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1 Introduction and preliminaries

Let B(#) be the C*-algebra of all bounded linear operators on a complex Hilbert space
‘H with the operator norm || - || and the identity I; also M,,(C) denotes the space of all
n x n complex matrices. For an operator A € B(H), we write A > 0 if A is positive, and
A > 0if A is positive invertible. For A, B € B(H), we say A > B if A — B > 0. The Gelfand
map f(£) — f(A) is an isometrical *-isomorphism between the C*-algebra C(sp(A)) of
continuous functions on the spectrum sp(A) of a selfadjoint operator A and the C*-algebra
generated by A and /. A linear map ® on B(#) is positive if ®(A) > 0 whenever A > 0. It
is said to be unital if ®(/) = I. A continuous function f : ] — R is operator concave if

f(otA +(1- a)B) > af(A) + (1 -a)f(B)

for all selfadjoint operators A, B € B(H) with spectrain J and all & € [0, 1].

The well-known Young inequality says that, for positive real numbers a, band 0 <t <1,
we have a’b'™ < ta + (1 — t)b. Refinements and reverses of this inequality are proven in
[2,9, 14-16] and the references therein. Also Kittaneh et al. in [10] obtained the following
improvement of the Young inequality for any positive definite matrices A, B € M,,(C):

AYIB 4+ r(A + B—2A4B) < (1 -t)A + tB < A''B' + R(A + B - 2A1B), (1)

where ¢ € [0,1], r = min{¢, 1 — ¢} and R = max{¢, 1 — t}.
Zhao et al. [19] obtained a refinement of Young’s inequality and its reverse as follows:
(i) forO<z <1,

ro(Vab - v/a)’ + r(Va- by +a"b'
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<(1-ta+tb

< RWa B~ ro(YaB B + a8 @
(ii) for % <t<l,

ro(Vab - «/E)Z + R(Va - ~b)* +a"ht
<(Q-ta+tb
<r(va-~b)?- ro(x/4 ab - ﬁ)z +al 7ty
where r = min{¢, 1 — ¢}, R = max{¢,1 — ¢} and ro = min{2r,1 — 2r}.
Sababheh et al. [15, 16] established some refinements and reverses of Young’s inequality
as follows:
(i) foro<t< %,
Sn(ta,b) <ta+ (1 -t)b-a'b™ < (1 -1t)(Va—-b)?-Sn(2t;vab,a); (3)
(ii) for % <t<l,

Sn(ta,b) <ta+(1-8)b-a'b"" <t(va-~b)>-Sy(2-2t;vab,b),

where

al il J :
Sn(ta,b) =Y sit)( \/ bY " ik - \/ a51pY
j=1

si(0) = (<1712t + (—1)’/’*1[%]), r; = [2t] and k; = [27'¢]. Here [x] is the greatest integer
less than or equal to x.

Let A, B € B(H) be positive. The operator t-weighted arithmetic, geometric, and har-
monic means of operators A, B are defined by AV,B = (1 — t)A + tB, At,B = Al (A‘%B X
A"2) AT and ALB = (1 - HA™! + B 1), respectively. In particular, for ¢ =  we get the

usual operator arithmetic mean V, the geometric mean f and the harmonic mean !.

2 Results and discussion

For positive real numbers a; and b; (i = 1,2,...,n) the Holder inequality states that

n n p / » 1/q
> ah" < (Zm) (Z bi) @)
i=1 i=1

i=1

for p,q > 1 such that zla + % =1.If p = q = 2 in (4), then we get the Cauchy—Schwarz in-
equality. The Holder inequality for positive operators A; and B; (i = 1,2,...,#n) is

> AB; < (ZAi) m(Z&)
i=1 i=1 i=1
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where 0 <t < 1. In the case ¢ = %, we get the operator Cauchy—Schwarz inequality. For
further information as regards the Holder and Cauchy—Schwarz inequalities we refer the
reader to [3-5, 11, 12, 20] and the references therein. Ando [1] proved that if ® is a positive
linear map, then for positive operators A, B € 3(H) and ¢ € [0, 1], we have

O(Af,B) < (A)8, D(B).
Recently, some authors presented several reverse-types of Ando’s inequality (see [13, 17]).

