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1 Introduction

During the past decades, two-dimensional (2D) gravitational models continue attracting
the attention of theorists for a variety of reasons. First of all, the field equations obtained
in many 2D gravity models are simple enough to allow a rigorous analysis of some diffi-
cult issues of gravitational theory, such as the quantization of gravity [1, 2], gravitational
collapse [3, 4], black hole evaporation [5–9], see [10–12] for comprehensive reviews on early
works. Second, a number of very different approaches of quantum gravity all hint that
at very short distances space-time becomes effectively two dimensional [13–18]. Here, the
dimensions that are reduced can be effective, spectral, topological or the usual dimen-
sions [19]. Recently, the studies of the Sachdev-Ye-Kitaev (SYK) model [20–22] also lead
to a resurgence of interest in 2D gravity [23–26], see [27–29] for pedagogical introductions.

Since the Einstein tensor vanishes identically in two dimensions, the Einstein-Hilbert
action cannot be used to describe 2D gravity. An economical solution to this problem is to
introduce a dilaton field. Many different 2D dilaton gravity models have been proposed and
studied so far. The simplest action for 2D dilaton gravity is the Jackiw-Teitelboim (JT)
action [30, 31]

SJT = 1
κ

∫
d2x
√
−gϕ(R+ Λ), (1.1)

where the dilaton ϕ plays the role of a Lagrangian multiplier. κ and Λ are the gravitational
coupling and the cosmological constant, respectively. Two other famous actions for 2D
dilaton gravity are the Mann-Morsink-Sikkema-Steele (MMSS) action, which generalize
the JT action by giving the dilaton a kinetic term [32]

SMMSS = 1
κ

∫
d2x
√
−g

[
−1

2(∇ϕ)2 + ϕR+ Λ
]
, (1.2)
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and the Callan-Giddings-Harvey-Strominger (CGHS) action [5]:

SCGHS = 1
2π

∫
d2x
√
−g

{
e−2ϕ

[
R+ 4(∇ϕ)2 + 4Λ2

]
− 1

2(∇φ)2
}
, (1.3)

where φ is a massless scalar matter field. A comprehensive review of 2D dilaton gravity
models and their applications in black hole physics and quantum gravity can be found
in ref. [12].

It is a natural idea to extend the discussion on 2D dilaton gravity to other classical
solutions such as topological solitons, which could be produced by cosmic phase transi-
tions [33]. As the simplest topological soliton solution, kink (or domain wall) has been
extensively studied in 4D cosmology [34] and 5D thick brane world models [35, 36]. In the
case of two dimensions, previous works have revealed close connections between kinks and
2D black holes [37–40], or naked singularities [3, 4, 41–43].

In 1995, an exact 2D self-gravitating sine-Gordon kink solution without curvature
singularity was found by Stötzel, in the MMSS gravity model [44]. In addition to the kink
configuration of the scalar field, the metric solution [44] describes a 2D asymptotic anti
de-Sitter (AdS2) geometry. This property reminds us the thick brane solutions found in
asymptotic AdS5 geometry [45–47]. The aim of the present work is to reveal similarities
between 2D self-gravitating kinks and 5D thick brane worlds.

The organization of the paper is as follows. In section 2, we give a brief review of
Stötzel’s model, and show that for static solutions, the field equations can be written as a
group of first-order differential equations by introducing the so called superpotential. With
the superpotential formalism, one can easily generate exact self-gravitating kink solutions
by chosen proper superpotentials. We will discuss two analytical solutions in section 3.
Then, in section 4 we give a complete analysis to the linear stability of the solutions.
To our knowledge, no such analysis was done before. In a recent work [48], the authors
considered the linear perturbations around self-gravitating kink solutions in 2D MMSS
gravity. However, they expand the metric around the Minkowski metric rather than the
asymptotic AdS2 metric solution. Finally, we offer in section 5 some concluding remarks.

