excitation of two atoms by a single photon [Garziano et al., Phys. Rev. Lett. 117,
043601 (2016)]. For example, quantum trajectories reveal that keeping track of the quantum jumps
from the atoms allow to reconstruct both the oscillations between one photon and two atoms, as
well as emerging Rabi oscillations between the two atoms.
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I. INTRODUCTION

A. Interacting quantum systems, ultrastrong coupling, and
virtual processes

In a system consisting of two (or more) interacting sub-
systems, coherent energy transfer can take place between
these subsystems. If the interaction is small and the
subsystems are resonant, a single excitation can be ex-
changed and the total number of excitations is conserved
along the dynamics. Instead, if the interaction strength is
ultrastrong [1, 2], i.e., comparable to the bare transition
frequencies of the individual subsystems, novel quantum
processes can be realized, where the excitation number
is not conserved [1, 3]. In this regime, the transition
from an initial state |¢) to a final state |f), characterized
by different numbers of excitations, but whose energy is
comparable, can take place through a series of wvirtual
transitions (intermediate states). The effective |i) — | f)
process can be described by an effective interaction po-
tential, whose form can be determined by perturbation
theory involving a sum over all the possible contributing
virtual transitions.

Processes mediated by virtual transitions are com-
mon also in open quantum systems, where the energy-
conservation condition is relaxed by the inclusion of dis-
sipation. For example, in nonlinear quantum optics [4]
and polaritonics [5], the x®) interaction is due to the vir-
tual creation of an electron-hole pairs. Similarly to the

Hamiltonian case, also in open quantum system an effec-
tive Hamiltonian can capture an emergent coupling be-
tween different states. While the dynamics of the closed
system is completely determined by the effective Hamil-
tonian, in the open-system case, the presence of dissipa-
tion can mix different Hamiltonian manifolds and affect
the dynamics in nontrivial ways.

An interesting example of a system with virtual transi-
tions is that of ultrastrong coupling (USC) between light
and matter. While the Hamiltonian processes are char-
acterized by USC, the elecromagnetic field cannot be iso-
lated from the environment, resulting in an open sys-
tem dynamics. The USC regime was defined for inter-
subband polaritons [6] and experimentally observed in
a microcavity-embedded doped GaAs quantum well [7]
and in circuit quantum electrodynamics (QED) [8]. After
that, USC has been reached in several others experimen-
tal platforms, including cavity QED and circuit optome-
chanics (see Refs. [1, 2, 9] and references therein). Fol-
lowing these experimental developments, interest in USC
has blossomed, stimulating many theoretical studies [10—
32]. In particular, processes that do not conserve the
total number of excitations have attracted considerable
attention [33-38]. Among them, the possibility of single
photons simultaneously exciting two or more atoms [39—
41] will be used in this article as an illustrative example.
This intriguing process arises from the interplay of a com-
plex combination of higher-order virtual processes.

B. Quantum trajectories

For a weakly coupled Markovian environment, the
physics of an open quantum system is described by a
Lindblad master equation (LME) [42-45]. The state of
the system evolving with the LME is captured by the
density matrix, which represents the average state of the
system over many experiments. The effect of the envi-
ronment on the system is described via an ensemble of
quantum jumps acting on the density matrix through the
dissipation superoperators.

Although the physics of the system can be encoded
by the LME, this theoretical treatment does not allow
for an easy description of a single experiment. For this
purpose, the stochastic evolution of the system’s wave
function constitutes an efficient alternative to the LME
approach [46-48]. In quantum trajectories, the interac-
tion between the system and its environment is modelled
as a set of ideal detectors, which continuously monitor
the output field of the system [45]. Quantum jumps have
been observed in many experimental platforms, ranging
from solid-tate physics to superconducting circuits (see,
e.g., Refs. [49-53]). The stochastic evolution of the wave
function under such a procedure is known as a quantum
trajectory [54-56]. Since the LME describes the average
evolution of the system, it can be obtained by averaging
over an infinite number of quantum trajectories.

Even if the LME and quantum-trajectory approaches



are equivalent on average, there may exist behaviours
witnessed by single quantum trajectories that cannot be
directly observed at the LME level because: (i) sponta-
neous decay processes, induced by the environment, oc-
cur randomly and averaging can cancel several features;
(ii) there can be rare processes whose visibility is re-
duced by averaging. Examples of such processes have
been found in bosonic and spin systems, both concerning
the states explored by the dynamics and the emergence
of different timescales [44, 57-60]. The first goal of this
article is the study of how such hidden processes can be
used to reveal USC in open quantum systems.

Experimentally, there exist different ways in which
the output field of a cavity can be monitored. The-
oretically, this translates into different types of evolu-
tion for the quantum trajectories [61]. One such type is
a non-Hermitian continuous time evolution interrupted
by abrupt changes in the wave function due to quan-
tum jumps. This is the widely used Monte-Carlo-wave-
function (MCWF) method [56]. Another type of evo-
lution is continuous stochastic infinitesimal changes of
the wave function due to a noise term. This is the
quantum-state-diffusion (QSD) method [62-65]. For pho-
tons escaping an electromagnetic resonator, the MCWF
method describes the ideal photodetection of the output
field, while the QSD method describes homodyne mea-
surements.

Furthermore, the access to the emitted field of a USC
system allows to reconstruct some of the correlation func-
tions of the system [66]. In this regard, quantum trajec-
tories allow to predict the presence of USC phenomena by
histogramming the statistics of quantum jumps. While
normally this would be a nonessential remark, in USC
it is often difficult to reconstruct the presence of higher-
order processes, due to both the fragility of these pro-
cesses with respect to external perturbation (they are
higher-order perturbative effects) and to the intrinsic
difficulty in measuring the effects of virtual excitations
[20, 67-69]. The second aim of this article is to show
that an accurate study of quantum trajectories allows to
demonstrate the presence of higher-order USC processes.

C. Outline and original results of this article

In Sec. I, we first present the one-photon—two-atoms
system, introduced in Ref. [39], and explain how higher-
order processes allow a single photon to excite two atoms,
and vice versa. We provide an effective Hamiltonian for
the system we study, and we then show how the formal-
ism of quantum trajectories can be adapted to handle
such a USC system. Moreover, within this section, we
provide analytical results by describing the one-photon—
two-atom and the qubit-qubit processes, where the latter
is a second-order sub-process that is part of the main
effect.

We use this system as an example to show that individ-
ual quantum trajectories can clarify the dynamic evolu-

tion of interacting quantum systems by revealing hidden
behaviour that cannot be trivially witnessed by the LME.
We do it in two cases: In Sec. III, we consider only local
dissipation, while in Sec. IV, we introduce also a collec-
tive dissipation channel for the two qubits [70].

We identify several dynamics stemming from higher-
order processes that are revealed by individual quantum
trajectories. In particular, we show that the quantum
jumps back-action induces a dissipative quantum state
transfer between the two qubits, similar but not identical
to what was shown in Ref. [60].

In addition, we show how higher-order processes can
be identified also by constructing histograms of detection
events. This is a viable experimental technique, where
photodetection from multiple experiments allows to re-
construct the correlation functions. Finally, we conclude
and give an outlook for future work in Sec. V

In the appendices, we provide a detailed derivation of
the effective Hamiltonian for the system we study, a com-
parison between this effective Hamiltonian and the full
system Hamiltonian, and a more detailed analysis of all
processes involved. Moreover, we analyze the quantum
trajectories that arise when the system output is detected
by a homodyne measurement instead of photodetection,
demonstrating the importance of the unravelling proto-
col. We conclude the appendices showing a comparison
between the LME and MCWF approaches for obtaining
the averaged system dynamics.

Beyond the interest in interacting quantum systems,
this article provides a new way to probe the presence
of USC effects in a light-matter system, a task which
normally is challenging since one cannot directly access
the virtual photons populating the dressed states of the
system.

