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RICCATI TECHNIQUES AND VARIATIONAL PRINCIPLES
IN OSCILLATION THEORY FOR LINEAR SYSTEMS

G. J. BUTLER, L. H. ERBE AND A. B. MINGARELLI

ABSTRACT. We consider the seond order differential system (1) Y"+Q(t)Y =
0, where @, Y are nXxn matrices with @ = Q(t) a continuous symmetric matrix-
valued function, t € [a, +00). We obtain a number of sufficient conditions in
order that all prepared solutions Y () of (1) are oscillatory. Two approaches
are considered, one based on Riccati techniques and the other on variational
techniques, and involve assumptions on the behavior of the eigenvalues of Q(t)
(or of its integral). These results extend some well-known averaging techniques
for scalar equations to system (1).

1. Introduction. Consider the second order differential system
(1.1) Y+ Q@)Y =0, t € [a, +00),

where Y (t), Q(t) are n X n real continuous matrix functions with Q(t) symmetric.
The vector system associated with (1.1) is

(1.2) ¥ +Q(t)y=0

where y = col(y1,.-.,¥n) is an n-vector. Equation (1.2) is said to be disconjugate
on an interval J C [a,+00) if every nontrivial solution of (1.2) vanishes at most once
in J and (1.2) is said to be oscillatory if for each ty > a there exists t; > to such
that (1.2) is not disconjugate on [to,t1]. A solution Y (t) of the matrix equation
(1.1) is said to be nontrivial if detY (¢) # O for at least one t € {a,+o00) and a
nontrivial solution Y (t) is said to be prepared or self-conjugate in case

(1.3) Y*OY'(t) - YY)V () =0, te€[a,+00),

(where for any matrix A, the transpose of A is denoted by A*). Note that for any
solution Y (¢) of (1.1) the expression on the left of (1.3) is constant. Equation (1.1)
is said to be oscillatory on [a,+00) in case the determinant of every nontrivial pre-
pared solution vanishes on [b, 4+-00) for each b > a. This is equivalent to oscillation
of equation (1.2) since any solution of {1.2) is of the form y(t) = Y (¢)a for some
constant vector a and some nontrivial prepared solution Y (¢) of (1.1).

The oscillation theory for the corresponding scalar equation

(1.4) y' +q(t)y=0, t€la,+00),
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where ¢(t) is a real-valued continuous function has a very extensive literature and
there are a number of survey papers which have been written, [27, 30, 23]—see
also the book of Swanson [24]. The corresponding theory for (1.1) and (1.2) is less
developed although there have been quite a number of papers devoted to attempts
at paralleling the scalar theory. Many recent results [13, 7, 8, 26, 11, 2, 25], have
concentrated on showing that (1.1) is oscillatory if a corresponding scalar equation
obtained by applying a positive linear functional is oscillatory. That is, if we denote
by § the linear space of all n X n real symmetric matrices, then a linear functional
©: § — (—o00,+00) is said to be positive if p(A) > 0for A€ S and A > 0 (ie.,
A symmetric and positive semidefinite). The basic result obtained (cf. [11, 13]) is
that (1.1) (or (1.2)) is oscillatory on [a,+00) in case there exists a positive linear
functional ¢ with ¢(I) =1 (I = identity matrix) such that the scalar equation

(L5) W+ p(Q())u =0

is oscillatory.

Several other recent oscillation criteria for (1.1) have been given which involve
the eigenvalues of Q(t) (or of its integral). For any real symmetric matix A, we will
assume its eigenvalues Ax(A), 1 < k < n, are ordered so that

(1.6) AL(A) 2 Xa(A4) 2 -+ 2 An(4),

and as usual,
(1.7) trA=> A(A).
i=1

For the scalar equation (1.4) the well-known Fite-Wintner Theorem [9, 30] states
that (1.4) is oscillatory if

(1.8) /oo q(t)dt = +o0

and hence it is clear that (1.1) is oscillatory if

(1.9) /oo trQ(t) dt = +o0.

Mingarelli in [18, 19] showed that the positive linear functional tr A can be
replaced by the conver function A;(A), provided a certain growth condition on
fat tr Q(s) ds is assumed. This answered, in part, a conjecure [13] which was also
considered in the thesis of Akiyama [1]. Additional results which extend and im-
prove some of these criteria were also obtained in [4, 5, 14, 17].

