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Published online: 28 August 2018 Macroscopic rhythms are often signatures of healthy functioning in living organisms, but they are still

poorly understood on their microscopic bases. Globally interacting oscillators with heterogeneous
couplings are here considered. Thorough theoretical and numerical analyses indicate the presence

of multiple phase transitions between different collective states, with regions of bi-stability. Novel
coherent phases are unveiled, and evidence is given of the spontaneous emergence of macroscopic
rhythms where oscillators’ phases are always found to be self-organized as in Bellerophon states, i.e. in
multiple clusters with quantized values of their average frequencies. Due to their rather unconditional
appearance, the circumstance is paved that the Bellerophon states grasp the microscopic essentials
behind collective rhythms in more general systems of interacting oscillators.

Rhythmic behaviours are ubiquitous in nature, where we witness events of a rare beauty as, for instance, the
acoustic synchrony in cricket’s choruses in the summer or the choreographic dancing of starling flocks in the
fall'2. Far from being just a pleasure to our aesthetics, these events reflect actually the correct functioning of living
organisms. Brain is a striking example: deterioration or enhancing of neurons’ synchronization may indicate the
presence of serious cognitive dysfunctions, like insomnia, epilepsy, or Parkinson’s disease®>.

Synchronization represents a natural scaffold for capturing the microscopic features of these emergent behav-
iours, and large attention was paid in analyzing the routes towards synchrony in ensembles of dynamical sys-
tems®®. In this direction, the Kuramoto model’ (and its various generalizations) allowed a wealth of discoveries
thanks to its simplicity for a rigorous treatment®!°.

Generalized Kuramoto models, in particular, have been the focus of recent research’®. There, the presence of
correlations between the natural frequencies of the oscillators and the coupling strength may lead to first-order
like (a.k.a. explosive'®) phase transitions (PT’s)!”!8, where the backward (desynchronization from a coherent
state) threshold stays fixed, while the forward one (synchronization from incoherence) can be adequately tuned
by choosing the system’s parameters (Typically the median of the natural frequency distribution). As soon as the
forward transition precedes the backward one, non-stationary rhythmic states called Bellerophon states (B’s)
spontaneously emerge!*~?*. Oscillators in B’s are neither phase- nor frequency-locked, but form clusters with
quantized averaged frequencies, each one locked to an integer multiple of a principal frequency***, which can be
either odd or even depending on the type of bifurcation (In particular odd B’s appear whenever the incoherent
state bifurcates towards a 7-state, whilst even B’s (also known as oscillating- states) were found at the transition
between a traveling wave (TW) and 7-states (see ref.**)).

So far, frequency-coupling correlations in generalized Kuramoto models were designed by following either a
dependence of the coupling on the frequencies'®~??, or an implicit correlation due to a joint distributions in the
presence of conformist and contrarian oscillators*?%. These arrangements are actually special instances of adding
heterogeneity in Kuramoto oscillators’ coupling to the mean field**-?%, and capture two natural and pervasive
features of multi-agent systems, namely modulated strengths of individual responses to the same external stimuli
(occurring e.g. in power-grids?’), and competing interactions*~*. In ref., a detailed analysis of a general cou-
pling form in Kuramoto models was presented, and a number of exotic behavior (such as glassy states and super
relaxation) were revealed.
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In ref.??, a correlation between the oscillator’s natural frequency and the coupling strength was considered,
and a frequency term was introduced in the coupling. In ref.?%, the collective behaviors of a system made of
conformist (positively coupled to the mean field) and contrarian (negatively coupled to the mean field) oscil-
lators was studied. Motivated by the fact that real systems in biology** and neuroscience® may actually involve
the interplay of such two mechanisms, we here describe the case of a Kuramoto model with an higher order of
coupling-heterogeneity, which combines frequency-weighted couplings with positive and negative interactions.
By linear stability analysis and mean-field theory, we give analytical predictions of the model’s main thermody-
namic properties, which are then validated against extensive numerical simulations. As compared with the results
reported in refs**?*, we here unveil a novel stationary coherent phase (called strange 7-state), and give evidence of
how generic is the emergence of B’s and of previously unreported rhythmic states (here called hybrid-B’s in light
of their microscopic traits). Furthermore, the system undergoes multiple (typically two- or three- stage) PT’s, and
features different regimes of bi-stability.

Results
We start by considering a frequency-weighted Kuramoto model of N globally coupled oscillators:

1

N
0~=wi+MZsin(9j—0i), i=1,..., N,
N o (1)

where 0,, w;, and &; are respectively the instantaneous phase of the i oscillator, its natural frequency, and the
strength of its coupling to the other oscillators. Here w; and &; are randomly chosen variables from a joint prob-
ability density of the form G(w, k) = g(w)I'(k|w), where g(w) is the natural frequency distribution - hereafter
assumed symmetric and unimodal - and I'(«|w) is an additional density describing the type of the intrinsic
frequency-coupling correlations®.

Suppose now that the couplings x; take binary (for simplicity, integer) values of opposite signs, i.e. kK, <0 and
K, > 0. Oscillators are then grouped into two populations®”*: contrarians (opposing the system’s beat) and con-
formists (attempting to follow the global rhythm). In this scenario, we further specialize on the following three
cases:

I: P](H) = (1 - P) 5;;,,‘;1 + Péﬁ,ﬁz’ (2)
II: Ly(k|w) = O(wy — [w))b, ., + O(|w] — wy)é, > 3)

II: Ty(k|w) = O(|w] — wy) by, + Olwy — [w]) 6, » (4)
where p € [0, 1] denotes the proportion of conformist in the model (The fraction p € [0, 1] acts as a control param-
eter of the model; in particular, for Case IT and Case III it is defined respectively as1 — p= L “o g(w)dw and

py= f_“;" g(w)dw, where the subscripts relate to specific cases), O(-) is a Heaviside step functig)n, 0.y is the

Kronecker delta. The three densities (2)-(4) reflect three different realistic strategies where contrarians are grad-
ually flipped into conformists (Initially all oscillators are contrarians): in Case I randomly chosen contrarians are
progressively flipped into conformists, in Case II contrarians are ranked according to the magnitude of their
natural frequencies |w;| and then flipped from the largest |w;| to a given threshold wy, and Case III is the opposite
of Case II. As the control parameter p is adiabatically tuned, the system (1) typically undergoes a series of PT’s to
different coherent states.

