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REVERSED HARDY-LITTEWOOD-SOBOLEV INEQUALITY

JINGBO DOU AND MEIJUN ZHU

Abstract In this paper, we obtain a reversed Hardy-Littlewood-Sobolev in-
equality: for 0 < p,t<land A=n—a <0 with 1/p+ 1/t + A/n = 2, there is a
best constant N(n, A, p) > 0, such that

[ s@le =l stu)dady) = Nw A p) ller e ol

holds for all nonnegative functions f € LP(R"), g € LY(R"). For p = t, we prove
the existence of extremal functions, classify all extremal functions via the method
of moving sphere, and compute the best constant.

1. INTRODUCTION

The classic sharp Hardy-Littlewood-Sobolev (HLS) inequality ([9] 10, 18] [15])
states that

| ] f@)|z -y~ " Dg(y)dady| < N, \p)||fller@nllglloe@ny  (1.1)

holds for all f € LP(R"), g € L'(R"), 1 < p,t <00, 0 < A:=n—a < n and
1/p+1/t+A/n = 2. Lieb [15] proved the existence of the extremal functions to the
inequality with sharp constant and computed the best constant in the case of p =t
(or one of these two parameters is two). The sharp HLS inequality implies sharp
Sobolev inequality, Moser-Trudinger-Onofri and Beckner inequalities [1], as well as
Gross’s logarithmic Sobolev inequality [6]. All these inequalities play significant role
in solving global geometric problems, such as Yamabe problem, Ricci flow problem,
etc. Besides recent extension of the sharp HLS on the Heisenberg group by Frank
and Lieb [5], there are at least two other directions concerning the extension of
the above sharp HLS inequality: (1) Extending the sharp inequality on general
manifolds, see, for example, Dou and Zhu [3] for such an extension on the upper
half space and related research; (2) Extending it for the negative exponent A (that
is for the case of o > n). In this paper, we extend the sharp HLS inequality for the
negative exponent A.

More specifically, in this paper, we prove that the reversed Hardy-Littlewood-
Sobolev inequality for 0 < p, t < 1, A < 0 holds for all nonnegative f € LP(R"), g €
LY(R™). For p = t, the existence of extremal functions is proved, all extremal
functions are classified via the method of moving sphere, and the best constant is
computed.

Prior to our research, it seems that the only result concerning A < 0 was discussed
by Stein and Weiss [20] in 1960, where they showed that a HLS inequality (not in the
sharp form) for p € ((n—1)/n,n/a) holds (Theorem G in [20]). However, the range
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for p does not include the important conformal invariant case p =t = 2n/(n + a),
thus it seems hard to find the sharp constant. On the other hand, recent results on
sharp Sobolev type inequalities with negative exponents on S™, (see, e.g. Yang and
Zhu [21], Hang and Yang [8] for the Paneitz operator on S?, and Ni and Zhu [17]
for the Laplacian operator on S!), strongly indicate that certain HLS inequalities
for A < 0 shall hold.

The main purpose of this paper is to establish the following reversed HLS in-
equality and its sharp form.

Theorem 1.1. Forn>1,0<p,t <1 and A =n — a <0 satisfying
1 1 A
—+-4+-—-—=2 1.2
p+t+n ; (1.2)

there is a best constant N*(n, o, p) > 0, such that, for all nonnegative f € LP(R™), g €
LYR™),

/ A f@)|z =yl rgly)dedy > N*(n, ., p)|| f|| Lo ||g]| e gy (1.3)

For p < 1, the convention notation for f(z) € LP(R") means [p, |f(z)[Pdz < oc.

For p =t =2n/(n+a), we are able to compute the sharp constant. In this case,
inequality (L3) is equivalent to the following reversed HLS on sphere S™: for all
nonnegative F' € LP(S"), G € LP(S"™),

|| F@le=nrGaascas, = N ma)|Pluen [Glle. (14)

where and throughout the paper |€ — 7| is denoted as the chordal distance from ¢
to n in R"*1 and N*(n, ) is the same as N*(n, ., 2n/(n + a)).
For a € (0, 00), define the classic singular integral operator on S™ by

i _ [ _F n
[L.F(€) = /S TS YEES", (1.5)

We have

Theorem 1.2. Let 1 < n < a. For all nonnegative F' € L*"/(n+a)(Sn),

NPl g g 2 NG I, (16)
where the best constant
_ I'(a/2) I'(n/2), _
N* _ (n—a)/2 a/n, 1.7
And equality holds if and only if
_nta
F)=a(l-¢-m)" >
for some a > 0 and n € R with |n| < 1.
For a € (0, 00), define the classic singular integral operator on R™ by
Inf(z) = / Mdy, Vo e R". (1.8)
re |2 =y

From Theorem [[.2]and a stereographic projection, we have the sharp reversed HLS
inequality on R™ for p =t = 2n/(n + ).
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Corollary 1.3. Let 1 <n < a. For all nonnegative function f € L**/ () (R™),

Mafl, 2o gy 2 NI (19)

where N*(n,«) is given by ([L1); And the equality holds if and only if
1 nta
Fla) = cf ’

|x—xo|2+d2)
for some ¢, d >0, and xo € R".