II. MODEL AND MATHEMATICAL TOOLS

The system studied in Ref. [39] is composed of two
subsystems: (i) Two qubits noninteracting with each
other; (ii) A single cavity mode. The subsystems are
ultrastrongly coupled, and their Hamiltonian is (A = 1
throughout this article)

2
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where a' (&) is the creation (annihilation) operator for
the photons in the cavity mode, &S) and &g(f) are the
Pauli operators for the ith qubit, and ¢ is the coupling
rate of each qubit to the cavity mode. We indicate with
|n, g, €) the state with n photons in the cavity, qubit 1 in
the ground state, and qubit 2 in the excited state. The
Hamiltonian in Eq. (1) is the sum of two elements: a non-

interacting part (the first two terms), which describes



the bare energy of the subsystems, and the last term,
which describes the USC light-matter interaction. No-
tably, the interaction contains the counter-rotating terms

a(f)?ﬂ (U(f)&)7 which create (destroy) two excitations, and

oMt (a,(zi)&), which create (destroy) one excitation. The
latter term in Eq. (1) breaks the parity symmetry, and
can be realized in superconducting circuits [8].

As shown in Ref. [39], at the resonance condition
We wél) + w((lz), the counter-rotating terms enable vir-
tual transitions, allowing the system to oscillate between
the two bare states |1, g, g) and |0, e, €), i.e., a single pho-
ton can excite both qubits.

A. Effective system Hamiltonian

To observe the one-photon—two-atoms process one
must avoid the Rabi oscillations between a single qubit
and the photonic mode. As such, the cavity-qubit detun-
ing in Eq. (1) is large compared to the coupling strength:
g < (we —wi).

For interacting quantum systems that are strongly de-
tuned, an effective Hamiltonian can be derived using the
generalized James’ effective Hamiltonian method [71]. To
apply this method to Eq. (1), we assume that the bare
transition frequencies are close to the resonance condi-
tion w, =~ wé” —|—w((12) = 2wp. With this notation, we indi-
cate that the qubits and cavity have been finely tuned to
take into account effective energy shifts induced by the
interaction “dressing” the bare states [see also the dis-
cussion in Appendix A]. Thus, considering processes up
to third order in the interaction, and neglecting dressing
energy shifts which have been reabsorbed by an appro-
priate choice of the coefficients, the effective Hamiltonian
reads

A

Aeg =03 +HS. (2)

By defining the qubit detuning 2A = wél) — w,gQ) (such
that wgl) = wp + A and w((lz) = wp — A), we distinguish
two regimes of work for the effective Hamiltonian Hog:

(1) Identical qubits (A = 0 and same dissipation rates);

(ii) Non-identical qubits (A # 0 and/or different dissi-
pation rates).

A detailed derivation is provided in Appendix A, and
in Appendix B we show the excellent agreement between
the full model and the effective Hamiltonian near the
resonance we ~ wa) + w((lg) and for small enough A.

1. Identical qubits

If A =0, we have

o

& =0 (6VeP + 606, (3a)

i = 0 (a606? +ateWe®) . (3v)

The second- and third-order effective Hamiltonains

ﬁé; %) represent second- and third-order perturbative

couplings, with effective interactions
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H éfzf) in Eq. (3a) is an effective coherent resonant cou-
pling which describes oscillations between the states
|0,e,g) and |0,g,¢e). The coupling Qg_f) is thus relevant
only when A < Qg}«) As we numerically show in Sec. II1
and analytically discuss in Appendix C, H, é? plays an
important role when, during the system evolution, one of
the two qubits excitations is lost into the environment.

The third-order effective Hamiltonian in Eq. (3b) is the
one responsible for the one-photon-two-atoms process.
Indeed, the term ag} 62 (a'6162) destroys (creates) a
photon and simultaneously creates (destroys) two qubit-
excitations. As such, the states |1,g,¢) and |0,e,e) are

connected with the effective resonant coupling rate Qgg

2. Non-identical qubits

Ifo< Q,(jf) < A, the second-order effective interaction
H é? in Eq. (2) can be neglected, applying the rotating-
wave approximation (RWA). However, the third-order ef-
fective Hamiltonian can still couple |1,g,g) and |0,e,e)
when the resonance condition w, ~ wa + qu = 2wy is
satisfied. In this case, Heg = H égf), where H é?f) is the one
in Eq. (3b), but the coupling rate now is

NOJ 8¢? cos? 0sin 0 (3w3 + A?) 5)
N P S [

Notice that the case A = 0 can be trivially obtained from
Eq. (5).

B. Quantum jump operators in the USC regime

Having derived the effective Hamiltonians, we need to
correctly introduce the action of the environment. Any
LME contains a Hamiltonian part, describing a coherent

unitary evolution, and a series of dissipators D[O,,] such
that

0:0 = —i[H,0] + ) _ ¥mD[Om]o, (6)




1. Dressed jump operators

When dealing with the light-matter coupling, the spon-
taneous emission in the LME must be modified to take
into account the presence of virtual excitations [29]. A
general approach to do that was developed in Ref. [43]
and has been the workhorse of various other studies of
USC dissipative systems [15, 72-77]. Every field, cou-
pling the system with the environment, can be expressed
as S, = 8, + §,Tn When the coupling is not too
strong, e.g., a Jaynes—Cummings (JC) model, there are
no virtual excitations. Thus, the overall effect of S,
is only to eject excitations into the environment, i.e.,
O, ={a, 6_}.

Instead, in the USC regime a correct treatment of
input-output, dissipation, and correlation functions re-
quires that the coupling with the environment does not
induce transitions increasing the energy of the system for
spontaneous emission. A physically consistent approach
consists of separating each operator S, into its positive
St = 500, (71SmlF) ) (k] and negative S, = ()1
frequency components. Those are expanded in terms
of the eigenstates {|j),|k)} of the total system Hamil-
tonian, and k& > j indicates that the energy of |k) is
larger than that of |j). This properly defines the jump
operators for any arbitrary LME as D[S™], which by con-
struction acts like an excitation annihilation operator.
In this dressed picture, the quantum jumps are between
the dressed states (the eigenstates) of the system Hamil-
tonian which, in USC, contain contributions from bare
states with an arbitrary number of excitations [1].

Physically speaking, this procedure amounts to distin-
guishing between the bare and dressed excitations, i.e.,
those excitations which cannot be detected versus those
which can. Not satisfying these conditions leads to the
prediction of non-physical behaviours, such as a contin-
uous emission of photons from the system ground state
of an undriven USC system [78]. As such, when we com-
pute (S, S;) we are describing the expected values of
the dressed excitations inside the system, which can be
emitted into the environment.

2. Quantum trajectories in USC

Having obtained a well-defined LME, we can now prop-
erly introduce the MCWEF. Following Refs. [54, 56], we
introduce the non-Hermitian Hamiltonian

> Y S (8)

m

A—n-

N | .

describing the effect of the environment between two
quantum jumps. Here, H represents the Hamiltonian
part of the dynamics, and one can either use the full or
the effective Hamiltonian (for the right value of A). The
evolution of a quantum trajectory is thus dictated by a

non-Hermitian evolution via 7 interrupted by random
quantum jumps.

The algorithm to obtain such a dynamics reads:

e [¢(t)) is the normalized wave function at the initial
time t.

e The probability that a quantum jump occurs
through the mth dissipative channel in a small amount
of time dt is

pm(t) = dirm ()] S,S 5 (1)), 9)

such that op,, () < 1.

e One randomly generates a real number ¢ € [0, 1].

o If > 0pm(t) < e, no quantum jump occurs, and
the system evolves as

(t+ dt)) = exp(—i?—ldt) =1 — idtH|w(t) + Odt?) .
(10)
e Otherwise, if ) 0p,,(t) > €, a quantum jump oc-
curs. To decide which channel dissipates, a second ran-
dom number ¢’ is generated, and each quantum jump is
selected with probability 6p,,(t)/(3>,, 0pn(t)). The wave
function then becomes

[Vt +db)) = SEI(t) (11)

e At this point, independently of whether a quantum
jump took place, the wave function |i(t 4 dt)) is renor-
malized and used for the next step of the time evolution.

Any quantum jump corresponds to the projection of
the wave function associated with a generalized measure-
ment process (wave-function collapse through a positive
operator-valued measure) [45]. Although the results of
MCWEF recovers those of LME by averaging over an in-
finite number of trajectories, noise effects determine the
convergence rate. A discussion on this point is provided
in Appendix E, where we compare the dynamics using
both the LME and MCWEF approaches for the system
under consideration.