Finally, it has recently been shown by Byers, Harris and Kwong [6] that

(1.10) Jim Ay (/:Q(s)ds> = +o00

without any additional conditions, is an oscillation criterion for (1.1). This gives,
therefore, the desired systems analogue of the Fite-Wintner condition.

It is the aim of this paper to apply two of the fundamental approaches used in
studying the scalar equation (1.4)--namely the Riccati integral equation approach
and the variational approach-—to obtain a number of oscillation tests for (1.1). We

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RICCATI TECHNIQUES FOR LINEAR SYSTEMS 265

refer to the recent work of Kwong and Zettl [15] and the references therein where
these two approaches are considered for the scalar equation.

In §§2 and 3 we present several oscillation criteria which may be regarded as
generalizations to systems of various well-known scalar tests, other then the Fite-
Wintner criterion. In §2 the proofs are based on the Riccati equation technique,
whereas in §3 we discuss oscillation criteria which are proved using variational
techniques. In §4 we present several examples showing that certain subsidiary
hypotheses for these theorems are necessary. The proofs of the results are given in
885 and 6.

In a strictly formal sense, any oscillation or nonoscillation theorem for (1.1)
should be accessible by either the Riccati or variational method. In practice, by
considering these two different approaches, one seems to gain greater insight into
the way in which conditions imposed on the coefficient matrix @ or its integral
contribute to the oscillatory nature of the equation. This is one of the purposes of
this present paper. Our other purpose is to illustrate the extent to which scalar
oscillation criteria can be generalized to systems, utilizing the behavior of the largest
eigenvalue and thereby achieving sharper results than can be obtained by the use
only of positive linear functionals such as the trace.

We recall here some notation and definitions which will be useful in the sequel.
For any subset E of the real line R, u(E) denotes the Lebesgue measure of E. If
f(t) denotes a continuous real-valued function and if {; m satisfy —oo < I, m < +o0,
then we say limapproxinf,_, f(¢t) = in case u{t: f(t) <1} < +ooforall l; <!
and p{t: f(t) <ly} = +oo for all I3 > I. Similarly, lim approxsup,_,o, f(t) =m in
case pu{t: f(t) > mi1} = +oo for all my < m and u{t: f(t) > me} < 400 for all
mg > m. Finally, limapprox,_, ., f(¢f) = A in case

lim approx sup f(t) = lim approxinf f(t) = A.
t—oo t—oo0
2. Riccati techniques. We recall [12] that the scalar equation (1.4) is nonoscil-
latory on [a,+00) if and only if the Riccati integral equation

t t
(2.1) r(t) = r(to) +/ q(s)ds+/ r2(s) ds

to to
has a continuous solution on [tg, c0) for some ¢y > a; likewise the matrix equation
(1.1) is nonoscillatory on [a, +00) if and only if the corresponding matix equation

(2.2) 2() = Z(t0)+/tt Q(s)ds+/tt 72(s) ds

has a continuous symmetric solution on [tg, 00) for some tg > a.

If (1.4) has a solution y = y(t) with y(t) # 0 for t > tg, then r = —¢//y is a
solution of (2.1) on [tp, 00); similarly, if Y = Y (¢) is a nontrivial prepared solution
of (1.1) with det Y (¢) # 0 for ¢t > to then Z = —Y'Y ! is a symmetric solution of
(2.2) on [tg,00).

Hartman [11] has shown that if (1.4) is nonoscillatory on [a,+00) then a neces-
sary and sufficient condition that

2
0 /ayf

(2.3) — ] dt<oo
u
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266 G. J. BUTLER, L. H. ERBE AND A. B. MINGARELLI

holds for a solution u # 0 of (1.4) is that

(2.4) lim mf—/ / s)dsdt > —oo.
T—-00
One can therefore consider the cases where (2.4) does or does not hold when
studying the oscillatory behavior of (1.4).
As an extension of the Fite-Wintner criterion (1.8), Olech, Opial, and Wazewski
in [21] showed that (1.4) is oscillatory in case

T
(2.5) lim approx/ g(s)ds = +00
T—o0 a
or in case
T T
(2.6) limapproxinf/ g(s)ds < limapproxsup/ q(s) ds.
T—o0 a T-—-o00 a

Wintner in [29] showed that

(2.7) lim —/ / s)dsdt =
T—oo T

implies oscillation of (1.4) and Hartman [12] showed that

(2.8) —00 < llm mf—/ / s)dsdt < limsup — / / s)dsdt
T—o00

is also sufficient for oscillation of (1.4). These results were further generalized by
Willett [27, 28] via more general averaging techniques.