The Holder—McCarthy’s inequality says that for any positive operator A and any unit

vector x € ‘H, we have
(Afx,x) < (Ax, %), 0<t<l. (5)
Furuta [8] showed that this inequality is equivalent to Young’s inequality.

3 Conclusions

In this paper, we establish a reverse of Ando’s inequality for positive (non-unital) linear
maps and positive definite matrices by using an inequality due to Sababheh. We obtain
some reverses of the matrix Holder and Cauchy—Schwarz inequalities and a reverse of
inequality (5) for ¢ € (0, %] as follows:

(Tx, %) = (T*x,x

=

ST

<2R((Tx,x)7 - (T%x,x» —ro((T%x,x> + (Ta,x)? —2<T%x,x)(Tx,x)%c).

4 Methods

We use the properties of inner product and the inequalities obtained in [16] and [19].

5 Main results

To prove our first result, we need the following lemmas.

Lemma 1 ([16]) Let A, B € M, (C) be positive definite matrices and t € [0,1]. Then

N

> si(6)(Atay B + Ay 0B = 248y 0y 0B) + AZB < AV;B, (6)
j=1
k(0)
where o;(t) = 2=

For N = 2, we have the following lemma, which is shown in [19] for positive invertible

operators.

Lemma 2 Let A, B € B(H) be positive invertible operators and ¢ € [0, 1].

(i) Ifo<t< %,L‘hen

ro(AfB — ZAﬂ%B +A) +2t(AVB - AtB) + Afl,B < AV,B. (7)
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(if) If% <t<1,then
ro(AB - 2423 B+ B) +2(1 - ) AVB - A1B) + A%,B < AV,B, (8)
where r = min{v, 1 — v} and ro = min{2r,1 - 2r}.

Lemma 3 ([16]) Let A, B € M,,(C) be positive definite matrices and t € [0,1].
(i) Ifo<t< %, then

AV,B < At,B + 2(1 — t)(AVB — AtB)
N
=Y §COAR 0B + ALy B — 2481 55-1_g0)B)- )
j=1

(i) If3 <t <1, then

AV,B < At,B + 2t(AVB — A%B)
N
— 251(2 - Zt)(Aﬁyj(t)B + Aﬁyj(t)+21_jB - 2Aﬁ]/j(£)+2_iB)’
j=1

where B;(t) = 27k;(2t) and y;(¢) = 2" Tk;(2 - 2¢).

Remark 4 By using functional calculus and numerical inequalities in [10, 16], we can ex-
tend inequality (1), Lemmas 1 and 3 for positive invertible operators.

For N = 2, we have the following lemma, which is shown in [19] for positive invertible
operators.

Lemma 5 Let A, B € B(H) be positive invertible operators and ¢ € [0,1].
(i) Ifo<t< %, then

AV,B < AfB+ 2(1 - t)(AVB - AtB) - ro(A£B - 2413 B + B). (10)
(if) If% <t<1,then
AV,B < Af;B + 2t(AVB - AtiB) —rg(AjjB—ZAttéB +A), (11)
where r = min{v, 1 — v} and ro = min{2r,1 - 2r}.
Now, we obtain a reverse of Ando’s inequality for positive invertible operators as follows.
Theorem 6 Let A,B € B(H) be positive invertible operators, ® be a positive linear map

and t € [0,1].