We outline the strategy in proving above theorems. The proof of Theorem
[T is along the line of the proof for the classic HLS inequality (see, e.g. Stein
[19]). The main difference is that our inequality is reversed. The reversed Holder
inequality, converse Young’s inequality, as well as a new established Marcinkiewicz
interpolation involving exponents less than 1 (could be negative) are used. Our
proof for the existence of extremal functions is quite different to that for the sharp
HLS inequality (due to Lieb [I5]), and we can only obtain the result for p = ¢ =
2n/(n + «). We first prove Theorem for F(¢) € L*(S™). A density lemma
(Lemma [B]) will be established, which allows us to reduce the proof for all L!
functions to continuous functions on S™. The extra condition for functions (i.e.
F(€) € L*(S™)) will be removed while considering its dual form (inequality (TZ)).
In proving the existence of extremal functions, symmetrization argument is used.
We point out here that for a > n, there is a new phenomenon in proving the
convergence of the minimizing sequence {F;}$2,: even F; has a concentration mass,
the mass of I, F} may not. In other words, the classic concentration compactness
argument does not work. In fact, we show in Remark that even a minimizing
sequence {F;}2°, pointwise converges to F, faFj (¢) may not converge to faF(S)
pointwise. It is one of the main difficulties to show that there is a subsequence
of faFj (&) that is a Cauchy sequence under certain metric. Another difficulty is
to classify all extremal functions in order to compute the sharp constant. This
is settled via the method of moving sphere, introduced in Li and Zhu [14]. Our
research certainly answers one of Y.Y. Li’s open questions in [12], where he asks
for the background for the study of the integral equation with negative exponents.

Quite natural question after we establish the reversed Hardy-Littlewood-Sobolev
inequality is: Can we derive certain Sobolev type inequalities (such as those Sobolev
inequalities with negative powers on S! and on S?), and use these Sobolev inequal-
ities to investigate curvature equations (for example, the prescribing Q— curvature
on S?)? It is not obvious that one can derive Sobolev inequalities from the reversed
HLS inequality as in the case for HLS inequality. However, we are able to use
the reversed HLS inequality directly to derive the existence of solutions to certain
curvature equations, see Zhu [22]. From the view point given in Zhu [22], it seems
more natural to extend Lieb’s sharp HLS inequality on S™ to the ones on general
compact Riemannian manifolds, and use them to investigate curvature equations
(including a generalized Yamabe problem formulated in [22]. More details will be
given in a forthcoming paper [7].

The paper is organized as follows. Theorem [[.1] is proved in Section 2, where
a new Marcinkiewicz interpolation theorem is also stated and proved; Theorem
is proved in Section 3, where a Liouville theorem (Theorem [3.6) concerning an
integral system is also proved.

*We thank C. Li, whose comment leads to the removal of the extra condition.
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2. REVERSED HARDY-LITTLEWOOD-SOBOLEV INEQUALITY

In this section, we prove Theorem[II} the reversed HLS inequality (with a rough
constant) in R™ for A=n—a < 0.

2.1. Some basic inequalities. For p <1 and p # 0, if f(z) satisfies [, |f|Pdz <
oo, we say f(z) € LP(R™), and call ([, |f[?)'/Pdz (denoted as || f||» later) the LP
norm of f(z). The L? norm for p < 1 is not a norm for a vector space. Nevertheless,
certain integral inequalities still hold.

Lemma 2.1 (Reversed Holder inequality). For p € (0,1), p’ = p/(p — 1), and
nonnegative functions f € LP(R™) and g € L¥ (R™),

- f@)g(@)de = |[fllellgll Lo

The reversed Holder inequality can be derived easily from the standard Hélder
inequality.
Lemma 2.2 (Converse Young’s inequality). Suppose that 0 < p < 1, and
q, 7 < 0 are three parameters satisfying % + % =1+ % For any nonnegative
measurable functions h, g, define

g% h(z) = / o(e — y)h(y)dy.
Then
lg* bl > llgllzollhllze-

The proof of the above converse Young’s inequality can be found, e.g. in Bras-
camp and Lieb [2], where they also identified the best constant for the classic
Young’s inequality.

Lemma 2.3 (Reversed Minkowski inequality). If ¢ < 0, then for any nonneg-
ative measurable functions F'(z,y),

[/Y(/XF(w,y)du(:v))qu(y)]% 2A(A[F(w,y)]qu(y))%du(w)

The proof for the reversed Minkowski inequality can be found in [II] (on Pj4g).

To establish the reversed HLS inequality, we also need to extend the classic
Marcinkiewicz interpolation theorem for LP function with p < 1.

Recall: for a given measurable function f(z) on R™ and 0 < p < oo, the weak
LP norm of f(z) is defined by

1fllzy, = mf{A >0 : meas{|f(x)| >t} - ¥ < AP},
For p < 0, we define the weak LP norm for f(z) in a similar way:
ANz, = sup{A > 0: m{|f(z)] <t} -1 < AP}.
Thus, for p < 0,
If[I7y, = inf{B >0: m{|f(z)] <t} " < B}.
Let T : LP(R™) — L9(R™) be a linear operator. We recall that for 0 < p, ¢ < oo,

operator T is called the weak type (p, q) if there exists a constant C(p,q) > 0 such
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that for all f € LP(R™)

Sllrys s

meas{e : |11 ()| > 7} < (Cp,q) 1]
Similarly, we can extend the definition of the weak type (p,q) to the case ¢ < 0 <

p <1l

Definition 2.1. For ¢ < 0 < p < 1, we say operator T is of the weak type (p, q),
if there exists a constant C(p,q) > 0, such that for all f € LP(R"),

meas{z : |Tf(z)] <7} < (C(p, q>@)q’ V7 >0.

We now can state the extension to the classic Marcinkiewicz interpolation theo-
rem.

Proposition 2.2. Let T be a linear operator which maps any nonnegative function
to a nonnegative function. For a pair of numbers (p1,q1), (p2,q2) satisfying q; <
0<pi <1l,i=1,2,p1 <p2 and q1 < qz, if T is weak type (p1,q1) and (p2,qz2) for
all nonnegative functions, then for any 6 € (0,1), and

1 1-6 6 1 1-6 6

— = + —, - = + ) (2'1)
p P1 P2 q q1 q2

then T is reversed strong type (p,q) for all nonnegative functions, that is,
ITflle = Cllfllze,  Vf €LP(R™) and f >0, (2.2)
for some constant C = C(p1,p2,q1,q2,6) > 0.