Analogous to (2.4), we consider the (extended real-valued) function L which is
defined on the class of n x n continuous real symmetric matrices defined on [a, o)
by

(2.9) L(Q —hmlnf—/ /trQ )dsdt.

We now state the main results of this section.

THEOREM 2.1. Assume L(Q) > —oo. Then equation (1.1) is oscillatory in
case any of the following conditions hold:

T t
(A) h;n_?;p%/ A (/ Q(s)ds) dt = 400,
(B) ll;Il?;lopT/ [Al </ Q(s) )] dt =
(C) lim approx sup Aq ( Q(s) ds) = 400,
T—o0 a
T
(D) lim approx inf A; (/ Q(s) ds) = -
T—o0 a
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RICCATI TECHNIQUES FOR LINEAR SYSTEMS 267

THEOREM 2.2. Assume L(Q) = —oo. Then (1.1) s oscillatory if

T—o0

T
(2.10) lim approx sup A, (/ Q(s) ds) > —00.

THEOREM 2.3. Assume that /\1(fat Q(s)ds) > 0 for sufficiently large t, and
that

MSEQ(s) ds)

0.
UG ds)|

(2.11) lim inf

t—o00

Then (1.1) i3 oscillatory if

(A*) %gnoo % /aT A (/:Q(s)ds> dt = +00.

Since tr @ is a positive linear functional, systems analogues for each of the above
scalar criteria (1.8), (2.5)-(2.8) may be obtained if ¢(t) is replaced by tr Q(¢) (see
the discussion of this technique in the introduction). The intention behind Theo-
rems 2.1 and 2.3 is to show that the corresponding (and in general, much weaker)
assumptions concerning the behavior of A ( fat Q(s) ds) will provide oscillation cri-
teria for the system (1.1). We observe then, that Theorems 2.1(A) and 2.3 are
generalizations of the results (2.8) of Hartman and a partial generalization of the
result (2.7) of Wintner, respectively, and Theorems 2.1(C), (D) are partial gener-
alizations of the oscillation criteria results (2.5), (2.6) of Olech et al. The scalar
version of Theorem 2.1(B), namely that condition (2.4) and

1 (T t 2
(2.12) lim sup T / (/ q(s) ds) dt = o0
T—co a a

imply oscillation, although a fairly simple result, does not appear to be explicitly
stated in the literature. The scalar analogue of Theorem 2.2 also does not appear
to be stated explicitly elsewhere, although it is related to results of Kwong and
Zettl [15].

As was mentioned in §1, the systems analogue of the Fite-Wintner theorem has
been recently obtained [6]. That a complete analogue of the corresponding scalar
oscillation theorem employing only the behavior of A; is not always available for
systems will be shown for the Wintner criterion (2.7) in §4.

3. Variational techniques. In this section, we turn our attention to the use
of variational principles for obtaining oscillation criteria for (1.1). We assume that
Q(t) is symmetric and locally integrable on [a,00). For any subinterval [o, 8] of
la, 00), define A;(a, §) to be

{n: [e, 8] = R"[n(a) =n(B) =0, n € ACla. ], ' € L*(a, B)}.

The basic result we need here [12] is that (1.1) is oscillatory if and only if there is
a sequence of intervals [a,, by], with lim,_,o an = 00, and a sequence of functions
©n € A1(an, b,), such that

bn
(3.1) {len(®)? = on Q) en(t)} dt < 0.

Qn
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268 G. J. BUTLER, L. H. ERBE AND A. B. MINGARELLI

The idea then is to utilize conditions on the behavior of (J or its integral in order
to construct sequences fulfilling (3.1).

To illustrate this technique, we present three oscillation criteria and a comparison
theorem for oscillation. Theorem 3.1 is a generalization of a result of Moore [20] in
the scalar case and Theorem 3.3 is a generalization of a result of Olech et al. [21]
in the scalar case (see (2.8) and also Theorem 2.1(c) in §2). The comparison result,
Theorem 3.4, is an extension to systems of the “telescoping” principle of Kwong
and Zett] [16]. Theorem 3.2 has no scalar analogue.

