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A review of past and recent developments in multiaxial excitation of linear and nonlinear structures is presented. 	e objective is
to review some of the basic approaches used in the analytical and experimental methods for kinematic and dynamic analysis of

exible mechanical systems, and to identify future directions in this research area. In addition, comparison between uniaxial and
multiaxial excitations and their impact on a structure’s life-cycles is provided.	e importance of understanding failuremechanisms
in complex structures has led to the development of a vast range of theoretical, numerical, and experimental techniques to address
complex dynamical e�ects. 	erefore, it is imperative to identify the failure mechanisms of structures through experimental and
virtual failure assessment based on correctly identi�ed dynamic loads. For that reason, techniques for mapping the dynamic loads
to fatigue were provided. Future research areas in structural dynamics due to multiaxial excitation are identi�ed as (i) e�ect of
dynamic couplings, (ii) modal interaction, (iii) modal identi�cation and experimental methods for 
exible structures, and (iv)
computational models for large deformation in response to multiaxial excitation.

1. Introduction

	e study of fatigue failure was instigated in the 19th century
following several catastrophic train accidents [1]. 	is �eld
has evolved drastically to include substantial scienti�c e�orts
to gain an understanding of failure mechanisms in structures
under dynamic loading [2–10]. 	e scienti�c studies of
fatigue accelerated in the 1940s to mitigate fatigue failures
seen in military systems during World War II. 	ese studies
began to include multiaxial loading in the 1960s; such studies
increased signi�cantly in the 1990s due to the proliferation of
complex components in the electronics, military, aerospace
and automotive platforms [2]. In spite of the signi�cant
accomplishments achieved in the twentieth century the
introduction of sophisticated and high precision devices in
the 2000s, such as micro/nanoelectromechanical systems

(MEMS/NEMS) and electronics, has exposed the limitation
of our knowledge of fatigue due to multiaxial vibration.
Researchers are still struggling to systematically model high-
cycle fatigue of linear and nonlinear structures under multi-
axial loading; thus, predictionmethods for high-cycle fatigue
life remain somewhat immature. Life-cycle prediction under
multiaxial dynamic loading has been shown to be extremely
complex andmore intractable than uniaxial models [11].	is
is primarily because the validation of multiaxial models is
extremely di�cult since multiaxial vibration shakers, shown
in Figure 1, are complex, costly, and extremely limited [12].

	e initial assumption at the beginning of this literature
review was that there would be an abundance of research
performed inmultiaxial vibration sincemostmechanical and
electronics products are universally subject to multidegrees
of freedom (MDoF) dynamic loading. However, only limited
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Figure 1: Six-DoF electrodynamic shaker at CALCE (with TEAM Inc. permission).

life-cycle modeling studies focusing on multiaxial vibration
have been published in the literature. Analytical and exper-
imental investigations of structures exposed to multiaxial
harmonics and random loading are also scarce. Most stud-
ies found in the literature are focused on uniaxial load-
ing. Furthermore, military and commercial standards were
developed to mitigate the testing limitations by proposing
sequential uniaxial excitation as a compromise and proxy
for simultaneousmultiaxial excitation. In qualifying products
subject to vibration, it is common to test sequential uniaxial
vibration pro�les found in standards such asMIL-STD-810G.
Unfortunately, current standards do not provide vibration
pro�les for simultaneous multiaxial vibration. Single axis
electrodynamic and hydraulic shakers have been the prevail-
ing tools for performing harmonic and random vibration
testing. Unfortunately, uniaxial sequential testing may pro-
vide overly optimistic fatigue durability results [10, 13].

While several di�erent schemes are widely used to test
devices sequentially in the various axes, it is understood that
they are rough approximations to the ideal of simultaneous
multiaxial testing and must be in the linear regime. Uniaxial
excitations are applied to test products even thoughmost �eld
operational data indicate that these products are exposed to
multiaxial dynamic loading environments. Examples include
a spacecra� launch, a military ground vehicle over rough
terrains, a helicopter blade during instability, and an aircra�
wing exposed to turbulent 
ow. 	us, serious compromises
must be made in the experimental design to perform mean-
ingful tests on a single-axis electrodynamic shaker. For exam-
ple, to simulate multiaxial vibrations, the MIL-STD-810G
recommends performing the vibration tests by sequentially
applying single axis excitation to a test article along three
orthogonal axes (X, Y, and Z). 	is can be accomplished
by exciting the structure in one direction then repeating the
procedure twice a�er rotating the structure 90∘ each time.
Depending on the complexity of the structure, this procedure
may require designing a di�erent �xture for each rotation.

Understanding the failure mechanisms due to complex
vibration loading is becoming increasingly important for
current systems that are progressively complex and electron-
ically rich [14]. 	ese failure mechanisms can be exploited
through accelerated multiaxial vibration testing, which may

provide reliability improvements at signi�cantly lower cost
[15]. Unfortunately, di�culties encountered in this approach
have limited its application and acceptance. Some of these
di�culties can be traced, in part, to a lack of understanding of
the propagation of multiaxial dynamic loads from the system
level to individual components. To appreciate a particular
failure mechanism by means of testing, it is important to
resolve the dynamic loads by simulating the actual vibration
conditions, which can be accomplished with a multiaxial
shaker.

	e objective of this literature review is to provide
engineers and researchers with an overview of the work that
has been done in the area of uniaxial andmultiaxial vibration.
	e review provides most of the signi�cant accomplishments
in the past century in uniaxial and multiaxial vibration
and high-cycle fatigue. State-of-the-current technologies and
state-of-the-art technologies are provided. 	e review is
broken into four major parts: the �rst section focuses on the
industrial studies and research in complex dynamic loading
and high-cycle fatigue, whereas the second part focuses on
the theoretical and experimental aspects. 	e third section
discussesmapping fatigue tomultiaxial dynamic loading.	e
�nal portion of this paper summarizes proposed and future
e�orts in the �eld of multiaxial vibration.

2. Applied and Industrial Contribution

	is section provides an overview of uniaxial and multiaxial
vibration studies performed by the automotive, aerospace,
and electronics industries. 	ese three industries have devel-
oped a great wealth of data, standards, methodologies, and
models for dealing with vibration fatigue.

2.1. Automotive Applications. 	e automotive industry has
produced an abundance of publications on the use of uniaxial
andmultiaxial excitation for durability and quali�cation test-
ing, to meet warranty and reliability requirements demanded
by consumers. A typical automobile prototype is subjected
to a variety of vibration pro�les that simulate operational
conditions in a laboratory environment. According to Dodds
andWard [16] andAwate et al. [17] automotivemanufacturers
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Figure 2: Four-post hydraulic simulator, from Awate et al. [17].

utilize accelerated life testing for critical components to
meet the life-cycle requirement while reducing the testing
cost. 	is can be accomplished by driving on various road
surfaces (proving grounds) similar to those seen in the �eld.
During testing, acceleration data are collected for the critical
components.	emeasured conditions are then simulated on
shakers in the test laboratory, where the critical components
are exposed to similar dynamic conditions, but accelerated.
Another approach that automotive manufacturers rely on is
the four-post hydraulic shaker. 	is is a common testing tool
for validating vehicle durability [17]. It is a relatively simple
and cost e�ective con�guration for performing a complete
vehicle vibration evaluation. A typical four-post hydraulic
shaker consists of four vertical servohydraulic actuators for
a simple shaker to four actuators in the vertical direction and
eight actuators in the transverse direction for more advanced
shakers (total of twelve actuators, three actuators per post) to
simulate amultiaxial environment A simple four-vertical ser-
vohydraulic shaker, which excites a vehicle through its tires, is
shown in Figure 2. Similar to the component accelerated life
testing, the wheels’ accelerations and forces and the wheel-to-
body displacements data obtained from the proving ground
can be reproduced by such a shaker. 	e dynamic loading
produced by the shaker induces stresses on the vehicle and
its components. However, using a four- or twelve-hydraulic
actuator shaker introduces two major limitations [17, 18].
	e �rst limitation is the inability to simulate the e�ect
of rolling tires on the overall sti�ness and damping of the
suspension system and vehicle structure. 	e second issue
is that hydraulic shakers have limited frequency range, in
general 1–80Hz [16].