The rigorous treatment of model (1) for all the Cases I-III consists of i) performing a linear stability analysis
for detecting the thresholds (the forward critical fraction p;, o=1, 2, 3) at which the incoherent state loses stabil-
ity in the three Cases I-III, and ii) adopting the Kuramotos self-consistent method’ for identifying all possible
coherent stationary states of the three models, as well as the backward critical thresholds pgb at which such coher-
ent states lose their stability. The predicted behaviors are then compared with the numerical solutions obtained
integrating directly Eq. (1) (Unless otherwise specified, the following stipulations are chosen: (i) the strength of
couplings for conformist oscillators is kept fixed to x,=>5; (ii) a Lorentzian frequency distribution g(w) =~/m/
[(w— wp)*+ 7?] with v=0.05 is adopted; (iii) numerical integrations are performed with a fourth-order
Runge-Kutta method with integration time step At=0.01; (iv) the initial conditions for the phase variables are
randomly taken; (v) the typical number of oscillators in the ensemble is N=5 x 10% (vi) a sufficiently long time
interval (much larger than the oscillation period Ty=27/())) is used for the average of the order parameter). In the
following, we report the details and results of the linear stability analysis and mean-field theory.

Linear stability analysis. In the mean-field form, Eq. (1) can be rewritten as:
0, = w; + K |w]|rsin(T — 6), i=1,...,N, (5)

where r(t) and W(#) are amplitude and phase of the Kuramoto order parameter Z(t) = r(t)e’" .= iz;"ﬂewj.
Here, Z(t) can be interpreted as the collective rhythm produced by the whole population of oscillators. The ampli-
tude 0 <r<1 measures the phase coherence in the system and W gives the average phase.

In the thermodynamic limit (N — 00), a density function p(6, f|w, ) can be defined, where p df denotes the

fraction of oscillators with natural frequency w and coupling strength «, whose phases have values between 6 and
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0+ df at time t. p satisfies j[‘ - 000, tlw, K)dO = 1 for each w, each k, and all ¢. The evolution of p is governed by
27

the continuity equation 9,p+ 59( pv) =0, where the velocity v is given as v =w+ k|w|rsin(¥ — §). Accordingly,

the order parameter reads

00 00 2T,

Z(t) = f_ ) f_ ) fo (0, tlw, £) (x| w)g(w)dddrdw, ©
where I'(x|w) could be any of the functions described by Eqs (2-4). The continuity equation can then be rewritten
as

L/ I f > f °° f 7 sin(0' — 0)p(@, t|’ n")l"(/i’\w’)g(w’)dG’d&’dw" .
ot 20 —o0 oo Jo T 7)
For the incoherent state, py(6, t|w, ) = 1/(2). A perturbation
1 +00 ind +0oo ind
PO, tlw, k) = — + €| > c,(w, K, D™ + D ¢iw, K, e "
27 n=1 n=1 (8)

can be considered, where € < 1, and c, represents the n Fourier coefficient of p(0, t|w, ). Inserting the Fourier
expansion (8) into the continuity equation (7), we eventually get the linearized characteristic equations

Oc . Klw| oo oo
B_tl =—iw- ¢+ % J:OO J:OO o', &, (K |w")g(w)dkdw' ©)
and
oc
L =—inw-c, n=2,3,..
ot C (10)
The right-hand side of Eq. (9) defines a linear operator A as
. rlw 9] s3]
Acy= —iw - ¢, + ‘2 | f,oo f,oo o', 1, UK |)g(w)dr'du 11)

From Eq. (10), it is obvious that the higher Fourier harmonics are neutrally stable to the perturbation, and the
stability of the incoherent state depends on the spectrum of Eq. (9).

The spectrum of A has both continuous and discrete sets. Following refs'®!!, the continuous part of the spec-
trum is the set {—iw:w &€ Support(g)}, which is the whole imaginary axis for a Lorentzian frequency distribution
(FD). Therefore, the incoherent state is either unstable or neutrally stable. As for the discrete part of the spectrum,
one has to seek solutions of the form ¢,(w, &, t) = b(w, k)e, so that the characteristic equation 9,¢, = A(w, k)¢,
given in Eq. (11) takes now the form

10,11

+00 +00
Ao = —iwb + @ [ . [ DO |g@)b, KA, -

We can then evaluate the latter integral equation self-consistently by defining the auxiliary function
+0o0 +00
B= f f I'(x'|w)g(W)b(w, k)dK'dw’, (13)
~ ol % which is well-defined for every A € C\{—iw}.
Inserting now the expression for b into Eq. (13), we are led to the characteristic equation

so that Eq. (12) can be solved for b(w, ), yielding b =

L e .
= UL , —iw),
2= [ N [ Ty o s @dnd A€ CV=ie) "

where ) is the complex eigenvalue of A except for the points in the set {—iw}. Notice that Eq. (14) relates implicitly
p (or wy), which serves as the control parameter, with the eigenvalue \. Since the real part of A determines the
stability of the incoherent state, we write Eq. (14) into two equations by letting A=x+ iy, i.e.,

| Y KX
=7 | w|I'(k|w)g(w)drdw,
2 "/;00»/‘—00 x2+(w—y)2| | ( | )g( )

S N e N C s I
0= 2 j:m ‘-I:oo x> 4 (w—y) |w|T'(k|w)g(w)drdw. -

Based on Eq. (15), one can determine the stability of the incoherent state, and obtain the critical proportion of
conformists (p°) for the forward phase transition.

1. Case I Substituting I'; () into Eq. (15) yields
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Figure 1. Critical point for the forward phase transition. (a) p" vs. [, (b) p; vs. [y, (€) py vs. [y,

corresponding to Cases I-III, respectively. x,=5.0 in all cases e numerical results perfectly support the
theoretical predictions, at various values of v (reported in the legend).

> |w|g(w)dw,

(1 - pl)"fl + Plﬁz foo Xy
o x{ + (W — ) (16)

2

where the subscript 1 stands for Case I (and similar notations have been used for Case IT and Case III).
In contrast with the classical Kuramoto model'®', x, has not necessarily to be positive, as x; < 0. As p,
increases, if x; changes from negative to positive, the incoherent state will lose its stability. Imposing the
critical condition x, — 0, one obtains the critical proportion of conformists for the forward PT as

2 — mmsup}{bﬂg(;y)}
(ry — “1)773U17j{\}’j|g(}’j)}, 17)

c

=

where y; are determined by Eq. (15) in the limit x, — 0, and y; cannot be zero. Eq. (15) may have more than
one root as x; — 0. sup; means that we choose the jth root y; which makes the product |y|g(y;) maximal, so that
p; corresponds to the foremost critical point for the onset of synchronization. Specifically, for a Lorentzian FD
(Unless otherwise specified, the following stipulations are chosen: (i) the strength of couplings for conformist
oscillators is kept fixed to x,=5; (i) a Lorentzian frequency distribution g(w) =~/7/[(w — wy)*++*] with
~v=0.05 is adopted; (iii) numerical integrations are performed with a fourth-order Runge-Kutta method with
integration time step At=0.01; (iv) the initial conditions for the phase variables are randomly taken; (v) the
typical number of oscillators in the ensemble is N=>5 x 10% (vi) a sufficiently long time interval (much larger
than the oscillation period Ty=27/Q)) is used for the average of the order parameter), one gets y;= {0, £1}.
Substituting ;= ++into Eq. (17) ylelds pS = (4 — k))/(x, — ), which implies that the critical point for the
forward PT is uniquely determined by the coupling strengths. In panel (a) of Fig. 1, one sees that these
predictions are verified by numerical simulations (at all values of ).

