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ABSTRACT

The basic theory of sum-frequency generation (SFG) is revisited. A rigorous derivation showing that linear optical transmission and reflection
at an interface result from the interference of the incident wave and induced radiation wave in a medium is presented. The derivation is
extended to SFG in a medium with a finite interface layer to see how SFG evolves. Detailed description on interface vs bulk and electric dipole
(ED) vs electric quadrupole (EQ) contribution to SFG are provided with essentially no model dependence, putting the theory of SFG on a
solid ground and removing possible existing confusions. Electric-quadrupole contributions to SFG from the interface and bulk are discussed.
It is seen that there is a relevant bulk EQ contribution intrinsically inseparable in measurement from the interface ED contribution but plays
a major role among all EQ contributions; its importance relative to the ED part can only be judged by referring to the established reference

cases.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0030947

I. INTRODUCTION

Second-harmonic and sum-frequency generation (SHG/SFG)
spectroscopy has become a powerful surface analytical tool for sur-
face studies in many disciplines.' ” It is based on the simple idea
that optical responses of a surface and bulk of a medium follow
different selection rules. In particular, for media with inversion sym-
metry, SHG/SFG is electric-dipole (ED) forbidden in the bulk, but
at a surface or interface, the symmetry is naturally broken. This
leads to strong suppression of the process in the bulk, leaving it to
stand out at the surface. The underlying theory for SHG/SFG as a
surface probe was worked out in early days’ and has been reformu-
lated over the years and adopted to analyze experimental results. ' °
However, there are always confusions on a number of issues: What
is the proper way to describe an interfacial layer as the division
between the surface and the bulk of a medium is generally vague?
Should it be treated as a thin dielectric layer with a specific refrac-
tive index? What are the appropriate Fresnel coefficients to be used
to relate measured nonlinear susceptibilities with the intrinsic ones?
Is the electric-dipole (ED)-forbidden, but electric-quadrupole (EQ)-
allowed, bulk contribution to SHG/SFG negligible or not? Is the EQ
contribution to SHG/SFG from the interfacial layer more important?

When can the interface ED contribution to SHG/SFG be considered
dominant over all EQ contributions?

The confusions arise because of our lack of detailed micro-
scopic understanding of the process. In this paper, we revisit the
basic theory for surface SFG (with SHG taken as a special case of
SEG), starting from the microscopic origin of wave transmission,
reflection, and mixing. It is known physically that such processes
are all results of radiation from polarization induced in media by
incoming waves and interference between the incoming and induced
radiation waves. Fearn et al.'”'® showed that because of interference,
an optical wave normally incident on an abrupt interface between
air and a semi-infinite medium is transformed into transmitted and
reflected waves right at the interface with the well-known Fresnel
coefficients; that is, there is no finite transition region around the
interface to establish transmission and reflection. We extend their
derivation to the general cases of linear transmission and reflec-
tion of S- and P-polarized inputs at an oblique incidence angle, as
well as SFG from a semi-infinite medium, with a finite interface
layer between two media. For simplicity, we limit our discussion
to isotropic and cubic media. The derivation provides a realistic
model-independent description of SFG from the surface and bulk
and allows us to put the theory of SFG on a firm basis. While many
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steps of the derivations and the final results are not very different
from what already exist in the literature, the previous loose ends are
tightened up in the description. In particular, we now have a micro-
scopic understanding on how SFG develops in a medium and are
able to remove a great deal of confusions regarding surface vs bulk
contributions and ED vs EQ contributions to SFG.

In the following, we start, in Sec. II, by presenting a rigorous
derivation illustrating that linear transmission and reflection of opti-
cal waves are the result of interference between the incident and
induced radiation waves and occur right at the interface with the
proper Fresnel coefficients. We then review, in Sec. 111, the theory
of SFG as a result of radiation induced nonlinearly in a medium by
two input waves and show how it develops in the medium. Our par-
ticular interest is on bulk media with inversion symmetry such that
electric quadrupole nonlinearity is solely responsible for SFG in the
bulk. Section I'V describes the surface contribution to SFG from an
interface layer defined by a range of significant variation of the opti-
cal dielectric constant. In general, both the electric dipole (ED) and
electric quadrupole (EQ) nonlinearities of the interface layer could
be important, and their contributions to SFG are larger than the
nominal bulk EQ contribution. In Sec. V, different surface and bulk
contributions to SFG are compared. It is seen that while the nominal
bulk EQ contribution can be made negligible in the experiment, the
surface nonlinear susceptibility measured always contains an effec-
tive bulk EQ contribution that is intrinsically inseparable from the
interfacial ED contribution but is a major part of the overall EQ con-
tribution. We then discuss how, in practice, we can use established
cases as references to see whether SFG as a probe for various inter-
facial systems is surface specific or not. Finally, Sec. VI summarizes
the discussion and gives a perspective on SF spectroscopy. In the
Appendix, we show that surface contribution and nominal EQ bulk
contribution to SFG can be separately deduced from measurements.

Il. LINEAR TRANSMISSION AND REFLECTION
AT A PLANE INTERFACE

To lay the ground work for a microscopic theory of SFG, we
present here a derivation, following Fearn et al,'”” that shows lin-
ear transmission and reflection at an interface result from interfer-
ence between the incident wave and the induced radiation wave in
a medium. From elementary electrodynamics,"” it is known that the
radiation field, Er(w, k, 7,2"), with wave vector k and frequency w,

observed at position 7 from a polarization sheet of I3(w, lzs,z')Az'
= |P|AZ'e k71t 4t 4/ in a uniform medium (2’ > 0), is given by
Er(w,k7,2) = zk x [1k x P(w, ks, 2 )AZ e ik (7~ ”)] (1)

(note that k + 123). The field observed at 7 from the whole stack of
polarization sheets in a semi-infinite medium (z > 0) is

Ep(w,7’): fowER(w,?,z')dz'

oo g 2 N N . - T I
i, f ’2;’;’ ik x [ik x (@, 2) ] D (2)
0 C°Kz
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When a wave, E! (w, k!, z), from medium I is incident at an angle 6;
on an abrupt interface (z = 0) between media I and II with dielec-
tric constants e(w) and err(w), respectively,[Fig. 1(a)] the transmit-
ted field in medium II, E{I(w, %H,z), induces a linear polarization
P(w,k",2) = i(sg) - 81(11) YE(w, k", z) in medium II, with &/(w) of
medium I serving as the reference background. The transmitted field
in medium II should be the sum of the incident field and induced
radiation field from 13(w, KT z), with medium I as the background,
and has the mathematical expression

o o _
E{I(w, Z) _ -é{l(w)elkz Z el(kxx wt)