Because of these limitations, estimating and modeling
vibration fatigue for components in higher frequency ranges
can be an arduous task. High-frequency dynamic loading,
especially random loading, is a major contributor to fatigue
in vehicular components [19]. 	ese high frequencies can
easily generate other high frequencies caused by rotating
speeds, random vibration, and noise radiation that can
potentially augment the severity of damages. 	ese high-
frequency loads are transmitted from the chassis to the
vehicle body and eventually to the components [20]. One of
the commonmultiscale hierarchical approaches formodeling
fatigue in vehicular components is to model global dynamic

responses of the vehicle and progressively generate the e�ect
of these responses on the vehicle subsystems and eventually
on individual components, which can be an expensive and
time consuming approach. Another common approach is to
rely on engineering judgment in assuming realistic boundary
conditions and loads directly at the subsystem or component
level. Subsequently, �nite element methods (FEM) are used
for stress and fatigue assessment, based on these assumptions
and on linearizing approximations of the structure, which
may lead to erroneous results and vehicle recalls. Liu [20] sug-
gested a more practical approach where FEM is coupled with
experimental transfer functions. Liu detailed a methodology
for extracting an experimental frequency response function
(FRF) that represents the body and then combining it with
the FEMmodels.

As mentioned above, random vibration in automobiles is
one of the major contributors to fatigue damage. Typically,
automotive fatigue researchers rely on power spectral densi-
ties (PSDs) to represent stochastic dynamic behaviors [18, 21–
24]. A detailed approach to estimating fatigue life due to ran-
domvibration loading for a truckwas provided by Bonte et al.
[22]. 	ey developed an analytical model where symmetric
in-phase road excitations were applied to all wheels of a full
truck. 	ey also applied asymmetric excitations (180-degree
phase di�erence) to the le� and right tracks to generate out-
of-phase conditions. Biaxial stress power spectral densities
(PSDs)were calculated frommultiple randomexcitations and
equivalent von Mises’ stress PSDs were derived. Later, Bonte
et al. [23] developed a new analytical approach to estimating
the equivalent von Mises’ stress PSDs from several random
vibration inputs while accounting for phase di�erences. 	e
damage ratio was then calculated based on a uniaxial fatigue
analysis approach based on the Dirlik method [25]. 	is
approach provided qualitative results for design improve-
ments to linear structures that can be implemented as a fast
tool to evaluate di�erent design concepts and the e�ect of
dynamic loading on fatigue life.

Unfortunately, these tests and analytical tools are not
always successful in producing failures observed in the �eld.
	e Ford Corporation found that a module could pass the
quali�cation test but fail in the �eld [26]. A test or health
monitoring system that could capture every failure or inter-
mittent in real time does not exist. In spite of the great wealth
of fatigue research generated by the automotive industry,
the industry continues to maintain the same practice of
qualifying their products by subjecting them to uniaxial
vibration with the option of sequential vibration testing.
However, there seems to be consensus in the literature that
such an approach can be both time consuming and cost
ine�ective and may result in the acceptance of unreliable
components.

2.2. Aerospace Applications. Surprisingly, studies published
in the open literature pertaining to uniaxial and multiaxial
vibration testing for aerospace applications are somewhat
limited.	is is due to the proprietary nature of the aerospace
industry. In aeronautic applications, the majority of the
dynamic loads stem from turbulent 
ow and during landing
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and takeo�, which are multiaxial in nature. Aircra� wings,
for example, are constantly exposed to multiaxial dynamic
loading since the wings are connected to a 
exible support,
such as the fuselage. In addition to bending in the wing,
the root of the wing experiences dynamic rotation because
of the inherent 
exibility at the point of attachment [27]. In
astronautic applications, one of the most critical and persis-
tent spacecra� design problems is the launch survivability
of sensitive and expensive systems. 	e acceleration levels
input to a typical spacecra� are over a wide frequency range
from about 30Hz to 2000Hz or higher [15]. Billions of dollars
in lost satellites or degraded performances of payloads are
attributed to damage accumulated from vibration due to
launch loads [28].

In spite of the lack of speci�city of multiaxial vibration
and fatigue in aerospace applications, most of the multiaxial
loading investigations performed by aerospace researchers
have focused on the dynamics of beam-like structures as
idealization of the of helicopter blades, aircra� wings, or
deployable solar panels in satellites [27, 29–32]. Only two
major studies, at the system level, are reviewed in this section.
	e �rst study is an early investigation of the dynamics of
a blade in a compressor [33]. 	e other is a more recent
study of fatigue assessment of a military helicopter 
are-
dispenser bracket [34]. In the study performed by Whithead
[33], experimental the power spectra of vibration response
were measured for blades in axial compressors exposed to
turbulent 
ow. In deriving the equations of motion, the
e�ect of aerodynamic coupling between the blades was
assumed to be a minor e�ect and thus neglected. Aykan
and Çelik [34] compared fatigue damage accumulated under
uniaxial and multiaxial broadband random excitation. 	e
PSD of the dynamic response was obtained for a military
helicopter 
are-dispenser aluminum bracket during 
ight.
	e PSD pro�le was used as an input for uniaxial excitation
testing. However, due to lack of multiaxial excitation testing
capability, the simultaneous three-axial loading was modeled
using FEM to calculate the structural response. Similar
to most studies found in the literature, Aykan and Çelik
assumed that sequential uniaxial loadings were equivalent to
multiaxial loadings.	us, the fatigue analysis was performed
in frequency domain with the assumption of linear structural
behavior.	ey concluded that the cumulative fatigue damage
in multiaxial excitations was higher than adding the damage
for sequential axes even for linear structures. It is important
to point out that, for military aircra�, the MIL-STD-810G
provides single-axis PSD pro�les for simulating the dynamic
inputs in various �xed-wing aircra�s and in rotorcra�s.

2.3. Electronics Applications. One of the predominant failure
modes in electronics is solder joint fatigue due to vibrations
[35, 36]. Analyses of solder joint stresses associated with uni-
axial vibration are widely seen in the literature: Lau et al. [37–
39], Liu et al. [40], Yang et al. [41], and Zhou et al. [42]. One of
the most detailed methodologies for monitoring, recording,
and analyzing life-cycle vibration loads of electronics was
developed byGu et al. [43].	ey developed thismethodology
by exciting circuit card assemblies (CCAs) in the out-of-plane

direction using broadband PSD pro�les. Strain data was
collected for di�erent PSD levels from a series of experiments.
FEM simulation was then conducted and calibrated based on
the experimental responses of the CCAs. A strain transfer
function was calculated to predict the damage ratio in the
solder where the structure was assumed to be linear. Unfortu-
nately, literature does not provide anymethodology that con-
siders multiaxial vibration in electronics systems. Zhou et al.
[36, 42] estimated vibration fatigue of Sn3.0Ag0.5Cu and
Sn37Pb solders forCCAs exposed to linear harmonic uniaxial
excitation.	e analysis was conducted in the time domain to
quantify the fatigue damage caused by harmonic excitation at
the �rst natural frequency. In their study, they observed two
competing failure sites in the solder interconnect and in the
printedwiring board (PWB) copper trace just below the failed
components. Several researchers studied high-cycle fatigue in
CCAs exposed uniaxial harmonic and random excitations in
the range of 10Hz to 10 kHz [36, 42, 44–48]. Based on this
extensive literature review, there are two multiaxial vibration
fatigue studies in electronics components. 	e �rst study
by Habtour et al. [15] provided a rapid analytical technique
for analyzing the response of heavy/large components under
biaxial random vibration excitation. A modi�ed 2-D FEM
smeared technique was used to model the CCA, which was
coupled with a detailed local 3D FEM for heavy components.
Based on the knowledge of the e�ective moment-curvature
relationship near the component of interest, a local e�ective
sti�ness was calculated. 	is was accomplished through the
use of Kirchho�-plate moment-curvature equations. 	e
modi�ed smeared technique correctly predicted the overall
sti�ness of the CCA and produced an accurate PWB �rst
mode frequency; however, the model does not take into
account the inertial e�ect of the large component on the
overall response of the CCA.	e second study by Ernst et al.
[49] is the only experimental study that exposed heavy/large
electronic components to biaxial planar random excitations.
	is study is discussed in detail later in this paper in the
section titled “Mapping Dynamic Loads to Fatigue.”