2. Case II. Substituting I', (|w) into Eq. (15) yields

1= 5 f“’“ x| wlg(w) d L h [f f w ] x,wg(w) o
2 x4 (W =y w x5+ (w—p)

Also in this case, x, is not constrained to be positive. Setting x, — 0, one obtains1 = x|y, |g(y,)/2 and
c

¥, € (=00, —wy) U (wy, +00), with pz‘ being determined by Eq. (15), i.e.,

(18)

K [ [ w
0=pv. 2 f I N | y;rz(li|w)g(w)dﬁdw.

w —

Here, the symbol P.V. means the Cauchy principal-value integration within the real line. Considering
gw)=g(—w) and I'y(k|w) =T',(k| — w), a pair of y, with opposite sign might emerge together. For a Lorent-
zian FD, one eventually obtains y2 = iy(nz + 52 — 16)/4, with y2 € (=00, —wy) U (wy, +00), and
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2 sl | K1
pzc =1- —arctan\/(z2 —z;7M)/(1 + z;7 7).
T

19)

Notice thatz, = (y,/ ~y)*. First, one sees that », does not exist if 1, < 4, suggesting that x, — 0 is self-contra-
dictory. Therefore, the real part of ), is either positive or negative when x, < 4. Obviously, x, > 0 is
physically unreasonable. Therefore, x, is supposed to be negative in this case, which implies that the
coherent state will not emerge no matter how large the proportion of conformist is. Then, when &, >4, one
can obtain the critical proportion of conformists for forward PT, which is reported in panel (b) of Fig. 1.

3. Caselll Substituting I'3(k|w) into Eq. (15), and setting x; — 0, yields 1 = r,7y; |g(y;)/2, and
¥; € (—wy, wy). Taking again a Lorentzian FD, when «, <4 PT is impossible because x; is always negative.

When &, >4, oneobtamsy3 (K, — ,[/—62 — 16)/4, y3 € (—wy, wy ), and

Py = ;arctan (%3t 23 )/(1 -z (20)

in the limit x; — 0, where z; = (y; / 7)2. Remarkably, Case II and Case III have the same critical point for the
forward PT, i.e., pzc = _p; . This can be proved briefly as follows. Because of z,z; =1, one has

wy V12
Zy+ 252"
f(@ 73
1 Z3’€2 K1
2 4L
Now, since arctanf(z) + arctan— f( ;= arctanlfo‘IZ) = %, one straightforwardly obtains p; = p.". The
R
0

theoretical and numerical results are shown in panel (czﬂ of Fig. 1.

Mean-field theory. In order to unveil all possible coherent states in the system (as the proportion of con-
formists p increases), one has to rely on self-consistence analysis. For stationary coherent state, the mean-field
phase ¥ rotates uniformly with frequency Q, i.e., U(t) = Qt+ ¥(0). Without loss of generality, one can set ¥ =0
after an appropriate time shift. In the rotating frame with frequency (, the phase difference ¢; =6, — ¥ is intro-
duced, and the model can be written as

¢.i =w;, — Q — Klw]rsing, i=1,..,N (21)

in the rotating frame. In the Kuramoto model, the mean field may fluctuate at a rhythm different from the ensem-
ble average (or the mode average) of the natural frequencies of the oscillators, especially when asymmetry in the
coupling strengths is present®. Notice that there is no guarantee that Q) vanishes in Eq. (21) because of the asym-
metry in the efficient coupling parameters x;|w,|. Eq. (21) should be discussed for the two distinct populations: the
phase-locked and the drifting oscillators. On the one hand, when |w; — Q| <|sw;r|, Eq. (21) has a fixed point
(¢, = 0) solution, given by sin ¢;= (w; — Q)/(#,|w|r), corresponding to the phase-locked oscillators entrained by
the mean-field. On the other hand, for the drifting oscillators, |w; — Q| > |kw;r|. The order parameter in Eq. (6)
can be rewritten as

N
e %Zeiwf@ Ze'¢ - Eet H|

j=1

N W —
+ l Z et¢/‘H =
j=1 il

1 —

/i]w]r

(22)

When replacing summation by integration, the contribution of the phase-locked oscillators to r reads

+ / /1 - F(n|w)g(w)H 1 - ‘—Hdndw
R Kwr
. w — w—Q
+ i /]H;z R F(ﬁ|w)g(w)H[1 - ]d&dw,

Kwr
where conformists take the positive sign and contrarians take the negative sign in the first integral. This is
because, in a stationary coherent state, conformists attempt to follow the global rhythm of the system (and there-
fore cos ¢; > 0 is always the case), whereas contrarians try to oppose the system’s mean-field featuring cos ¢; <0.

In contrast to phase-locked oscillators, the drifting oscillators cannot be entrained by the mean-field.
Self-consistently, they form a stationary distribution on the circle', i.e., 9p/0t =0, and the constant value of the
order parameter must be consistent with that implied by Eq. (22). Then, the distribution of the drifting oscillators
in the rotating frame is given by

(23)

Jw— Q) — (kwr)?