2 The model and the superpotential formalism

The action of Stötzel’s model [44] contains an MMSS gravity part along with a canonical
real scalar φ:

S = 1
κ

∫
d2x
√
−g

[
−1

2∂
µϕ∂µϕ+ ϕR+ Λ + κLm

]
, (2.1)

where
Lm = −1

2∂
µφ∂µφ− V (φ) (2.2)

is the Lagrangian density of the scalar field.
After variation, one immediately obtains the Einstein equations

∇µϕ∇νϕ+ 2∇µ∇νϕ−
1
2gµν

(
∇λϕ∇λϕ+ 4∇λ∇λϕ− 2Λ

)
= −κTµν , (2.3)
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the dilaton equation
∇λ∇λϕ+R = 0, (2.4)

and the scalar field equation
∇µ∇µφ−

dV

dφ
= 0. (2.5)

The energy-momentum tensor in eq. (2.3) is defined as

Tµν = gµνLm − 2 δLm
δgµν

= ∂µφ∂νφ−
1
2gµν (∂αφ∂αφ+ 2V ) . (2.6)

To obtain self-gravitating kink solution, Stötzel used the following metric

ds2 = −e2A(x)dt2 + dx2. (2.7)

Similar metric ansatz is also used in 5D brane world models with non-factorizable geom-
etry [49, 50], therefore, we will follow the terminology of brane world theory and call the
function A(x) as the warp factor. As a convention, the derivative with respect to x will
always be denoted as a subscript, for example, φx ≡ dφ/dx.

Substituting metric (2.7) into the Einstein equations (2.3), one obtains

2Axϕx − 2ϕxx − ϕ2
x = κφ2

x, (2.8)

Axϕx + ϕxx = Λ− κV. (2.9)

The equations of motion for the dilaton and the scalar fields read

− 2Axx − 2A2
x + ϕxx +Axϕx = 0. (2.10)

and
Axφx + φxx = dV

dφ
, (2.11)

respectively. Note that only three of the above equations are independent. For example,
eq. (2.11) can be derived by using eqs. (2.8)–(2.10). At a first glance, eqs. (2.8)–(2.11)
constitute a complicate nonlinear differential system, and finding their solutions seems to
be a formidable task. But the study of brane world models has taught us a lesson on
how to solve such system by means of superpotential method, which rewrites second-order
differential equations, such as eqs. (2.8)–(2.11), into some first-order ones [45–47].

To construct a superpotential formalism for the present model, we first note that the
combination of eqs. (2.9) and (2.10) leads to an expression of V in terms of cosmological
constant and warp factor:

κV = Λ− 2Axx − 2A2
x. (2.12)

Taking the derivative of the above equation and eliminating dV/dφ by using eq. (2.11), one
obtains a relation between A and φ:

Axxx + 2AxAxx = −1
2κ(Axφ2

x + φxxφx). (2.13)
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The superpotential method starts with an assumption that the first-order derivative of φ
equals to a function of φ itself, namely, the superpotential W (φ) via the following equation:

φx = dW

dφ
. (2.14)

Under this assumption, one can testify that eq. (2.13) supports a very simple special
solution:

Ax = −1
4κW. (2.15)

Then, eq. (2.12) enables us to write V in terms of superpotential:

V = 1
2

(
dW

dφ

)2
− 1

8κW
2 + Λ

κ
. (2.16)

Finally, the general solution of eq. (2.10) gives a simple relation between dilaton and
warp factor:

ϕ = 2A+ β

∫
e−Adx+ ϕ0,

where β and ϕ0 are just two integral constants. Since the field equations only contain the
derivatives of the dilaton, the value of ϕ0 is unimportant to the solution of other variables,
and can be taken as ϕ0 = 0. Besides, to consist with eq. (2.8), β must be set as zero, so

ϕ = 2A. (2.17)

Eqs. (2.14)–(2.17) constitute the first-order superpotential formalism of the present
model. Exact kink solutions can be derived by choosing proper superpotentials. The
freedom of choosing a superpotential comes from the fact that there are four unknown
variables (A, φ, ϕ and V ) but only three independent equations. Taking a superpotential
amounts to specifying one of the four unknown variables.

3 Exact solutions

In this section, we show how to use the superpotential formalism to derive exact self-
gravitating kink solutions. We first reproduce Stötzel’s solution and then report a new
solution.