=E‘f(w, z) + Ep(w,z),
El(w.2) =2l (@) e, )
1271w

Ew)= [T

i a1 ;
X [ik x (e — SI)E{I(w)e'k“ Z’]e'kzlz*z’le'(k‘xfwt)dz'.

kl 'E.l.l
Medium | BII Medium I
X/
K Az .
z
Paz
(a) Z=0
&
ki
Medium I
. X1
ki kz" 4z | —
| 5@
: P?Az
(b) 2=0

FIG. 1. (a) Beam geometry for linear transmission and reflection at an interface
(z=0" to 0*) between two media, | and II, with optical dielectric constants ¢, and
g1, respectively. (b) Beam geometry for sum-frequency generation at the interface
described in (a), but medium Il is nonlinearly active with nonlinear susceptibility

}gz). The input beams at w; and w, have wave vectors k'’ and kI in medium II,
respectively, and the SF outputs in transmission and reflection have wave vectors
K& in medium |l and &} in medium 1.
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For an S-polarized input, we have E (w, z) along § and

ikl(SH - 81)

Ey(w,z) = ———=
py( ) 2¢e1 cos 0;

ikI(SH - 81)
2¢&1 cos 0;

( iki’z _

1
[i(k?—ké) ¢

ikiZ)
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.kI z Jid . klI_kl ’ —'k[ oo it . k" kl ’ i(kex—wt
[e™* [ st,},(w)e’( O T st)},(a))e'( < k) dz']e’( x-at)
0 z

1 i gz i(kyx—wt)
ik + k) ]ﬁy“”

K (e —er) -1 2k} Ko | o i(kox—t)
_ ik, z + ik, i(kyx—w ) 4
2¢rcos O | (KI —ké)e (k2 - (ké)Ze ery(w)e (4)
We then find from Eq. (3) K (e - e1) 2kL
. 2¢rcos 6 2 _ (f1)?
Ef(w,2) = sfly(w)e'kyz ¢'(kx=et) reostr (k)" - (k) (6)
’ ’ (o) - Blnme) 1 i
! W 2¢ercos O (kI - kL) by
I k (SII - 51) zk z 1(k X—wt) 1
=|&iy(@) = 2¢1 cos O (kII kL) sf)’( ) e With medium I serving as the known background with k' = wny/c
given, the first equation of Eq. (6) leads to k" = wny/c, and the
; second yields sfly(w) = F,I el y(w), with Ff},” = [2kl/ (KL + K]
k (enr — &) ZkI ikl ol (lee=at) = 2np cos 01/ (nr cos O +nir cos 611) that can be identified as the trans-
+ Sepy (w)e'™ 5) o . -
2ercost (kU ) (kL) mission Fresnel coefficient. Both are familiar results we should have
) expected. The field of the reflected wave into medium I is from all
For the above equation to be valid, we must have'’ induced radiation in medium II,
21w’ W’ ikl je—2| i(kex—w
E’>}’(w’z<0) :EP>)’(w’Z<0): f %(sﬂ_ﬁ)sgy(w)elgzekl‘l Zle(k" t)dzl
o 2kl
ik (e — 1) e —2kL k)2 5 i(k—ct)
- : = tk)Z g x
2¢er cos O o KL+ kHs y( w)e z]e

K-k

=11

kU —iklz i(kex—w
(kl kﬁ)ﬂm el -

7)

IHI

ry ( )e 11\12 z(kx wt)

ny cos Or — nyr cos Oy

Kk

which is again expected for Fresnel reflection with FI T being
the reflection Fresnel coefficient. An important ﬁndmg of the
above derivation is that s{ly(w) is independent of z for z > 0.
This indicates that Fresnel transmission and reflection must have
occurred right at the sharp boundary due to interference between

ny cos 0 + nyr cos O

the incident field and the induced radiation field in the (z > 0)
region.

The same is true for a P-polarized wave incident on the sharp
interface [Fig. 1(a)]. Following a similar derivation of Egs. (2)-(7)
for the S-polarized wave, we have for the field perpendicular to k' in
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the x-y plane
ik x [ik" x El(w,2)] =

Ei(wz) = éf(w)eikizei(kxx—wt)’
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x [k x 8l ()] ) = El(w,2) + Ep(w,2),

- © 2w’ A iK'z ikl |z—2| i(kex—w
Ep(w,z) = f ! naI) ik x [ik" x (e - sI)Epr(w)ekz ]ekz| |gik=at) g,/
0 2kl ’ (8)
_ 1k (€H —81) / W % (k 2 ->H (w))el(k -k dZ +e ~iklz foofcl « (kI « 2 ,H (w))e'(k T1kl)z dz ] i(kex—wt)
2¢1 cos O; z
_ _kI(EH —er) H—l i iklz 2k] K7 |1 (B x 21, (@) ) te=en),
2¢ercosOr | (KI-KL) (kg)z _ (k£)2
/ LI I-11 I
For the above equation to be valid, we must have ]‘;S(f& _58911) ﬁ gp(w) =Fip &p(w),
= 1 that leads to k" = wny/c and )
kl( ) -1 _ 2 sin Oy cos 6; _ 2ny cosO;
I &1 — €1 1 11 P = — = .
ep(w) - 2ercos 0 (T —H) cos(0r — O)elo(w) = 0 sin(0r + 6ir)cos(0r — Or)  nycosOy + nyr cos O;
that yields The field of the reflected P-polarized wave is obtained from
T e i2 71 k"2 ikl (2 -2) i(kex—w
Ep(w,z) = / ! ;T:I) ik x [ik" x X(II)E{I (w)e™ ]ekz( ) gl k=at) g!
0o ¢
Ik (EH - SI) —iklz foo 71 71 H z(k +k')z 7 ik x—u)t):|
=———Z|e " kK x (k' x2 d
2¢r cos O; [ 0 x (K x&p(w))e ze
K (e - &1) 1 2 sin y1 cos 6 iz | i(kx—ot) (10)
_ 0 +0 2! k, +
2¢rcos O | (KT + )COS( i+ 0u) sin(6r + O )cos(6r — 6ir) Br(w)e e

I-1151

—iklz i(kex—wt
= Frp g p(w)e e,

- sin(0 — Or)cos(6; + Orr)

ny cos O — ny cos Or

A sin(67 + 6ir)cos(0r — Orr) -

Again, these are familiar results but indicate that Fresnel transmis-
sion and reflection occur right at the sharp boundary.