Tlw — Q — K|w|rsing|’

pllw, k) = 2
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It is then easy to obtain that, for drifting oscillators, (cos ) = j(; o p(¢lw, K)cosddp = 0, and

ror |
R el
w—Q
The drifting oscillators have no contributions to the real part of r. However, their contributions to the imagi-
nary part of r should not be neglected. The closed form of self-consistence equations for the real and imaginary

parts of r are
r= f f F(/@\w)g(w)H 1 - ‘—Udndw, 24)

oo d oo Kwr

2

f f°° w — 1— [ Kwr ]
o0 m\w| w—Q

Taken together, Eqs (24) and (25) provide a closed equation for the dependence of the magnitude r and the
frequency of the mean-field Q on p. We notice that O =0 is always a trivial solution of Eq. (25), corresponding to
the 7-state reported in refs*”8. In this state, the conformist and contrarian oscillators converge to a partially syn-
chronized state where they both satisfy a stationary distribution of phases, and the phase difference between these
two clusters is always 6 = 7. Since Q =0 may not be the only solution, there could be more than one value for Q
that satisfies the phase balance equation. {2 = 0 corresponds to the travelling wave (TW) state, in which the two
clusters always maintain a constant separation = , and rotate with the same frequency along the unit circle,
i.e., they are relatively static with each other.

w—Q
Klwlr

2
(sing) = fo (6, w, K)singdp =

and

F(n|w)g(w)H[1 — ’w — 0 ‘]d/{dw

F(H|w)g(w)H[‘ﬂ‘ — l]dlidu.).
Kwr

(25)

1. Casel.
Substituting I", () into Eqs (24) and (25) yields

- 0 w=
= —(1 pl)f [ . ]g(w)H[ . ]dw
2
_|_P1f [ Q]g(w)H[l— w_—Ql]dw,
Rowr Rowr (26)
w8y
—p) f g(w)H[l — ]dw
_ v
tp f 2|wr g(w)H[l KWt du

2
© w—Q Kwr w—Q
+(1 - L1 — 1 —|—L H||—| —1|d
1 =p) \/:oo Kylw|r [w - Ql] g [ Rwr “
o w—Q ’ 0
+p, f bl | RO Y g(w)H L 1|dw,
—00 Rylwlr w—Q Kowr 27)

where subscript 1 in , and Q, denotes Case I (and similar notations have been used for Case IT and Case III).
Defining o, = K1, 0 = Kyt and x = (w — Q))/w, 2, = 0, Eq. (26) can be expressed as

Q Q,
,(I—Pl)f [ ]g[ﬁ]%H( a, — |x])dx

+p1f [ ]g[&]LH(a2 ~ Ja) dx.

For partially synchronous state, a; , > 1. To avoid divergency of Eq. (28), the only choice is 2, =0, and Eq.
(26) is reduced as
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Figure 2. Typical synchronization scenarios in Eq. (1) as the proportion of conformists p increases. Lorentzian
FD with v=0.05. From top to bottom, the three rows correspond to Cases I-1II, respectively, while from left

to right, the three columns correspond to Q <1, Q=1, and Q > 1, respectively (Q= |k, |/x,). Both the forward
(red circles) and the backward (blue squares) transitions are studied in an adiabatic way, and the black (dashed
pinkish red) curves correspond to theoretical predictions of the stable (unstable) stationary coherent states,
including the 7-state and the TW states. Other typical non-stationary coherent states, such as the strange
w-state, the B-state, and the hybrid-B state, can also be observed in broad parameter ranges.

3 Pt — (k)
\/rz — (1/;-@1)2 + \/rz — (1//-4,2)2 ’ (29)

From Eq. (29), one can extract the critical proportion of conformists for backward PT as well as the
m-state’”*8 theoretically. Interestingly, this solution is independent of the specific form of g(o.;) aslong as
g(w) is symmetric and centered at 0, which is like the case of two-cluster synchronous state in ref.”. The
critical proportion of conformists for backward PT (p; b) is the minimum p1 which satisfies Eq. (29) thus p
can be determined by setting dpl/dr— 0in Eq. (29). When || =Ky =k, p1 (2 + k)/2k and r1 «/_//f
When |k,| < &, pl = 2/k,and ! = +2/k,. When |k,| > k,, the equation for p1 turns out to be tedious so
we do not show the exact results here.
In Fig. 2(a—c), we have plotted the phase diagram for typical parameters in Case I, as well as the solutions of
Eq. (29), which perfectly coincide with the numerical results. In Case I, the typical coherent state is the -
state. In this state, there are four coherent clusters in the system, including a pair of conformist clusters and
a pair of contrarian clusters. They are all static and their phases are locked with zero average speed, thus the
order parameter is a fixed point on the complex plane. Moreover, the average phase of all conformists and
that of all contrarians maintain a constant difference of . During the backward transition, as p, decreases,
contrarian clusters first begin to desynchronize, while conformist clusters still keep synchronized. Only
when p, becomes small enough, the conformist clusters begin to desynchronize and the system finally
returns back to the incoherent state.
For the case of a; , < 1, Q is not supposed to be 0, the solution of Egs (26) and (27) can be solved numeri-
cally, corresponding to the TW state. Particularly, in the limit case r — 0", one can obtain p again, which is
exactly the same as Eq. (17):
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Figure 3. CaseI - Strange r-state. (a) r vs. p: forward (red circles) and backward (blue squares) transitions are
compared with the predicted stable (full black) and unstable (dashed pinkish red) states. (b) Snapshot of §; vs.
w;, for the strange 7-state at p=0.5: drifting contrarians (red “clouds”) repel conformists’ clusters (blue lines),
keeping to 7 the difference between the average phases of contrarians (dashed green) and conformists (dashed
purple).

e — 2= mrilg(@)
T Gy Rl (30)

where Q)] is the critical mean-field frequency. By Taylor expansion of Eq. (27), we find that Q) satisfies the
following balance equation,

o=rv. [* Jlg@) 4,
oow—Q (31)

From Eq. (30), we know that Q{ = 0 when the incoherent state loses its stability, i.e., a stationary TW state
will emerge when the system get synchronized. Although a linear stability analysis to this TW state is hard
to be performed, its stability can still be studied through numerical simulations. It is found that the TW
state predicted by the mean-field theory turns out to be unstable. Taking a Lorentzian FD, Eqs (26) and
(27) can be simplified to

(1 - Pl)’Y ey ‘Ql‘
= - d.
' f \J 92 A — xR
Pﬂ f L |Ql| _dx,
—ir Q + 'y 1 - x) (32)

1-p) p1 x
A7 ——————dx
Ky ‘/’:” Ky ji“l’ Q + %1 - x)*

1
KTZ
1-— 1—[—1]
X

(I =p)( prr 1 00
i oot 1 [‘f_oo +‘f_“1'_‘£ ]
T W [ )

Numerical simulations suggest that this bifurcation is supercritical and unstable. Therefore, above p© the
incoherent state (o, , < 0) loses its stability and the system jumps to 7-state (o, , > 0) predicted by Eq. (29)
because the TW state is unstable, i.e., a first-order synchronization transition takes place.

In our numerical studies, it is found that in the backward PT, however, the 7-state does not always return to
incoherence directly as shown in Fig. 2(a—c), and rather bifurcates continuously (for small enough «,)
towards a novel stationary state, here called the strange 7-state. For example, in Fig. 3(a), we plot the phase
diagram for x, = —2 and k,=5. As p, decreases, when the 7-state loses stability, instead of returning back
to incoherence state directly, the system bifurcates to the strange 7-state. In Fig. 3(b), we show the

X

e
Q + 41 — x)?