C. Analytical results for the time evolution in the general
case

Now we want to show how, by analyzing a single quan-
tum trajectory, we can analytically describe the phe-
nomena which are taking place and, via the detection
of the quantum jumps, reconstruct the one-photon—two-
atoms process and the higher-order sub-processes (which
are part of the main effect) that are taking place. A
more detailed discussion of this analysis can be found in
Appendix C.

We consider four quantum jump operators:

D[ViXt], D[zt

D N?(éj + A;)} . -



They represent the cavity loss, local qubit de-excitation,
and collective qubit emission through a common bath,
respectively. Here, \/EX * is the dressed operator for
the cavity field, and mé’f‘ 5 are the qubit ones derived
from &3(;). As such, &, 1,2, and ¢ describe the photon
decay rate, individual qubit dissipation, and collective
qubit dissipation [60, 70], respectively.

K

Ut) = e_i('”r)t{ [cos(nt/él) -
4i03)

yﬁmwmp%m@mume%4+hmmw

1. One-photon—two-atoms

By  projecting  the  time-evolution  operator

Ut) = exp(—i’}:lt) onto the two-dimensional subspace
{11,9,9),10,e,€)}, one describes the one-photon—two-

atom process, which takes place independently of A. In
this case, the time-evolution operator U (t) will be

-T .
; Sm(nt/ﬁl)}ll,g’gﬂl,g,g

o] 0evecl),

k—1T

2
where n = \/ (49((;)) — (k—=T)2, and T = 71 +72 +y¢ is the sum of the qubit loss rates. The time evolution operator

U(t) describes the unnormalized oscillations of the wave function. For [¢(¢)) initialized in |1, g, g), we obtain

k—1T

¢@»:eiwﬂw{%%mwa—

By appropriately renormalizing the wave function we
obtain the mean photon number (X~ X*) and mean ex-
citation numbers of the two qubits (C; C;7) (i = 1,2):

2
S o4 COSZ(%)“‘ (%) siHQ(%t) _ @SmQ(%t)
(X~ XT) = - N2 o )
1_%8111(%)‘*‘2(”" ) sin® (1)
(3)
(252 ) sy
(G = :
1 £=T sm(%t)+2(n;1“) Sm2(%t)

(15)

If n is real, the system oscillates. Interestingly, if one
matches the condition £ = T' the system has a purely
sinusoidal behavior, and the process takes place with the
same rate as in the purely Hamiltonian case even if the
system is dissipative. If, instead, k # I', the oscillation
occurs with a reduced amplitude and a non-sinusoidal
shape. This is a first remarkable prediction of the open-
system case: by tuning the dissipation rate, we can de-
duce the behaviour of the system by considering how the
emission statistics (depending on (X~ XT) and (C; C}))
changes.

2. First quantum jump

Knowing the state at time ¢ allows us to predict
through which channel, and with which probability, the
system is expected to lose an excitation. As such, ana-
lyzing the first quantum jump allows to reconstruct the

0
smmwahme—4Zﬁsmmw®m@@}‘ (19)

(

oscillation parameter 7. Indeed, by repeating the exper-
iment several times, the probability (of a quantum jump
to take place) can be reconstructed, and such a probabil-
ity must oscillate with the same period as [¢(t)).

Thus, let us analyze what occurs when a quantum
jump takes place through the four possible dissipation
channels (for the sake of brevity, we indicate them with
their rates &, v(1,2), and ¢ ). If there is a cavity jump &,
the wave function is projected onto the state |0, g, g). At
this point, the system does not evolve anymore. This
behaviour, shown in Fig. 1(a), can occur both in the
presence of local and collective qubit dissipation for both
identical and non-identical qubits.

On the other hand, an excitation can be detected from
one qubit 7y(y,2) or via collective dissipation vy¢. In the
case of a local jump for qubit 1 via 7;, the wave function
[(t)) in Eq. (14) is projected onto

i.e., qubit 2 (qubit 1) is instantly excited (de-excited).
Similarly, if qubit 2 jumps the system ends up in |0, e, g).
In the case of a collective qubit jump, [¢(t)) is projected
onto



|G + &5l
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3. Qubit-qubit interaction

By just collecting the first quantum jump of the sys-
tem, one cannot know if the expected simultaneous qubit
excitation takes place. Indeed, it is not only necessary to
detect (at a given time t) one excitation coming out from
qubit 1, but to be sure that qubit 2 was also excited at
the same time as the quantum jump occurred.

.4Q£12=f) —ivo .
f Sin

where ¢ = \/(4(2((2?{) —ivc)? — (67 + iA)? is the new pa-
rameter determining the oscillation frequency, and §y =
Y1 —"2- Similarly to the previous case, the non-Hermitian
evolution operator U(t) captures the dynamics before a
quantum jump takes place. Note that, since we are in
the manifold where only the qubits are excited, the pho-
ton dissipation plays no role. No matter which quantum
jump occurs, this time the system ends in |0, g, g).

Having detailed the most general possible dynamics
after the first quantum jump, several different types of
behavior can take place, as detailed in Table I. Although
all of them are interesting to analyze, demonstrating the
different effects of the environment, hereafter we focus on
particular cases to efficiently characterize the presence of
the one-photon—two-atom process. This complete land-
scape of the possible behavior of the system allows to
characterize the emission of the system, so that one can
undoubtedly know if the simultaneous excitation of the
two atoms by a photon has taken place in an experiment.

In the following sections, we will numericaly simulate
the full Hamiltonian and dissipative dynamics to prove
the validity of this analysis. A detailed analytical deriva-
tion of these results (using the effective Hamiltonian) is
provided in the Appendix C.

(ct/4) [ 0,¢,)(0,g.| +10,g.) 0, e,g] n [cos<<t/4>

As such, the analysis of the dynamics between the first
and the second quantum jumps allows to reconstruct
all those sub-processes which take place when there is
an excitation emitted from the qubits. Note that the
only possible states after the first quantum jump are
0.9,9), 10.¢,9). [0,g.€) or (10.g.€) +]0,€,9))/v2. So
this demonstrates that the qubits have been excited si-
multaneously. Thus, one needs to correctly describe
the dynamics after the first quantum jump to charac-
terize the second quantum jump taking place. In the
three cases where the dissipation occurs via the qubits
(Y(1,2) or Y¢), each jump is followed by a new dynamics.
Notably, this occurs into the two-dimensional subspace
{]0,¢e,9),0,9g,€)}, because the loss of one quibit excita-
tion makes it impossible to excite back the cavity. The

Hamiltonian part of the evolution is captured by H e(f2f)’

and we recall that ng) =0 for A # 0 (see Appendix A).
As such, we obtain:

Ut) = ei“{ {cos((t/él) - # sin((t/4)] 10,e,9)(0, e, g

+ M bln(gt/4):| |0,g,€><0,g,6| } ’

(18)

III. RESULTS I: SINGLE TRAJECTORIES WITHOUT
COLLECTIVE DISSIPATION

We now investigate the signatures of USC in the emis-
sion spectrum by considering the simplest case, where
only the local dissipation 7(; ) can act (y¢ = 0).

A. One photon exciting two atoms

In Fig. 1 and in the discussion below, we always initial-
ize the system in |1, g, g) and we consider the case where
the sum of the energy of the two qubits is resonant with
the energy of the single photon (w. =~ w,gl) + w¢(12)). As
such, an oscillation where one photon excites two qubits
occurs (as seen from all the panels in Fig. 1). This os-
cillation is well captured by Eq. (15), as described in
Sec. IIC 1. After the initial evolution takes place, sooner
or later, a quantum jump occurs. If it is a photon emis-
sion, the wave function is projected onto |0, g, g), where
(X=X*+) = (C;7CF) = 0 as shown in Fig. 1(a). If,
instead, 1 or 79 occurs, the wave function |¢(t)) [see
Eq. (14)] is projected onto the new initial normalized
state |¢) = —i|0,g,€) or onto |¢p) = —i|0,e,g). For the
qubit emission, the new dynamics taking place between
the two qubits is due to the second-order processes, as
described in Sec. ITC 3.
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(not shown) given in Fig. 3(c,d)]

Table I. Evolution of the system in the qubit-subspace {]0, g, e),|0,¢,9)} as it stems from Eq. (18).

|¢) represents the initial

state for the evolution in the qubit-qubit excitation manifold after a local quantum jump of 1, see Eq. (16). |x*) is the initial
state for the evolution in the qubit-qubit excitation manifold when a collective jump ¢ occurs, see Eq. (17).