THEOREM 3.1. Suppose that

(3.2) lim sup A; </t Q(s) ds) = co.

t—oo

Then (1.1) is oscillatory if either
(A)  A1(Q(t)) is bounded above on [a, c0),

or

(B)  An(Q(2)) ¢f bounded below on [a, c0).
THEOREM 3.2. Let the entries of Q(t) be qi;(t); 1,7 = 1,...,n. Assume that

each g;;(t) is bounded on [a,00) and ¢; =0,7=1,...,n.
Then (1.1) is oscillatory if there exist ¢, 5 such that
t
(3.3) limsup/ gi;(8) ds = oo.
t—oc a

THEOREM 3.3. Suppose that for each positive integer m > a, there exists a
positive number €,,, and for each positive integer k, there exists a unit vector Tpmi €
R™ such that the set

St = {12 m: 5 (/;Q(sms)zmkzxc}

has measure at least e,,. Then (1.1) s oscillatory.

In order to state the next result, we need to introduce classes of “telescop-
ing” transformations discussed for the scalar case in [16]. For any (extended)
real numbers a, 8 with & < 8 < oo and any natural number n, let D8(n) de-
note the set of piecewise continuous n x n matrix-valued functions on [, 3) and
let S = vaz 1 (a4, B;) be a denumerable (finite or infinite) union of subintervals of
[a, B) such that

(3.4) a<a; < fi <ap < foreach s

If Q € D?(n), then Ts(Q) is defined to be a piecewise continuous n X n matrix-
valued function @), defined on some interval [&, A), which is obtained by “collapsing”
each interval (o;, §;) to a point. Here,

N
A:;(az‘—ﬁiﬂ), ifili,n}vﬁi:ﬂ(%:a),

N
=Y (ai=Bim) +B~L if lim B =1<B.
i=1 T
We refer to [16] for further details.
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THEOREM 3.4. Let S = Uf\]:l(a,-,ﬁi) be a denumerable union of subintervals
of [a,00) satisfying (3.4) (with oy = a, By = o©). Assume that

Bi
(3.5) Q(t) dt is nonnegative definite for each 1,

and suppose that ‘

(3.6) Y'+Qt)Y =0, t€a,A),

is oscillatory, where Q = Ts(Q). Then (1.1) is oscillatory.
4. Examples and counterexamples.

EXAMPLE 1. We wish to indicate here that in Theorem 2 1 parts (A), (B),

one cannot replace the average of A ( fat Q(s)ds f Q(s by these ex-
pressions alone, and that one cannot replace “hm approxsup by “limsup” in
parts (C), (D). It suffices to consider a scalar counterexample. We choose v €

C'{a,00) N L?[a,00) and define g(t) = v' — v2. Then y = exp(— f v(s)ds) is a
nonoscillatory solution of y” + gy = 0 and we have

(4.1) /t q(8)ds =v(t) —v(a) — /t v?(s)ds.

It is clear that we can choose v such that limsup,_, ., v(t) takes on any value M with
~—00 < M £ 400, liminf; , v(t) takes on any value m, —oo < m < M < +oo0,
and such that liminfr_ . (1/T) faT v(s)ds > —oo0.

EXAMPLE 2. The condition

(4.2) tlim = at A1 (/as Q(a)da) ds = o0

is not by itself an oscillation criteria for (1.1) when n > 1. To see this, consider the

case where Q(t) is a 2 x 2 diagonal matrix for all ¢, say Q(t) = diag{q1(t),q2(¢)}
Then (1.1) uncouples as two scalar equations

(4.3); vi +a()yi=0;  i=12

If we take a = 0 and denote fo q:(s) ds by p;(t), we will obtain the required coun-
terexample if we can find ¢ (¢), (h(t) so that (4.3); and (4.3)2 are both nonoscilla-
tory, with

(4.4) p2(t) 20, >0,

.1t
(4.5) tl_lglo 7 (p1(t))+ dt = 00, where (p1(t))+ = max(0,p;(t)).