X ax
O + 771 — x)?

(33)
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Figure 4. Case - Bellerophon state. (a) r vs. p for uniform frequency distribution g(w) =1/2, we (—1,1), and
|Ky| =K, =5. Rhythmrc states emer%e from incoherence (forward) and from the 7-state (backward) through
hysteresis loops, near P ¢ and near p’ (see inset). (b) Snapshots of the oscillators’ instantaneous phases 6; (b1),
instantaneous frequenc1es 6, (b2), and average frequencies ( 6,) (b3) vs. w; (in the B-state at p=0.7) for conformists
(blue) and contrarians (red) (c) Dynamics of 0 for two oscillators of the conformists’ (c1) and the contrarians’
(c2) clusters; straight lines denote their average frequencies locked to the constant . (d) Left insets (d1-d3):
order parameters for oscillators with positive (blue) and negative (red) frequencies, and their average (pinkish
red) in the complex plane. Right insets (d4 and d5): corresponding rhythmic evolutions of r(f) and U(#).

microscopic characterization of this state. It is found that in this state, the contrarian clusters have
desynchronized, while the conformist clusters still maintain complete coherence. The contrarians
maximize their distance from the conformists’ clusters, resulting in an averaged phase difference of 7.
Physically, this can be understood as follows. When || is significantly smaller than r,, contrarians are less
affected by the mean field, and thus are easier to desynchronize as p decreases. Furthermore, as Q; =0, we
can predict this kind of state through mean-field method. Now, one should remove the contribution of

contrarian clusters in Eq. (26), and get p = % ,[ re— (1/ /@2)2 . As shown in Fig. 3(a), the theoretical
predictions agree perfectly with the numerical results.

With Lorentzran FD, the forward threshold p1 (for the transition from incoherence) always exceeds the
backward one pl where 7 or strange-7 states lose their stability. With uniform dlstrrbutlons instead, one
can trigger (by appropriately choosing ;) the forward transition so that p < p1 For example, we focus
on the case of uniform distribution g(w) =1/2, w€ (-1, 1), and |x,| = k, = 5. From Eqs (30) and (31), the
exact expression for critical proportion of conformists is p1 (4«/_ 2 + 5m)/(107) < p1 = 0.7. In this
case, non-stationary states emerge within the interval p° < p, < p1 witha double hysteresis loop, one near
p1 and a second one near P [F1g 4(a)]. In this regime, oscillators split into four coherent clusters, two for
each population. Like 7- states different clusters maintains a phase difference of w between each other, but
oscillators within each clusters are neither phase- nor frequency-locked [Fig. 4(b)]. In fact, they evolve with
different periodic patterns [Fig. 4(c)], and correlate with each other so that their average frequencies lock
to binary constants +(); forming a staircase structure [Fig. 4(b3)]. Henceforth, both populations self-or-
ganize their phases as B's*?, resulting in a macroscopic rhythmic behaviour [Fig. 4(d)]. Numerically, we
find that as p, increases in the regime from p to p?, the fundamental frequency becomes smaller and
smaller, i.e., the period becomes larger and larger !Ihe m-state can be consequently be regarded as the limit
of a Bellerophon state with infinite period.
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2. Casell.
In this case, we substitute I',(x|w) into Eqs (24) and (25) and obtain

2
= _f [w Qz] g(w)H[l — ]dw
Rqwr

2
—wy 00 w -0 w—0
+[L>o +fw ] 1[_K2wr2]g(w)H[1— w—Q,

0 Kot

w— Q,

Kwr

]do.z,
(34)

= [Te g(w)H[ © =B,
wo n1|w| Kywr
[f 0 f ] g(Ww)H|1 — w_—QZ dw
wp /-cz\w| Kpwr
2
+f0w_921— L g(w)H] w=$h — 1|dw
—wy Kylw|r w=—Q Kywr
1 2 1
o e w—Q ’ 0
+[f °+f ]“’_ 21y = (1 — [ L2 g(w)H] [ L2 — 1 dw.
—o0 wo ) Rylwlr w—Q, Kpwr

(35)

For partially synchronous state, i.e., |s,r| > 1 and £,r > 1, to avoid divergency of Eq. (34), the only choice is
Q,=0, and Eq. (34) is reduced as

T (1/K, )
\/rz - (l/l’il + \/r - (1//{2)2 . (36)

Using the same methods developed in Case I, one can identify the entire 7-state. Interestingly, the result is
exactly the same as Eq. (29).

For the case of |k,r| < 1 and k,r < 1, €, is not supposed to be 0, the solution of Eqs (34) and (35) can be
solved numerically, corresponding to the TW state. Particularly, in the limit case r — 0*, one can obtain p;
again:

p, =

1 = k,m|Q5]g(025)/2, Q5 € (=00, —wy) | (wy, +0), (37)

where Q) is the critical mean-field frequency. By Taylor expansion of Eq. (35), one finds that Q) satisfies the
following balance equation,

oy [ e lelg) (e, |l
O—P.V.{waow_ﬂgdw—l—z[fm +L0 ]w—ﬂ‘ } o8

Evidently, Q25 is the imaginary part of the eigenvalues of operator A at the boundary of stability, and
Q; = 0. For a Lorentzian FD, one ultimately obtains

27
Qf = £ 00 e (—o0, —wd) U (s +00),

_ o R27R1
pzc = 1 — Zarctan %,
’T Ny
z, = (/7). (39)

As for the TW state, Eqs (34) and (35) can be simplified to

Wo |Qz|
r=2f L |Qz| S L N PR L P
QZ x)? Kt
\Q |QZ| > dx
w° 2l /izr Q2 + 441 — x)? N (40)
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Figure 5. Case II - Hybrid-Bellerophon states. (a) Microscopic features of the hybrid-B’s at p=0.76 in the
forward PT reported in Fig. 2(d): distribution of §; (al), 9,- (a2), and (9,-) (a3) vs. w;. One can identify six (two
conformist and four contrarian) coherent clusters of oscillators, whose phases are self-organized as in pure B’s
and in oscillating 7-states. (b) The order parameters for all oscillators with positive (blue) and negative (red)
frequencies, and their frequency average (pinkish red). The insets plot the typical rhythmic behaviors of the
order parameter restricted to the clusters of oscillators in B (b1) and in oscillating-7 (b2) states. Panels (b3 and
b4) report the rhythmic evolution in time of the global order parameters r(¢) and W(¢), respectively.