(i) Ifo<t< %,then

(A8 P(B) - ®(Af:B)
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< 2R<<I>(A)jj<l>(B) — ®(AtB) + %(d)(A) +®(B) - 2d>(A)ttd>(B))>

N
— Y520 (P(At1g0B) + DAL 270 B) — 2P(AR1 159 B))
j=1

N

= Y 5(O(P(A) ey P(B) + P(A) 1) P(B)
j=1

- 2¢(A)ﬁ2—/+aj(t)cb(3))' (12)
(i) If3 <t <1, then
O(A)g, D(B) - D(Af,B)

< 2R<<D(A)1jd>(B) — O(AtB) + %(cb(A) +®(B) - 2<I>(A)t1<D(B)))

N

- Zsj(z - 2t)(D(At, 0 B) + (AL, (1,211B) — 2@(Auw(£)+2,,~3))
j=1

N

= Y 5O(P(A)e0 P(B) + DA)y1-7,4, P(B)
j=1

~20(A)y /0y P(B)), (13)

where o(t) = %, Bi(t) = 27k;(2¢), y;(¢) = 2'Tk;(2 - 2t) and R = max{¢,1 - t}.

Proof The proof of inequality (13) is similar to the proof of inequality (12). Thus, we only
prove inequality (12).
Let0<t< % Applying inequalities (10) and (9), we have

N
D 5(O(AleyB + Ay (9B — 24854, B)
j=1
<AV,B- At,B

N
<2R(AVB - AZB) - ) " s;(2t)(Ath_p,B + A1y oB — 2480 15B).  (14)
j=1

Now, using the positive linear map @ on (14), we get

N

D s5i(0)(P(Aty)B) + (A1 40 B) = 20(Aly7,0y0B)) + P(AL,B)
j=1

= P(A)V,2(B)
< 2R(P(A)VD(B) - P(AZB)) + P(Af;B)

N

- Zsj(2t)(d>(Aﬁ1,ﬂ/(t)B) + DALy B) - 2<1>(At11_2,,,1_ﬂ/(t)3)). (15)
j=1
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Moreover, if we replace A and B by ®(A) and ®(B) in inequality (14), respectively, then

N

Y 5O(P(A) a0 P(B) + PA)y1-744, () P(B) = 2(A) 84 P(B))
j=1

+ ®(A)8, P(B)
= ®(A)V:9(B)

<2R(P(A)VD(B) - P(AtB)) + P(A)f, P(B)

N

= Y 5C20(P(A) 10 D(B) + P(A)1,57_p,)P(B)
j=1

- 2c1>(A)ﬁ1_2,,~,1_ﬂj(t)q>(B)). (16)

From the first inequality of (16) and the second inequality of (15), we have

N

3 $(O( @A) 0y PB) + B(AV1-1 ) PB) — 20(A)s ) D(B))
j=1

+ ®(A)1,D(B)
< ®(A)V,D(B)
<2R(P(A)VP(B) - CI>(A]jB)) + ®(Att,B)

N

- Zsl(zt)(q)(Aﬁl—ﬂ,(t)B) + q)(Aﬁl-f.Z_/‘—ﬁj([)B) - Q’CD(AnI—Z_j_l—ﬂj(t)B))’
j=1

which implies that
N

D 5i(0)(P(A) oy D(B) + D(A)fhg1- 40 0) P(B) = 28 (A) 51, P (B))
j=1

+ ®(A)2: P(B)

<2R(P(A)VD(B) - P(ALB)) + P(Af,B)

N
= Y520 (P(At1g0B) + DAL 1o B) — 20(Al1 _y-1_g ) B))-
j=1

Therefore, applying inequality (1), we get
O(A)8, P(B) - P(ALB)
<2R(®(A)VP(B) - P(A%B))
N
- Y 520(P(AL1g0B) + DALy B) — 2P(AR1_yj-1_g9B))
j=1
N

= Y 5O(P(A) ey D(B) + DAyt )P (B) ~ 20(A)e 1,4 P(B))
j=1
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< 2R<<I>(A)jid>(B) — ®(AB) + %(QD(A) + ®(B) - 2d>(A)tL<I>(B))>