3. Theoretical Approach

3.1. Beam Vibrations. 	e beam has many characteristics
of typical aeronautical and astronomical structures. Indeed,
high aspect ratio aircra� wings, spacecra� deployable solar
panels, and helicopter rotor blades are frequently idealized
as beams. Even for low aspect ratio wings, the bending and
torsional deformation can be approximated by use of beam
theory with an adjusted sti�ness [27].

3.2. Stochastic Vibrations. 	ere have been signi�cant scien-
ti�c contributions in stochastic vibrations since the 1950’s.
During that time, random vibration received signi�cant
attention due to its importance in fatigue damage in aircra�
and naval ships. One of the earlier studies in random
vibration of beams was performed by Eringen [50], where
he derived a closed-form solution for space-time correlation
functions of a simply supported beam. Eringen employed
generalized harmonic vibration analysis of damped beams
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exposed to one-dimensional randomly distributed exter-
nal pressure loads. His approach provided cross-correlation
functions for displacements and stresses in terms of the
external pressure cross-correlation function. Herbert [51]
applied Marko� process and Fokker-Planck equations to
investigate large vibration of a simply supported elastic beam
exposed to broadband white noise external pressure acting
on the entire beam surface. He obtained the joint probabil-
ity density function (PDF) of the modal amplitudes using
the Fokker-Planck equation. An approximate expression for
the mean-squared displacement of the beam was derived
and was then compared to numerical computation, which
indicated a reduction in the mean-square displacement due
to the nonlinearity. Herbert [51] also showed that when
the de
ection was su�ciently large, the �rst mode still
represented a good estimate of the total mean-squared
de
ection; however, the e�ect of the higher modes must be
considered in calculating the response of the �rst mode. 	e
studies reported by Herbert lacked experimental validation.
Elishako� and Livshits [52] utilized Eringen’s and Herbert’s
�ndings to produce closed-form solutions for a simply sup-
ported Euler-Bernoulli beam under random vibration with
di�erent damping mechanisms. 	e excitation was spatially
and temporally random stationary white noise induced on
the entire bottom surface of the beam. Elishako� stated that
using a span averages approach instead of the maximum
random vibration responses could yield an underestimate of
the stresses. In a di�erent study, Elishako� [3] generalized the
Eringen problem to include the e�ect of axial loading on a
beam exposed to a random transverse load. Later, Elishako�
et al. [53] employed a stochastic linearization to investigate
large amplitude random vibrations of simply supported and
clamped beams on an elastic foundation under a stochastic
loading. He stated that, for di�erent boundary conditions and
the loading patterns, the stochastic linearization method was
superior to the classical stochastic technique, especially in
nonlinear structures. Ibrahim and Somnay [54] investigated
the response of an elastic Euler-Bernoulli beam with one
frictional support at each end, which was exposed to single
point harmonic and stochastic excitations (randomized only
in time). 	e beam was allowed to slide on the two frictional
supports. A Monte Carlo simulation was utilized to estimate
the beam mean-square response for the stochastic excitation
case. For the harmonic excitation case, the quality factor
improved as the excitation frequency increased beyond the
resonance frequency. 	e friction in the random excitation
case caused a signi�cant reduction of the systemmean-square
response.

3.3. Nonlinear Vibrations. Substantial attention has been
devoted to nonlinear dynamics and vibrations of beams
because of their vital importance in many engineering appli-
cations and fatigue problems. One of themost cited studies in
nonlinear dynamics is the work of Hodges and Dowell [32],
where they developed the multiaxial equations of motion
for a rotor blade, idealized as a cantilevered beam, using
Hamilton’s principle. 	ey maintained the cubic nonlinear
terms and included the e�ect of warping. Ho et al. [55, 56]

examined free and forced nonplanar oscillations of �xed-
�xed and cantilever inextensional beams, respectively. Ho
et al. reduced the nonlinear partial-di�erential equations
of motion to two coupled nonlinear ordinary-di�erential
equations using separation of variables, where they assumed
only one mode in each plane. 	ey also ignored the axial
inertial and Poisson e�ects. It was concluded that whirling
oscillations might occur for signi�cantly large excitation
amplitude. Crespo da Silva and Glynn [57, 58] developed
a set of partial-di�erential equations for 
exural-
exural-
torsional motions of inextensional beams, which contained
geometric and inertial nonlinearities. It was found that the
geometric nonlinearities were critical for low modes and
must not be neglected. Later, Da Silva [29] extended the above
approach to extensional beams where he constructed partial-
di�erential equations for 
exural-
exural-torsional motions.
	e axial displacement due to warping was considered
in the derivations. 	ese equations were then applied to
study the nonlinear response of an extensional cantilever
beam to a fundamental resonant excitation [59]. Crespo da
Silva concluded that the nonlinear terms due to midplane
stretching were predominant in extensional beams. Nayfeh
and Pai [60] and Pai and Nayfeh [61] also investigated
nonlinear nonplanar responses of inextensional cantilever
beams to parametric and resonant excitations using the
partial-di�erential equations of motion developed by Crespo
da Silva and Glynn [58]. 	e method of multiple scales
was utilized to construct nonlinear �rst-order ordinary-
di�erential equations governing themodulation of the ampli-
tudes and phases of the interactingmodes in each plane.	ey
conclude that the geometric nonlinear terms had a sti�ening
e�ect, whereas the inertial terms had a so�ening e�ect.
Crespo da Silva and Zaretzky [30] and Zaretzky and Crespo
da Silva [62] continued to study the nonlinear response
of an inextensional beam exposed to one of the 
exural
modes resonant excitation. 	e method of multiple scales
was applied to the governing partial-di�erential equations to
produce the equations of motion that provide the capability
for modulating the amplitudes and phases of the beam
interacting modes. Arafat et al. [63] showed that the partial-
di�erential equations of motion of Crespo da Silva and
Glynn [57, 58] can be derived using Hamilton’s extended
principle. Nayfeh and Arafat used the method of multiple
scales to the Lagrangian terms to derive the modulation
equations for amplitudes and phases of the two interacting
modes [64]. Nayfeh and Arafat [65] and Arafat [66] derived
the Lagrangian equations of motion for nonlinear 
exural-

exural-tensional vibrations of symmetric laminate com-
posite and isotropic metallic long slender cantilever beams
with nearly square cross-sections under uniaxial harmonic
excitation of the base. Perturbation procedure was then
applied to establish approximate solutions for the weakly
nonlinear equations of motion. 	e beam was assumed to
be inextensible with negligible torsional inertia, leading to
two partial-di�erential equations governing the motions of
the beam. Banerjee [67] provided amethodology for deriving
exact expressions for the mode shapes of free vibration of
composite beams.	e e�ect ofmaterial coupling between the
bending and torsional modes was considered. 	e equations
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of motion of the bending-torsion were solved analytically
for bending and torsion. Malatkar and Nayfeh [68, 69]
and Malatkar [70] extended Arafat’s equations of motion
development to their experimental and theoretical study of
the response of a 
exible long cantilever beam exposed to
external single axis harmonic plane excitation near the beam
thirdmode.	ey observed that the beam response contained
signi�cant contributions from the �rst mode when the beam
third mode amplitude and phase were slowly modulated.	e
energy leakage between these modes depended on how close
the modulation frequency was to the frequency of the �rst
mode.

Anderson et al. [71] experimentally investigated the
response of a thin steel cantilever beam with an initial
curvature to a combination parametric excitation exposed
to uniaxial base excitation. 	e �rst four natural frequencies
were 0.65, 5.65, 16.19, and 31.91Hz.	eir study suggested that
over a range of forcing frequency above 32Hz, the �rst and
fourth modes were initiated by a combination parametric
resonance with the �rst mode dominating the response.
	e experimental results con�rm the occurrence of external
subcombination resonances in structures found in the study
by Dugundji and Mukhopadhyay [72]. 	ese resonances can
be utilized asmechanisms for instigating large amplitude low-
frequency modes with high-frequency excitations.

	e dynamics of nonlinear beams with complicated
boundary conditions were also investigated. Dowell [31] per-
formed an analytical study of large motion of axially sliding
beams with dry friction damping. In Dowell’s study, an Euler-
Bernoulli beampinned at both endswas considered; however,
the beam was �xed at one end against the axial motion
and with a sliding restraint. Coulomb dry friction damping
was assumed. 	e Galerkin modal solution method was
applied for a single mode. Dowell concluded that, for large
beam response, damping was created due to dry friction and
equivalent to a linear viscous damper. Tang and Dowell [73]
performed a numerical and experimental study to support
Dowell’s analytical work [31] using a pinned-pinned beam
under single axial harmonic excitation for slip and no-slip
conditions. 	eir model was more reliable for the �rst mode
than higher modes and can be applied to a beam with well-
separated modes.