3.1 Reproducing Stötzel’s solution

In fact, the superpotential formalism presented in last section has been derived and used,
although unconsciously, by Stötzel [44]. Instead of choosing a superpotential W (φ), Stötzel
started with the Sine-Gordon potential

V (φ) = 2m2 sin2 φ

2 . (3.1)

He observed that when κ = λ
4m2−λ , eq. (2.16) surports two solutions of the superpotential:

W± = ±2
√

4m2 − λ cos
(
φ

2

)
, (3.2)
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Figure 1. The shapes of some important variables in Stötzel’s solution, incluting (a) scalar field,
(b) warp factor and the dilaton field. The parameters are taken as κ = 1, m =

√
2 and λ = 4,

therefore M = 1 and Λ = 2.

where 0 < λ ≡ 2Λ
κ < 4m2. The solutions of φ(x) corresponds to W− could be obtained by

integrating eqs. (2.14), and the result turns out to be the sine-Gordon kink [44]:

φK(x) = 4 arctan
(
eM(x−x0)

)
. (3.3)

Here x0 is an integral constant that represents the position of the kink, and will be set to
zero from now on. The constant M is defined as M ≡ 1

2
√

4m2 − λ. Obviously, M ∈ (0,m).
The solution corresponds to W+ is an antikink

φK̄(x) = 4 arctan
(
e−Mx

)
, (3.4)

which is similar as the kink in many aspects. Thus, we will focus on the kink solution only,
and eliminate the subscript K from now on.

Plugging the solutions of W (φ) and φ(x) into eq. (2.15), one immediately obtains the
expression of the warp factor:

A(x) = A0 −
λ

4M2 ln(2 cosh(Mx)), (3.5)

which further reduces to [44]

A(x) = − λ

4M2 ln cosh(Mx)

= −κ ln cosh(Mx) (3.6)

after taking integral constant A0 = λ
4M2 ln 2. Obviously, this warp factor describes an

asymptotic AdS2 geometry. Finally, the dilaton field reads

ϕ(x) = 2A(x) = −2κ ln cosh(Mx). (3.7)

The profiles of φ, A and ϕ are plotted in figure 1.
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3.2 A polynomial superpotential

As shown repeatedly in the study of 5D thick brane models, it is quite easy to construct
exact self-gravitating kink solutions once the superpotential formalism is established. In
the following discussions, we will take Λ = 0 for simplicity, as it can be absorbed into the
definition of V (φ).

Consider a simple polynomial potential with parameter c [51–53]

W = c+ φ

(
1− φ2

3

)
. (3.8)

It has two minima at φ± = ±1, where W (φ±) = ±2
3 + c. With this superpotential, one

obtains [53]

φ(x) = tanh(x), (3.9)

ϕ(x) = 2A(x), (3.10)

A(x) = 1
24κ

[
−6cx+ sech2(x)− 4 ln(cosh(x))− 1

]
, (3.11)

V (φ) = − 1
72κ

(
−3c+ φ3 − 3φ

)2
+ 1

2
(
φ2 − 1

)2
. (3.12)

The asymptotic behaviors of the warp factor and the scalar potential are

A±(x) = −1
4κW (φ±)x = −1

4κ
(2

3 ± c
)
|x|, (3.13)

V± = − 1
72(3c± 2)2κ. (3.14)

Depending on the value of c, there are four different situations [53]:

1. c = 0: in this case, the kink connects two equivalent AdS2 spaces symmetrically, and
V+ = V− = − 1

18κ.

2. 0 < |c| < 2
3 : the kink connects two distinct AdS2 spaces.

3. |c| = 2
3 : the kink connects an AdS2 space and a 2D Minkowski space (M2) asymmet-

rically. This situation is of particular interesting when considering kink collision in
asymptotical AdS space-time [52, 54].

4. |c| > 2
3 : the warp factor diverges at one side of the kink.

The behavior of eA for different values of c has been plotted in figure 2. Obviously, for
c 6= 0, the warp factor is asymmetric.

4 Linear stability analysis

In this section, we discuss the linear stability of the self-gravitating kink solutions against
small perturbations. This issue has been studied extensively in 5D brane world mod-
els [46, 55–58], but remains untouched in the case of 2D. The reducing of dimensions and
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Figure 2. Plots of warp factor eA(x) of the polynomial model with κ = 1.

the introducing of dilaton field make it impossible to analyze linear stability of 2D self-
gravitating kinks by simply copying the stability analysis of 5D thick branes. For example,
there are no vector and tensor perturbation in 2D, so the traditional scalar-vector-tensor
decomposition [56, 58] is no longer needed. Beside, in 2D there is no way to eliminate the
non-minimal gravity-dilaton coupling by using conformal transformation.