N

- Y 520(P(AL1g0B) + DALy B) — 2P(AR1_yj-1_g9B))
j=1
N

= Y 5O(P(A) ey D(B) + PA)2p1 g5y D(B) — 20(A) 1,49 D(B)).
j=1

O

Similarly for N = 2 by applying Lemma 2 and Lemma 5, we can obtain a reverse of Ando’s

inequality for positive invertible operators.
Corollary 7 Let A,B € B(H) be positive invertible operators, ® be a positive linear map
and t € [0,1].
(i) IfO<t <21, then
P(A), P (B) - P(AL,B)

< 2R<d>(A)jjd>(B) — O(AB) + %(CD(A) + ®(B) - 2d>(A)tId>(B)))

—ro(P(AB) + ®(B) - 2¢(Aﬁ%B))

~ro(P(A)3P(B) + D(A) - 2(P(A)1) P(B)))

< 2R<<I>(A)jj<I>(B) - ®(AfB) + %(CD(A) + ®(B) - 2<I>(A)ttCI>(B))); (17)

(i) if 5 <t<1,then
®(A)g; P(B) — P(Af:B)
< 2R<<I>(A)jj<I>(B) _ ®(AB) + %(CD(A) + ®(B) - 2<I>(A)tt<l>(B)))

—1o(P(A)1D(B) + P(B) - 2((I>(A)jj% ®(B)))

~ro(P(A1B) + B(A) - 20 (A1 B))

< 2R<<I>(A)jj<b(B) — O(AtB) + %(CD(A) + ®(B) - 2<I>(A)tI<I>(B))), (18)

where r = min{t, 1 — t}, R = max{t, 1 — t} and ro = min{2r,1 — 2r}.
We want to establish some inequalities for positive invertible operators.

Theorem 8 Let A,B € B(H) be positive invertible. If t € [0,1] and &, V are two unital
positive linear maps, then for any unit vector x € H
(i) foro<t <1,

2r((D(A)x, x)V (W (B)x, ) — (D (A2 )x, )W (B>, )

e

4 1o((@ (A2 ), x)) (W (B3 ), 2) + (D(A)x, x) — 2D (AT ), x)(w (B

)x,))
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< (1-0){®A)x,x) + t{¥ (B)x, x) — (W (B )x, x) (D (A)x, %)

< 2R((D(A)x, %)V (W (B)x, x) — (D (A2 ), 2)(W (B2 ), x))

— ro(( (A2 ), x)( W (B2 ), &) + (W(B)x, %) — 2{ D (A% ), x){ W (BT ), x)); (19)

(ii) for % <t<l1,
R((D(A)x, ) + (W(B)x, x) — 2(D (A3 ), 2)(W (BY2)x, x))
+ ro(@(A%),2)) (W (B2, ) + (9(A) x) - 2 (A7), x) ¥ (B ), )
< (1-t)(P(A)x, %) + H{W(B)x, x) — (¥ (B")x, x)( D (A" ), )
< r((dD(A)x, x) + (\I/(B)x, x) - 2<<I>(A7)x, x)(\IJ(B%)x, x))
)

— ro((® (A3 )x,2)(W (B2 )x,x) + (D(A)x, x) — 2D (A1

where r = min{t, 1 — t}, R = max{¢t,1 — t}, ro = min{2r,1 — 2r}.

Proof The proof of part (ii) is similar to the proof of part (i). Thus we only prove (i)

Applying inequality (2) for any positive real numbers £, s, we have

rlk + s — 2Vks) + ro(k%s% +k - 2k%si)

<1 -tk +ts— kst

§R(k+s—2\//g)—ro( kis? +s—2kis %) (20)
Fix s in (20). Then applying functional calculus to the operator A, we have
r(A +sI—25A%) + ro(A%s? + A—24151)
<(1-0A+tsl —s*A?
: (21)

< R(A +5I—235A%) = ro(A2s? + sl - 247s1).
If we apply the positive linear map ® and inner product for x € 7 with || x| = 1 in inequality

(21), we have
P((®(A)x,x) + s — 24/5(D (A, 2))
+ r0(<<I>(A%)x,x))s% + (@(A)x,x) - Z(Q(A%)x,x)s%)
< (1-t)(D(A)x,x) + ts — s{D(AT)x, %)
x) + 5= 2/3(®(A2)x,4)) — ro((D(A2 )x,x)s? +5 - 2(D(A