Sophistications were added to beam models to idealize
more complex structures such as antenna and radar struc-
tures and aircra� wings. 	is can be achieved with cantilever
beams or L-shape beams models with tip mass under a base
excitation. To [74] analyzed the dynamics of an antenna
by deriving the natural frequencies and mode shapes of a
cantilever beam with an eccentric tip mass under a base
excitation. To assumed small de
ection and neglected the
e�ect of the axial de
ection due to the heavy mass at the
tip. 	e model was appropriate only for linear structures
with uniaxial excitation. Later, Cartmell and Roberts [75]
conducted a theoretical and experimental investigation of
the stability of a cantilever beam with tip mass having two
simultaneous combination parametric bending and torsion
resonances. 	e multiple scales method was utilized. It
was possible to reach an agreement between theoretical
and experimental results within limited ranges of excitation
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Figure 3: L-shape structure excitation, Balachandran and Nayfeh
[77].

frequency, but unattainable in periodic modulation regions.
Cartmell and Roberts did not consider the e�ect of inherent
nonlinearities in the system. In 1990, Balachandran and
Nayfeh [76] reported the planar response of a 
exible L-
shaped beam-mass structure with the second natural fre-
quency twice the �rst natural frequency of the structure,
as shown in Figure 3. 	ey showed that weakly nonlinear
analysis can be used to qualitatively and quantitatively predict
the response of an internally resonant structural system sub-
jected to small primary resonant excitations. Balachandran
and Nayfeh developed the Lagrangian for weakly nonlinear
motions of the L-shape structure where they assumed that
the structure was undamped. It was possible through their
approach to identify theHopf bifurcations, thereby ascertain-
ing the parameters that control the possibility of periodic
and chaotic modulated motions. Later, Balachandran and
Nayfeh [77] presented experimental results on the in
uence
of modal interactions on the nonlinear response of the L-
shape structure.	emajor conclusion was that the frequency
relationships between the di�erent modes of oscillation in
the structures led to modal interactions during the resonant
excitations and nonlinear responses. Jaworski and Dowell
[78] performed a theoretical and experimental investigation
of the free vibration of a cantilevered beam with multiple
cross-section steps. 	e natural frequencies were obtained
experimentally usingmodal impact testing.	e experimental
results were then compared against Euler-Bernoulli beam
theory solutions from Rayleigh-Ritz FEM results, where the
asymptotic approximation was utilized for higher modes to
avoid numerical error. A detectable di�erence in the �rst
in-plane bending natural frequency was noted between the
beam theory results and those of the higher-dimensional
FEMmodels and experimental observation.

3.4. Microsystems Vibrations. For the past two decades,
consumers’ demand for miniaturized smart devices has
continued to increase at a considerable pace. As a result,
microsystems devices have become ubiquitous in almost
every product that humans interact with on daily bases such
as smart phones, computers, medical devices, and automo-
biles. Recent advancements in microsystems fabrication have
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allowed for new possibilities in designing an assortment of
microstructures such as piezoelectric energy harvesters, sen-
sors, accelerometers, bistable piezoelectric devices, microgy-
roscopes, andMEMS [79, 80]. Fortunately, these microstruc-
tural components’ behavior can be formulated based on
the Euler-Bernoulli beam or Timoshenko beam theory [81–
85]. Researchers have investigated both linear and nonlinear
vibration based energy harvesting devices, in which these
devices were modeled using beam theory [84, 86–90]. Beam
theory was also extended to nanomechanical cantilevers,
such as the e�orts performed by Villanueva et al. [91].
Some of these microstructures are submerged in 
uids with
various viscosities to achieve optimal performance, such as
the work presented by Green and Sader [86].	ey developed
a theoretical model for the torsional response of a linear
cantilevered beam excited by an arbitrary driving force while
submerged in a viscous 
uid. Esmaeili et al. [84] developed
equations of motions for a microgyroscope, which was
modeled as a linear cantilever beam with a tip mass exposed
to excitation at the base. 	eir governing equations were
derived from Hamilton’s principle with a 6-DoF base motion
where the torsion was neglected. Esmaeili et al. resolved the
measurement error in oscillating gyroscopes due to cross-axis
e�ects resulting from a combination of lateral rotation and
longitudinal speeds in the linear regime.

Ansari et al. [79] developed an exact frequency analysis
of a rotating beam with an attached tip mass while the beam
undergoes coupled torsional-bending vibrations, where the
base angular velocity was the instigator of the coupling.
	e extended Hamilton principle was utilized to derive the
coupled equations of motion and the associated boundary
condition. Ansari et al. demonstrated that the undamped
structure experiencing base rotation has complex eigenval-
ues, which revealed a damping behavior. 	ey also showed
analytically that increases in the rotational velocity cause an
increase in the frequencies. Later, Ansari et al. [81] presented
a more complex vibration and parametric sensitivity analysis
of a vibrating gyroscopic microdevice. 	e device consists of
four beams attached to a sti� substrate with a mass at the
center, as shown in Figure 4. 	us, the device experienced
coupled 
exural and torsional responses.	e results obtained
from their analysis revealed that an increase in the base
rotation increased the real and imaginary components of the
eigenvalues.

Kumar et al. [92] studied the e�ects of structural and
inertial nonlinearities on near resonant response for a 
exible
cantilever inextensional beam exposed to base excitation
combined with simultaneous parametric excitation. 	ey
conducted base excitation experiments for a cantilevered
spring steel beam: 190 × 19 × 0.5mm3, which was oriented
at 80∘ angle to induce both direct and parametric excitations.
	e energy method was utilized to derive the governing
equations for their structure, where the rotational inertia
and the torsion were assumed negligible [93]. Kumar et al.
claimed that this work provided a baseline understanding of
the e�ect of nonlinearities on parametrically excited systems.

It was apparent during this literature review that res-
onant energy harvesters were analyzed and designed for
uniaxial base excitation at a single frequency, whereas many

Beam 2
(PZT sensor)

Beam 4
(PZT sensor)

Beam 3
(PZT actuator)

Beam 1
(PZT actuator)

Centered mass

Figure 4: Schematic of a rocking-mass gyroscope Ansari et al. [79].