It is convenient to discuss the linear stability in the conformal flat coordinates

ds2 = e2A(r)ηµνdx
µdxν , (4.1)

where r is defined through dr ≡ e−A(x)dx. For simplicity, we use a prime and an overdot
to represent the derivatives with respect to r and t, respectively.

In this coordinates, the Einstein equations take the following form:

κφ′2 = 4A′ϕ′ − 2ϕ′′ − ϕ′2, (4.2)
ϕ′′ = e2A(Λ− κV ). (4.3)

The equation of motion for the scalar and dilaton fields are

φ′′ = e2AdV

dφ
, (4.4)

and

ϕ′′ = 2A′′, (4.5)

respectively. Obviously, the general solution of eq. (4.5) is ϕ = 2A+βr+ϕ0, but as stated
before, we will take β = 0 = ϕ0.

Equation (2.13) becomes

2A′′′ − 4A′A′′ + κφ′φ′′ = 0, (4.6)

which, after integration, gives

A′′ −A′2 + 1
4κφ

′2 = 0, (4.7)

where the integral constant has been taken as zero.
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Now, let us consider small field perturbations around an arbitrary static background
solution {ϕ(r), φ(r), gµν(r)}:

ϕ(r) + δϕ(r, t), φ(r) + δφ(r, t), gµν(r) + δgµν(r, t). (4.8)

We also define
δgµν(r, t) ≡ e2A(r)hµν(r, t), (4.9)

for convenience.
In the linear perturbation analysis of cosmological or brane world models, one usu-

ally decompose hµν into scalar, vector and tensor sectors [59, 60]. Each sector can be
discussed independently. In the present case, we have only one spatial dimension and no
such decomposition is needed. So we will directly deal with the components of the metric
perturbation

hµν =
(
h00(r, t) Φ(r, t)
Φ(r, t) hrr(r, t)

)
, (4.10)

where we have renamed h01 = h10 as Φ, and h11 as hrr.
To the first order, the perturbation of the metric inverse is given by

δgµν = −e−2Ahµν . (4.11)

Note that the indices of h are always raised or lowered with ηµν , thus,

hµν ≡ ηµρηνσhρσ =
(
h00 −Φ
−Φ hrr

)
. (4.12)

After linearization, the Einstein equations (2.3) lead to three nontrivial perturbation
equations, namely, the (0, 0) component:

2A′δϕ′ − 2A′ϕ′hrr − 2δϕ′′ − δϕ′ϕ′ + h′rrϕ
′

+ 2hrrϕ′′ +
1
2hrrϕ

′2 = κ

(
φ′δφ′ + φ′′δφ− 1

2φ
′2hrr

)
, (4.13)

the (0, 1) or (1, 0) components:

2A′δϕ− 2δϕ′ − ϕ′δϕ+ ϕ′hrr = κφ′δφ, (4.14)

and the (1, 1) component:

2A′δϕ′−2A′ϕ′hrr−δϕ′ϕ′−2δ̈ϕ+ 1
2hrrϕ

′2+Ξϕ′=κ

(
φ′δφ′−φ′′δφ− 1

2φ
′2hrr

)
. (4.15)

Here we have defined a new variable Ξ ≡ 2Φ̇ − h′00. One can testify that after using
background equations (4.2)–(4.5), eq. (4.13) reduces to eq. (4.14).

Another independent equation comes from the perturbation of the scalar equation
of motion:

− δ̈φ+ δφ′′ + 2A′φ
′′

φ′
δφ− φ′′′

φ′
δφ− 1

2φ
′h′rr − φ′′hrr + 1

2φ
′Ξ = 0. (4.16)

One can also linearize the dilaton equation (2.4), but it does not offer new informa-
tion further.