In reality, an interface can never be abrupt. The above descrip-
tion needs to be revised by considering an interface layer with a
finite layer thickness, characterized by a structural change over a few
monolayers between two media. The structural difference between
the surface and the bulk of a medium is in their atomic arrange-
ment and electronic distribution. The division between the surface
and the bulk is generally vague since the transition from the bulk

ny cos Oy + nyrcos Oy

to surface cannot be sharp. A dividing plane between the surface
and the bulk is usually defined vaguely as the plane where the inter-
face and neighboring bulk no longer have appreciable differences in
their structures and properties. Such a definition obviously depends
on the interrogating tool. For example, to probe an interface, x-
ray scattering, photoemission spectroscopy, scanning microscopy,
and ellipsometry all probe different structural properties and there-
fore deal with somewhat different interface layers. In our case of
optical studies, naturally, we must focus on differences in optical

J. Chem. Phys. 153, 180901 (2020); doi: 10.1063/5.0030947
Published under license by AIP Publishing

153, 180901-4


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

responses of the surface and bulk that arise from their structural
difference.

A significant structural difference of an interface layer from
the bulk media usually extends over 1-3 monolayers. The cor-
responding optical responses likely extend over 3-5 monolay-
ers. On the molecular basis, the linear optical dielectric constant,

-1 ~(1
e =1+ 471)(( ) =1+ 471N(0c( ) , comes from the orientation-

averaged molecular polarizability, <E(1)>, where N is the molecu-

lar density and @ is defined to have molecular interactions with
neighbors, including microscopic local field correction, taken into
account. Because of changes in molecular density and arrange-
ment, ¢ should vary across an interface but is expected to be of
short range because of short-range molecular interactions. For an
interface layer of 1-3 monolayers with a significant structural dif-
ference from neighboring bulk media, ¢ (or refractive index n) is
expected to vary over ~5 monolayers from >90% of the bulk value
(e 1 or n1) on the one side to >90% of the bulk value (e or ny)
on the other side. Measurements on ~1-nm thin film dielectrics
also indicate that their refractive index is close to 90% of their bulk
value.

Thus, for optical studies, we define the interface layer as a layer
from z = 0" to z = 0, in which e is appreciably different from that
of neighboring bulks. The precise locations of 0~ and 0" are not
important because the results do not depend on them as we shall
see. With the finite interface layer, Eq. (2) for the induced radiation
field becomes

= o o 210”5
Ey(w,7) = (/07 dz'+ /0+ dz') ik k

x [k X P(w, lz:s,z')]eik(?_zlf)e_iwtdz'. (11)

For linear transmission and reflection, the radiation field from the
induced P in the few monolayers of the interface layer is clearly
negligible in comparison with the total induced radiation field from
medium II, and the earlier derivation for Fresnel transmission and
reflection should still apply for E;(z > 0") and E-(z < 07), i.e., Fres-
nel transmission occurs at z = 0" and Fresnel reflection at z = 0™.
The exact location of 0" and 07 is clearly not important. The field
inside the interface layer is somewhat more complex. The sudden
change in E (and B) across an abrupt interface should now become
a continuous variation across the finite interface layer. There are
two propagating fields in the interface layer, one forward and one
backward. The forward transmitted wave amplitude continuously
changes from & at z = 07 to &' at z = 0", and the incident angle
0; changes to the exit angle 8;;. The backward reflected wave ampli-
tude continuously changes from &7 = 0 with reflection angle 8y at
z=0" to & with reflection angle 6y at z = 0. The total field varies
in accordance with variation of &(z) in the interface layer following
the field continuity rules: the field component along x or y is con-
stant in the layer, i.e, Exy = (Ei+E)xy = (Ef + Eﬁ)x,y = (Efl)x,y
independent of z, and the displacement current component along
z is constant, leading to E,(2)e(z) = (B¢ + E;).&(z) = (Ei + EN) e
= (B)zen.

PERSPECTIVE scitation.org/journalljcp

I1l. SUM-FREQUENCY GENERATION FROM BULK

Sum-frequency generation is a result of radiation from non-
linearly induced polarization in a medium, and the microscopic
theory for the process follows a similar derivation presented in
Sec. 11 for linear optics. As sketched in Fig. 1(b), two input waves

El = E’{eizi'?f"w't and E} = 'e’éeig'?fi“’zt are incident from medium
I. The transmitted fields induce a second-order nonlinear polar-
ization in medium II and the interface layer, pP@ (w3,7cs,z)
= z(z)(an, lzs,z) : El(z, wl)Ez(z, w>), at the sum frequency w3 = w;
+ w; and wave vector Igl = I;{I +12£I . Coherent radiation from the stack
of polarization sheets, p@ (w3,lzs,z)Az, from z = 0~ to oo leads to

SFG in both the transmitted and reflected direcfions. In the multi-
pole expansion form, the nonlinear polarization P(*) (ws, k) induced

by E; and E; in a medium can be written as"”’

B (w5,2) = §y (2) : Ba(w1,2) Ex (w3, 2)
+7c$)(2) - VE (01,2)Ex (w2, 2)
+32)(2) + Bu(@1,2) VEx(w2.2)
V0@ BenB(ens)]  (12)

up to the electric-quadrupole (including magnetic-dipole) terms.

Here, ;(,{(12) (z) and ;(,;iz) (z) denote electric-dipole (ED) and electro-
quadrupole (EQ) nonlinear susceptibilities, respectively, with the
former being a rank-3 tensor and the latter being a rank-4 tensor.

-~
On the molecular basis, X( ) s are related to nonlinear molecular

<(2) <(2)

polarizabilities E(Z) byy '=N (oc ); again, &(2) is defined to have

neighboring molecular interactions taken into account.

We consider first the ideal case of an abrupt interface between
~(2) _ -
media I and IL. If X[(z = X1(3D) of bulk medium II is nonvanishing,

then in comparison, the bulk x;z) is negligible, and so is the nonlin-
earity of the interface layer. Following the derivation in Egs. (2)-(4)

with P® (w3,2) = )H(I(;)) : E1 (w1, 2) B2 (w2, 2) replacing P and having
KILE™ (w3) oc PP (w3) so that k¥ x [kg X f)(z)(wg)] = P (w;),
we find the SF field generated at z in medium II to be

2

=11 2705 <) 11,0 i(kyx—wst 2Kk Yy K (z=2') 5 1

Ep(w3,2) = — 1 Xpp : &1 #ll o (kawxmaat) ¢ hith)? gk (22 g
c’ky, 0

oo . :
+ / ez(kﬁ+kgz)z'etk;'z(z'—z) dZ’]
z
ei(k” +0yz ikl

1z " M2z e 3z

ikl + ko, — k)

ei(kﬁ +k )z
, (13)
)

z

i271w§~(2) ILIT i(ksx—wst)
= 25l XBD 2_8'1 ?23 > ?
3z

Tl 1T 1T
(ki + K + KL

which shows that due to interference, the SF field variation with
z in medium II is, unlike the linear transmission and reflection
case, quite complicated. However, at sufficiently large z such that
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practically unavoidable phase fluctuations of the input fields would
make exp[ (ku + kzz) ] vanish, we still obtain the usual expression
for SFG in transmission or in the forward direction as