1. Histogram of quantum jumps

Let us detail how the statistics of quantum jumps al-
lows to witness the behaviours described in the preceding
section. Although recording all the quantum jumps and
then post-selecting trajectories corresponding to certain
processes is possible, e.g., in experiments with supercon-
ducting circuits [79], it can be difficult, not only because
the energy transfer is a rare event, but especially when
dealing with collective jumps. As discussed in Ref. [60],
a simple way to enable observation of all the processes
of interest is to reconstruct them by creating histograms
showing the distribution of the local quantum jumps as
a function of time.

To observe the one-photon—two-atom excitation pro-
cess, we need to collect all the local quantum jumps from
the cavity (D[X']) and from either of the two qubits
(D[C] and D[Cy]). Such a reconstruction of the pro-
cess is shown in Fig. 2(a). The characteristics of the
energy exchange can be determined up to arbitrary pre-
cision by collecting enough data. Note that for finite-
efficiency detectors that fail to detect some jumps, the
overall jump statistics is unaffected, since on average the
same amount of quantum jumps will be missed from the
cavity and from the qubits. Reaching the wanted preci-
sion thus simply requires a higher number of realizations
for worse detectors.

Before considering the second-order processes, let us
motivate on a mathematical ground why such a pro-
cedure of collecting the quantum jumps allows to de-
scribe the dynamics. Since the initial state |1,g,g) is
X~ |0, g, g), by considering the dynamics of the first jump
we are witnessing the two-time correlation functions of

the effective Hamiltonian of the system. For example,
the emission of a cavity quantum jump at time ¢ can be
described as

(0,9, 91X (X (0)[0, 9. 9) (19)
This is the definition of the two-time correlation function
of the real photon detection when no quantum jumps
occur [the blue bars in Fig. 2(a)]. Although this is not
exactly the Hamiltonian of the non-dissipative process,
by appropriately determining the dissipation rates one

can simulate the closed system, as we also argued using
Eq. (15).

B. Identical qubits

The system eventually undergoes a quantum jump.
It either emits a photon, ending in |0,g,g) as shown
in Fig. 1(a), or the quantum jump leads the system to
|0,g,€) or |0,e,g) in Fig. 1(b-d). What now strongly de-
pends on the parameters is how the evolution takes place
in the qubit-qubit excitation manifold (see Sec. II C 3 and
Table I).

If we consider identical qubits, H. C(?f) in Eq. (3a) is
nonzero and |0, g,e) (or equivalently |0,e,g)) is not an
eigenstate of the Hamiltonian. The cavity cannot be re-
populated because there is not enough energy in the sys-
tem. Nevertheless, the remaining energy continues to be
exchanged between the qubits until a qubit jump occurs
and the system wave function is projected onto the state
|0,g,9) (see Appendix C). For example, 7; emits a sec-

ond time in Fig. 1(b).
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Figure 1. Examples of single quantum trajectories, numerically obtained with the full Hamiltonian in Eq. (1) and the dissipators

in Eq. (12) in the absence of collective qubit decay (yc = 0). All panels show the time evolution of the mean photon number
(X~ X*) (blue dashed curves) and of the mean excitation numbers of the two qubits (C;”C;") (i = 1,2) (red dotted and black
solid curves, respectively). The system is always initialized in |1,g,g) at the resonant condition w. ~ wél) —+ w((f). All the
panels initially display the oscillation in Eq. (14) until a quantum jump occurs. The panels represent a quantum trajectory
where (a) a cavity jump occurs. The detection of an emitted cavity photon projects the wave function onto |0, g, g), where
(X~X*) = (C’[ C’f Y = 0; (b) Identical qubits case in which a qubit 1 jump occurs, projecting the wave function onto a state
with qubit 2 excited. The qubits then start to exchange their excitation between themselves until a second qubit jump takes
place, projecting the system onto the state |0, g, g). (c) Non-identical qubits case in which a qubit 1 jump occurs. As in (b),
the system is projected onto a state where qubit 2 is excited. Being off resonance, this time the qubits do not exchange an
excitation and qubit 2 remains excited until a jump projects the system to |0, g,g); (d) Non-identical qubits case in which
a qubit 2 jump occurs, leading to a dynamics similar to panel (c)

. In all panels, the parameters are g = 0.1lwp, we =~ 2wo,
K =(1,2) = 4x 10" %wo, and yc = 0. In panels (a)-(b), wit =

= wl(IQ) (A = 0), while in panels (c)-(d), 2A = wél) — wﬁf) = 0.3wo.

1. Histograms of the qubit quantum jumps

4. Collect data and make the histogram for the second
quantum jump.
To observe the excitation exchange between two reso-

. . . N+
nant qubits that follows when a local qubit jump occurs, Suppose that at a time ¢ there is a jump of C;. As

we need to be careful about how the quantum jumps are
detected. If we were to simply create a histogram of the
time distribution of the second quantum jump, we would
not capture this phenomenon, since this procedure would
reproduce the LME, which does not show the oscillations

between the qubits (see Appendix E). Instead, the pro-
cedure to obtain the correct histogram is:

1. Monitor the dynamics until the first quantum jump
takes place.

2. If the monitored event is a local quantum jump
from one of the two qubits, restart the clock.

3. Monitor from which qubit the second jump takes
place.

such, the wave function collapses onto |0,e,g). Mathe-
matically, we have

|0, e, 9) = C1]0,9,9) (20)

In other words, the procedure of monitoring the time t+7
when the second quantum jump occurs is equivalent to

(0,9,9IC] (t +7)C1 (0)]0, 9, 9) (21)

This again is a well-defined two-time correlation func-
tion describing a non-Hermitian Hamiltonian evolution,
whose characteristics can be obtained from Eq. (18).
We plot the results of this histogram procedure in
Fig. 2(b). We focus on those events where the first jump
is caused by C’f . We see that a periodic exchange of an
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Figure 2. Histograms of the ratio of the total local quantum jumps as a function of time. (a) Local quantum jumps due to X+
(the cavity, blue bars), C‘f’ (qubit 1, red bars), and C‘;’ (qubit 2, unfilled black bars surrounding the red ones). The histogram
is constructed from simulations of 2 x 10° trajectories. The system was initialized in the state |1,g,g). (b) Local quantum
jumps due to CA'f (qubit 1, red bars) and é; (qubit 2, black bars) after an initial qubit 1 jump. The histogram was constructed

(1,2)

from simulations of 4 x 10° trajectories and reveals oscillations like those in Fig. 1(b). Parameters for both panels: wy? = wo
(A=0), we >~ 2wo, g=0.1wo, K ="ya,2 =4X 10 5wp, and ¢ = 0.

excitation between the qubits takes place at a rate given

by Qg? This process is much faster than the oscillation
between the cavity and the two qubits (for our param-

eters, Qgg ~ IOng))7 and thus requires the time bins
to be much shorter than in Fig. 2(a). Furthermore, the
qubit-qubit oscillations only occur in a subset of all pro-
cesses. Thus, with respect to the case shown in Fig. 2(a),
one is required to repeat the experiment more times in
order to obtain sufficient statistics to generate Fig. 2(b).
From it, we obviously can reconstruct the oscillations in
Fig. 1(b).

The two histograms in Fig. 2 allow to reconstruct
both the amplitude and the frequency of the oscilla-
tions. Combined toghether, not only do they demon-
strate that a single photon excite the two atoms, but they
also show the dynamics between the two qubits as part
of the main effect. This dynamics (enabled by a quan-
tum jump) is completely missed by other protocols (see
Appendix D) or by the averaging process of the Lindblad
master equation (hidden by the averaging processes as
in Appendix E). Signatures of such an oscillation could
not be witnessed starting from |1,g,g), but would re-
quire to initialize the system in |0,e,g) or |0,g,e) (see
Appendix B).