real-world applications encompass multiaxial excitations,
broadband spectrum, and time varying dynamic loading. In
terms of multiaxial excitations for microsystems, the only
study that can be found in the open literature is the work
of Esmaeili et al. [84]. Limited studies were found in the
literature that investigated energy harvesters for time varying
broadband random excitations [80, 85, 94]. Ali et al. [94]
employed a linearized stochastic methodology to a cantilever
beam con�guration energy harvester exposed to uniaxial sta-
tionary Gaussian broadband base excitations. Wickenheiser
[80] developed an optimization methodology for designing
linear and nonlinear vibration energy harvesters for max-
imizing power production by vibrations due to uniaxial
broadband random loading environments at low frequencies.
Wickenheiser [80] also linearized his approach by employing
a close form approximation. Stanton et al. [85] investigated
the nonlinear dynamics and stability of a broadband energy
harvester under broadband random excitation.	e harvester
was modeled analytically and numerically as a cantilever
beam with tip mass under uniaxial broadband base excita-
tion, which were validated experimentally. Stanton et al. [85]
considered the bifurcation parameter within the harvester as
either a �xed or an adaptable tuningmechanism for enhanced
sensitivity to broadband random excitation. Later, Stanton
et al. [87] modeled nonlinear damping of uniaxial weakly
excited piezoelectric actuators, which included nonconser-
vative piezoelectric constitutive relations. In their analysis, a
piezoelectric actuator was idealized as a cantilever beamwith
tip mass. Stanton et al. showed that the tip mass precipitated
nonlinear resonances at lower base excitations. Stanton et al.
[88] extended the method of harmonic balance to estimate
the presence and impact of a bistable piezoelectric inertial
generator. In theirmodel, they included nonlinear dissipation
and cubic so�ening in
uences in the electroelastic laminates.
Westra et al. [89] investigated the interactions between a
directly and a parametrically excited mode of a clamped-
clamped micromechanical beam resonator. 	ey were able
to detect the motion of a parametrically excited mode that
provoked a change in another mode of the same structure.
	ey demonstrated that the parametric excitation of one
mode instigated a change in the fundamental frequency of
the other modes.
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3.5. Nanosystems Vibration. Nanomechanical cantilevers
recently received increased consideration in biomedical
sensing and prognostics and diagnostics applications. 	e
biomolecular community deserves the majority of the credit
for accelerating the research in nanomechanical cantilevers
by generating applications that ranged from high-throughput
biomolecular detection to bioactuation [95]. Biomolecu-
lar researchers and physicists suggested that the cantilever
motion of DNA can be manipulated by controlling the
entropy change during DNA hybridization [95]. Later sci-
entists were able to measure the resonant frequency shi�
based on a nanomechanical cantilever augmented with an
actuating layer for the detection of a prostate-speci�c antigen
in 
uid setting [96]. Dorignac et al. [97] estimated the
stochastic dynamic response of biofunctionalized structures
by utilizing the nanomechanical cantilever beam idealiza-
tion. 	eir model assumed that the structure was linear
and immersed in viscous 
uid, where random excitations
are generated by biomolecular interactions only; the model
ignored any inertial loading. Salehi-Khojin et al. [98] pre-
sented a modeling approach to dynamic characterization of
nanomechanical cantilevers with geometrical discontinuities.
	e linear analysis provided eigenvectors and eigenvalues
for the �rst three modes and compared them with those
obtained from the experiment and theory for uniform beams.
	e uniform beam theory was unsuccessful in predicting
the system’s response, while the discontinuous beam model
provided better estimates. Seena et al. [99] studied the
mechanical and dynamic characteristics of highly sensitive
piezoresistive nanomechanical cantilever sensors in detecting
explosives in vapor phase, where the system was assumed
to be linear. 	ere were limited studies that investigated
the nonlinear dynamic characterization of nanomechanical
cantilever beams. Villanueva et al. [91] investigated the
�delity of Euler-Bernoulli’s beam theory in estimating the
dynamic response of nanomechanical cantilever beams in
the nonlinear domain, where the beam was exposed to
single axial harmonic base excitations. 	ey showed that the
Euler-Bernoulli’s beam theory predictions di�er signi�cantly
from their measurements for the nonlinearity of the �rst
fundamental mode.

4. High-Cycle Fatigue

	e main objective of this section is to provide a general
overview of the available literature on high-cycle fatigue,
with an emphasis on uniaxial and multiaxial harmonic and
random dynamic loading. A brief review of early fatigue
studies is provided; however, the core of this review is
focused on recent theoretical, experimental, and computa-
tional advancements.	e railway industry deserves the credit
for instigating serious scienti�c studies for understanding,
analyzing, classifying, and mitigating cyclic fatigue in the
late 1800’s. One of these early studies was by Wohler, who
is considered one of the earliest pioneers of fatigue, for
investigating fatigue failures in railway carriage axles [2].
Industrial investment in fatigue studies in the early 20th
century led to the popular exponential relationships between

stress amplitude and loading cycles by Dowling and the
secondary e�ect on life due to mean stresses by Suresh [2,
100]. In many of these e�orts, the focus was on stresses
due to a constant amplitude sinusoidal loading, which led
to the sinusoidal fatigue equations found in many fatigue
textbooks [2, 101]. Signi�cant considerations were dedicated
to examining the mean stress e�ects for fatigue in welds due
to harmonic and random loading [102, 103].

4.1. Uniaxial Loading. 	ere are many circumstances in
fatigue problems where it is unrealistic to always consider
a constant amplitude sinusoidal loading. Examples of such
cases are components in an o�-road vehicle, electronic
components in a rotorcra�, and an aircra� wing exposed
to turbulent 
ow. Methods and standards were developed
to determine the time to failure (TTF) with constant and
variable loading amplitudes. 	e most well known is the
“linear cumulative damage rule” for variable amplitude
loading, which was attributed to Palmgren [104] and later
popularized by Miner [105]. 	e Palmgren-Miner rule rea-
soned that fatigue damage is cumulative; thus, each stress
cycle contributed to damage as a function of the number
of cycles to failure for that cycle amplitude. 	eir linear
cumulative damage approach neglected any sequence e�ects
that may change fatigue life, that is, low amplitude stress
followed by high amplitude versus the opposite sequence.
Later, Miles [106] utilized the Palmgren-Miner cumulative
damage rule for analyzing narrowband random vibration
fatigue. 	e linear summation of damage was extended to
an integral of stress peaks scaled by the PDF of the peaks
for a narrowband random vibration fatigue problem. 	e
resulting damage equation was a function of the sinusoidal
stress versus the number of fatigue cycles (known as S-
N curve), the material fatigue constants, and the standard
deviation of stress. Crandall [107] and Lin [108] produced
in
uential studies on nonlinear response PDFs and their
e�ect on fatigue. Crandall developed equations for the rates
of zero crossings for nonlinear non-Gaussian systems for
structures with nonlinear restoring forces. 	e analytical
relationship that Lin developed for nonlinear stress PDFs was
based on a quadratic displacement to stress equation, where
the displacement PDF was assumed to be nonlinear.

	e narrowband random vibration loading case, deserv-
ingly, received signi�cant attention in the 1960’s. Bendat
[109] proposed the �rst signi�cant step towards a method of
determining fatigue life from the PSDs. For a narrowband
time history loading, Bendat assumed that corresponding
depressions of comparable size would follow positive peaks
in the time history. Using this method, it was shown that
the PDF of peaks for a narrowband signal tended towards
a Rayleigh distribution. Bendat used a series of equations
derived by Rice [110] to estimate the expected number of
peaks usingmoments of area under the PSD.	enarrowband
solution was extremely conservative when broadband time
history pro�les were used. 	is was due to the assumption
that peaks were matched with corresponding troughs of sim-
ilar magnitude. 	e narrowband random vibration loading
case was extended to arbitrary stress cycles using loading
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cycle versus amplitude counting methods. 	e narrowband
time-domain approach emerged as the standard method in
estimating the fatigue life of structures, widely known as the
“rain
ow” cycle countingmethod and attributed toMatsuishi
and Endo [2].

To overcome the conservatism in the narrowband
method of Bendat, Dirlik [25] proposed an important and
extensive fatigue model that corrected for Bendat’s method.
Dirlik’s model was based on a closed-form expression for
the PDF of rain
ow ranges using a Monte Carlo technique.
For a given set of material properties, life estimates may be
made for any number of di�erent component geometries
of load histories. Bishop [111] and Bishop and Sherratt [112]
enhanced the rain
ow cycle counting method by adding
more mathematical rigor to improve its robustness and accu-
racy. 	e time-domain based theoretical approach formu-
lated by Bishop was computationally intensive and showed
little improvement on the accuracy over Dirlik’s empirical
model. Currently, the Dirlik’s approach is widely applied to
fatigue problems and fatigue codes such as HBM nCode and
MSC-NASTRAN [21–23, 113].

Stochastic FEM provided high accuracy for antisym-
metric laminates with di�erent boundary conditions under
transverse random loading. Sweitzer [9] developed statistical
methods for determining TTF for nonlinear clamped steel
beam subjected to random loading. Broadband uniaxial base
acceleration was applied with a frequency range from 20
to 500Hz for 0.5, 1, 2, 4, and 8Grms. 	e total strain was
predicted by summing the strains from the linear, square, and
cubic displacements. Sweitzer observed that the displacement
PDF became skewed, that is, kurtosis less than 3.0, while
the acceleration PDF was skewed in an opposite direction,
but the velocity remained Gaussian. Sweitzer was unable to
explain kurtosis behavior of the displacement, velocity, and
acceleration as the system became more nonlinear.

Most recent work in high-cycle fatigue with application
to random loads was the development of an analytic model
by Paulus et al. [11] to predict the remaining life of a
cantilever beamwith notches experiencing random vibration
excitation. 	e model utilized Paris’ law to estimate fatigue
life, where only the input power spectral density and damping
factor were required.	emodel applied linear elastic fracture
mechanics for crack propagation and included the shi� in
frequency that resulted from the crack growth. Habtour et al.
[114] developed an FEM model to predict the stress intensity
and natural frequency during damage accumulation. 	e
analytical model developed by Paulus et al. was coupled with
the FEM to predict TTF for complex geometries for which
stress intensity values were not available.