1 1
203 —(2) il ¢ hrthwst)

KL 1 Xsp FE1& CET T ) (14)

EBt ((A)3, z ) -
At z = 0, we have the expression for SFG in the reflection direction
as
7ei(k§’xx—w3r)

SITSIT
18— 15
By ()

2

> 1T 127'[(1)3 ~(2)

Ep(w3,2=0) = 251 XBD
3z

We can recognize that EY (w3,z=0) is associated with the SF

wave in the reflected direction from the expression of Eg(ws,z)

at small z,

EB (w3,z << — ol )

1+ i(k{lz Kl 22 )2
z(k” + kI + k”)

” 2
- 27103 +(2) LI i(ksyx-wst)
YA Xpp ‘&182€

¢ 3z

2 <(2)
i27mw3 ~XsD ALl (=K zksx—wst) (16)

KL i(k + kL + kD) “81 &

This SF wave in the reflection direction in medium II can be
regarded as an incident wave onto medium I, and as described in
Sec. 11, the transmitted SF field into medium I should be given by

R eIl T
EJIg(w3,z <0 ) -F Eg(w3,0+)e iky, z+i(kex—wst)

- - e
- (k /k3Z)F Eg(w3, 0+)e—z(k31z—k,x+w3t). (17)

We note that there is a reflected SF field at the interface back into
medium I that should be superimposed on Ej; (w3, z) in medium IT
to form the total forward propagating SF wave.

1271’0)3

Eér(w?)) =

W = [ Fne) 7@ flanfan e,

-(2) ~(2)

oII-1
The Fresnel coefficient F

of Eq. (19) can be transformed as

= [ Fos )V T () e 2w )

izﬂwg SII-T 1
2101 Xsp
ks,

tkl' zw3
zkH / f(w3 Z)- P(Z)(w3,ks,z e 'dy =

Kon= [ o) L0 @) V(@2 ) wn2) + 75 (&) Fwn 2 )V (@ )] -
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)?1(32 = 0, SFG now comes
from the bulk EQ contribution. We can find Ej (ws,z) by simply

For media with inversion symmetry,

replacing )H(g)) in Eq. (13) by the EQ bulk nonlinear susceptibility

<(2) _ =2
XBBQ = Xq1

<(2)

<(2)
Ciky X

diky (ki + k) Xy, (18)

which is obtained from Eq. (12) by writing P (w3 with ;(,dz) =0as

}1(;)0 : By (w1)Ex(w,) after the V operation on E; (w1) and Ex(w;).
However, as we shall see later, the interfacial part of Eq. (11) for the
SF field will produce an additional EQ term that is effectively a bulk
contribution, which is generally non-negligible and actually insepa-
rable from the interfacial ED contribution because of ambiguity in
dividing ED and EQ terms in the multipole expansion.”'""”

IV. SUM-FREQUENCY GENERATION
FROM INTERFACE LAYER

We now consider contribution from a finite interface layer to

SFG when }g)) = 0. For the derivation, we still have the induced
polarization given by Eq. (12). As described in Sec. II, we define
the interface layer as the region where the dielectric constant varies
significantly, say, from 90% of ¢ to 90% of &1 over a few monolay-
ers. Accordingly, the z components of the three fields, satisfying the
relation E;(w;,z)e(wi,z) = Ei(wi)zel(w,-) = Eg(w,-)zeu(w,-), vary
significantly and very rapidly across the interface, greatly enhanc-
ing the EQ interfacial contribution to SFG, but their phase variation
with z is negligible. We focus on reflected SFG here and define’
fulwj,2) = Ea(wj,2)/Ego(w;) with Ef, = EJ (wj,z=0") and a = x,
y, or z and use the notations fEO = xfxEo,x + yny{{y + 2fZE{)I,z and
V(fE{,I) = (Vf)REL, + (ny)yEg}, + (Vf:)2E],. Because only E,
varies with z, we have f» = f, = 1. The backward propagating SF
field at 7 in medium I generated from the interfacial layer (z=0" to
0") can be written as

(2 N
XSSQ]Elo(wl)E (wz)e’k 7 za);t)
(19)

V-[re () : flone (@) }de.

appears on conversion of the field to Ef, (w3 ) in medium I, as in the case of Eq. (17). The last term in the integral

- [ ) 7D w2 (w0 e

o [ i) T @) w2 e
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s (09)
because f(0%) = 1 and };i) (07) = 0. We show here that this term
appears rigorously and naturally from the derivation, but in the lit-

erature, its presence seems to have caused much confusion and is
often ignored. Actually, this is a term that cannot be theoretically

in which the first integral can be performed to yield —% - y

and experimentally separated from Z;;) because the division of the
ED and EQ terms in the multipole expansion is not unique as we
shall explain in Sec. V, but it is a major part of the overall EQ
contributions. We can see in the above derivation that even if the
interface is composed of an adsorbed molecular layer on a substrate,

the — X e (0 ) term still appears but describes an EQ bulk con-

tr1but1on of the substrate. In this respect, it is truly an effective bulk
contribution. The SF field of Eq. (19) now becomes

PERSPECTIVE scitation.org/journalljcp

The total reflected SF field is
Ei(w3) = Eér(w3) + EIB;’((‘).’))’
) and E%,(w3) by Egs. (16) and (17)

21)
with E5,(ws) given by Eq. (20
~(2 (2

with Xl(aD) replaced by X;QQ.
Several interesting points come out of this derivation. First, —Z-

};j) (0") appears independent of the interface layer and acts like a
bulk contribution from medium II. Second, inclusion of this term