C. Non-identical qubits

For non-identical qubits (A > ng)), the second-order
effective terms H é?f) in Eq. (3a) can be neglected thanks
to the RWA. Although a nontrivial dynamics can occur
in this manifold due to the different decay rates of |0, g, €)
and |0, ¢, g) [cf. Eq. (18)], this effect cannot be witnessed
along a single quantum trajectory, since after a quantum
jump the state will never be a superposition of |0, g, e)
and |0, e, g) due to the nature of the local quantum jumps

(see the discussion in Sec. IV, where a jump of ¢ will,
instead, unveil this effect). Thus, the qubits cannot ex-
change the remaining excitation anymore. This process
is shown in Fig. 1(¢,d), where a quantum jump first takes
place in qubit 2 (qubit 1) and then in the other qubit.

1. Histogram of the quantum jumps

As we previously stated, in the case of different qubits
no exchange of excitations takes place between the two
qubits. This fact can be used as a immediate witness of
the simultaneous excitation of the two qubits by a sin-
gle photon. Indeed, once one of the qubit emits, for in-
stance quibt 1, the state of the system remains in |0, g, €).
Therefore, the only possible event is an emission from
qubit 2. In this case, we expect that the number of qubit
jumps is identical for qubit 1 and qubit 2 independently
of the dissipation rates y; and 5. This indirectly demon-
strates that the photon is simultaneously exciting both
atoms. A more detailed time analysis reveals that the
first quantum jump occurs more frequently in the more
dissipative qubit, and then the less dissipative qubit fol-
lows. We numerically verified this analysis (not shown
here), and we stress that this prediction is true only for

vc =0.

IV. RESULTS II: SINGLE TRAJECTORIES
CONSIDERING BOTH LOCAL AND COLLECTIVE
DISSIPATION

The previous section undoubtedly demonstrate the
presence of the main one-photon—two-atoms process in
the case v¢ = 0. However, in actual experimental re-
alization, collective dissipation naturally emerges due to



the coupling of the qubits with a common environment.
In this case, although the evolution operator for the one-
photon—two-atoms in Eq. (13) depends on ¢, the plots
in Fig. 3 do not significantly deviate from those in Fig. 1
for small-enough ~v¢. As we detail below, such a coupling
deeply changes the characteristics of the qubit-qubit dy-
namics, requiring a different analysis if the two qubits
can lose their excitations via the collective jump opera-
tor /ZZ(CY +C5 ). We again study the cases of identical
and non-identical qubits separately.

A. Identical qubits

After a local qubit jump, as in Fig. 3(a), the cavity
cannot be repopulated and the two qubits start exchang-
ing an excitation as in the case of Fig. 1(b). However,
differently from the other case, the collective dissipation
forces the system toward the superposition state |x™) =
(10,g,e) — 10,e,9))/v/2 until a collective or local qubit
jump occurs, projecting the wave function onto the state
|0, g, g). Such a peculiar behavior can be argued from the
action of the three dissipation channels. Indeed, any state
in the qubit-qubit manifold can be described via the su-
perposition of Bell states |x*) = (|0, g,¢) £10,¢,g))/V2.
While the local dissipations 7(; o) act identically on | x5,
the collective one does not affect the evolution of |x ™).
As such, the presence of v¢ forces the system onto the
“dark state” |x~), because the “bright” state |x*) decays
more rapidly even when quantum jumps do not occur (see
the discussion in Appendix C and in Ref. [60]). Thus, no
matter the details of the initial state, the wave function
tends towards the superposition state |x ™).

When the collective dissipation acts, the wave function
is instead projected onto the superposition state propor-
tional to |x~) [see Eq. (17)]. Since |x~) is an eigenstate
of the effective Hamiltonian ﬁeﬂ‘ in Eq. (2), the state does
not evolve with Eq. (18), as shown in Fig. 3(b).

¢

where I' = 41 + 72 + v¢ and ¢ = /(A —i67)? — 2.

For 71 = 75 (and sufficiently small v¢), ¢ is real and
the state |xT) oscillates between the two Bell states |x*)
(see Table I). Indeed, the effect of A can be seen as a
term inducing a rotation of the Bell states. By select-
ing the correct §y one can fix the initial state that re-
mains in the initial superposition state |x ™), until a jump
projects the wave function onto the state |0, g, g). Oth-
erwise, the state oscillates but the expectation values re-

{Jeostetra - 2 sinier/] 10.c.9) + 0.9,
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1. Histograms in the presence of collective dissipation

Even in the presence of collective dissipation, we can
use the histogram of the local quantum jumps to char-
acterize the phenomena taking place. While the one-
photon—two-atoms process remains almost identical, the
qubit excitation exchange is affected by ¢ as just de-
scribed. Using the same procedure as in Sec. III B, we
can again obtain the two-time correlation functions al-
lowing to witness the presence of the damped-oscillation
behavior. This is plotted in Fig. 4, where we see that the
qubit-qubit oscillations gradually decrease in amplitude
towards the value 1/2. This is due to the system con-
verging to the Bell state |[x~) (see the discussion in the
Appendix C).

Although for collective dissipation we only plot cases
in which the two qubits were exactly on resonance, the
technique demonstrated here can also be applied to cases
where A # 0 and 71 # 2. In the latter case, the compe-
tition between these several processes can induce inter-
esting behaviours, whose discussion goes beyond the pur-
pose of this article, requiring a detailed study of the com-
peting ratios. We refer the interested reader to Ref. [60],
and we note that anyhow these histograms can be used
to extract the effective couplings ng) and Qg’g as well as
the collective dissipation rate v¢.

B. Non-identical qubits

For non-identical qubits the second-order effective
terms H, éfzf) in Eq. (3a) can be neglected. Although there
is no Hamiltonian interaction, the presence of the col-
lective dissipation enables a non-Hermitian coupling be-
tween the qubits (see the discussion in Appendix C and
Ref. [60]). Mathematically, this can be seen by the action
of the off-diagonal terms of the time evolution operator
activated by ¢, as it stems from Eq. (18).

At first, let us consider the collective-qubit jump
case where the wave function after the jump |x~) [see
Eq. (17)] evolves as

_6'y—l—z'A

£ sinct/) |o,e,g>—|o,g,e>}}, (22)

(

main constant and <CA'17CA’1+) = <C’;CA'2+> = 1/2 as shown
in Fig. 3(b).

In the case v1 = v¢ > 72, we find that the probabil-
ity of measuring qubit 1 in its excited state decreases as
time increases, while the probability of qubit 2 being in
its excited state increases. This behavior is due to the
difference between the loss rates, which imply that, if no
jump occurs, it is more likely for the system to be in
the excited state of qubit 2, since that state has a lower
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Figure 3. Examples of single quantum trajectories, numerically analyzed using the full Hamiltonian in Eq. (1) and the dissipators
in Eq. (12) in the presence of collective qubit decay (vc # 0). All panels show the time evolution of the mean photon number
(X~ X*) (blue dashed curves) and of the mean excitation numbers of the two qubits (C;”C;") (i = 1,2) (red dotted and black
solid curves, respectively). The system is always initialized in |1, g, g) and all the panels, starting in the resonant condition of the
one-photon—two-atom process, initially display the oscillation in Eq. (14) until a quantum jump occurs. The panels represent a
quantum trajectory where (a) for identical qubits case, a qubit 1 jump occurs projecting the wave function onto the excited state
of qubit 2. The two qubits start to exchange their excitation around the superposition state |[x™) = (]0,g,¢) — |0,¢,9))/V2,
slowly converging towards this state until another qubit jump occurs (local or collective), projecting the system onto the state
|0, g,9) (as discussed in Sec. IV A); (b) For identical qubits case, a collective qubit jump occurs projecting the wave function
onto the superposition state |x) = —i(]0, g, e) + |0, e, g))/+/2. Despite this being the “bright” state (c.f. Sec. IV A), the system
remains in this state until another jump occurs, projecting the system onto the state |0, g, g); (¢) For non-identical qubits case,
a collective qubit jump occurs with non-identical relaxation rates as discussed in Sec. IV B. Since 71 = 4 x 10 %wp > 72 =
4 x 10 %wp, the probability of measuring qubit 1 (qubit 2) in its excited state decreases (increases) as time increases until
another jump occurs, projecting the system onto the state |0, g, g). (d) For non-identical qubits case, a collective qubit jump
occurs with non-identical relaxation rates but with the values of v; and 7. interchanged with respect to (c), leading to the
opposite process. In all panels, the parameters are ¢ = 0.1wo, we =~ 2wo, & = 4 X 10 %wp, and v¢ = 5 x 10~ %wy. In panels
(a)-(b) wi™® = wo (A = 0) while in (c)-(d), 2A = w(M — w{? = 0.3wp.

probability of leading to a jump, as shown in Fig. 3(c,d).
A more detailed analytical discussion can be found in
Appendix C.