4.2. Multiaxial Loading. 	e autoregressive moving average
(ARMA)model was applied in fatigue problems by scientists.
Leser et al. [4] discussed the use of ARMA for stationary vari-
ations and Fourier series model for nonstationary variations.
	ey obtained strain history of an automotive front suspen-
sion component driven through proving ground maneuvers.
Critical fatigue damage plane was selected, followed by
rain
ow cycle counting of the strain data. 	e critical plane

approach involves obtaining the maximum shear strain and
the plane that acts on it, then using the maximum normal
stress acting on the plane to calculate an e�ective stress [2]. A
multiaxial fatigue model, valid for proportional loading, was
employed, and two fatigue failuremodes due to normal strain
and shear strain were considered. Reconstructions using the
ARMA model introduced a number of large cycles that are
not present in the original loading; all reconstructions were
tending to be biased toward shorter lives. Lu [115] applied
the ARMAmodel to higher-order nonlinear beams and com-
posite plates subjected to stochastic loading. A fourth-order
nonlinear beam equation was examined to study the e�ect
of rotary inertia and shear deformation on the root mean
square (RMS) values of displacement response. A linearly
coupled equivalent linearization method was applied to the
simulated data of nonlinear beams. Reasonable estimations
of both the nonlinear frequencies and the power spectral
densitieswere shown.However, Lu stated that accurate results
forMDoF systems and other linearization techniques need to
be explored for the higher-order beams.

	e usability of the energy parameter, being the sum
of the elastic and plastic strain energies in the critical
plane, for structures experiencing cyclical loading received
signi�cant attention from fatigue experts. Lagoda et al. [116]
experimentally evaluated its use by exposing steel specimens
to biaxial nonproportional random tension and compression
loads. 	ey developed an algorithm to predict fatigue life
under a biaxial stress state in high-cycle regimes using the
energy parameter. Lagoda et al. concluded that normal strain
energy density in the critical plane seemed to be an e�cient
parameter for fatigue life prediction under random and cyclic
nonproportional loading conditions in high-cycle fatigue.
Pitoiset et al. [6] studied multiaxial fatigue of structures
exposed to random vibration. 	ey developed frequency-
domain methods for estimating the high-cycle fatigue life
of metallic structures [117]. 	e cycle counting concept was
extended to multiaxial random processes. 	e multiaxial
rain
ow method consisted of counting rain
ow cycles on
all possible linear combinations of the random vector com-
ponents. Pitoiset and Preumont frequency domain methods
were computationally more e�cient than the time-domain
approach and with reasonable correlation with the time-
domain method in terms of localizing the critical areas in
the structure. 	ey also proposed the frequency domain
implementation of Crossland’s failure criterion, which also
was found in very good agreement and much faster than
its time-domain counterpart. Pitoiset et al. [118] showed
that a mean value other than zero determined the presence
of a very low frequency component that did not exist in
the real process. 	is incoherence was mitigated by the
construction of a process having the same RMS of von Mises
stress, but with correct frequency content. 	is approach
did not take into account phase di�erences between the
multiaxial stress components. Carpinteri et al. [119, 120]
investigated theoretical and experimental application of the
weight functionmethod to estimate the principal stress direc-
tions under multiaxial random loading.	e stress tensor and
its eigenvectors (principle direction cosines) changed at each
time increment. 	e Euler angles were calculated from the



10 Shock and Vibration

matrix of the eigenvectors for a generic time instant and
then the angles were averaged by employing suitable weight
functions.	e experimental data were successfully correlated
with the theoretical model using the maximum principal
stress direction estimated by the weight functionmethod. Liu
and Mahadevan [5] developed a model where a multiaxial
high-cycle fatigue principle based on the critical plane was
correlated with the fatigue crack plane. 	ey introduced an
adjustment factor to consider the e�ect of the mean stress,
which can be calibrated by utilizing experimental fatigue
results. Liu and Mahadevan [121] extended the model to
predict the fatigue life of a composite beam under o�-axis
loading, which caused proportional multiaxial stress within
the material. Later, Liu [122] extended the same model for
composite beams under uniaxial and biaxial fatigue loading
at a frequency of 10Hz. 	e results of the proposed fatigue
model were validated experimentally for low frequency load-
ing.

In high-cycle fatigue, probabilistic methodology is com-
mon in assessing the reliability of structures subject to
multiaxial random loading. Lambert et al. [123] developed
a probabilistic approach for structures exposed to Gaussian
random loading with a nonzero mean. 	is approach was
used to estimate the octahedral shear stress distribution for
stationary random stresses. A Monte Carlo simulation was
then employed to characterize the octahedral shear stress
distribution. According to the authors, the experimental
results were not available; thus, errors may have occurred due
to the quality of the randomprocess generator and the limited
frequency range of the PSD input load, which was approx-
imately 5–100Hz. Braccesi et al. [124] reduced multiaxial
stress analysis to an equivalent uniaxial process that de�ned
random process in the time and frequency domains. 	is
analytical approach was based on the energy contents of the
shear stress acting on the planes belonging to the octahedral
cone [125]. Allegri and Zhang [126] applied the inverse power
laws to assess the fatigue damage of structures exposed to
accelerated broadband Gaussian random vibration. A scaling
law was used to relate the test time in a laboratory to the
actual operational life. Allegri and Zhang stated that fatigue
accumulation in a random multiaxial loading environment
was more rapid than for constant amplitude loading; that
is, the S-N curve slope was larger in the case of random
loading. 	is implied that the correct value of the exponent,
which appears in the inverse power scaling law, was estimated
by random fatigue tests on representative material samples.
Zhou et al. have also pointed the same observations for
uniaxial random vibration [42].

One of the most common approaches found in the
literature was the application of stochastic analysis that
combined structural failure models with linear FEM to
develop a methodology for the reliability assessment [127,
128]. Segalman et al. [7] provided an approach for calculating
the RMS von Mises stresses for structures loaded randomly.
Segalman et al. estimated the RMS von Mises stresses from
stress component transfer functions that were extracted from
the FEM. 	e RMS stresses were calculated directly from
the linear stress and displacement modes and compared
to the traditional Miles’ approach, which uses a spectrum

of root mean square acceleration response to a random
PSD applied to a single degree-of-freedom system [101]. Lei
and Qiu [127] developed dynamic stochastic FEM to study
the dynamic response of frame structures with stochastic
parameters to dynamic excitation. 	e dynamic response
of random structure was analyzed using a perturbation
approach and modal superposition. 	ey provided linear
numerical examples to indicate that using dynamic stochastic
FEM reduced the computation time while improving accu-
racy of the solution for the dynamic analysis of structures
with stochastic parameters of dynamic excitation. However,
the randomization was applied to the structural parameters,
that is, mass and sti�ness, but not for the excitation. Similarly,
Lagoda et al. [129] developed an algorithm for estimation of
fatigue life under multiaxial random vibration using spectral
methods based on fatigue experiments performed on steel
samples. 	e method retained the accuracy of the linear
FEM model and modal analysis. Tibbits [130] extended
the approached developed by Segalman et al. to calculate
the percentiles of von Mises stress in linear structures
subjected to random loads having nonzero mean values.
He constructed von Mises stress statistics as a series of
noncentral Chi-square distributions. 	e desired precision
of the model was based on the number of terms in the
series. Guechichi et al. [131] proposed amethod for predicting
the fatigue life for di�erent materials subjected to constant
amplitudemultiaxial proportional loading that covered high-
cyclic fatigue. FEM was developed to evaluate the fatigue life
and to localize the critical region. Two cases were solved: the
�rst case was a rectangular plate with low thickness under
single axial and alternating bending loads; the second case
was a circular cross-section rod subjected to uniaxial load
and alternating torsion moment. 	e Crossland criterion
and FEM analysis were used to compute the maximum
equivalent stress. McNeill [128] provided statistical failure
prediction of orthotropic composite plates under random
loading. Stochastic FEM solutions of damaging load of the
structures were obtained with layerwise plate theory. First-
order perturbation technique was utilized to estimate the
mean and variance of failure.