0

For then, on choosing

1, t € support (pi(t))+, 0, te€ support (p1(t))+,

ci(t) = . ca(t) = :
0, otherwise, 1, otherwise,

and defining z(t) = (e1(t), c2(t))*, we have

n ([ @) 2 a0 ([ @) =0

= ci(O)p1(t) + 3 (Op2(t) 2 (p1(t))+-
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Thus (4.2) holds, but clearly (1.1) is nonoscillatory. The choice of ¢z (t) is straight-
forward, e.g. take go(t) = 1/4(1 + t)2. To construct a suitable ¢;(t), we first give
an inductive definition of a suitable Riccati scalar variable 2;(t). Define 2; on [0, 1]
by 21(0) = 0, z(t) = 1, % <t <1, so that z; is continuously differentiable and
monotone nondecreasing on [0,1]. Define a; to be fol zf(s) ds, by to be 4a; and ¢,
to be 1/8b;. Then a; > 3, by > 2 and 2¢; < § < . Let s, = Y, 1/i. Extend
21 to sy, s2] by taking 21 (£) = by on [1 + &1, s2] and making z; continuously differ-
entiable and monotone nondecreasing on [0, sg]. Inductively, suppose that a;, b;, &,
have been defined for 1 < ¢ < m, with b; = 4a;, &; = 1/8b; < 1/2(1+1), and z; has
been defined as a continuously differentiable, monotone nondecreasing fuuction on
[0, $m+1] such that 2y (t) = b; on [s; + &;,8;+1] and fos‘ 22(s)ds =a;, 1 <1< m.
Then

Sm+26m

3
Am+1 2 Om +/ zf(s) ds = am, + bfnam > iam.
Sm+Em

By the inductive hypothesis, we see that a,,+1 > (3/2)™a, > %(3/2)"‘. If byr =
48m41, Em+1 = 1/8bm 41, then epyy < (3/2)7™/16 < 1/2(m + 2) (since (3/2)™ =
(1+1/2)™ > 1+ m/2 > 2(m + 2)/16), and we extend 21 tO [Sm+1, Sm+2] SO
that z;(¢) = bymt1 O0 [Sm41 + Em+1, Sm+2] and is continuously differentiable and
monotone nondecreasing on [0, s;,42). With this inductive definition of z; on [0, co),
note that if t € [s; + €m, Sm + 264,], we have

t
1
(4.6) 21(t) —/ 22(8)ds > by, — am ~ 26b2, > -2-bm.
0
Define q;(t) to be 2} (t) — 22(¢). Then for t € [sx + £k, sk + 2£x], we have

@) mm=Ammmz§k

Thus if s, <t < $yp+1, We have
1/t 11 m
. - ds > — by e = —.
(4.8) t/()(pl(s))+ s> tk§—12 K€k = e

Since sy, ~ logm, for s, <t < sy we have m ~ et so that
t

(4.9) %Amwnw~%;

Thus (4.5) holds, yet (4.3); is nonoscillatory, and so the example is complete.
EXAMPLE 3. Akiyama [1] conjectured that a condition weaker than (1.10),
namely

¢
(4.10) tlim / A1(Q(s))ds = o0
might suffice for oscillation of (1.1).

The previous example may be used to provide a counterexample to this conjec-
ture. For if we define ¢ (¢),q2(¢), z1(t), etc. as in that example, then

(4.11) AAM%Wk;LM@M®=A%@%ﬁ@M%
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Now on {8, Sm + €m], We have z;(s) < by, and so

Sm+Em Sm+Em
[T G - Az [T G - e as

m m

8m+E
= 21(Sm + Em) —zl(sm)—/ 22(s)ds
Sm

1
> by — b1 — bfnsm > 4(am — am—1) — gbm
4 1 5
3 g0 = agtm
and so

/OMH/\I(Q(S))d 232 k— 00  as m — 0.

5. Proofs for §2. The proofs of Theorem 2.1 and Theorem 2.2 will make use
of the following lemma which is the systems analogue of the result of Hartman
mentioned in §2 (cf. (2.3), (2.4)).

LEMMA 5.1. Assume equation (1.1) is nonoscillatory on [a,+00). Then a
necessary and sufficient condition that

T
(5.1) lim Z?%(s)ds

T—o0 [,

exists for any solution Z = —Y'Y ™! of (2.2) where Y(t) is a prepared solution of
(1.1), 1s that

T—o0

(5.2) L@ —hmmf—/ /trQ dsdt > —o0.