V. CONCLUSION AND OUTLOOK

We have shown how to apply the theory of quantum
trajectories to systems with ultrastrong coupling between
light and matter. This has at least two applications.
Firstly, we can now obtain the time evolution of dissi-
pative ultrastrongly coupled systems by averaging over
the stochastic wave functions of several quantum trajec-
tories instead of using a Lindblad master equation for
the system density matrix. In some cases, the quantum-

trajectory method is preferable to use, since the density
matrix dynamics requires more computer resources than
the wave function one.

The second application of quantum trajectories for ul-
trastrongly coupled systems is that individual trajecto-
ries can reveal behaviours of the system, connected to
measurement back-action, that are hidden by the aver-
aging inherent in a master-equation approach. We illus-
trated this for the setup in Ref. [39], where two atoms
(qubits) are ultrastrongly coupled to a cavity mode.

When the energy of the two qubits sum up to the en-
ergy of a single photon in the cavity, the USC enables a
process where the system state oscillates back and forth
between having one photon in the cavity and having both
qubits excited. By studying quantum trajectories where
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Figure 4. Histograms of the ratio of the total local quantum jumps as a function of time, due to CA’f (qubit-1, red bars)
and C’;r (qubit 2, black bars), after an initial qubit 1 jump. As time progresses from panel (a) to panel (c), the oscillation

amplitude decreases reaching the superposition state |x~) = (|0, g,¢) — |0,e,9))/v2 . The histograms are constructed from
simulations of 8 x 10° trajectories and reconstruct dynamics similar to Fig. 3(a). Parameters are the same as in Fig. 2, except

for yo = 5 x 10~ *wp.

the system output is measured with photodetectors, we
showed that if a quantum jump in one of the qubits is de-
tected, the system dynamics switch from the oscillation
between one photon and the two qubits to oscillation be-
tween the two qubits.

We further studied the example with the one-photon—
two-atom excitation process for the qubits on and off
resonance with each other, with and without collective
qubit dissipation. We showed how these different cases
can modify the behaviour that the system displays after
detecting a quantum jump from one of the qubits.

We also put forward an experimental protocol for ob-
serving the above-mentioned effects using photodetec-
tion. In such an experiment, which we believe is feasible
using circuit QED, the output photon flux emitted by a
resonator can be measured in a photodetection experi-
ment, while qubit emission can be detected by coupling
it to an additional microwave antenna [80].

Looking to the future, we hope that the theoretical

methods presented herein will find applications in ex-
periments on systems with USC that take advantage of
individual measurements to characterize processes that
otherwise are hidden by averaging. The literature con-
tains many examples beyond that of Ref. [39], which was
analyzed here. Furthermore, having the theoretical de-
scription of quantum trajectories should enable the de-
velopment of feedback schemes that could control ultra-
strongly coupled systems in new ways.
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Appendix A: Derivation of the effective Hamiltonian

In order to derive the effective Hamiltonian in Eq. (2),
we start from Eq. (1) in Sec. ITA of the main text, trans-
forming it to the interaction picture we obtain

Hi(t) —gCOSHCLTZ[

1 wc—w )t +6$)6i(w6+wéi))t:|

+ gsiné GTZO'Z

14

where H.c. denotes Hermitian conjugate.

Taking the resonant cavity frequency w. = wél) +
wff) = 2wp and defining 2A = wél) w((f), such that
wél) =wp + A and w((lg) =wp — A, we can define the five
operators

hlezwlt _gCOSQ(IT A1 L(UJ() A)t

h, C’Lth *gcose a'l‘ 2 Z(wo+A)

iwst T 1 z(3wg+A)t

hse =gcosf a

h elwat *gCOS& CLT 2 'L(dwg At
hse'st =gsin@ af E 50 giwot
i=1

In terms of these operators, the system Hamiltonian in
Eq. (A1) can be written as

5
mt =Y [ﬁmeiwmt + i}jne*iwmt} . (A3)

We now apply the generalized James’ effective Hamil-
tonian method [71] which at the second order gives

identical (A # 0) qubits cases.

i2wot + H.e. AI(Q) (ﬁ) _ Z wlk {h hT i(wj—wp)t _ B;ilke—i(w‘j—wk)t} ,
J.k
(A1) (A4)
while at the third order it gives
[ﬁ B hyeilwi—witwit 4 Bzﬁjhzei(_wﬁw_w’“)t + Bifbjilzei(wﬁ-w—w)t + Bzhjhkei(_wi_wj"rwk)t
wi(wj — wg)
o . j (45)
hihjhye!-witwitwn)t 4 ppl il eilwimwi—wnt
wi (wj + wr)
[
In the RWA, all frequency contributions which are sig-
nificantly different from zero can be neglected. Since the
frequencies w,, are all different, we only keep the terms s o
in AP (t) [A®(t)] where the sum of any two (threc) A% = _M( (1) +&(2)) <a G+ 1)
frequencies is zero both for identical (A = 0) and non- 3wo 2
2 ;2
_ g sin(f) (60 + &9)2 (A6)
2wy

1. Identical qubits

For the identical-qubit case, the second-order effective
Hamiltonian [Eq. (A4)] in the interaction picture reads

w( 5 +6Ws (2)> _

30.)0

We are always interested in the processes between the
states |1, ¢g,¢g) and |0, e, e) (one-photon—two-atoms mani-
fold) and those between |0, e, g) and |0, g, e) (qubit-qubit
excitation manifold).



a. One-photon—two-atoms manifold

In the one-photon—two-atoms manifold, the first two
terms dress the two bare states, inducing a positive shift
in the energy of noninteracting eigenstates, |1,¢,g) and
a negative one for |0, e, e). As such,

. (2 4g?% cos? 0
Hshi)ft = T |1vg7g><1a g, g| - |0a €, €><0, €, €|
(A7)
This diagonal shift can be always eliminated by appro-

priately tuning w. and w((lz) in Eq. (1). As such, we do
not report these terms in the main text, but we always
specify w. ~ 2wg. The third term of Eq. (A6), instead,
plays no role because it is always zero in the one-photon—
two-atoms manifold.

The main term leading to the one-photon—two-atom
excitation exchange is described by the third-order effec-
tive Hamiltonian which, starting from Eq. (A5) we obtain
the Eqs. (3b) and (4b) in the main test, which reads
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b.  Qubit-qubit manifold

In the qubit-qubit excitation manifold, the first two
terms of Eq. (A6) are always zero, while the last term
is an effective Jaynes—Cummings-like qubit-qubit inter-

action, which in the main text [see Eqs. (3a) and (4a)]
we call
N 442 cos? 0 (1)
g =~ —— (W +606®). (A9)
wo

The third-order term in Eq. (A6) plays no role in this
manifold.

Equations (A8) and (A9) yield the effective Hamilto-
nian

He = H(hlft + Hé? + ﬁé?f) ) (A10)

which is equivalent to Eq. (2) in the interaction picture
(see Sec. ITA in the main text).

2. Non-identical qubits

For the non-identical qubits (A > 4¢% cos? 8/3wp), in
the Schrodinger picture Eq. (A4) is written as

Sg cos? fsin @ At a(1) A(2)
HS) =2 T (a6Ms () +afeWs®) . (A8)
f 3w0 ( )
J
2.2 2 o2
A(2) (2) 29 COS 0(6&}0 =+ A) ~(1) 29 COS 9((.&.)0 — A) ~(2) | At A
A =H = 2wy — — —
! shife = [ o (WO - A)(?’WO + A) i (wo + A) (3&)0 — A) 9z aa
A —
* {”0 T T = A) B+ A

Notice that the second-order effective Hamiltonian does
not induce any coherent resonant coupling between the
two qubits, since they are out of resonance, but it still
induces an energy shift (which can be compensated by
an appropriate choice of the parameters).