Proof. For any measurable function f(z), denote my(7) = meas{z : |g(z)| < 7}.
Easy to check that for r < 0, if g € L"(R™), then

P I A
ing(r) < 2L 7>,

T

and
ol =Irl [ i)t (2:3)

For a nonnegative f(z) € LP*(R™)NLP2(R™) and v > 0, write f = f1 + fa, where

ﬁ@ﬂ_{f@x if f(x) <4

0, if f(x) >~
and
o, if f(x) <
h@ﬂ_{f@% i f(x) >
Thus

{x:Tf<7’}C{a::Tf1<%}U{x:Tf2<%}.

Since T is weak type (p1,¢q1) and (p2, g2), we have

||f1||LP1 )q17 and mTfQ(T) < CQ(HfQHLPZ
T T
5
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It then follows from (23] that

WN%::M/ Lo (t)

IN

myﬁ £ g g, (£/2) + i, {82} de

Clal [~ e lhnde + Clal [ e o]
0
= ClgVi + Clq|V2, (2.4)

IN

where

o0
e [T s [T gl
0 0
From (Z1]), we know

Zi'q—Q1:Z£_q—Q2<O.
qg p—DP q2 P — P2

Choosea:’q)—iﬁ:gi:%ﬁ p,andletk1*q1<0andk2*qz<0 We have

q—q —p +q_QZ
O'kl 2 O'kg

Let v = (%) with A being a constant to be specified later. From the reversed
Minkowski inequality, we have

W=
/n/th““W(WmM;
_ AT ql)k—ﬁ/n|f(x)|m+ﬁdx.

p1+

(2)|P der) ™ ] FT

q—q1

That is
he i ([ irwpan)® 29
1_q—fJ1 n

For V5, we have

vE = [ B ) )

> / (/ . tq—qz—1|f ( )|p2k2dt)’%d
n» JA|f(z)|e
Al 1 a—az
= )”/U@W“@m
R’n

q2 — (¢
Thus,
Aq—lh ko
Vs < ( / | (x)[Pda)™. (2.6)
q2 — 4 n

Substituting (23] and (2.6) into ([24]), we have
ITS%e < C(Vi + Vo) < CAT S FIIE + AT f|1752).
Choosing suitable A > 0 such that

A~ q1||f||pk1 A9 qz”f”sz'
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We obtain
ITfI%e < ClfNs-
O

2.2. The rough reversed HLS inequality. We are now ready to prove the re-
versed HLS inequality with a rough constant (Theorem [LT]).
The reversed HLS inequality with a rough constant can be derived from the
following proposition.
Proposition 2.3. Forany 1 <n <a, = <p <1 and q given by
1 1
- (2.7)
qg p n
there exists a constant C = C(n,a,p) > 0, such that for all nonnegative f €
LP(R™),
o fllze > C| s (2.8)
It follows from (28)) and the reversed Holder inequality that for nonnegative
functions f € L? and g € L,
<Iaf,g>=Cl|lfllLr - lgllze,

where t = ¢’ = 43 (thus ¢ € (0,1)); Which yields: for a > n,

'/Rn / @)z = yl*"g(y)dady| > C|If||s|lg]lze.

where t, p satisfy

1 1 « 1 1 n—«a
l--=--"&-4-= =2
t p n p t n
Proof of Proposition 2.3l For 1 <n < a, p € (%,1) and ¢ given by [2.1), we
first prove
[Lafllzs, = C(n, o, p)| fllLr (2.9)

for some constant C'(n,«,p). That is, we need to show that there is a constant
C(n,a,p) > 0, such that

Ifllz»

T

meas{z : I, f(z)] <7} < (C(n,a,p) )Y, Vf € LP(R™) and f(z) > 0, V7 > 0.

(2.10)
Inequality (2:9) then implies (28)) via the new Marcinkiewicz interpolation (Propo-

sition 2.2)).

For any p > 0, define

I, f(x) = / Ady,

—z|<p |I - y|n7a

12, f(x) = / Mdy.

y—x|>p |J7 - y|n7a
Note both I, , and I3 , map nonnegative functions to nonnegative functions. Thus,
for any 7 > 0,
meas{x : I, f(z) < 27} < meas{z: Iiﬁpf(x) < 7} 4+ meas{x : Iiﬁpf(x) < T}
(2.11)

and
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We note that it suffices to prove inequality (ZI0) with 27 in place of 7 in the left
side of the inequality, and we can further assume || f| > = 1.
Using the converse Young’s inequality, we have

Xollz =)y
I lan = (G ) % s
= Dl.

where %—i— % =1+ % with #; € (525,0),711 < 0, xp(z) = 1 for |z| < p and
Xp(z) = 0 for |z| > p, and

Y

n—(n—a)ty

1 1
D, = / ————dy)" =Ci(n,a)p” =0
( B,(z) [T —y|(nmh )

It follows that
ri[n—(n—a)tq]
|| f”LTl (TL, a)p 1 ) (212)

T

meas{xz: I} f| <7} <
On the other hand, by the converse Young s inequality, we have

(/. (LW)%)%WW

||I§,pf||LT2 |z —
= DQ}

Y

where %—i—t— 1+ 4 = with to < = a,'f‘g < 0. Easy to see: 19 < — ap < ry. Also,
1 to 1 n—(n—a)ty
P = / el @) 7 =Cs(na)p
( R"\B (|x_y|n a) )
It follows that
ro[n—(n—a)ta]
T t
meas{xz: |[I7 f| <7} < 1% f”L 2 Galn a)p - - . (2.13)
T
Bringing (Z12)) and (ZI3) into (m:[b, we have
o ( ) T1["*(t"*a)f1] C ( ) 7”2["*(:*01)752]
. 2\, )P B a\n, a)p 2
meas{z : |Iof] <27} < — + s

. _Pp
Now, choosing p = 77a=n we have

pri n pri 1 1

LR (=) = I e P I —

pa—n [tl (n=a)] = pa—n[n( +r1 p) n—i—a] E
_ pr1 mp—rin+pria
- ]-n

pa—n r1p
— np
- n—-pa
= —q,
Similarly, S22 - [ — (n — &)] — rp = — 25 = —q. we then obtain (2.10). O

3. Existence and classifications of extremal functions for sharp
inequalities

We shall discuss the sharp form of the reversed HLS and prove Theorem [[.2] in
this section.