PROOF. Suppose first that the limit in (5.1) exists for some solution Z =
—Y'Y ! of (2.2), where det Y(t) # 0, t > a, so that we have from (2.2)

=] t
(5.3) tr Z(t) + tr Z%(s)ds = / tr@(s)ds — C,
where C = —tr Z(a) — tr [° Z%(s) ds. Since
1 o 2
(5.4) 7 / <trZ(t) - / tr Z%(s) ds) dt
a t

< % [/aT ((trZ(t))2 + (/too tr Z2(s) ds>2) dtJ

and since tr Z(t)? < ntr Z2(t), we have (1/T) faT tr Z2(t) — 0as T — oo. Similarly,
(1/T) faT(ft°° tr Z2(s)ds)?dt — 0 as T — oo so that (5.3) and (5.4) imply
2

(5.5) %/:[/ttrQ()ds— ] dt -0 asT — oo.
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Now

[ ([ vowamclals (1] [ varec] 4)”

by the Cauchy-Schwarz inequality and therefore it follows that

. 1 T t .
(5.6) Tlgnoof/a [/a trQ(s) ds] dt =C exists,

so that (5.2) holds.
Conversely, suppose (5.2) holds and let Z = —Y'Y ~!, where Y (¢) is a prepared
solution of (1.1) with det Y (¢) #0, t > a. From (2.2) we have

—% t)dt + — //22(3 )dsdt
:—T(T ——/ /Q ) ds dt

so that from (5.2) we have

(5.7)

(5.8) ——/ tr Z(s) ds+—/ / tr Z2(s)dsdt < M, for some M > 0.
T a T a a

Since tr Z%(t) > 0, it follows that lim;_. e fat tr Z2(s) ds exists, finite or infinite.
Suppose that fat tr Z?(s)ds — +o00 as t — +oo. Then

1 (T ft
T/ /trZQ(s)dsdt—>oo as T — 4o0.
a

From (5.8), it follows that (1/T) faT tr Z(s)ds — oo as T — oo, and so for large T
we have, again using (5.8),

1 (T rt 1 (T 9 T
5.9 = tr Z%(s)dsdt < — trZ(s)ds+ M < tr Z(s) ds.
T T T

Now by the Cauchy-Schwarz inequality we have

LT /2 T 1/2
T/a tr Z(s _( /(trZ ) s(%/ trZQ(S)dS)

so that (5.9) gives

2
1 (T an (T
(5.10) (T./a /a tr Z2(s) dsdt) < ?/a tr Z2(s) ds
If we set H(T f f tr Z%(s) ds dt, we have from (5.10) that
(5.11) H%(t) < 4ntH'(t), t>T,
and so
1 H'(t)
. — < >T.
(5.12) i S ) t>T
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Now an integration of (5.12) over [T, 00) gives

(5.13) oo—llntoo< ! < +00
' in T, - H(Tl) ’
a contradiction. Thus lim;_ e fat tr Z2(s) ds exists as a finite limit.

We see that this implies the existence of lim; .o fat Z?%(s)ds, as follows: let
the (operator) norm of a matrix A be denoted by |A]. For a < s < ¢, define

A(s,t) by A(s,t) f Z%*(o)do. Then A(s,t) is a nonnegative definite matrix and
[A(s,1)|* = A1(A(s,8)) < trA (s,t) f tr Z2(o)do. This last integral converges to
zero as s,t — oo and so we have |A(s,t)| — 0 as s,t — o0, i.e. f: Z%(0)do — 0 as

8,t — oo, yielding the existence of lim;_, o fat Z%(s) ds as asserted. This completes
the proof of the lemma.
PROOF OF THEOREM 2.1. (A) Assume L(Q) > —oo and that

1 (7T t
lim sup —/ M (/ Q(s) ds> dt = +o00.
Tooo 1 a a

Suppose there exists a prepared solution Y (¢) of (1.1) which is not oscillatory.
Without loss of generality, we may suppose that det Y (¢) # 0, t > a, so that from
(2.2) we have (with Z = -Y'Y 1)

t t
(5.14) M(Z(t) — Z(a)) =\ (/ Q(s)ds +/ Z2(s) ds) .

By the convexity of A\; and the fact that fat Z%(s)ds > O (ie, onnegative
definite for t > a), we have from (5.14) that A, (Z(t) + A1 (—Z(a f Q(s

and hence

(5.15) /,\ ))ds + Ta/\l(—Z(a))Z%/aT/\l (/‘th(s)dLe,) dt

so that from hypothesis (A), there exists a sequence T,, — oo with

Tn
(5.16) —/ Z(s))ds — +o0 as T, — 0.