._.(2)

into the EQ bulk contribution of medium II changes =
@ <@

Z’;{% inEq. (14)

to A = X 5 3% with AKY = KL + KL + K and
L) _ @ -()
Xpo = Xy -iki + Xz ik =ik Yoy - (22)

o1 B 2wl <=1 _(2) 5 H(z) H(z) Both Eq. (20) for the interface layer and Eq. (22) for the bulk show
Esi(ws) = 2kl lrso - Xo3 () + Q] that the three fields involved in SFG play equivalent roles as they
: should in a three-wave mixing process. Finally, in the expression of
% E{o( ) Bl L (w2)e ik iwst the SF output, all fields have reference to their values at z = 0" in
medium II through the definition of f. To express the SF field in
~(2) ~(2) (20) the reflected direction in medium I in terms of the input fields in
Xsq = [0_ [X ql (&) : Vf (w1, 2)f (w2, 2) medium I, we can use the Fresnel coefficients for transmission from
I to II to transform the fields in medium II to the counterparts in
+ z;i) (2) : f(w01,2 )V (w2, 2) + Vf (ws,2)) medium I. Variation of the fields in the interface layer is taken care
by f instead of modifying the Fresnel coefficients.
=(2) ] We summarize the results here. The SF field generated in the
X z ,\Z 2 |dZ. g
Xg (2): f (w1 )f (w2,2) reflected direction into medium I is given by
i2 —ikl_z+ik, x—iw
Ej(w3,2<0) = i 7;:)3quj‘ 2] (1) (wp)e rtamiont,
-() oIl () el I - 9(2) )H(}(;Q) I oI -(2) )?;2)
Xogy=F  (03): Xggp: F (0)F  (w2)=F " () ik | F (0)F  (w2) =Xs - AR
-2) @) <@
Xs =Xsp TXsq>
H(z) (23)
[ Flan2) %o (2) : Flon2)f (wn2)dz,
~@ [0 - e - - - < = - - e - -
Xsq = | U(wn2) ¥y (2): Vf(wn2)f (w22) +f(ws,2) 'qu (2) :f(w1,2) Y (w2,2) + V(w3 2) K (2) 1 f(@1,2)f (02,2) ]dz,
Kaa =g - i
- 2ekl o 2Kk o 2ekl
= &‘Hké + SIkg . kﬁ + k{} ’ - 81[k£ + Slkg ’

With I; = (nic/2m)|E} (w;)]%, the intensity of the reflected SFG takes

the form
8713nl(u‘31 )
1,1 1\2
nindc3 (kL)

I(wa)‘(

(a)l)Iz(a)z). (24)

~(2
A note of caution is in order here. Because X;D) is from ED mono-
layers that likely occupy only a fraction of the interface layer and

usually situate toward medium I, we have };ﬂ (2) in the integral of

-2 . . . o .
Xsp significant only in a narrow range close toz= 0" with associated
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f(wi,z) close to f’(w,—,z =07 ). This effectively reduces the Fresnel

coefficients on )H(S)) as suggested earlier in the three-layer model of

SFG from an interface.”’

V. COMPARISON OF ELECTRIC QUADRUPOLE BULK
CONTRIBUTION WITH ELECTRIC DIPOLE

AND QUADRUPOLE CONTRIBUTIONS TO SUM
FREQUENCY GENERATION

We discuss here the relative importance of the EQ contribu-

tions, };2) and }1(32, with respect to };12)) in SFG and also what can

be separately measured and what cannot. For SFG to be a surface

. . )
spectroscopy tool, we are interested in extracting y,, from mea-
surement, particularly, because current theoretical calculations to

~(2
simulate surface SFG spectra are limited to Xgp)- In many cases,
(2 -2 -2
Xgi)) can, indeed, be distinguished from X;Q) and X;Q) in the mea-
-2
surement. For example, X_(sD) may have its characteristic spectrum

clearly different from X P ) and X B , or the interface layer is known

to possess highly ordereg strongly polar monolayers of molecules.

In many other cases, however, the spectra of y SZD and };é) / X(Z) are

not distinguishable especially if they come from the same molecu—

lar subgroup, and };Z) /}?22 may not be negligible although many
reports in the literature simply assumed they were. In the fol-

lowing, we provide some physical argument and detailed descrip-

(2 ~(2) 2
tion for estimation of Xg ) and X; in comparison with XED)’

considering that all of them originate from the same molecular
subgroup.

We realize that Xée;f = )H(S)) )?gé) - H( ) /zAkH is the quan-

tity usually measured in the SFG experiment w1th known Fresnel
coefficients, but its expression in Eq. (18) can be rewritten as

~(2)  <2) <2
Xseff = Xss +XBBQ/lAk

-2) <) <@ , <@
Xss = Xsp t Xsq _Z'Xq3 ,

<) @), < H(Z)
XBBQ = XpQ v 2 Xg3 =

(25)

H(z)
-iky + XZ Ciky — (kY +KY) -y

-2 -2
such that y ;S) is independent of wave vectors, but XI(SB)Q is not. Thus,
measurement with two different sets of kil and k¥ allows separate

-~ (2
deduction of X;s) and X;B)Q. In the Appendix, it is shown that with
different beam polarization combinations, differences of some ten-

sor elements ofH(z) in =@ namel ( ) @
X‘f’ XBBQ’ V> Xora(parp Xq3 (@B’ Xg2,ap(par)

,and X in an explicit tensorial notation,

_,®

X apper DX, oy~ Kpagtap)
can be extracted from measurement to provide estimated values for
X;lz) but y X BBQ can always be made small compared to X by setting
the angle between k! and k! small (vanished if k! and kH are paral-

. ~(2
lel).”” We can therefore neglect Xi(as)Q in our consideration and focus

E) NG
ON Xgefr = Xss -
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We are now left with a comparison between the ED and EQ
contributions in zéz) We first compare ;gé) with Xs(izy) in zéz) We
can simplify the expression of ;gé) in Eq. (20), knowing that only
the spatial variation of f; with z is nonvanishing (Vf = £0f;/0z).
In an explicit tensorial notation, the only nonvanishing EQ terms in

=(2) 2
Xsq are those of)(q1 ey ;ﬁm(iz), and Xq3 (22)ae® where the brack-

eted zz in the subindices denote the EQ field component and its gra-
dient along z. With f,(wi, z) = E.(wi,z)/Eo(wi) = en(w:)/e(wi 2)
and Of;(wi)/0z = —len(wi)/e*(wi, 2)]0e(w;)/Dz, each of the three
nonvanishing ;(,;tz terms can be expressed in terms of e(w;, z). We
have, for example,

5fz( 1)

f 0 03ty 23, (2)

(€]
fo- X1 y(ZZ)y

(2) has a similar z dependence across the

fy(w2)dz
an(wl) Oe
sz(wl,z) &d

If we assume that quy(zz)y

interface layer as &(w;, z) [or X(U(w, 2)], i.e.,

qu(ZZ)y() quy(ﬂ)y( )
x{1 - [en(wr) - e(w1,2)]/[en(wr) — er(w1)]},

we find
f @ oy zenlen) Oe
_ quy(ZZ)y gZ(wl,z) 0z
) . er—en 1 log(sn/sl)
O g, - 28R o6
ql,y(ZZ)J'( Jen (@) 138304 " 81 &1 — €11 )

The first term comes from field variation, or f(w;, 2), with z, and the

next two terms come from additional spatial variation of Xo1 )y (Zz)y(z)

with z. We should note that the choice of 0~ and 0" to define the
interface layer is not critical and does not depend on any specific
model. As long as the span from 0~ to 0" covers nearly the whole
range in which optical responses vary significantly due to structure
variation, the final result is the same.