Despite the absence of a coherent interaction between
the qubits in the qubit-qubit interaction manifold, the
main one-photon—two-qubit process can still take place.
Indeed, from Eq. (A5) we obtain

893 cos? 0sin 0(3wg + A?)
(@F — A7)0 — &7

Aa(1) A () ()A2)
( —|—a 07).

3 3
A® = g —

(A12)

Notice that Eq. (A12) recovers Eq. (A8) for A = 0.

2 02 2 a2
g° cos? 0(wg + A)J&gl) N [wo A (g cos? O(wg — A) ]6(2) .

wo + A)(Bwp — A)

(

Appendix B: Comparison of energy levels obtained using the
effective and the full system Hamiltonian

Here, we compare the lowest energy levels obtained for
the effective Hamiltonian in Eq. (2) with those calculated
using the full system Hamiltonian in Eq. (1). Figure 5(a)
shows the lowest energy levels of the full system Hamil-
tonian (blue solid curve) and those obtained by diago-
nalizing the effective Hamiltonian (red dotted curves), as
a function of the frequency difference of the bare qubits
A. The results are plotted for parameters fulfilling the
resonance condition w, =~ w((zl) + wt(f) and show excellent
agreement. In the inset [Fig. 5(b)] an enlarged view of
the first avoided level crossing [marked by a small black
dashed rectangle in Fig. 5(a)] is shown. As expected,
at its minimum (A = 0, green square) the energy dif-
ference between the Hamiltonian eigenstates is twice the

effective resonant coupling Qé? This coupling is only
important when the qubits are almost identical (A ~ 0).

For A > Qeﬁ, instead, the Jaynes—Cummings-like effec-



Figure 5. Energy levels for the system at the resonance
We ™ wél) + wéQ) that enables the one-photon-two-atom exci-
tation process. (a) Lowest energy levels as a function of A/wq
of the full Hamiltonian from Eq. (1) (blue solid curves) and
the effective Hamiltonians for identical (green dot) and non-
identical (red dotted curves), obtained for g/wo = 0.1. The
large dotted black rectangle delimits the region where the
avoided level crossing (related to the one-photon—two-atom
excitation process) appears. The red arrows indicate the limit
of validity of the approximation. For large A, the coherent
resonant coupling Qgg tends to become too small, so that the
one-photon—two-atom excitation process becomes less likely.
(b) An enlarged view of the first avoided level crossing [the
small black dashed rectangle in panel (a)]. The avoided level
crossing is due to the second-order effective interaction Qi?f)
in Eq. (3a) which is non-negligible only for A = 0 (green
squares).

tive interaction is negligible due to the RWA (red dots),
meaning that there is no longer a Hamiltonian coupling
between the two qubits. The large dotted black rectan-
gle in the centre of Fig. 5(a) delimits the region for which
the one-photon-two-atom excitation process occurs. This
region is quite large, meaning that, for various values of
A the coherent resonant coupling ng) between the two
states |1,¢,g) and |0, e, e) does not change significantly.
However, when the energies of the qubits becomes too
different the coherent resonant coupling Qé‘;’f) tends to be
too small and the one-photon—two-atom excitation pro-
cess becomes less likely. For even larger values, the energy
of one quibt become comparable to that of the cavity,
and the James’ approximation breaks, as marked by the
deviation of the red dots indicated by the red arrows.
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Appendix C: Analytical results

Here, we carry out analytical calculations using the
non-Hermitian Hamiltonian in Eq. (8) with the effective
Hamiltonian in Eq. (2). The main one-photon—two-atom
process has already been described in the main text.
Here, we focus on the second-order processes occuring
in the qubit-qubit manifold once the first quantum jump
took place. We recall that

¢ = (R —inc)? - By + i)
Oy =" =2

(C1)

1. Single trajectories considering only local qubit jump
operators

We suppose that a quantum jump 7; or 72 occurs, and
the wave function [¢(t)) is |¢) = —i|0,g,e) in Eq. (16)
(the other case being just a relabelling). For the sake of
simplicity, we identify ¢t with the elapsed time after the
firt jump took place.

The evolution of an initial state |0, g, e) is give by

o0 = —ie=47{ oosct/a) + ZLsnice/ 1) 0.9,

-:(2)
4iQ)

S sin(Ct/4)|0, e,9>} :
(C2)

Until another quantum jump occurs, and appropriately
renormalizing |¢(t)), the qubit excitation numbers evolve

as
2
@)
o <4ﬂgg> Sinz(%)
<01_Ci~_> N ) t & 2 2/Ct
1+ 2sin(%) + 2(%) sin® (%)
2
5 . 5
NI 0052(%) + (T) smz(%) + % Sln2(%)
(GG = 5 ¢ 5\ 2 ¢
1+ sin($) + 2(%) sin?( %)

a. Identical qubits

Since H é? in Eq. (3a) is nonzero for identical qubits,

and &y = A = 0, [0,g,e) is not an eigenstate of
the system and the oscillations with |0,e,g) are si-
nusoidal. In the case shown in Fig. 1(b), the wave
function |¢(t)) is projected onto the state |0,g,g9) =
(p(t)|(t))|~/2CF |p(t)) after v, emits a second time.
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Figure 6. Time evolution of the mean qubit excitation numbers (C7 C;") (red dotted curves) and (Cy C5) (black solid curves)
after: (a) A collective qubit jump, as given by Eq. (C11); (b) A local qubit 1 jump, as given by Eq. (C9). In both cases, the

parameters 2A = wél) -

b. Non-identical qubits

For non-identical qubits there are two cases to take into
consideration. First, if A = 0 the shape and form of the
oscillations depends on the difference between the emis-
sion rates d-. For large values of - the oscillations are
completely suppressed. Indeed, the condition v > 4Qg12cf)
makes ( imaginary and the oscillations become exponen-
tial decays (not shown in the figures).

For A # 0, the second-order effective terms H C(? (t)
in Eq. (3a) can be neglected thanks to the RWA. The
time-evolution operator then acquires the simple form

= e 31 0,¢,9)(0, e, g]
+ e~ 32t 10,9,€){0,9g,¢]| .

U(t) (1)

Starting from the state |¢) = |0,g,¢e) (which now is an
eigenstate of the system effective Hamiltonian), the sys-
tem does not evolve. Thus, the time evolutions of the

J

(2)

—irt
4 eff

_ny

{ lcos({t/él) - i4Q

We do not report the general formulas for (C’f 2@1+ ),
but we provide them for the specific cases below

a. Identical qubits

For a v, jump, and contrary to the case yo = 0, this
time ( is always a complex number, meaning that the
system dynamics will have an oscillating part with expo-

< sin(¢t/4) ] (10,e,9) + [0, g, €))

w((12> = 0.3wo, 1 =vc =4 X 1074w0, and v2 =4 X 10 %wo were used.

qubit excitation numbers are simply (C;C{) = 0 and
(G5 C3) = 1. This process is shown in Fig. 1(c,d), where
a quantum jump first takes place in qubit 2 (qubit 1) and
then in the other qubit.

2. Single trajectories considering local and collective qubit
jump operators

Here we analyze the case v # 0. If the first jump is
71, the time-evolution operator in Eq. (18) to the (nor-
malized) initial state |¢) = |0, g, e) gives

ot0)) = —ie=r{ | costctya) + Z sinic/ )] 0.9,

¢
49(2) o
— et ZC (¢t /4))0, e,g>} .
(C5)
If, instead, the first quantum jump is ¢, the initial state
X" =(10,g,€) +10,e,9))/ V2 evolves as

oy +iA

¢ sin(¢t/4)(|0, e, g) — |0,g,€>)} )

(C6)

(

nential decay. Considering the case v =y = v2 # ¢ as
in Fig. 3(a), Eq. (C5) becomes

()

—ie"3 [ o
2{67’9631E |:|O7g7€> - 07€ag>:|

(©7)
1 (2
T e hretemioRe [o,g, &) + [0, e,g>] } .