Since A;1(Z(s))? < A1(Z2%(s)) we have, by the Cauchy-Schwarz inequality

- 1/2
< (Ti / (Al(zw)))?ds)

T, 1/2
< (Tin/ /\1(Z2(3))ds) — +00

as T, — +oo. But from Lemma 5.1, since L{Q) > —oo it follows that
L2 M(Z2%(s))ds < [°tr Z%(s) ds < +00, so this contradiction proves part (A).
(B) Assume L(Q) > —oo and that

imeup 2 [ [ ([ @085)] = oo
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As in part (A) above, we may assume Z(t) = —Y’Y ! is a solution of (2.2) for
t > a and so by Lemma 5.1, we obtain

o] t
(5.18) Z(t) +/ Z%(s)ds+C =/ Q(s)ds

t

where C = —Z(a) — [° Z2(s) ds. Hence, we have

</\1 </ Q(s)ds)) = </\1 [Z(t)+/tooZ2(s)ds+C])2

< A (Z(t)ﬁt/too Zz(s)d8+()>2
{5.19) <tr <Z(t)+/too Z2(s)ds+(7)2
< 2tr (Z(t) +/t°° Z2(s)>2 +2trC? < 4tr Z3(t)

oo 2
+4tr </ Z2(s)ds> +2trC?,
t

(since tr(A + B)? < 2(tr A? + tr B?). Therefore, we get

%/QT [/\1 (/:Q(s)ds)r dt < %/aTtr (/tmz“’(s)ds>2 dt
+%/aTtrZ2(t)dt+2—(—T——i)

If we set B(t) = [,”° Z%(s) ds, then tr B(t) — 0 and B(t) > 0 so that A;(B(t)) — 0
and hence A, (B2( ) = 0 Therefore, tr B2(t) — 0 as t — co. Thus, the first and
second integral on the right side of (5.20) tend to 0 as T — 400 and the last term is
bounded. However, condition (B) implies that the left side of (5.20) is not bounded
and this contradiction completes the proof of part (B).

(C) Assume L(Q) > —oo and lim approx supq_, o, A f Qs = +00. As in
part (B), we obtain equation {5.18) so that

(5.21) M(Z(t) + /too M(Z2%(s))ds > A (/at Q(s)ds) + A (=C).

Since [° A1(Z%(s))ds — 0 as t — oo, it follows that [°[A1(Z(s))]*ds — O as
t—»ooand/\ (f° Z%(s)ds) — 0 as t — co. Now for any k > 1,

u{t: At </ Q(s)ds) > k} = +00

so that if k > |A,(—C)| + 1, then from (5.21)

(5.20)
tr O2.

(5.22) u{t:)\l(Z(t))+/\1 (/wZQ(s)dé,‘) 21} = +00.
Since /\l(ftoo Z%(s)ds) < 3 if t > Tp, say, we see that
(5.23) plt: A(Z(t)) = 5} = +o0.
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That is, [ (M(Z(t)))? dt = +oo, where Ex = {t: A1(Z(t)) > §}. This contradic-
tion proves part {C).

(D) Assume L(Q) > —oo and lim approx infp_, /\l(faT
proof is similar to part (C). Since for any M > 0,

(5.24) U {t: AL (/:Q(s)ds> < ——M} = +o0

and since

M(Z(t) <M (Z(t) + /oo Zz(s)ds) <A (/:Q(s) ds) + A1 (=C)

t

Q(s)ds) = —oo. The

it follows that if M > 1+ |A;(—C)|, we have u{t: \;(Z(t)) < ~1} = 400 so that
[°(M1(Z(1)))? dt = +oo, a contradiction. This completes the proof of Theorem 2.1.
PROOF OF THEOREM 2.2. Assume L(Q) = —oo0 and

t
lim approx sup A, (/ st) =m > —o0.
a

t—oo

If the equation is nonoscillatory, then without loss of generality there is a solution
Y of (1.1) for which detY (t) # 0 on [a,c0). Then with Z = ~Y'Y !, t > a, we
get

(5.26) Z(t) = Z(a) + / t Z%(s)ds + / tQ(s)ds.