3.1. Existence of extremal functions. In the case of p = ¢, we are able to show
the existence of extremal functions. In this regard, it is relatively easier to state
the sharp form of the inequality on the standard sphere S™.

Let S : z € R* — ¢ € S"\(0,0,---,—1) be the inverse of a stereographic
projection, defined by
< 227 ) 1—|xf?
Ji=m= —,  f =1,2,---,n; &= .
Easy to check (or, see e.g. [15] [16]): for z,y € R™, £ € S™,
4|$ — y|2 1 2 n
S(z) - S(y)| = 2 dE=(——7) dx
|S(2) )l [(1+|$|2)(1+|y|2)] 3 (1+|x|2)

The area of the unit sphere in R**! is given by

nt1 n+1.,-1 1F(n/2)
S*| = d¢ =272 | =2"r2 .
)= [ s = () = et
For1<n<a,let p= %, q= nQT"a throughout whole subsection 3.1. For any

n+a

F(&) € LP(S"), let z = S71(¢) € R, and define f(x) := (TQUEP) Z F(€). Also

recall Fl)
F - n
LFQ = [ i

Direct computation yields

Pe — 2 -n - P 2 "dr = )P dr:
[ rera = [ () s O ) e = [ 1r@pds
And

5 F .
Py = [ ([ e otidn)ae

_ 2 -me oy Az —y[? —
= L G s o) i

X(w) dy) (W)ndiﬂ
_ fy)
= / (/ P dy)qu.
Thus

[Fllo@ny = I1flzo@ny, and  [[IoF|lpasm) = [ TafllLon)- (3.1)

We hereby have an equivalent sharp reversed HLS inequality (I4) for all non-
negative F(§), G(§) € LP(S™). The sharp constant to inequality (L8] is classified
by

N*(n,a) inf{”iaFHLq(Sn) : F 2 O, ||F||Lp(§n) = 1}
inf{[[lafllagn) + =0, [|fllLe@n) =1} (32)

We remark that we only need to show that sharp inequality (L6]) holds for all
nonnegative F' € L'(S"). In fact, if for all nonnegative F, G € L'(S"),

|| F@ie =l Gliaseds, = N (. 0)|Fllusen |Gl
9



then for any nonnegative u,v € LP(S™), we consider us = min(u, A) € L*(S™) and
v = min(v, A) € L*(S"), thus

/ / wa(€)]€ — 1" va()dSedSy > N* (1, 0)|[wal oo ol o).

Sending A — oo, we obtain via the monotone convergence theorem the desired
sharp inequality for u,v € LP(S™).

Since we are dealing with a reserved inequality, the usual density argument
does not work here. More specifically, even one can prove inequality (3] for all
f, g € C§°(R™), it is not obvious that the inequality also holds for general function
f € LP(R™) and g € L*(R™). So we need to establish the following density lemma
on S”.

Lemma 3.1. (Density Lemma) Let F(£) € L'(S™) be a nonnegative function
with |F||eny = 1. For any € > 0, there is a nonnegative G(£) € C°(S™), such
that

I1F = GllLo(sn) + |IHaFllLo(gn) = 1HaGl|Laem)| < e

Proof. Let {G;}2, be a sequence of nonnegative, continuous functions such that
||Gi — F||L1sn)y — 0 as i — oo. Then, for any § € S", as i — oo,

11.G;(€) — IL.F (&) < . |Gi(n) — F(n)| - € = n|*"dn

< O |Gi(n) = F(n)ldn — 0.
Nig
Since ||F||s(sn) = 1, we know that ||F||1gn) > C > 0. This implies that I, F(€)
is a continuous and positive function. Thus I,G; (&) > C > 0 for large i. From the
dominant convergent theorem, we have

li_minf/ |faGi|q=/ L.
11— 00 Sn Sn

Lemma [B.1] then follows from the above. O

Next, we prove that the infimum in ([B2)) is attained. Due to Lemma Bl and the

remark before it, we can choose {F;}32, € C°(S") to be a nonnegative minimizing
nto

sequence with ||Fj||r» = 1. Let fj(z) = (ﬁ) * Fj(S(x)), then {f;}72, €

CY(R™) is the nonnegative corresponding minimizing sequence with || f;| > = 1 on

R™.

For a given nonnegative measurable function u(z) on R™ decaying at infinity, we
can define its radially symmetric, non-increasing rearrangement function u*. u*(x)
is a nonnegative lower-semicontinuous function and has the same distribution as
u. Define v, = ((v™1)*)71, then v, is radially symmetric, increasing rearrangement

function. It is known (see, e.g. the proof of Proposition 9 in Brascamp and Lieb
[2]) that

[ ] w@uts = pet)dids = fou o @ (@ = v, ()dyds

= fR" fRn u*(2)vy (x — y)w* (y)dyde.
10



Suppose that [[wl| e gy = [w*|| o ®n) =1 for 0 < ¢’ < 1. Then for ¢ < 0 and
¢ =q/(¢—1), we have

lu*vlpe = | ”infi/ / u(z)v(z — y)w(y)dydz
st / / z)v- (@ —yu(y)dyde

ol =1 /n / z)vs (2 — ))qdy)%(/n(w ()7 dy) ¥ dz

= Jlu" * il Lo (3.3)

Y

U=

v

Let f; be the non-increasing radial symmetric rearrangement of f;. Since

Ifillee = I fillze = 1,

it = [ [ f |l,_ D) ty)'da

JX / |x_y|m d)idr  (by B3)
= LI,

we know that {f7}52, is also a minimizing sequence. Without loss of generality, we
can assume that {f;}22; is a nonnegative radially symmetric and non-increasing
minimizing sequence.