– 8 –
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Therefore, we have three independent perturbation equations, i.e., (4.14)–(4.16). But
one should note that the perturbation variables are not all independent. The invariance of
the dynamical equations under coordinate transformations

xµ → x̃µ = xµ + ξµ(r, t) (4.17)

induces an invariance of the linear perturbation equations (4.14)–(4.16) under the following
gauge transformations:

∆hµν ≡ h̃µν − hµν = −2ξ(µ,ν) − 2ηµ,νA′ξ1, (4.18)

∆δφ ≡ δ̃φ− δφ = −φ′ξ1, (4.19)

∆δϕ ≡ δ̃ϕ− δϕ = −ϕ′ξ1. (4.20)

The components of hµν transform as

∆h00 = 2∂tξ0 + 2A′ξ1, (4.21)
∆Φ = −∂tξ1 + ∂rξ

0, (4.22)
∆hrr = −2∂rξ1 − 2A′ξ1, (4.23)

which means that the variable Ξ = 2Φ̇− h′00 should transforms as

∆Ξ = −2
[
ξ̈1 +

(
A′ξ1

)′]
. (4.24)

We see that the gauge degree of freedom ξ0 has been canceled.
The residual gauge degree of freedom in ξ1 allows us to eliminate one of the perturba-

tion variables. Here we simply take δϕ = 0, with which eq. (4.14) reduces to

ϕ′hrr = κφ′δφ, (4.25)

and eq. (4.15) becomes

− 2A′ϕ′hrr + 1
2hrrϕ

′2 + Ξϕ′ = κ

(
φ′δφ′ − φ′′δφ− 1

2φ
′2hrr

)
. (4.26)

After eliminating hrr and Ξ, equation (4.16) can be written as a wave equation of δφ:

δ̈φ− δφ′′ + Veff(r)δφ = 0, (4.27)

where the effective potential reads

Veff(r) = 4A′′ − 2A′φ
′′

φ′
− ϕ′′ + 2

(
ϕ′′

ϕ′

)2
− 2ϕ

′′′

ϕ′
+ φ′′′

φ′
. (4.28)

Using eqs. (4.5)–(4.7), one can obtain an useful identity:

ϕ′′ = ϕ′′′

ϕ′
+ φ′′

φ′
ϕ′ − 2φ

′′

φ′
ϕ′′

ϕ′
, (4.29)

which enable us to rewrite the effective potential as

Veff = φ′′′

φ′
− 2φ

′′

φ′
ϕ′′

ϕ′
+ 2

(
ϕ′′

ϕ′

)2
− ϕ′′′

ϕ′
, (4.30)

or, in a more compact form

Veff = f ′′

f
, with f ≡ φ′

ϕ′
. (4.31)

– 9 –
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If we take δφ = ψ(r)eiwt, eq. (4.27) becomes a Schrödinger-like equation of ψ(r):

− ψ′′ + Veffψ = w2ψ. (4.32)

It is interesting to note that the Hamiltonian operator are factorizable:

Ĥ = − d2

dr2 + Veff = ÂÂ†, (4.33)

with
A = d

dr
+ f ′

f
, A† = − d

dr
+ f ′

f
. (4.34)

According to the theory of supersymmetric quantum mechanics [61], the eigenvalues of a
factorizable Hamiltonian operator are semipositive definite, namely, w2 ≥ 0. Therefore,
static kink solutions are stable against linear perturbations. The zero mode (w0 = 0)
satisfies A†ψ0(r) = 0, and the solution reads

ψ0(r) ∝ f = φ′

ϕ′
= φ′

2A′ . (4.35)

Obviously, for any solution with a non-monotonic warp factor, ψ0(r) diverges at the extrema
of A, and would be unnormalizable. Since it is not always possible to obtain the explicit
expression of x(r), it is useful to transform Veff back to the x-coordinates:

Veff(x) = e2A
(
Ax

fx
f

+ fxx
f

)
, (4.36)

with f(x) = φx/ϕx.
It should be note that the stability analysis presented so far are rather general and

does not depend on the specific form of the solution, but only on the general form of the
metric (4.1) and of the action (2.1).

Now, we move on to the specific solutions. For Stötzel’s sine-Gordon model and the
polynomial model, the effective potentials read

Veff(x) = M2 cosh−2κ(Mx)
[
κ+ 2csch2(Mx) + 1

]
, (4.37)

and

Veff(x) =
exp

[
1
12

(
−6cx+ sech2(x)− 1

)]
12 3
√

cosh(x)
[
3c+ tanh(x)

(
sech2(x) + 2

)]2 {− sech2(x)
[
296

+ 702c2 +
(
27c2 − 424

)
sech2(x) + 118sech4(x) + sech6(x) + sech8(x)

]
+ 18c tanh(x)

[
3c2 + 23sech4(x)− 32sech2(x) + 36

]
+ 540c2 + 208

}
, (4.38)

respectively. For the later case, we have taken κ = 1, for simplicity.
The profiles of the Veff(x) are depicted in figure 3. For Stötzel’s model, we takem =

√
2,

Λ = 2κ such that M ≡ 1
2

√
4m2 − 2Λ

κ = 1, while keep κ as a free parameter. We see that
Veff is positive and divergent at x = 0 for κ = 0.2, 1 and 3.