S
~

i

< R(( (A)x, )x, x)s

Now, using the functional calculus to the operator B, we have

r((dD(A)x, x) +B- 2<<D(A% )x, x>31/2)
#ro((® (A ) BE + (@A), ) -2 @(4T ), )BY)
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< (1 -1)(®(A)x,x) + tB— B(D(A")x,x)

00

< R((®(A)x,x) + B—2(®(A2 )x,x)B) - ro((®(A? )x, x)B? + B—2(d(A1)x,x)B

)-

Taking the positive linear map W and the inner product for y € H with ||y|| = 1, we get

r((D(A)x, %) + (W(B)y, y) — 2(® (A2 ), x)( W (B?)x, )
70((D (A7), 2)) (W (B ), x) + (D(A)x, &) — 2D (A ), 2)(W (B ), 2))
< (1-1)(D(A)x,x) + H{ W (B)x, x) — (¥ (B")x, x)( D (A" ), x)
§R((CI>(A)x,x) ( B)xx) 2<<I>(A2)xx)((32)x, ))

(A ) (B ) (0B ) 20 (4 ) (B )
Now, if we put x = y, then we get the desired result. O

Theorem 9 Let A,B € B(H) be positive invertible. If t € [0,1] and ®, ¥ are two unital
positive linear maps, then for any unit vector x € H
(i) for0<t< %,

2r((D(A)x, %)V (W (B)x, &) — (D (A2 ), 2)(W(B)x, 2)'"%)

+70((®(A2)x, x)( W (B)x, 2)' "2

+(<I>(A)x x)— ( (A3/4)x,x)<\I-'(B)x,x)l/4)
< (1= (@A), x) + {{ W (B)x, x) — (W(B)x, x)' (@ (A1), x)
< 2R((<I>(A)x, x)V(‘IJ(B)x, x) - (CID(Am)x, x)(\I’(B)x, x)m)

1/2

—ro((®(A"?)x, x)( W (B)x,x) ~ + (W (B)x, x) — 2(®(A"*)x, x)( W (B)x, x)3/4);

(ii) for % <t<l,

R((®(A)x, %) + (¥ (B)x, 2) — 2 (A"*)x, x)(W (B)x, x)'?)
+ro((®(AY?)x, %)) (W (B)x, x>1/2 +(D(A)x, x) — 2(D(AY*)x, x)(V (B)x, x)3/4)
< (1-t)(D(A)x,x) + H{W(B)x, x) - (W(B)x,x)t(CD(Al’t)x,x)

< r((®(A)%,x) + (W(B)x, &) — 2{D(A2)x, 2)(W (B)x, x)' ")

—ro((®(A")x, x)(W (B)x, x)m

+ <<1>(A)x, x) - 2<(I>(A3/4)x, x)(\IJ(B)x, x>1/4),
where r = min{t, 1 — t}, R = max{¢t,1 — t}, ro = min{2r,1 — 2r}.

Proof The proof of part (ii) is similar to the proof of part (i). Thus we just prove (i). For
any positive real number k and any unit vector x € #, we have

r(k + (¥ (B)x,x) - Zﬁ(W(B)x, x)) + ro(k'"*(W (B)x, x
< (1 - )k + t{W(B)x, x) - k(W (B)x, x)f

)1/2 +k— 2k3/4<\IJ(B)x, x)M)

<R(k+(¥(B)x,x) - 2«/%(\11(8)9@ x>1/2)

— ro(K"2(W(B)x,x)"* + (W (B)x, x) — 2k (W (B)x, 2)*). (22)
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Applying inequality (22) and the functional calculus for the operator A, we have

(A + (W (B)x, x)y — 2v/A(W (B)x, x)) (23)

+ ro(A1/2<\Il(B)x,x)1/2 +

A= 24¥4W(B)x, %))
< (1-)A + t{W(B)x, a)l3; — AT (W (B, x)
< R(A + <\IJ(B)x, x)IH - 2«/Z(W(B)x, x)l/z)

1/2

—ro(AV*(W(B)x, x)

+ (W(B)x, %) — 24V (W(B)x, x)"*).