For o € (0,n), to avoid that f; converges to a trivial function, Lieb modified his
maximizing sequence via a technical lemma (Lemma 2.4 in Lieb [I5]). In our case,
we need to modify the minimizing sequence in a similar way so that both I, f; and
f; will stay away from the trivial function via the following lemma.

and

IN

Lemma 3.2. Let p1 € (0,2n/(n+a)), and s € (=2~
ng ——|—— —1= 22, Suppose that f € LP(R™) is a nonnegative, radially symmetric

0) be two parameters satisfy-

n—a’

functmn satzsfymg f(lz|) < elz|™% for all |z| > 0. Then, there exists a constant
C, independent of f and e such that

_» =
Mallgoaey = Cac™™ 5 | FIZ - (3.4)

Proof. Our proof is similar to that of Lemma 2.4 in Lieb [15].
Define F : R — R by

F(u)=e» f(e").

We can easily see that
1
(nwn)? | Fll ey = 1 fllLr@ny, and  |[Fl[pem) <,

where w, = %1—‘(%) denotes the volume of the n-dimensional unit ball. Define
h =1, f. Easy to see that h is radially symmetric. Define H : R — R by

H(u) =e'a h(e").
Then

1
(nwn) | H| Loy = [|PllLagrn)-
11



By integrating dz over angles in R", an explicit form for H can be obtained as
follows.

+o00
H(u) = / L, (u—v)F(v)dv,

where
1 n_o n__n—a
Liw = (3T et-57,),
7o) (n— Dwn—1 [y (coshu — cos§) "= (sin§)"~2df,  n > 2,
nl\U = a-—n a—n
(coshu+1)"z + (coshu—1)"7 | n=1.

We have L,, € L*(R) for any given s < 0.
Now, by the converse Young inequality (Lemma 2.2), for given p; € (0,2n/(n+
1

@)), and s € (;2,0) satisfying p% +i-1=1-2— 2+ we have

IH Loy = 1 LnllLs @)1 Fll Lo w)- (3.5)
On the other hand, since p; < p < 1, we have

+oo 1
1Flone = ([ IF@PIF@P )%

— 0o

Y

1—P D
VE I 1117

-2 T
e n ||F||Z})(R).

Combining the above with (3], we obtain (B34)). O
For convenience, denote e; = (1,0,---,0,0) € R™, and define

Y%

_n €
a; :=sup A Pfj(xl).
A>0
Note that for y € R",

£itw) = filyler) = Iy~ lyl> fi(lyler) < aslyl ™7,

and || I fjllLe = N*(n,a) < co. We know from Lemma B2 that a; > 2¢ > 0.
For any given nonnegative function g(z) and A > 0, define g*(z) = )\_%g(§).
Easy to check that
a—2 xz
Iagk(:c) =\ (Iag)(x);

and
M ee = lgllee,  HalgM)llLe = [HagllLa- (3.6)

For each j, choose \; so that f;‘j (e1) > ¢o. Due to ([B.6), we know that {f;” )
is also a minimizing sequence. Therefore, we can further assume that there is a
nonnegative, radially symmetric and non-increasing minimizing sequence { fj}‘;';l
with || fjllz» = 1 and fj(e1) > co. Similar to Lieb’s argument, we know, up to a
subsequence, that f; — f, a.e. in R™.

- nta
Consider the corresponding minimizing sequence F} (§) = (M) (87,
- nta
and F,(¢) = (BSOS (571(¢)). We know Fj(€) = Fj(¢"*+!). Denote

N = (0,...,0,1) as the north pole of the sphere, and & = S(e1). So F;(&1) > co,
12



and F;(¢) > 27 (nF)/2¢; for all € in the geodesic ball B, (M) where ro = dis(&1, M)
on S™. Thus, there is a positive universal constant C' > 0, such that

I.Fj(€) >C, Veesm (3.7)

If faFj (§) — +oo almost everywhere, then the dominant convergent theorem
(using B7)) yields that lim; e [5. [T F5(€)]7 = 0. But lim; o0 [, [LoFj(€)]7 =
(N*(n,a))? > 0. Contradiction. Thus for n = (0,...,0,7"*) and " € (a,b) C
(=1,1), I.F;(n) < C(a,b) for certain constant —1 < a < b < 1 and a constant
C(a,b) depending only on a, b. This yields

/ Fj S Ca,b (38)

for some constant C,  only depending on a, b. From (B.8) we know that sequence
{faFj} is uniformly bounded and equicontinuous on S™. Up to a subsequence,
I, Fj(€) — L(€) € C°(S™). Using Fatou Lemma and the reversed HLS, we have, up
to a further subsequence, for m € N, that
0 2 (Jim [ B (O - LFm©)
J—0 Jgn

> C(lim ||Ej = Fjiml[f,)".
j—o0

Thus ||F;—Fj+m||r» — 0. Since F; — F, pointwise, we know that || F; —Fo||L» — 0,
thus ||Fo||z» = 1.

On the other hand, the dominant convergent theorem (using (3.7)) yields lim;_, o [, | Fj(€)|9 =
Jsn |L(€)]?, and we know from Fatou Lemma that

L) = lim LF;(©) > TLF.(©)
It follows that
(/Sn LI = (/Sn o F(©)]) 7.
Thus the inf{||Io F|zagn) : F >0, [|F|rrsn) =1} is achieved by F, ().
Remark 3.3. It is not clear whether the pointwise convergence
I Fj(€) = I,F.(¢) a.eon S" (3.9)

is true or not. Even though we tend to believe this is the case, we do not know
how to prove it. On the other hand, we point out here that a new phenomenon
does arise while dealing with a concentrating minimizing sequence for ¢ < 0. We
will show that without assuming that f;(e1) > ¢ for the corresponding minimizing
sequence { fj(x)} defined on R™, the pointwise convergence ([3.9) may not be true.
This is opposite to the case for ¢ > 0, where the pointwise convergence [3.9) usually
holds for extremal sequences.
In fact, for
€5 nta
fi(z) = (m) 2

where €; — 0 as j — oo, we know f; — fo =0 a.e. in R”. One may check directly
that I, f; does not converge to 0 a.e. in R™ (in fact, I, f; — oo a.e. in R™). This
can also be observed from the reversed HLS inequality:

[alfj = folllLa = Cn, e, p)lf5 = foll e (3.10)
13



if I, f; — 0 pointwise, from Fatou Lemma, we know that the left side in (310) will
go to 0, but the right side || f;||z» = constant > 0. Impossible.