5. Experimental MDoF Vibration Studies

	e typical product development approach is an iterative
cycle known as design-prototype-test-�x [45]. Unfortunately,
this process is time consuming and requires expensive phys-
ical prototyping and testing. 	e lack of reliability prediction
capability of a product leads to de�ciency in its develop-
ment. To overcome this impediment, the design-prototype-
test-�x approach was greatly modi�ed in the electronics
industries, with the introduction of high accelerated life
testing (HALT) methodology during the prototyping and
quali�cation stages. 	is can be accomplished by utilizing
a HALT shaker table/chamber, shown in Figure 5. A typical
HALT chamber has a broad frequency spectrum between 10
and 10 kHz and runs from 1 to 150Grms. 	e intent of HALT
is to accelerate the failures in electronic devices by applying a
higher than normal stress to failure while assessing the design
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Figure 5: High accelerated life testing (HALT) chamber [15].

robustness through rigorous root cause failure analyses. 	e
basic idea of HALT is to produce repetitive shocks to the
shaker table using multiple pneumatic actuators at di�erent
locations of the table, thus producingmultiaxial energy.	us,
the device under test is exposed to uncontrolled broadband
multiaxial random excitation, with the exception of the RMS
acceleration value. Furthermore, the HALT chambers are
capable of exposing the test article to thermal stresses, and in
some cases to humidity while it is under vibration. Designers
and quality engineers have utilized HALT testing to expose
design weaknesses that would eventually emerge as �eld
failures [14].

Unfortunately, HALT provides only a qualitative rather
than a quantitative understanding of the failure modes and
mechanisms due to two limitations [14]. First, the only
acceleration input to the actuators that can be controlled is an
acceleration RMS, Grms; thus, the only excitation that can be
achieved is a quasirandom vibration.	e second limitation is
the fact that HALT uses pneumatic actuators; consequently,
it is impossible to control the energy input to each axis
individually. Due to these limitations, it is nearly impossible
to ascertain the most dominant failure mode or the axial load
that initiates the damage. It is also impossible to precisely
correlate structural failure during HALT to life-cycle seen in
the �eld.

Due to the limitations of single axis electrodynamic
shakers, hydraulic actuators, and HALT shakers, researchers
are currently investigating the utility of multiaxial electro-
dynamic shakers to understand the response of structures
exposed tomultiaxial vibrations and subsequently the failures
due to these complex dynamics. However, studies evaluating
the merits of multiaxial vibration testing using multiaxial
electrodynamic shakers are very limited. 	is de�cit is
attributed to high cost constraints associated with these
shakers. Only a few investigators such as Whiteman and
Burman [10, 13], French et al. [12], Gregory et al. [132],
and Ernst et al. [49] have pointed out the shortcomings
of the sequential single axis vibration method. 	ey have
also reported evidence of di�erences in failure modes and
fatigue life for multiaxial loadings versus single-axis inputs
by utilizing multiaxial electrodynamic shakers. 	ese studies
are discussed in detail below.

Some of the limited work performed using multiaxial
shakers was by Füllekrug [133], who characterized the modal
response in the frequency and time domains of a struc-
ture under base excitation using a hydraulic shaker that
had limited frequency range from 0 to 120Hz. Füllekrug
developed kinematic relationships between loads at the base
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Figure 6: Dimensions of samples tested by Whiteman and Burman
[10].

and structural responses due to these loads. 	e primary
conclusion was that the frequency domain was best suited
for a general and reliable modal identi�cation of linear
systems, whereas the time-domain method was more suited
for analyzing transient vibration.Whiteman and Burman [13]
investigated the di�erences between fatigue mechanisms and
the e�ects of uniaxial versus triaxial testing.	e samples used
in this study were 250mm long aluminum beams with a
9.5mm diameter and a 0.235 cm radius notch stress concen-
trator around the entire circumference of each specimen as
shown in Figure 6. Whiteman and Burman [10] performed
a uniaxial random excitation experiment in the transverse
direction and then repeated the same test for sequential
excitation in the axial direction followed by the transverse
direction. 	e random vibration acceleration inputs were
3.0, 3.5, 4.0, and 4.5Grms with a frequency range from 15
to 85Hz. 	e tests were then repeated using simultaneous
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Figure 7: Dimensions of samples tested by French et al. and test setup [12].

triaxial excitation. It was found that the excitation in the axial
direction did not weaken the specimens; on the contrary, it
increased the samples’ fatigue life. Whiteman and Burman
[10] believed that work or strain hardening took place during
the axial excitation portion of the second set of tests, which
increased the fatigue failure resistance in the transverse
direction. In the triaxial vibration experiments, the stresses
that eventually caused fatigue failure were predominantly in
the axial direction. However, simultaneous triaxial excitation
accelerated the crack initiation more rapidly. By comparison,
the TTF for the single axis experiments was appreciably
longer than the triaxial experiments for the same input energy
level.

French et al. [12] performed durability experiments on
notched beam specimens using both sequential uniaxial
and simultaneous biaxial testing on a TEAM tensor triaxial
shaker, which was electrodynamically driven. 	e specimens

were 19 × 0.25 × 0.25 in3 aluminum beams with notches
located at two adjoining sides of the beam, as shown in
Figure 7. One notch was normal to a transverse excitation
(x-direction) while the other notch was normal to the
other transverse excitation (y-direction). 	e notches were
introduced to act as stress concentrators with depth of 0.08
in. 	e notch normal to y-direction was 0.5 in above the
notch normal to the x-direction, as shown in Figure 7. 	e
base excitation signal was a sine chirp from 10 to 35Hz
over 30 s. 	e peak-to-peak acceleration amplitude was held
constant at 4G. 	e sequential uniaxial and simultaneous
biaxial experiments produced di�erent TTF, di�erent failure
distributions, and di�erent failure modes. French et al.
concluded that sequential uniaxial testing generally takes
longer time to conduct than simultaneous multiaxial testing.
Furthermore, the results from the sequential uniaxial testing
are prone to produce questionable results. Unfortunately,
the bandwidth in this study was limited and inapplicable to
realistic structures.

At Sandia National Laboratories, Gregory et al. [132]
investigated the prospect of using a six-DoF multiaxial elec-
trodynamic shaker, developed by TEAM Inc., to illustrate the
importance of multiaxial excitations in performing realistic
tests. Dynamic characterization experiments were performed
in uniaxial and multiaxial modes to compare the responses
of a structure under the di�erent loadings with bandwidth
of 10–2000Hz. 	e specimen used for this experiment was
a short rectangular aluminum beam with a lumped mass
mounted at the tip, as shown in Figure 8. Acceleration PSD

Figure 8: Simple structure under multiaxial loads [132].

input level of 0.0032G2/Hz was chosen to yield an overall
level of 2.5 Grms for the X, Y, and Z translations. A spectral
FEM model of the structure was constructed to investigate
the di�erences in the calculated vonMises stresses. According
to Gregory et al., the control system was con�gured for a
full six-DoF random vibration input from 20 to 2000Hz
with zero coherence between the inputs. 	e experiment was
then con�gured for uniaxial translation for each DoF. 	e
PSD levels were selected to be the same as for the previous
six-DoF tests to allow comparison of responses for uniax-
ial versus multiaxial excitations. 	e experimental results
showed signi�cant di�erences in the acceleration response
of the mass as well as the strain measured in the beam.
	e modal participations were di�erent for the multiaxial
experiment, and the resulting instantaneous stresses and
accelerations states were di�erent, not only in magnitude,
but also in location and direction. 	is indicated that the
potential failure modes would be di�erent.

6. Mapping Dynamic Loads to Fatigue

Some fatigue specialists maintain that the stress levels caused
by vibration are usually too low to contribute to fatigue
damage and that fatigue cracks start because of higher stresses
present in the loading history [2]. It is also commonly known
that the substantial number of stress cycles produced by high-
frequency excitations can considerably contribute to fatigue
damage and may cause failure without reaching high load
levels [5, 134]. Special analysis is o�en required in these
situations since the vibration data is not in a form that
can be used directly in a common fatigue damage model
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such as the Palmgren-Miner rule. A common approach
in mapping stationary random dynamic loads to fatigue
is through performing a summation of all modal spectral
densities and determining the response standard deviations
in a broadband frequency range, covering all resonance fre-
quencies of the structure within broadband frequency range.
	e modal cross-spectral densities are typically neglected
[135]. Nonetheless, Dahlberg states that lightly damped struc-
tures with well-separated fundamental frequencies are not
a su�cient reason to neglect modal cross-spectral densities
even if the random excitation of the structure is broadband
where several modes of the structure are excited [135].