For ¢; = 1 and ¢7 = 2.7, we obtain from Eq. (26)

0 ofz(w .
L R @Ay ) L ) = 0612 (0.

A larger difference between ¢ and ey leads to a larger nega-
tive value as expected. On the other hand, this quantity van-
ishes if & = ey as the field gradient disappears. Similarly,

: * Of, (w,
e obtan [ ()12 (5 (1) “522de = 0611, (0
0" 9f, (w3 2 2
and [ 25Dy (@@ (w2)dz = ~0.6¢5) .., (0).

The expression of Xss) for the SSP polarization combination as
a representative case is

2 2 2 2
(ng))ssp (2) (2) (2)

XsDyyz T Xsq oy(zz) " Kga.(2)yz
_ .2 (2) (2)
= Xspgyz =V Xqpy(z)  Xgaizy)ye 27)
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We expect |X$ )| < |X,§§ )| from their microscopic expression. There-

fore, to see if Xs%) dominates over the EQ contribution Xs%) and qu )
()
3

in Xs(é)) we only need to compare Xs(lz)) with y,

It turns out that XS%) and X;; ) actually are not separable both
theoretically and experimentally, as has been pointed out repeat-
edly in the literature.”’’ This is because division of ED and EQ
terms in the multipole expansion is intrinsically not unique and
depends, for example, on the position of the molecular center cho-
sen on molecules.” A group of molecules appearing to have only
EQ polarization with a particular choice of molecular center may
appear to have partly EQ polarization and partly ED polarization
when the center is shifted. Here, we make the division of Xs(zzp) and

(©))
XqS
. . @ . @\ _ . .

polar orientation and x,;° (with {a;”) = 0) from regions with

unique by defining Xglz)) as solely from molecular layers with

centro-symmetric molecular orientation distribution and st) =0,
but Xs%) and X;: ) are still inseparable in measurement. To see if Xs%)

dominates over X(z)

5o e have to resort to other means to get an

estimate on X,g)- As described in the Appendix, we can separately

e _,® i ()
X ey ~ Ko () o and knowing that all y, ;
elements are likely to have the same order of magnitude, we assert
|X(2) | ~ |X(2) . _X(Z)

q3,(&B) qla(Ba)p q3,(aB)pa
we are not able to measure individual elements of X(iz ); this is again

because of ambiguity in defining EQ susceptibilities: values of indi-

measure, for example,

|. It is also seen in the Appendix that

vidual X;iz) elements would change if the assigned molecular center
is shifted, but the difference of two X;iz) elements would not."”

Because XS%) and X,g ) are characteristic of molecules and, for
different materials, molecular arrangements are different, we can
only provide a qualitative description in comparing them. Gener-
ally, X;iz) arises from two sources, one from molecular arrangement
and the other from electronic response of individual molecules. It
has been shown that the former vanishes if the molecular arrange-
ment has inversion symmetry." Thus, for isotropic or cubic media,
both Xs%) and Xg) are directly related to their respective ED and

EQ molecular polarizabilities, }gg = fo(f N§§2)dz = NEE;Z)WMI

-2 (2
and 2 - Xfp) = Nz (a;3)

ness of a monolayer, M is the effective number of ED monolay-

~(2
= Nz - tx;3);1q, where [ is the thick-

ers, <§,§2>) = qd‘&ff), and (E;?) = mﬁé?. (Because ‘&ff) refers to

polarizability per molecule and NMI is the surface molecular density
in an effective layer of thickness of MI in which (E?)) is signifi-

cantly different from zero, we have }g;)

-(2) (2
a=%- oca(ﬁ)/ot,(; ), we have nga)/xg) = Miya/ang. We expect n4/ng
> 1 if the surface layer is highly ordered in orientation, but the
bulk is random. As an example, consider an isotropic material with

oriented polar end groups of molecules in the interface layer. We

= NMl<a§2)>). By defining

assume, for simplicity, that ‘&ff) is dominated by "‘51,2()(( and E;? by

oc;;)(m in the molecular coordinates of (¢, #, {). With 0 being the
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angle between ( and z, we have

Pl L
M=~y = {(- D& D@ 0)a = {cos’6)
Yage
(o) . S
o= (2 (2 Dz Oz O), = (sinBcos’e),
LN

We find #n; = 2/15 for an isotropic orientation distribution and
#a = 1 and ~0.9 for an ED layer of molecules, respectively, with a
8(8 = 0) orientation distribution and with a uniform distribution
of ¢ about 2 from 6 = 0 to 7/6. In such cases, we would expect

XS(IZJ)/X;? = Mingfang >> 1if Ml/a > 1. Usually, M = 1 or 2, | is
somewhat larger than the size of the molecule, and a is a characteris-

tic size of the molecular subgroup. For the same molecular subgroup
on different molecules of different sizes, Xs(12)) / Xg ) is expected to be
larger for larger molecules. Unfortunately, there is no general way
to evaluate a for various types of molecular subgroups. We have to
resort to practical experience for a comparison of | Xéé) | and | Xf,§ ) |
For SF vibrational spectroscopy, we can use the dangling OH
stretch of the vapor/ice interface and CH; and CH, stretches of a
monolayer of hydrocarbons as references. For the SSP-SFG process,

for example, the former has |X§]23)\ = 1x 107" m*/V?, and the latter

has |Xs(12))| = (2-3) x 1072 m?/V**"** Other stretch modes of small

molecular groups such as COx, NOy, and NHy have roughly the

2)

same value of | XS<D |. For molecular groups with weaker polarity and

broader orientation distribution, |X§g)

for OH stretches (of water)”” and CHy stretches” are ~1.1 x 1072
m?/V? and ~(1.5 — 3) x 107* m*/V?, respectively. Nonresonant

| is smaller. In contrast, | X§2)|

|X¢§i2)| values of small molecules with all frequencies in the near IR
or visible are about ~1 x 107** m?/V>."" For molecular groups with
larger electron orbits, |X1§i2)‘ is expected to be larger although | Xs(12))|

(2
may also increase. Overall, on materials with weak oc,g ) (weaker than
that of the dangling OH stretch), small #, (larger spread of polar
orientation), more delocalized electron orbits, and molecular sub-
groups comparable in size to the whole molecule, we need to be
cautious that Xg)) may not dominate over X;; ) in ngz) or Xéi))j‘ Eval-
uation of th ) or employment of other approaches to assure surface

specificity of reflected SFG is advised.