wo— |2, x
0 = f o > = s—H|1 — |—||dx
- Hl[Qz + (1 = x)7] R
1 x
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Numerical results highlight that the bifurcation is supercritical and the TW state is unstable, like the TW
state in Case I. In Fig. 2(d-f), we have plotted the phase diagram in Case II, as well as the solutions of Eq.
(36). However, the predictions of 7-state made by the mean-field theory do not coincide with the numeri-
cal results, suggesting that the stationary -state is unstable, which has been further verified by numerical
method. In Case I, forward thresholds p” smaller than pzb commonly appears, leading generically to the
emergence of non-stationary coherent states. Typically, the system undergoes two PT’s: one at p’, where
the incoherent state loses stability and a B-state discontinuously emerges with hysteresis, and another at
pC, > p,»where the Bellerophon state becomes unstable and bifurcates to a novel rhythmic state with a PT
whose type changes from discontinuous to continuous as the coupling ratio Q= ||/, crosses one

[Fig. 2(d-f)]. Physically, Q denotes the ratio of entrainment received by the contrarians and conformists
from the mean-field.

In Fig. 5, one such novel rhythmic state is illustrated. In this state, there are six (two pairs of contrarians’
and one pair of conformists’) coherent clusters [Fig. 5(a)]. The pair of contrarian clusters around w=0 be-
have like odd B’s [reflected by the plateaus in panel (a3)] and rotate over all the unit circle [panel (b1)]; the
other two pairs of clusters (with larger |w|) behave instead as even B’s (a.k.a. oscillating 7-states*) oscillat-
ing like shuttle-run in limited arches [panel (b2)]. Note that their average frequencies are zero [panel (a3)].
Being a superposition of odd and even B’s, we refer to such a macroscopic rhythmic state as hybrid-Bellero-
phon state.

To conclude, there are two synchronization PT’s in Case II. Further numerical simulations show that
when k&, is a constant, with the increasing of ||, the width of hysteresis of the first PT almost remains the
same, but the width of hysteresis of the second PT becomes smaller and smaller. When Q=|x,|/x, <1,
the two staircases of Bellerophon state are one in the forward PT and the other in the backward PT. When
Q= |k,|/k,=1, the two staircases start joining with each other. Until Q= x|/, > 1, the two staircases
coincides with each other and the hysteresis disappears eventually. Although the second PT becomes a
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continuous one eventually, the hysteresis of the first PT is still observable. We can conclude that the bifur-
cation of the Bellerophon state is always subcritical, although the hybrid-Bellerophon state will emerge
from subcritical bifurcation to supercritical bifurcation with the increasing of |,|.

3. Caselll

Substituting I';(k|w) into Eqs (24) and (25), one obtains

2
= wa 1— [w_—QS] g(w)H[l - W= dw
—wy Rowr Rowr
2
Wy Iilwf’ Rwr (42)

793

Kpwr

]dw

wo W —
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+ + Y SewH | - |25 g
[‘]:00 fwo ] Ky wlr 8 [ Rqwr N
+fWow— szi‘ ()H w— 0y =1 ldw
wo Kylw|r w - Kowr
[f_w" f ] Sl P O B N P 1| i BEY PO
wo ) Kylwlr — Q4 Rywr

(43)

For the partially synchronous state, i.e., |x,r| > 1 and k,r> 1, to avoid divergency of Eq. (42), the only choice

is Q;=0, and Eq. (42) can be reduced as
+rr = (k)
\/r2 — 1//<;1) + \/r — 1/&2)2 (44)

From Eq. (44), one can obtain the entire 7-state, as well as extract the critical proportion of conformists
where the 7-state loses its stability in backward PT (p?). Interestingly, it is exactly the same as Eq. (29) for
Case I and Eq. (36) for Case II. The solutions of Eq. (443) are plotted in Fig. 1(c). Remarkably, unlike the case
of I',(k|w), the predictions of 7-state made by the mean-field theory coincide perfectly with the numerical
data. This suggests that the mean-field theory still holds in this case, and the stationary 7-state is a stable
synchronous state. To sum up, the theoretical predictions of stationary 7-state are identical in all cases, only
in Case II it is unstable where a non-stationary strange 7-state replaces it.

For the case of |r,7| <1 and £,r < 1, Q3 is not supposed to be 0, the solution of Eqs (42) and (43) can be
solved numerically, corresponding to the TW state. Particularly, in the limit case r— 0%, one can obtain p;:

Py =

1= BB e e (e,

2 ’ (45)

where Q) is the critical mean-field frequency. By Taylor expansion of Eq. (43), 5 satisfies

B & wy ‘w|g(w K’l Wo |w|g(o.)
O_P.V.{waow_gc [f Lo]w,gc } (46)

Q5 is also the imaginary part of the eigenvalues of operator A at the boundary of stability, and Q5 = 0. For a
Lorentzian FD, one ultimately obtains 0 = £4(k, — K, — 16)/4, Q5 € (—wg, wy), and

py = arctan\/(z3—|— z"2 =) (1 — ”2 Ty, zy = (25/7)".
]dx

As for the TW state, Eqs (42) and (43) can be simplified to

wo— |9 2
r:lf “o 1_[L]LH[1_

T J—o0o Q3 + 721 — x)? Kot
2
1
- f“’o—lﬂs\ 1= [i] 2 |?3| TH|1 = |—||dx
m o, nlr Q3 + Y (1 — x) K/IT (47)
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Figure 6. Case III - B-state with quantized clusters. (a) Microscopic features of the B-state at p=0.6 in the
forward PT reported in Fig. 2(i): distribution of 6; (al), 9 (a2), and () (a3) vs. w;,. Conformists and contrarians
are represented in blue and red, respectively. (b) Dlstrlbutlon of the average frequenc1es in units of the
fundamental frequency Qf, unveiling the odd-multiplicity rule (0})/ Qf = nwithn=1,3,5,... behind the
staircase structure in (a3). The insets plot the order parameters for the coherent clusters of conformist
(Conf(+£1)) and contrarians (Cont(£n), with n=1, 3, 5) in the complex plane.
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The solutions of Eqs (47) and (48) are reported in Fig. 2(g-i), and numerical results give evidence that this
bifurcation can be stable only in the case of k, > |k,|. The theoretical predictions agree perfectly with the
numerlcal results. Depending on &, one finds three main processes of synchronization. When Q <1,
p3 > p% and a stable 7-state emerge discontinuously out of incoherence near p; [Fig. 2(g)]. When Q=1,

p, < p;»theincoherent state bifurcates discontinuously towards a B-state with hysteresis near p;, and then
the B-state loses stability at P b towards a 7-state with a continuous transition [Fig. 2(h)]. Finally, when Q> 1,

again p; < p b and the results regarding the first transition are the same as Q= 1, with the main exception
that here a sta3ble traveling wave (TW) state emerges continuously from the Bellerophon state and it vanishes
atp, >p b with a first-order-like transition to the 7-state, resulting overall in a three-stage PT to synchro-
n1zat10n 1%1g 2(i)]. Unlike the previous cases, here both populations in the Bellerophon state self-organize
their phases by splitting into multiple coherent clusters separated by “seas” of drifting oscillators [Fig. 6(a)].