Let F, € LP(S™) be a nonnegative minimizer. After normalization, we can
assume ||F,||» = 1. Easy to see IoF,(§) > C > 0. Thus, for any positive smooth
test function ¢ € C°*°(S™), we have

/ FPY(&)g(€)de < C/ / i 1¢(§)dnd§ < Cp < oo, (3.11)
. n Jon In él" «

Since p < 1, we conclude that there is a positive constant ¢y > 0 such that F,(§) >
¢o everywhere on S™. Thus F,(§) is a weak positive solution to

_ -
Fe) = / %dn, Ve esm. (3.12)

To complete the proof of Theorem [[.2] we need to classify all positive solutions
to (B12), and to computer the best constant next.
nta
Let f(x) := (ﬁ) 2 Fo(S(x)), then f(x) is a measurable positive function,
satisfying:

fFi(x) = /R Mdy, Ve R™ (3.13)

n |z —y|nme

3.2. Extremal functions and best constant. We will classify all positive, mea-
surable solutions to equation ([BI3) via the method of moving sphere for p =
2n/(n+ «) and ¢ = 2n/(n — «), and compute the best constant N*(n, «).

For R > 0,z € R™, denote

Br(z) ={y € R" : |y —z| < R}, and ¥; r = R"\Bg(z).

For x = 0, we write Bg = Br(0),Xr = X0 r.

3.2.1. Regularity. First, we show that positive solutions to (BI3]) are smooth except
the case that the function f(x) (thus I, f(z)) is infinity everywhere. Throughout
this subsection, we always assume that f is a positive measurable function satisfying
BI3) such that both f and I, f # oo.

Define u(y) = fP~1(y), v(z) = I,f(z), § = =5 <0 and k = ¢ — 1 < 0. Then
u,v are also positive measurable functions and the single equation (BI3]) can be
rewritten as an integral system

u(y) = fou o —yl" 0 @)z, y € RY, -
v(z) = [po |z —y|* "l (y)dy, —xeR™

14



Lemma 3.4. For 1 <n < «a and 0,k < 0, if (u,v) is a pair of positive Lebesgue
measurable solutions to B.14), then

O [ oy <o, and [ (a0 @) < o

n

(1)  a:= lim |y|" “u(y) = /n v (x)dr < oo,

ly|—o0

b:= ‘ l‘im |z|" " “v(z) :/ u® (y)dy < oo;
| — 00 n

(#i7)  for some constants Cy,Co > 0,

1 a—n

LR cuwy <o), vyerr,

1 a—n

% <wv(z) < Co(l+ |z|*™™), Ve R"™.
2

Proof. The proof is the same as that of Lemma 5.1 in Li [I2]. We include details
for the completion of the paper.
Since u, v # oo, we know that

meas{y € R" : u(y) < oo} >0, and meas{x € R" : v(z) < o0} > 0.
Thus, there exist R > 1 and some measurable set E such that
Ec{zeR" :v(z) <R}NBgr
with |E| > %. It follows, for any y € R™, that

we) = [ lo- gt s

> [ oyl @)
E
> B[ ooy,
E
And then,
RK,
lim % > lim 77/ |z —y|* "dx = CR"L.
lyl=oo (1+ |y[*—") yl=oo (L4 [yl*™) JE
This shows ( ol )
> 7
u(y) = Cr
Similarly, for any € R™, we have
1 a—n
v(z) > %ﬂ)

This implies that the left hand side inequalities in (4i%) hold.
On the other hand, for some yy € R™ with 1 < |yo| < 2,

/ |z —yo|* "V (x)dr = u(yo) < oo;
And, for some zy € R™ with 1 < |zg| < 2,

/ 2o — y]* "l (y)dy = v(zo) < oo,
15



From the left hand side inequalities in (#i7) and the above, we obtain (z).
For |z| > 1,

|:E — yla—n a—n
Wue(y) < (14 Jy|* M (y),

and for |y| > 1,
[z —yl*™"
lylo—n

Combining these with (i) and using the dominated convergence theorem we have

(i) :

v(z) < (14 []*7)o" ().

a = lim |y" “u(y) = lim / wv“(x)dm = / v (x)dr < oo,
|y|—o0 |ly|—o0 JRn |y|0‘_" n
and
_ . n—o 1 |.’II B y|a—n (2] _ (2]
b = lim |z %v(z) = lim ——u”(y)dy = u’(y)dy < oo.
|| — o0 |z| =00 JRrn |I|°‘ n n

Combining (7) and (¢4) with BI4]), we have the right side inequality in (i5). O

Lemma 3.5. For 1 <n < «a and 0,k < 0, if (u,v) is a pair of positive Lebesgue
measurable solutions to BI4), then u,v € C>(R™).

Proof. Again, we adopt the proof given in Li [12]. For R > 0, we can split u into
following two parts

uly) = / & — 5" (@)da + / & — 4] (2)da
ly|<2R ly|>2R
= Ji(z) + J2(2).

From Lemma B4 (i) we know that Jo(z) can be differentiated under the integral
for |y| < R, so Jo € C*°(Bg). On the other hand, by Lemma B4 (ii7), we have
v € L*°(Bag), it is obvious that Jj is at least Holder continuous in Bg. Since
R > 0 is arbitrary, u is Holder continuous in R™. Thus, u® is Holder continuous
in Bog. Similarly, we have v, v" are Holder continuous in Bor. By bootstrap, we
conclude that u,v € C*(R™). O

3.2.2. Classification of solutions to (314). In this part, we classify all nonnegative,
non-infinity solutions to integral system [BI4) for 6 = k = (n + a)/(n — «) (that
is: for1<n<a,p=2n/(n+a), ¢g=2n/(n—«a)in @I3)).