(24)

Now, using the unital positive operator ® and the inner product for y € # with [ly]| = 1 in
inequality (23), we get
r((®(A)y,5) + (¥ (B)x, %), — 2(D(A)y, ) (W(B)x, %))
+1o((@(AM2)y, Y)W (B)x, %) + (D(A)y, y) - 2D (A%*)y, )W (B)x, x) )
< (1-)(@(A)y, ) + t(¥(B)x, x)I3 — (®(A)y, )W (B), x)
< R((D(A)y, y) + (¥ (B)x, )11 - 2{D(A)y, 3) (¥ (B)x, 2)"*)

-0 ((cD(Am)y,y)(\IJ(B)x, x)m + (\I/(B)x, x)IH - 2<<I>(A1/4)y,y>(\ll(B)x, x>3/4).
Now, putting y = x, we get the desired result. O

Corollary 10 Let A € B(H) be positive, ® be a unital positive linear map and t € [0, 1].
Then for any unit vector x € H
(i) foro<t< 1

ol

2r{D(A)x,x) 2 (DA x)E — (@ (A1), x))
+ 70| DA, 2) 2 (D(AY),2) + (D (A)x, 1) 2
- 2@ (A% ), @A) ) ")
< (@A), - (@ (4")x,1)

< 2R(®(A)e,x) 2 (DA, )" — (@ (A1 )x,)

—ro(P(A)x, x)ti% (@A), x) + (D(A)x, x)

—2(®(A*)x, x)(P(A)x, x)M)'

’

(ii) for % <t<l1,

[ST

2R(D(A)x,x) 2 (D(A)w, )7 — (@ (A1 )x,)
+ r0<<l>(A)x, x)ti% ((@(Al/z)x, x) + (CID(A)x, x)m
— 2(® (A, x)(D(A)x,x)' ")

<(®@)x, x)t —(®(A)x,x)
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ST

- (®(A7),1)

- ro(P(A)x, x)ti% (@A), x) + (D(A)x, x)
—1/4)

< 2r(d>(A)x, x)t_% ((CD(A)x, x)

1/2

—2(@ (A3, x)(P(A)x,x) ),
where r = min{t, 1 — t}, R = max{¢,1 - t}, ro = min{2r, 1 — 2r}.
Proof Letting W = ® and B = A in Theorem 9, we get the desired inequalities. O

In the next result, we obtain a refinement of inequality (5) for ¢ € (0, %].

Corollary 11 Let T € B(H) be positive operator and x € H be a unit vector. Then, for

0<t§%,wehave

(Tx,x)" — (T‘x, x)

where r = min{t, 1 — t}, R = max{t, 1 — t}, ro = min{2r,1 - 2r}.

Proof If we replace ®(A) = A, A € B(H) and ¢ with 1 — ¢ in Corollary 10, then we get the
desired result. g

6 Some new results
In this section, we prove some difference reverse-types of the Holder and Cauchy-

Schwarz inequalities.

Theorem 12 LetAl,B € B(H) (1 <i < n) be positive invertible and t € [0,1].
(i) Ifo<t=j; L then

(5] (00
< R(Zn:Ai + ZW:B,- -2 Zn:(Aij:tBi)>
P 1
-7 (i:(A,-tIBi) + znljBi -2 an:(AiﬁiB,-))
~ 7o (Xn:AinXH:Bi + XH:A,» —2<XM:A,¢% is,)).
P L = =

(i) If L <t<1, then

(2)e(52) - ()
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< R(iAl + XH:BZ — 2(iAlﬁBl>>
i=1 i=1 i=1

ol e

— 19 (Z(AiﬁBi) + ZAi -2 Z(AiﬂiBi)) )
i1 i1

i=1

)

=0

where r = min{t, 1 — t}, R = max{t, 1 — t} and ro = min{2r, 1 — 2r}.