Within each coherent cluster, the oscillators’ average frequencies (the ensemble averaged frequency™) are
locked to odd multiple integers of a fundamental (lowest) frequency f23 24 so that clusters form a staircase
structure described by Q. , = +(2n — 1)Q,withn € N [Fig. 6(b)]. Due to the correlation among oscillators
in the clusters, the order parameter exhibits complicated orbits in the complex plane, as shown in the insets
of Fig. 6(b).

To summarize, there are three different processes of synchronization depending on the relative magnitude
of || and , in Case IIl. When Q< 1, p; > p As the incoherent state loses its stability at p’, the station-
ary TW solution predlcted by Eqs (47) and (48) is unstable, thus the 7-state predicted by Eq. (44) emerges
with a hysteresis near p;. As the proportion of conformists increases, the system remains 7-state after-
wards. Therefore, in this synchromzatmn process there is only one first-order PT from incoherent state to
m-state. When Q=1, p; < p As the incoherent state loses its stability at p;, a non-stationary Bellerophon
state emerges. The bifurcation of this Bellerophon state is subcrltlcal thus non-stationary r(t) emerges with
a hysteresis near p;'. As p; increases, it eventually vanishes at p, b with a continuous transition to the 7-state.
Therefore, in this synchromzatlon process there are two-stage synchromzatlon PTs, one is a discontinuous
PT from incoherent state to the Bellerophon state, and the other is a continuous PT from the Bellerophon
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state to 7-state. When Q > 1, the results turn out to be the same as Q =1, except that the TW state can be
stable and it vanishes at p¢ > p? with a discontinuous transition to the 7-state as p; increases. Further
numerical simulations show that if |, | is large enough, the Bellerophon state will emerge from subcritical
bifurcation to supercritical bifurcation, which causes the first PT change from a discontinuous one to a
continuous one. In conclusion, with the increasing of ||, the first PT changes from first-order to
second-order, meanwhile the second PT emerges and changes from the second-order to the first-order.

Discussion

While in the classical Kuramoto model, phase oscillators are globally and homogeneously coupled to the mean
field, in some practical situations such a coupling may instead be heterogeneous. In ref.??, a frequency-weighted
Kuramoto model was studied, and a novel quantized, time-dependent, and clustered state (the Bellerophon state)
was revealed. In ref.?*, Bellerophon states were again observed in coupled conformist and contrarian oscillators.

Here, we combined frequency-weighted coupling strengths with positive and negative interactions. As com-
pared with refs*>?!, such a higher order of heterogeneity gives rise to a much richer scenario, which includes
different regions of bi-stability. Furthermore, we identified the multiple phase transition character of the root to
synchronization, and gave evidence of the generic emergence of macroscopic rhythmic regimes where oscillators
self-organize as in Bellerophon states. Together with the Bellerophon states of refs*>*4, novel collective phases
(namely, the strange 7- and the hybrid B-states) were revealed. Unlike precedent studies, where periodic synchro-
nization behaviors were observed in the presence of an external periodic driving***, the collective rhythms here
reported emerge spontaneously, as soon as the forward critical threshold precedes the backward one.

The strange 7- and hybrid B-states observed in the present model can be regarded as a transitional state
between the incoherent state (full asynchrony) and the 7-state (full synchrony). On the one hand, the control
parameter is not strong enough to completely entrain the system into the 7-state, on the other hand it is large
enough to maintain certain correlations among the instantaneous frequencies of oscillators. As a compromise
of this competition, the instantaneous frequencies of oscillators are not locked but their average frequencies are
locked to certain constant.

The current model of conformist and contrarian may describe neuron systems, political systems, or economi-
cal systems. The rich synchronization phenomena and the nontrivial coherent states observed in this work could
help us better understand the collective behaviors in such systems. For instance, diverse neuro-degenerative
disorders, like Parkinson’s disease, have been proved to be correlated to the spontaneous emergence of global
neuronal oscillations, which makes the present model appealing for a better understanding of their dynamical
origins. Moreover, due to their ubiquitous appearance, our study paves the possibility that the microscopic, quan-
tized features of B’s are actually the fundamental building blocks behind spontaneous emergence of collective
rhythms in more general systems of interacting oscillators, opening a theoretical challenge in the study of rhyth-
mic synchronization.