VI. SUMMARY AND PERSPECTIVE

A rigorous microscopic calculation is presented to show that
linear optical transmission and reflection result from interference
between the incoming wave and the induced electric-dipole radi-
ation wave in transmitting through a semi-infinite medium, and
the Fresnel formulas apply right at the interface. The derivation is
extended to sum-frequency generation in a semi-infinite nonlinear
optical medium with a finite interface layer. It describes how SFG
evolves in the medium and puts the basic theory of SFG on a more
solid ground. Electric-quadrupole (including magnetic-dipole) con-
tribution to SFG that could be important in media with inversion
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symmetry is properly formulated and thoroughly discussed. It can
be decomposed into two parts, one depending on the wave vec-
tors of the inputs and the other not. The former, belonging to the
bulk medium, is adjustable by input beam geometry to allow sepa-
rate determination of surface and bulk nonlinear susceptibilities of
SFG. It can be made negligible compared with the latter. The lat-
ter, consisting of an EQ contribution from the interface layer and
an effective bulk EQ contribution, appears together with the surface
electric dipole contribution in the effective surface nonlinear suscep-
tibility to be measured. The interface layer is naturally defined by the
region where the optical dielectric constant varies appreciably, but a
precise definition of the region is not needed. The interface EQ con-
tribution to SFG can be described in terms of variation of the optical
dielectric constant across the interface. Because of the high field gra-
dient along the surface normal, it is comparable to or larger than the
bulk EQ contribution. The interface ED contribution, usually from
1 to 2 monolayers, may or may not be significantly larger than the
EQ contribution.

In comparing various contributions to SFG, it is seen that the
bulk EQ contribution can be made negligible, but there is still an
effective EQ term intrinsically inseparable from the surface ED con-
tribution in measurement. This term can be considered as repre-
sentative of all EQ contributions since it has a value comparable to
or larger than other EQ contributions. For SFG to be ED surface-
specific, we only need to see if this term is dominated over by the
surface ED contribution. Unfortunately, for this comparison, there
are no general rules one can refer to. We have to resort to established
cases as references, such as dangling OH and terminal CHy stretch
modes on surfaces in SF vibrational spectroscopy that are known to
be surface-specific. SFG on a material with a polar-oriented interface
layer specified by similar molecular polarity, polar orientation distri-
bution, and size of molecules or subgroups of molecules is likely to
be surface-specific.

Now that we have a clear picture of the basic theory of SFG,
we can make a few general remarks. We are interested in employ-
ing SFG as a surface tool, and the most disturbing problem often
encountered is that the SF signal contains a part arising from non-
surface-specific EQ contribution of the participating medium. While
the EQ contribution could be discriminated from the surface ED
contribution in many cases, it could not in many other cases. Its neg-
ligence without justification could lead to erroneous interpretation
of experimental results and cause confusion and controversy. The
OH stretching spectra of ice interfaces and the OH bending mode of
vapor/water interfaces are good examples. In this respect, molecular
dynamics simulations considering only the surface ED contribution
cannot help.”” One would hope that in the future, such simula-
tions could be extended to provide information about whether EQ
contribution is negligible or not.

SFE spectroscopy has already been established as a surface-
specific tool in many applications without the need of worrying
about complication caused by EQ contribution. We discuss here
only cases that may suffer from non-negligible EQ contribution. The
obvious cases are interfaces of neat liquids and solids, when their
surface and bulk spectra are not clearly distinguishable. To be sure
that a SF spectrum is dominated by interfacial ED contribution, one
would have to be able to estimate the EQ contribution separately
by transmission SFG or resort to other means such as perturbing
the interface and see if the observed spectrum drastically changes.

PERSPECTIVE scitation.org/journalljcp

Application of SFG to probe buried interfaces is particularly vulner-
able to possible EQ contribution because the input beams unavoid-
ably have a long interaction length in the bulk medium to generate
an unwanted SF signal. A special beam or sample arrangement is
required to avoid the problem. For example, in the polymer case, a
reflected SF spectrum from a polymer/metal interface can be identi-
fied to be from the interface if it does not vary with the thickness of
the polymer film on the metal.”

As a surface analytic tool, SFG also faces similar ambiguity in
dividing the surface and bulk as other surface techniques. However,
as we have seen, in comparison with x-ray diffraction and scanning
tunneling microcopy, SFG enjoys the advantage of essentially no
dependence on surface/bulk division and model fitting in the data
analysis. The basic theory described in this paper applies equally to
both the surface SF electronic and surface SF vibrational spectro-
scopies, providing information on surface molecular and electronic
structures, respectively. So far, the reported surface SF electronic
spectroscopy work has been relatively rare presumably because cur-
rent researchers are less interested in surface electronic functions of
materials. The situation, however, may change as interfacial elec-
tronic properties of condensed matter, such as surface topolog-
ical effects and surface-induced superconductivity, have recently
attracted more attention. On crystalline solids whose electronic and
phonon properties are described in terms of band structure and band
states, their optical transitions and responses are generally charac-
terized by k dependent optical constants. In such cases, the EQ con-
tribution is naturally taken into consideration by the linear depen-
dence of the optical constants on k. Details on how it affects surface
nonlinearity still need to be worked out.

Surface SF spectroscopy has been proven to be an effective
and versatile tool for probing adsorbates at all types of interfaces
accessible by light, often without the need to worry about com-
plication from EQ contribution. SF spectroscopic studies on func-
tions and properties of adsorbed molecular contaminants, macro-
molecules, and biomolecules at various interfaces, in situ probing
of electronic and optoelectronic device interfaces during operation,
and surface reactions of adsorbates in different environments are
clearly areas ready to be explored more in depth. Difficulties that
impede advances in these areas are probably related to the com-
plexity of experimental setup, assignment of spectral features, and
absence of the algorithm for the spectral analysis, all of which hope-
fully could be improved in the near future. A unique feature of
SE vibrational spectroscopy is its ability to provide information
about polar orientation of surface molecules or molecular subgroups
through measurement of ratios of their surface ED nonlinear sus-
ceptibility elements. This has not been covered in our discussion.
We should, however, remark that usually less than two such ratios
are measured by different polarization combinations of SFG, per-
mitting determination of only two parameters in an orientation dis-
tribution function. This deficiency indicates that accurate measure-
ment of the ratios cannot be of much help to provide more infor-
mation on orientation although how to measure the ratios accu-
rately has been an issue addressed by a number of reports in the
literature.