To accurately estimate multiaxial vibration durability and
damage accumulation, the dynamics response model of the
structure must be coupled with experimental data, as illus-
trated in Figure 9 [136]. 	is approach requires an iterative
and arduous development. 	e reason for this is that the
reaction forces and vibration velocities in complex structures
depend not only on the strength of excitation, but also
on the coupling between structures and their components,
as shown in Figure 9. 	e computational and experimental
coupling is necessary since the FEM cannot model structures
adequately up to midfrequency range due to the higher
modal density. 	e experimental tasks provide FRF dynamic
characterization of the structure and its components as well
as time history data. A more practical approach is to utilize
the experimental FRF data to represent the structure and
then combine it with the FEM models as shown in Figure 9.
However, this approach is not applicable if the structure is
exposed to high amplitude excitation that could generate
nonlinear behavior. 	us, the time history data must be

combined with the FEM models. 	is approach is intended
to yield accurate results but is time consuming to set up and
is computationally expensive.

Currently, the Center for Advanced Life Cycle Engi-
neering (CALCE) at the University of Maryland and the
US Army Research Laboratory (ARL) are investigating the
utility of multiaxial electrodynamic shakers. 	e objective
is to study the di�erences in failure modes and fatigue
life for multiaxial versus single-axial excitations by utilizing
multiaxial electrodynamic shakers. 	e multiaxial electrody-
namic shaker used for this study was developed by TEAM
Inc. It consists of eight plane actuators and four out-of-
plane actuators underneath the shaker table, as shown in
Figure 1.	e twelve electrodynamic shakers aremechanically
coupled to the table. 	is architecture allows the shaker to
produce a true six-DoF vibration environment. Each axis has
four shakers with 200 lbf rotation per axis. 	e excitation
limit is up to 30Gs with 0–3000Hz. 	e objective is to
establish a quantitative and qualitative relationship between
complex random multiaxial dynamic loading and the failure
mechanisms. In this study, CALCE performed two sets of
three random excitation experiments on CCAs. 	e �rst
set was for low amplitude broadband stationary random
excitations, which consisted of the following single-axis in-
plane, single-axis out-of-plane and combined in-plane and
out-of-plane excitations. Each CCA was clamped along the
two short edges while it was free along the two long edges,
as shown in Figure 10. 	e CCA contained six large heavy
inductors with high center of mass and with high stando�, as
shown in Figure 10. Each inductor was attached to the CCA
via two leads to instigate bending motion in the in-plane
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direction and a gyroscopic motion. In the �rst set of tests,
the excitation was a uniform broadband random stationary

pro�le at low PSD acceleration input of 0.0025 g2/Hz and
0.78Grms.

	e acceleration responses of the middle component for
the three di�erent excitations mentioned above are shown in
Figure 11 and compared to the superposition technique. 	e
same sets of tests were repeated for higher PSD acceleration

input of 0.04 g2/Hz and 3.14Grms. 	e acceleration responses
in the in-plane direction (X) of the middle component for
the three di�erent excitations mentioned above are shown in
Figures 11 and 12 and compared to the superposition tech-
nique. Figures 11 and 12 show the component response due to
multiaxial excitations is equivalent to the linear superposition
of corresponding uniaxial responses. Furthermore, as the
acceleration input increases, the deviation between the actual
component response due to multiaxial vibration and the
linear superposition of uniaxial responses increases as well.
	is deviation may be justi�ed based on three reasons. First,
the modal participation and nonlinear interactions between
components and PWB could be the major contributors to
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this deviation. Second, the geometry of each component
may create gyroscopic forces, which are proportional to the
velocities consistent with viscous damping forces; however,
they are conservative forces [137]. Finally, the material non-
linearity of the PWB and the solder joints may augment
the drastic di�erence in TTF between multiaxial excitations
and sequential uniaxial superposition, as shown in Figure 13.
Further studies are needed to quantify these contributions.

	e fatigue damage in the components’ interconnects
site, shown in Figure 14, is due to a combination of 
exural
deformations in PCBs and inertial forces (translation and
gyroscopic motions). 	e inertial forces are generated by the
mass of large/heavy components with high stando�. 	us,
simultaneous multiaxial vibration may have the potential
to generate higher stresses through nonlinear cross-axis
interactions at the component level.

In this study, the change of the natural frequencies of
a middle component (L5) and an edge component (L1)
were monitored during the experiments mentioned above.
Ernst et al. [49] showed that the frequencies shi�ed linearly
across all components under single axial and biaxial vibration
conditions, as shown in Figure 15. Ernst et al. assumed
that this shi� corresponded to fatigue crack growth in
the component lead shown in Figure 14. 	eir results also
revealed that natural frequency was lower when the CCA
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.

was exposed to multiaxial excitation, but they indicated that
further investigation is needed to verify this phenomenon.
Ernst et al. proposed using this approach as a possiblemethod
for failure prognostics and prediction for the components’
remaining life. 	is approach has been observed in current
studies exploring methods for improving accelerated fatigue
testing by simultaneously monitoring the modal parameters
of critical components [138–142].

7. Future Directions

Based on the literature review and interaction with gov-
ernment agencies, industries, and academia, the authors
recognized three major thrust areas for continued research
and deployment: modeling and simulation, experimental and
testing, and standards and procedures updating.	ese thrust
areas are summarized in Figure 16. As mentioned above,
several closed-form solutions and computational models
were developed to approximate the response and fatigue
life of linear and nonlinear structures exposed to complex
vibration loading. Most of these models are based on unique
approximations and can only be applied to speci�c loading
and boundary conditions. Some of these loading conditions
were not possible to duplicate in a laboratory environment
prior to the introduction of the multiaxial electrodynamic
shaker capable of producing rotational degrees of freedoms.
	is capability is opening a plethora of opportunities to
validate and update existing multibodies and 
exible-bodies
dynamic models and produce new realistic models to ade-
quately approximate the response of structures and subse-
quently their remaining life. Analysts may be able to move
beyond the laborious approach of conducting explicit FEM
analysis calibrated with suspect transfer functions obtained
from sequential testing, then following it by another explicit
analysis based on time history data and comparing the strain
results to those from testing. 	ere might be a possibility
for developing spectral FEM models to avoid using the
cumbersome and expensive explicit FEM.

Figure 14: Component L2 failure due to in-plane and out-of-plane
excitations at 3.14G

rms
.

As shown above, CALCE/ARL has shown that simultane-
ous multiaxial vibration may have the potential to generate
higher stresses through nonlinear cross-axis interactions
at the component level. 	is was possible because of the
capabilities that the MDoF electrodynamic shaker was able
to provide. However, generating the loads for di�erent
complex operational conditions and tracking the structural
response of critical components require signi�cant signal
processing, data reduction, and real-time computation of
the inputs/outputs. Stochastic models may potentially be
updated as a result of the coherent/incoherent multiaxial
random vibration excitation that can be achieved with the
MDoF electrodynamic technology. Accelerated test factors
are currently incorporated in the MIL-STF-810G combined
with exaggeration factors to provide conservatism in the
uniaxial test schedules. Multiaxial vibration studies may
provide insights into whether these factors are reasonable
or not and provide new guidelines for accelerated life test-
ing using MDoF technologies. Furthermore, the design for
prognostic and diagnostics, structural health management
and condition-based maintenance may be enhanced and
ruggedized through real-world multiaxial dynamics labora-
tory simulations.

8. Conclusion

It can be concluded from this literature review that it
is essential to understand the structural characteristics of
devices in order to correlate the defects with the dynamic
responses. As mentioned above, the main challenge in struc-
tural systems is the prediction of the reliability and lifetime
of the critical components. 	erefore, it is imperative to
identify the failure mechanisms of the components through
adequate computational and experimental analyses. How-
ever, the experimental and computational approaches must
emulate the real-world operational conditions, which include
simulating MDoF dynamic loads. 	is involves estimating
andmeasuring the transient multiaxial displacements, which
can be accomplished with the aid of a multiaxial shaker.

Establishing the relationship between di�erent 
exible
structures formulations is an important issue since there is
a need to clearly de�ne the assumptions and approximations
underlying each formulation.	is may allow for establishing
guidelines and criteria that de�ne the limitations of each
approach used in 
exible structures dynamics. 	is task
can now be accomplished by utilizing multiaxial vibration
capability, which is making it possible to perform the
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CALCE/ARL joint research e�orts to study large deformation
of 
exible systems exposed to multiaxial excitations.
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