Proof Taking A = diag(Ay,...,A,), B = diag(Bs,...,B,) and ®([Cjjli<ij<n) = Y 1 Ci in
equalities (17) and (18), we get the desired inequality. O

Since the function f(x) = x* (¢ € [0,1]) is an operator concave function, > ., w;T} <
(X", wi T;)* for positive operators T; and positive real numbers w; such that ) " w; = 1.
Now, Theorem 12 yields a reverse of this inequality as follows.

Example 13 If for positive operators T; (1 <i < n),wetake A; =w;l and B; =w;T; (1 <i <
n), in Theorem 12, where w;’s are positive real numbers such that Zle w; = 1, we obtain

the following inequalities:
(i) fo<t< %, then

" t n n n
(o) S <a(rs Yot 23mr?)
i-1 i=1 i=1 =1
n n n
(ZTZTZT)
i=1 i=1 i=1
" 1/2 " 1/4
i=1 =1
(ii) If 3 <z <1, then
" t n n n
(Sot) Sy <a{ts Sown 23w
i-1 i=1 =1 =1
., e, " 3/4
i=1 i=1 i=1
n n
i=1 i=1

In [18], the Tsallis relative operator entropy 7;(A|B) for positive invertible operators A,
Band 0 < ¢ <1 is defined as follows:

A#B-A
Ti(A,B) = ﬁtf
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For further information as regards the Tsallis relative operator entropy see [6] and the
references therein. In [7, Proposition 2.3], it is shown that for any unital positive linear
map & the following inequality holds:

O(TL(AIB)) < T,(D(4)|D(B)). (25)

In (25), by similar techniques of Theorem 12, for positive operators A;, B; (i = 1,2,...,n),

we have
> (Tu(AdB)) < T, (ZAi ZBi). (26)
i=1 i=1 i=1

In the next theorem, we show a reverse of inequality (26).

Theorem 14 Let A;, B; € B(H) (1 < i < n) be positive invertible and t € (0, 1).
(i) Ifo<t< %, then

n

T, (ZAi ZB,») = > (Tu(AilBY)
i-1 i-1 i-1
< % |:R (iAi + iBi - Zi(AiﬂBi))
i-1 -1 -1
-1 (Z(AiﬁBi) + ZBi -2 Z(AiﬁiBi))
i1 i1 i1

-1 (iAlﬁ iBl + iAl - 2(%/‘,11% iBl)>j| .
i=1 i=1 i=1 i=1 i=1

(if) If% <t<1,then

n

T(Zl N ZI: B,») - ()
) ro<(éAf>ﬁ<§B”) ¥ 235 - 2(2&% ngi>>

-1 (Z(AiﬂBi) + ZAi -2 Z(Aiﬁ}}Bi)) :|
-1 i1 i1

Proof Applying Theorem 12 for 0 < ¢ < %, we have

n

i&«) - (T(AilB))

i=1

T; (iAi
i-1

L AN B) - YL A B Xn: Aifl:B; — A;
N t t

i=1
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n n n n n n
5% RD Ai+) Bi-2) (AitB)|-ro( D (AitB)+) Bi-2) (Ait3B)
i=1 i=1 i=1 i=1 i=1 i=1
n n n n n
—ro( DoAY B+ Yy A-2| Y Axi ) B
i=1 i=1 i=1 i=1 i=1

whence we get the first inequality. The proof of the second inequality is similar. O

Remark 15 We can present our results for non-invertible operators; see [6]. It is a direct
consequence of the definition of the mean in the sense of Kubo—Ando [11] that Afi;(B + ¢)
is a monotone increasing net. Let B be a non-invertible operator and € > 0. It follows from
the set {A#};(B + €) : € > 0} being bounded above for 0 < ¢ < 1 that the limit

Af;B = liﬁ)lAtIt(B +€) (27)
exists in the strong operator topology. So by (27), At,B exists.
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