A major advancement of surface SF spectroscopy probably
would come from further improvement of SFG techniques, such
as extension of the spectral range to mid-IR and THz, construc-
tion of portable experimental setups, and enhancement of detection
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sensitivity. What we advertise here is that conformation of the spectral analysis and interpretation to the basic theory by researchers in the

field are also crucial.

APPENDIX: NONVANISHING NONLINEAR SUSCEPTIBILITY ELEMENTS EXTRACTABLE FROM SFG
MEASUREMENTS WITH VARIOUS BEAM POLARIZATION COMBINATIONS

Consider the SEG process described in Fig. 1. If medium II is isotropic or cubic, the nonvanishing surface nonlinear susceptibility

@) @) ()

(2)

<(2) . . - . . . .
elements of y ;" due to structural symmetry are (Xgg zqo XsS azar XS5.a0z° Xss »22) given here in an explicit tensorial notation with the Cartesian

-2
coordinates. Each X;’ ) tensor in the bulk EQ nonlinear susceptibility y X BBQ of Eq. (22) has only two independent, nonvanishing elements,

(2)

(2)
XgLa(pa)p qu «(ap)p XgLa(pp)a’ andX
(2) (2) (2)
Xz.p(ap) ~ Xgo.ap(Ba)’ Xqux(ﬁﬁ)’ an dX

() ()

(2)

ql ot(ococ)tx ~ AgLa(Ba)p qu a(ap)p Xfll a(Bp)e’

(2) (2) (2)

ql, a(oca)a = qu af(ap) qu aB(Pa) +Xq2 aa(pB)’

(2) (2) (2)

Xa3.(ap)Ba = Xga.(Ba)ap® qu,wa)/sﬁ’ and Xqi(dﬁ)aﬁ = Xgs oy T X (Bayap T X3, (ae)pp?

with &« = x, y, or zand « # . Here, the bracketed sub-indices indicate
the EQ field component with the subindex under a bar referring to
the direction of the associated wave vector component. The surface
nonlinear susceptibility measured in SFG is, from Eq. (25),

(510) o,
2 afy
(XSEff)aﬁy = (Xss )y = iAKT (A1)
For SSP polarization combination with Kl in the x-z plane, we
have'”
@ (xS0, (P-2) + (i) (P )
(XS eﬁ‘)SSP (XSS ))’)’Z iAkII >
) 2) 2
(XBBQ)WZ = ;ly(iy)z( kiz) + Xquy(zz) (iks.) = i(kis + kZZ)Xq(l)(iy)yz’
2 i 2
(Xés%g)}’yx = ;1y(xy)z(lkl x) +X Zyy(xx) (ik3) — i(kl + ka)ng))(iy)yx.
(A2)

With kgx kgz = sin 0% /cos 87, P - % = cos 8, and P -2 = —sin 6%, we
find

@) @ K cos6 1 () O o
(Xs,eff)ssp - (XSS ))"}’Z kH AkH [( qu(zy)z q3 (zy)yz/ "1
( &) ] - 0y
qu ()~ Kga(zy)ye! 2z AKU
(2) _ @ 11 ) _ @ 11
x [(qu,y(iy)x Xe, (i) ki + (Xq%yy(m Xa3,(ay)yx k2]

— (@ cos 6 () (2) ZIN &
= (XSS )yyz kH AkH ( ql a(Bd)ﬁ Xq3 (aﬁ)ﬁa)(k X k2 )
(A3)

The above equation shows that if kI'||k}, then the X BQ part van-
2 2
ishes, and (Xs(e))ﬁ‘)ssp = (ng))y - On the other hand, if kj,

= 0, then (Xg)) T 0, and (Xézef)ff)ssp = (Xz(zg;)) JibKY

o< (X;fjx(ﬁa)ﬁ Xc(;)(a/;) ﬂvz) Similarly, for SPS and PSS polarization
combinations, we can show
2 cos 0 2 2 I TIN o«
(Xs EJ{f)SPS (XS(S)))’Z)’ + KT Aklg (X;z,)a/s(a/s) *Xés,)(aﬁ)ﬁa)(kz x ki) -3,
cos 04

2
(Xs c]f)PSS (Xss oy + (kH +kH )AKD (qu «(Bo)B qu,aﬂ(écﬂ))

x [kﬁl x (k{l + k2 ) - ¥].

(A4)

Again, if kI'||kY, we have (Xseﬁ—)sps = (Xs(sz))yzy) and (ngf}f)})ss

= (Xg)) . If we set kI, = 0 and k¥, = 0 for SPS
2y

and PSS polarization combinations, respectively, we can measure
@) @ @ ()

(s ~ Hestapse) 318 (0 ~ Kirasca))- Note that for

individual Xq(fz) elements, we can only determine their values to a

common arbitrary constant. This is because of intrinsic ambiguity in

dividing ED and EQ terms in the multipole expansion, as discussed

in Sec. V.

The description here shows that (ng))yyz, (X§§) )yzy> (XS(SZ))zyy,
(2) e (2) _ @ (2
Waragys ~ Xasaprpe) Kazapapy ~ Xaaltaprpad 209 (g acinys

- X;Ztﬂ(aﬁ)) can be separately measured. In principle, it is also pos-

sible to deduce from measurement ( Xész ) )zzz and other differences of
E;iz) tensor elements, for example, ( X;ii(&u)a - Xq(;zécoc)aa)’ using sets
of selected k' with PPP polarization combination, but the procedure
is much more complicated. Since we are not really interested in X BB

for characterization of materials, we will not go into more detalleg
discussion. By keeping the angle between k! and kI small, we
can make —( )(ézB)Q)aﬁy ik negligible in comparison with ( )(5(5) )apys
especially in reflected SFG because of the large AkY. In transmit-
ted SFG with |AkY| << |kY], the signal from f(Xl(ngé)aﬁy/iAkg can

be strong as long as the angle between k! and k! is not small. For
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media of hexagonal symmetry, the above results are approximately
valid if optical responses parallel and perpendicular to the uni-axis
are not very different.

The Z;?) tensor elements for a molecular group are likely of the
same order of magnitude. This is particularly true for SF vibrational
spectroscopy with w; near vibrational resonance and w; ~ ws. From
the microscopic expression of EQ nonlinear susceptibility, we expect

@) @) @) @)
XovaGGays ™ Xp.aprper DUt oo apiamy| < Wga (apypal Decause the EQ

electronic orbit of X;;Lﬁ(dﬁ) is connected to the ground electronic

() @) ;
state and that of Xt a(iep and Xgs.(ap)pa © the excited states.
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