From the above discussion, we know that if (u,v) is a pair of positive measurable
solutions to system (B.I4) which is not identical infinity, then u, v € C*°(R").

Theorem 3.6. Forl1 <n < a and § = x = (n+ «)/(n — «), if (u,v) is a pair
of positive finite smooth solutions to system [B14), then u,v must be the following
forms on R™:

1 n—a
u(§) =ci (W) 2,

1 n—a
v(§) = C2(m) *

where c1,co > 0,d > 0,& € R™.
16



Remark 3.7. If one can prove that u is proportional to v first, then system (B3.14)
can be reduced to a single equation, and the classification result for the single
equation was early obtained by Li [I2]. However, it is not obvious to us that u is
proportional to v, even though one can show that it is the case for the classic HLS
inequality. In the meantime, our current work certainly gives an answer to Li’s
open question 1 in [I2].

The above theorem will be proved via the method of moving sphere, following
the proof for a single equation given in Li [12].
For x € R™ and A > 0, we define the following transform:

A n—«
wa (€)= (H) w(€™), Ve eR"\{z},
where 2( )
oA AME—x
T

is the Kelvin transformation of £ with respect to By(z). Also we write w’;)\({) =
(wz(€))F for any give power k.

Lemma 3.8. Let 1 <n < «a and 0,k < 0. If (u,v) is a pair of positive solutions
to system ([BI4), then, for any x € R™,

N A \n n
uz A (§) = /R Iév—’;ﬁ?)a(m—ﬂ) dn, VE&ER™, (3.15)
0
x A T2 n
wal) = [ (A veR, (310
where 71 =n 4+ a—k(n —a), 2 =n+ a—0(n — a). Moreover,
A \m g
UI7)\(§) - ’U/(g) = ‘/E K(CE, )‘75777) [Uﬁ(n) - (m) ’Uw,k(n)} dnv (317)
| A
wa@ =ol) = [ Klexn o6 - (g2 @] (319
where \ ) )
A\ _ n—o _
Koo == fem e "
and

K(2,A6,1m) > 0, for V&, € S0, A > 0.

Proof. The proof is similar to that of Lemma 5.3 in [12]. See also our early work
[3]. We skip details here.

O
It is clear in Lemma B8 that 71 = 75 = 0 if and only if § = k = 22 From now
on in this subsection, we assume that 6 = k = %

The next lemma indicates that the procedure of moving sphere can be started.

Lemma 3.9. Assume the same conditions on n,«,0 and k as those in Theorem
[36. Then for any x € R™, there exists Ao(x) > 0 such that: ¥ 0 < X < Ag(x),

uz A(§) = u(§), VEE Ty,
Um,A(W) Z 0(77)7 VTI € Zm,)\-
17



Proof. The proof is similar to that of Lemma 5.4 in [I2]. For simplicity, we assume
x =0, and write uy = ug,».

Since n < o and u € C1(R™) is a positive function, there exists ro € (0, 1), such
that

n—a

Ve(1€]7 u(€)) - £ <0, VO < [€] < ro.

Thus,
ux(§) > u(f), YO < X < [¢] < ro. (3.19)

Using Lemma B4 (i7), we have
u(§) < C(ro)[E|*™", V [¢] = ro.
For small Ag € (0,79) and any 0 < A < Ag, by (4i7) of Lemma B4 and (3.19)

a(©) = ()" ul) = ()"t w1

Combining the above with (819), we conclude
uz (€)= u(§),  VEE Tan

with = 0 and A\g(z) = A\o. In the same way, we can prove the inequality for v(n).
O

For a given z € R", define

Az) = sup{p > 0|z 2(€) > u(€),and vz x(n) > v(n), YA € (0,1), Y& n € Xy n}-

The next lemma shows: if the sphere stops, then we have conformal invariant
properties for solutions.

Lemma 3.10. For some zo € R™, if A(xg) < oo, then

umo,j\(mo)(g) = u(§)7 V¢ € ]Rna
vwo,j\(mo)(n) = U(n)v Vn € R™.

Proof. Again, the proof is similar to that of Lemma 5.5 in [12].
Without loss of generality, we assume that zo = 0, and write A = A0), uy =
U x, Ux = Vo.x, N = €92 A = n0A. By the definition of A,

ux (&) > u(€), ()=o), YIE Il =\

Noting that 7, = 7 = 0 for 6 = x = 2ta Thus, using BI7) and BI8) with
x =0, = A, and the positivity of the kernel, we know that there are following two
cases:

() ux(€) = u(§) and vx(n) = v(n) for all [¢[,|n] > A; or (b) ux(€) > u(¢) and

vx(n) > v(n) for all [£], |n] > A.

We show that case (b) can not happen. More precisely, supposing that us(§) >
u(€) and vy (n) > v(n) for all €], |n] > A, we will show that there is a e, > 0, such
that, for any A € (\, A + €.), ua(€) > u(€) and vy(n) > v(n) for any [¢], 7] > .
This contradicts to the definition of \. We will show this via two steps.