Notice that the symmetric superposition |0,g,¢e) +
|0, e, g) decays faster than the antisymmetric one due to
the factor e~7¢/2. Therefore, the antisymmetric super-
position is a dark state of the evolution without quan-
tum jumps, while the symmetric superposition plays the
role of a bright one. With the state |¢) = i|0,e,g)
we end up in the same situation (neglecting a collective
phase factor). Thus, no matter the details of the ini-
tial state, normalizing |$(t)) in Eq. (C7), we see that it
tends towards the superposition state |¢(yot > 1)) ~
(|07 9, €> B ‘O, ¢, g>)/\/§

The time evolutions of the qubit excitation numbers
are given by

1 e’%%‘t[l — 2sin? (Qggtﬂ
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which have sinusoidal oscillations with exponential de-

cay (depending on 7¢) towards the value (C; CfF) =
(C’{ CA’; ) = 1/2. The two qubits keep exchanging their
excitation around the superposition state |¢(yct > 1))
until a collective or local qubit jump occurs, projecting
the wave function onto the state |0,g,g), as shown in
Fig. 3(a).

With the same parameters, the superposition state
|xT) resulting from a collective jump [cf. Eq. (17)] is an
eigenstate of the effective Hamiltonian Heg in Eq. (2),
and |x(t)) does not evolve, as shown in Fig. 3(b).

b. Non-identical qubits

For a local qubit jump v; and |¢) = |0, g, e) the mean
qubit excitation numbers are

a’y (cos[Im(¢)t/4] — cos[Re(¢)t/4])

= ¢} cos[Im(C)t/4] + ¢, cos[Re(C)t/4] — ¢ sin[Im(Ct/4] + ¢} sin[Re(C)t/4]

NP |
e =5 1+ enet (C8)
_1 (2)
o 1 € 270t[1—2COSQ<Qeﬂt”
— + _ _

< 2 ~2 > - 5 1+ e et ’
|
e !
(C5 Gy = b} cos[Im(¢)t/4] + b cos[Re(

2 G

(

where the coeflicients are
ay = e
by =[¢]” + 0" + A%, by =[¢ —y7 - A%,
R A S N (e

In the cases considered in Fig. 6(b), the equations (C9)
correctlty predict almost no evolution in the system.

J

(¢
1t/4] — ¢ sin[Im(Q)t/4] + ¢ sin[Re ()t /4]
¢y cos[Im(¢)t/4] + ¢ cos[Re(Q)t/4] — ¢4 sin[Im(¢)t/4] + ¢} sin[Re(C)t/4]

_A2_’Yg'a

¢y = iARe(¢) + dvIm(¢), ¢ = iAIm(¢) + dyRe(() -

(C10)

When considering instead a collective y¢ jump, i.e.,
the initial state is [xT) in Eq. (22), the mean excitation
number of qubits for |x(t)) is

(O Gy = 1 ay cos[Im(¢)t/4] + as cos[Re(¢)t/4] + as sin[Im(¢)t/4] — as sin[Re(()t/4]
1t 2 ¢y cos[Im(¢)t/4] + ca cos[Re({)t/4] + ez sin[Im(¢t/4] — cq sin[Re(¢)t/4] (1)
(CreE) = 1 by cos[Im(()t/4] + by cos[Re(()t/4] + by sin[Im(¢)¢/4] — by sin[Re(¢)t/4]
272 2 ¢y cos[Im(¢)t/4] + co cos[Re(C)t/4] + c5 sin[Im(Ct/4] — cq sin[Re(¢)t/4]
where the coefficients are
= ¢+ (0y + A 472, ar=1[¢] — (67 +A)* =2,
az = Im(C)(ye +67) +iRe(()A,  as = Re(()(vo +07) +idm(()A,
=[CF+ (07 =2) 498, b =[CfF = (97— 8)" =%, (C12)
b3 = Im(¢)(vc — 67) —iRe(C)A, by = Re(()(vc — §7) —ilm(()A,

=[P+ 62+ AT+, =[P -y

Equation (C11) is in agreement in describing a single

27A27’7%‘7

c3 =vcIm(C), ca=rcRe(().

(

trajectory after a collective qubit jump has occurred, as
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Figure 7. Quantum trajectories for fully and partial homodyne measurement of the system output.

The plots show the

expectation value of the mean photon number (X X ) (blue dashed curves) and the mean excitation numbers of the two

qubits (C;7CF) (i =

1,2) (red dotted and black solid curves).

(a) A quantum trajectory where the output fields of all

subsystems are detected through homodyne detection. (b) A quantum trajectory where only the output field of the cavity is
measured with homodyne detection, while the qubit outputs are measured with photodetection. For both panels, parameters

are the same as in Fig. 1(a,b).

shown in Fig. 3(c,d) for the cases 71 > 72 and 1 < 72,
respectively. For v, = vo, (C;7C) = (G5 Cf) = 1/2.
In this case, the system oscillates between the Bell states
|0,g,€) £10,e,g) and |0, g,e) £14[0,e,g) .

Appendix D: Quantum trajectories for homodyne detection

To appreciate the importance of the unraveling proto-
col and of detecting single quantum jumps, let us now
consider how the system would evolve under homodyne
detection. We can choose to mix a reference coherent
field with the output field from either all the subsystems
or only some of them. In the continuum limit (infinite
amplitude for the reference field), the detectors continu-
ously reads a signal, but the back-action of this signal on
the quantum trajectory is minimal. With this protocol,
the evolution of the system is diffusive, and dictated by
a non-Hermitian Hamiltonian [45]

HHom =H- % Z |:772n<<8;1 - Sjr;>> + ’YNLgm(t):I S:;l )
m
(D1)
where &, (t) = dW,,/dt is a noise process stemming from
the Wiener increment dW,,, which has zero mean and
variance dt. Similarly to quantum trajectories for pho-
todetection, the diffusive stochastic evolution contains
the non-Hermitian Hamiltonian H from Eq. (8). How-
ever, the effect of quantum jumps is modified by the ref-
erence field and enter as the second part of Eq. (D1).
Two examples of the resulting diffusive quantum tra-
jectories are plotted in Fig. 7, where we re-analyze the
one-photon—two-atom excitation process without collec-
tive dissipation as plotted in Fig. 1(a,b). In Fig. 7(a), the
outputs from all subsystems contribute to the measured

homodyne current. In this case, the evolution is damped
and no instantaneous change takes place. This demon-
strates the importance of the correct unraveling in order
to witness all the processes taking place.

To further demonstrate the importance of the collec-
tion of the qubit jumps, Fig. 7(b) shows a trajectory
where we detect the cavity output through a homodyne
measurement, while the output of the qubits is collected
by photodetection. The trajectory shows that a quan-
tum jump of one of the qubits can take place, allowing

the two qubits to exchange their remaining excitation as
in Fig. 1(b).

Appendix E: Comparison of system dynamics obtained using
the LME and MCWF approaches

Here, we compare the dynamics of the LME and of av-
eraged MCWF trajectories for the one-photon—two-atom
excitation process. In doing this, we consider all the
numerical simulations are carried out taking |1,g,g) as
the initial state and using the full system Hamiltonian
[see Eq. (1) in the main text] near the resonance condi-
tion w, ~ wé” + wéz). In Fig. 8(a,b), we show the main
one-photon-two-atom excitation process without collec-
tive qubit dissipation included. We clearly see that the
MCWF approach (right column) is in complete agree-
ment with the LME approach (left column), which was
used in Ref. [39]. However, the average washes out the
qubit-qubit dynamics. Such a hidden behaviour is com-
pletely lost due only to the averaging (the quantum tra-
jectory protocol is identical to the single one shown in
the main text). Since this quantum-jump induced pro-
cess is fundamental to demonstrate the presence of the
main one-photon—two-atom process, it is thus fundamen-
tal to collect single trajectories without averaging them.
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Figure 8. Comparison of system dynamics for the one-photon-two-atom excitation process using the (a,c) LME and (b,d)
MCWF approaches. In (a,b) the collective qubit dissipation is y¢ = 4 x 10™°wy while in (c,d) ¢ = 0. The plots show the
time evolution of the mean photon number (X~ XT) (blue dashed curves) and the mean excitation numbers of the two qubits
(C7CFy (i = 1,2) (ved dotted and black solid curves). All the numerical simulations are carried out taking |1,g,g) as the
initial state and using the full system Hamiltonian [see Eq. (1) in the main text] near the resonance condition w. ~ wél) + wf)

for a normalized coupling strength g = 0.1wo.
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