– 10 –



J
H
E
P
0
4
(
2
0
2
1
)
1
1
8

4 3 2 1 0 1 2 3 4
x

0

5

10

15

20

25

30
V e

ff
(x

)
Stotzel's model

= 0.2
= 1
= 3

4 3 2 1 0 1 2 3 4
x

5

0

5

10

15

20

V e
ff
(x

)

Polynomial model
c = 0
c = 1/3
c = 2/3
c = 1

Figure 3. Plots of Veff(x). For polynomial model with c = 2/3, Veff(x) becomes finite, and
approaches to 4 3

√
2e− 1

12 ≈ 4.637 as x→ −∞.

For the polynomial model, we take c = 0, 1/3, 2/3 and 1 as examples. We see that
Veff(x) diverges at x = 0 for both c = 0 and 1/3, while blows up at x→ −∞ if c = 1, but
becomes finite when c = 2/3.

It is worth to mention that in many 5D thick brane models the effective potentials of
the scalar perturbation also have singularities, and the corresponding scalar zero modes are
usually unnormalizable. Without normalizable scalar zero modes, these models are free of
the problem of long range scalar fifth force [55, 56, 58]. For the 2D self-gravitating kink
solutions considered in this paper, however, we find an unusual situation where the zero
mode might be normalizable, namely, the polynomial model with c > 2/3. In this case,
the zero mode reads

ψ0(x) = N φx
2Ax

= −N 6sech2(x)
3c+ tanh(x)

(
sech2(x) + 2

) , (4.39)

where N is the normalization constant, and we have taken κ = 1. The normalization of
zero mode requires

1 =
∫ +∞

−∞
drψ2

0(r) = N 2
∫ +∞

−∞
dxe−A

(
φx

2Ax

)2
. (4.40)

The integration can be done numerically, for instance, taking c = 1, 1.2 and 1.5 we obtain
|N | ≈ 0.334, 0.446 and 0.598, respectively. Plots of ψ0(x) is depicted in figure 4.

5 Summary and outlook

In this work, we revisited smooth self-gravitating kink solutions of a type of 2D dilaton
gravity proposed by Mann et al. [32]. We first showed that exact kink solutions can
be constructed with the aid of a first-order superpotential formalism (2.14)–(2.17) of the
dynamical equations. This formalism has already been derived and used by Stötzel in
1995, for 2D self-gravitating sine-Gordon model [44], but its virtue was not completely
appreciated until the advent of 5D thick brane world models. After reproducing Stötzel’s
solution [44], we reported another kink solution generated by a polynomial superpotential
used in some 5D brane world models [51–53].
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Figure 4. Plots of ψ0(x) for the polynomial model with κ = 1, c = 1, 1.2 and 1.5.

The main contribution of the present work, however, is a general analysis on the
stability of static kink solutions under small linear perturbations. After eliminating the re-
dundant gauge degrees of freedom, we derived a Schrödinger-like equation for the physical
perturbation. We found that the Hamiltonian operator can be factorized as Ĥ = ÂÂ†,
which implies the stability of the solutions. Besides, the zero mode takes the form
ψ0(r) ∝ f ≡ φ′

ϕ′ = φ′

2A′ , which diverges at the extrema of A. For Stötzel’s model, the zero
mode is not normalizable, because the symmetric solution of the warp factor corresponds
to a singularity of ψ0(r) at r = 0. For the polynomial model, however, the zero mode is
normalizable provides c > 2/3.

It is natural to ask if the superpotential formalism and stability analysis of the present
work can also be extended to other 2D dilaton gravity models, such as the CGHS model [5]
or other more general models [62, 63]. The superpotential formalism also makes it possible
discuss the application of the present model to the study of holographic RG flow [64, 65].
We will leave these questions to our future works.
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