Step 1. There is a £ € (0,1), such that for any ¢ < e, A < XA < X +¢, if

€], Inl = A + 1, then

() —u©) = S and va(n) —vln) = Fnl" "
18



From Lemma B8, we know that K (z,),§,2) > 0V n € X, x. By (BI17) with

2 =0,\ = A, and Fatou Lemma, we know, for all |¢| > A, that
lim inf [§]" ™ (ux(§) — w(§))

[€] =00
> / i €K (0, X, €, m)[" () — v (n)]dn
= [ () = ) = e man

3N |77|

Thus, using the positivity of v5 — v, we know that there exists e € (0,1), such that
ux(€) = u(€) > e2f€|*™", VI[E[ = A+ 1.
Due to the continuity of u, there exists a 3 € (0,e2) such that for [£| > A + 1
and A < A < A +eg,

A A2¢ ) N2¢

lux(€) —ux(€)] = '(H) B “(W)‘(E) Cu)!
€3 a—n
< 5|§| .
Thus -
ux(€) — u(€) = ux(€) — ul€) + ur (&) — ux(€) > =|¢l*,

forall €] > A+ 1, A< A< A+ ea.
Similarly, there exists 4 € (0,€3) such that

€4 a—n
va(n) —v(n) > 3Inl ,

for all |n| > A+ 1,\ < A < A+ &4. Choosing ¢; = &4, we complete the proof for
Step 1.

Step 2. There is a e, < €1, such that for any € < e,, A< A< A +¢,if £, n € R?
satisfy A < [€],|n] < XA+ 1, then uy (&) — u(€) > 0 and vx(n) — v(n) > 0.

Let €, € (0,£1).We have, for A\ < A< A+e, and A < [¢] < A+ 1,

uxn(§) —u(§) = K(0,X56,m)(v"(n) — vX(n))dn

D)\

> / K (0, ) €,m) (0" (1) — 5 (m)) dny
Ea\Ex41

4 / (0,7 €,m) (0" () — o5 (1)) iy
EX+2\EX+3
> / K(0, X&) (05 (n) — 5 (1)) dny
EA\EX+1
4 / K(0. 7€) (o () — o§(m))dn. (3.20)
EX+2\EX+3

By Step 1, there exists 6; > 0 such that

v (n) —vx(n) = 61, Vn € X510\ Ex43-
Since
K(0,X6,m) =0, V[£] = A,

VeK (0,26 0)]1g1=x = (@ = n)[€ —n|* "2 (Inl* — [£°) > 0, Vi € B35\ Sxys;
19



and the function is smooth in the relevant region, it follows, also based on the
positivity of kernel, that

K(O0,X8&n) > 02(1¢] = A), VAL [ <A +1,Vn € B5,5\S5,s-

where d2 > 0 is some constant independe_nt of Ex-_ It is easy to see that for some
constant C' > 0 (independent of €,), and A <A < XA+ ¢y,

|U§(77) - U;(T/” S CE? VT] € ES\+2\ES\+37 )‘ S |§| S 5‘ + 1
Using the mean value theorem, we have, for A < |¢| < A+ 1, that

/ K(0,\;¢,m)dn = / ((@)“‘"l@ — " = € = n|* ") dn
DI 41 Z\Ex 41

o B (G B e (o e |

< Ol - N + / (16" — e — & — g|*")dn
EA\ES\+1

< Ol - N +0le — ¢

< Ol = N).

Thus, for € € (0,6.), A< A< A+e, A < [¢] < A+ 1, from B.20) it follows

ur(€) —u(e) > —Ce K(0.7: €, m)dn + 6:85(1] — \) / n

EA\ES\+1 EX+2\EX+3

Y]

O A e  [GEE

X+2\EX+3

Along the same line, we can show

uA(n) = v(n) 2 0
for A < |€],]7] < A+ 1. Step 2 is established. Hence we complete the proof for
Lemma [3.10 g

The following two key calculus lemmas are needed for carrying out moving sphere
procedure. Under a stronger assumption (f € C'(R")), these lemmas were early
proved by Li and Zhu [I4] (see, also, Li and Zhang [13]). The current forms, due
to Li and Nirenberg, are adopted from Li [12]. See Frank and Lieb [4] for further
extension to nonnegative measures.

Lemma 3.11. (Lemma 5.7 in [12]) For n > 1,4 € R, let f be a function defined
on R™ and valued in (—oo,+00) satisfying
( A
ly — |

then f(x) = constant.

A2 (y —
)”f(!E-Fﬁ) > fly), Yy—=x|>X>0,z,yeR",

Lemma 3.12. (Lemma 5.8 in [12]) Forn > 1,u € R, let f € C°(R"), and p € R.
Suppose that for every x € R", there exists A € R such that
( A

2 — T
)@ ) = 1), W e R\ (o),
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Then there are a > 0,d > 0 and T € R™, such that

f(x) = +a(

1 )%
d+ |z — Z|?

We are now ready to give a proof to Theorem
Proof of Theorem

We first show that A(x) is finite for some z € R™. Otherwise, A(z) = oo for all
x € R™, then for £, € R,

um)\(g) 2 U(ﬁ), and Um,)\(n) Z U(n) V|§ - .’IJ|, |77 - £L'| > )‘7

By Lemma BT} we know that u = v = constant, which can not satisfy ([B.14).
Now, for a fixed z € R™, we know from the definition of A(z), that,

Uz A(€) > u(f), VO <A< Az), V[§ — 2| > A
From Lemma [34] (ii), we have, for any A € (0, A(x)), that

0 < a= Jim ") < Jim (€' ue () = X u(z).

T |El=oo
This shows A\(z) < oo for all z € R™. Applying Lemma .10 we know
U11}(§) = u(f)v and vz,ﬂ(n) = v(n)a V.I,f, ne R™.
It then follows from Lemma [B.12] that

u() = ﬁ(W)nga
and
w9 = el
for some c1, co > 0,d > 0 and & € R™. O

3.2.3. The Best constant N*(n,«a). It follows from Theorem B.6 and direct compu-
tation that all extremal functions to inequality (LG can be represented by
_nta
P =a(l=&-m)" >
for some a > 0 and n € R"™! with |n| < 1. In particular, F(§) = 1 is an extremal
function.

Note that
el = 2“‘1|S"‘1Iil;(gffg//;)).
We have
N(na) = (8% [ fe=al"
- e

e T2 Ty
I((n+a)/2)* T'(n) '

We hereby complete the proof of Theorem
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