References
1. Glass, L. & Mackey, M. C. From clocks to chaos: the rhythms of life. (Princeton University Press, 1988).
2. Winfree, A. T. The geometry of biological time, Vol. 12 (Springer Science & Business Media, 2001).
3. Uhlhaas, P. J. & Singer, W. Neural synchrony in brain disorders: relevance for cognitive dysfunctions and pathophysiology. Neuron.
52, 155 (2006).
4. Buzsaki, G. Rhythms of the Brain. (Oxford University Press, 2006).
5. Bullmore., E. & Sporns, O. Complex brain networks: graph theoretical analysis of structural and functional systems. Nat. Rev.
Neurosc. 10, 186 (2009).
6. Pikvosky, A., Rosenblum, M. & Kurths, J. Synchronization: a Universal Concept in Nonlinear Sciences. (Cambridge University Press,
Cambridge, England, 2001; 279-296.
7. Boccaletti, S., Kurths, J., Osipov, G., Valladares, D. L. & Zhou, C. S. The synchronization of chaotic systems. Phys. Rep. 366, 1-101
(2002).
8. Strogatz, S. Synchronization: The emerging science of spontaneous order. (Hyperion, 2003).
9. Kuramoto, Y. Chemical Oscillations, Waves, and Turbulence pp. 75-76. (Springer, Berlin, 1984).
10. Strogatz, S. H. & Mirrolo, R. E. Stability of incoherence in a population of coupled oscillators. J. Stat. Phys. 63, 613 (1991).
11. Strogatz, S. H. From Kuramoto to Crawford: exploring the onset of synchronization in populations of coupled oscillators. Physica D
143, 1-20 (2000).
12. Acebrén, J. A., Bonilla, L. L., Vicente, C. J. P, Ritort, F. & Spigler, R. The Kuramoto model: A simple paradigm for synchronization
phenomena. Rev. Mod. Phys. 77, 137-185 (2005).
13. Dorogovtsev, S. N., Goltsev, A. V. & Mendes, J. E. E Critical phenomena in complex networks. Rev. Mod. Phys. 80, 1275 (2008).
14. Rodrigues, E. A., Peron, T. K. D,, Ji, P. & Kurths, J. The Kuramoto model in complex networks. Phys. Rep. 610, 1-98 (2016).
15. Boccaletti, S. et al. Explosive transitions in complex networks’ structure and dynamics: Percolation and synchronization. Phys. Rep.
660, 1-94 (2016).
16. Zhang, X., Hu, X,, Kurths, J. & Liu, Z. Explosive synchronization in a general complex network. Phys. Rev. E 88, 010802 (2013).
17. Hu, X. et al. Exact solution for first-order synchronization transition in a generalized Kuramoto model. Sci. Rep. 4, 7262 (2014).
18. Zhou, W. et al. Explosive synchronization with asymmetric frequency distribution. Phys. Rev. E 92, 012812 (2015).
19. Wang, H. & Li, X. Synchronization and chimera states of frequency-weighted Kuramoto-oscillator networks. Phys. Rev. E 83, 066214
(2011).
20. Yuan, D., Zhang, M. & Yang, J. Dynamics of the Kuramoto model in the presence of correlation between distributions of frequencies
and coupling strengths. Phys. Rev. E 89, 012910 (2014).
21. Zhou, W, Zou, Y., Zhou, J., Liu, Z. & Guan, S. Intermittent Bellerophon state in frequency-weighted Kuramoto model. Chaos 26,
123117 (2016).
22. Xu, C. et al. Synchronization of phase oscillators with frequency-weighted coupling. Sci. Rep. 6,21926 (2016).
23. Bi, H. et al. Coexistence of quantized, time dependent, clusters in globally coupled oscillators. Phys. Rev. Lett. 117, 204101 (2016).
24. Qiu, T. et al. Synchronization and Bellerophon states in conformist and contrarian oscillators. Sci. Rep. 6, 36713 (2016).
25. Daido, H. Quasientrainment and slow relaxation in a population of oscillators with random and frustrated interactions. Phys. Rev.
Lett. 68,1073 (1992).
26. Stiller, J. C. & Radons, G. Dynamics of nonlinear oscillators with random interactions. Phys. Rev. E 58, 1789 (1998).

SCIENTIFICREPORTS| (2018) 8:12950 | DOI:10.1038/s41598-018-31278-9 14



www.nature.com/scientificreports/

27. Zanette, D. H. Synchronization and frustration in oscillator networks with attractive and repulsive interactions. Europhys. Lett. 72,
190 (2005).

28. Paissan, G. H. & Zanette, D. H. Synchronization of phase oscillators with heterogeneous coupling: A solvable case. Physica D 237,
818-828 (2008).

29. Dorfler, F. & Bullo, E. Synchronization and transient stability in power networks and nonuniform Kuramoto oscillators. STAM Jour.
Contr. Opt. 50, 1616 (2012).

30. Borgers, C. & Kopell, N. Synchronization in networks of excitatory and inhibitory neurons with sparse, random connectivity. Neural
Comput. 15,509 (2003).

31. delaLama, M. S., Lopez, ]. M. & Wio, H. S. Spontaneous emergence of contrarian-like behaviour in an opinion spreading model.
Europhys. Lett. 72, 851 (2005).

32. Begon, M., Townsend, C. R. & Harper, J. L. Ecology: from individuals to ecosystems. (Blackwell Publishers, Hoboken, 2006).

33. Iatsenko, D., McClintock, P. V. & Stefanovska, A. Glassy states and super-relaxation in populations of coupled phase oscillators.
Nature Comm. 5, 4118 (2014).

34. Hong, H., Jo, ]. & Sin, S. J. Stable and flexible system for glucose homeostasis. Phys. Rev. E 88, 032711 (2013).

35. Ditlevsen, S. & Locherbach, E. Multi-class oscillating systems of interacting neurons. Stoc. Proc. Appl. Elsevier (2016).

36. Iatsenko, D., Petkoski, S., McClintock, P. V. E. & Stefanovska, A. Stationary and traveling wave states of the Kuramoto model with an
arbitrary distribution of frequencies and coupling strengths. Phys. Rev. Lett. 110, 064101 (2013).

37. Hong, H. & Strogatz, S. H. Kuramoto model of coupled oscillators with positive and negative coupling parameters: an example of
conformist and contrarian oscillators. Phys. Rev. Lett. 106, 054102 (2011).

38. Hong, H. & Strogatz, S. H. Conformists and contrarians in a Kuramoto model with identical natural frequencies. Phys. Rev. E 84,
046202 (2011).

39. Petkoski, S., Iatsenko, D., Basnarkov, L. & Stefanovska, A. Mean-field and mean-ensemble frequencies of a system of coupled
oscillators. Phys. Rev. E 87, 032908 (2013).

40. Choi, M. Y., Kim, Y. W. & Hong, D. C. Periodic synchronization in a driven system of coupled oscillators. Phys. Rev. E 49, 3825
(1994).

41. Hong, H. Periodic synchronization and chimera in conformist and contrarian oscillators. Phys. Rev. E 89, 062924 (2014).

42. Petkoski, S. & Stefanovska, A. Kuramoto model with time-varying parameters. Phys. Rev. E 86, 046212 (2012).

Acknowledgements
Work partially supported by the National Natural Science Foundation of China (Grant Nos. 11675056, 11835003,
and 11875132), and Natural Science Foundation of Shanghai (Grant No. 18ZR1411800).

Author Contributions

All Authors designed the research; T.Q. and S.G.G. performed the theoretical analysis and numerical simulations;
T.Q., S.B., .B. and S.G.G. wrote the paper. Z.H.L. commented the manuscript. All authors reviewed and approved
the manuscript.

Additional Information
Competing Interests: The authors declare no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2018

SCIENTIFICREPORTS| (2018) 8:12950 | DOI:10.1038/s41598-018-31278-9 15


http://creativecommons.org/licenses/by/4.0/

	Rhythmic synchronization and hybrid collective states of globally coupled oscillators

	Results

	Linear stability analysis. 
	Mean-field theory. 

	Discussion

	Acknowledgements

	Figure 1 Critical point for the forward phase transition.
	Figure 2 Typical synchronization scenarios in Eq.
	Figure 3 Case I - Strange π-state.
	Figure 4 Case I - Bellerophon state.
	Figure 5 Case II - Hybrid-Bellerophon states.
	Figure 6 Case III - B-state with quantized clusters.