By Lemma 5.1, since L(Q) = —oo, it follows that tr fat Z?%(s)ds — 400 as t —
+o00 and hence Al(f: Z%(s)ds) — 400 as t — +oco. Since A;(— f: Q(s)ds) =
—/\n(fat Q(s) ds) we have from (5.26)

(5.27) AL (Z(t)— / tQ(s)ds> <M(Z@)+ X\ <_ atQ(s) ds)

t

=n(z0) = 2w ([ Q0)s).

a

Now for any € > 0, u{t: /\n(fat Q(s)ds) > m — e} = +oo. From (5.26) we have

—l—tr/at Z%(s)ds = %tr (Z(t) —/:Q(s)ds - Z(a))

n

_ %tr <Z(t) - / "Q) ds> - %trZ(a)

(5.28) <\ (Z(t) - /at Q(s) ds) - %tr Z(a)
< x4 u (- Q) ds) - 1t 2(a)
=00 =2 ([ @0)a6) - L 200
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and since (1/n)tr [ Z2(s)ds > (1/n) f A1(Z2(s)) ds we have from (5.28)

(5.29) %trZ(a)+%/at/\( 2(6)) ds < A (Z (/Q ) t>a.

Hence, we have that for any € > 0
1 I
(5.30) 7] {t: ;trZ(a) + 5/ M(Z%(s))ds < A (Z(t)) - m+e} =+

and since fat M(Z%(s))ds > /\l(fat Z2(s))ds) — oo as t — +00, we see that if E is
defined by

E = {t: %/at/\l(ZQ(s))ds < ,\I(Z(t))} Nla+1,00)

then u(E) = +oo. But now with P(t) = fat A1(Z%(s))ds, we have P'(t) = A\ (Z2(t))
> A1(Z(t))? and so P'(t) > P%(t)/4n ¢ € E, and now [, P'(t)/P%(t)dt >
E)/4n? = +o00, a contradiction since the integral on the left is < 1/P(a + 1).
This completes the proof of Theorem 2.2.
Before proving Theorem 2.3, we require a lemma.

LEMMA 5.2. Let p(t) be locally bounded, nonnegative and measurable on [a, o)
with p(t) not almost everywhere zero. Let q(t) be nonnegative and locally integrable
such that

(5.31) / s)ds > q(t / / o)dods, for almost allt > a.

Then for all sufficiently large a>a,t™Y%q(t) € L?*[a, o).

PROOF. Let P(t) = [! f o) do ds Then P is continuously differentiable and
P(t) >0 fort > a*, say. We have P'(t f p?(s) ds and by the Cauchy-Schwarz
inequality

2

(532 P)>(t—a) " ( / p(s)ds) > (t— ) PO P ().

Since [2° P'(t)/P2(t)dt < oo for @ > a*, the result follows.

PROOF OF THEOREM 2.3. The argument is similar to that given in the proof
of Theorem 3.1 of [4], so we content ourselves here with giving a sketch of the proof.
If (1.1) is nonoscillatory, we may, without loss of generality, find a prepared solution
Y with det Y (¢) # 0 on [a,00). If Z = -Y'Y !, then Z is symmetric and we have

(5.33) Z(t):/t Z2(s)ds=/tQ(s) ds+C, t>a,

for some constant matrix C.

It is known that for any continuous n X n symmetric matrix-valued function, a
continuously varying orthonormal system may be selected [22]. Consequently, we
may choose a locally integrable vector function z(t) with ||z(t)|| = 1 such that

s ([ e ([aoe)
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(possible discontinuities in z(¢) arise because of the coalescence of eigenvalues).
Let the eigenvalues of Z(t) be py(t) > -+ > pn(t). By the preceding remark, we
may select a system of orthonormal locally integrable eigenvectors e;(¢) such that

(5.35) Z(t)ei(t) = pi(t)es(t); i (b)e;(t) = i

Let U(t) be the orthogonal matrix whose rows are the ez(t) and let ¢;(s,t) be the
projection of z(t) onto e;(s). Let the components of U~!(t)c(a,t) be v;(t), and let
the components of (U~!(s) — U~1(t))c(a,t) be w;(s,t), 7 = 1,...,n. Then if we
denote the left-hand side of (5.33) by ®{(¢t), we have (see [4])

(5.36) A ( / “0ls) ds> + 2t ()Cx(t) = 2* () ()2 (t)
=3 ity - / Zuz ) +wi(s,1))? ds.
=1

The arguments given in [4] show that hypothesis (2.7) allows us to find a unit vector
&(t), functions f;;(t);¢=1,...,n,5=1,...,m, and 6§ > 0 such that

i (/ Q) ds) - 20l < We(E)sl0
<X (0 -6 [ yts)ds).

Hypothesis (A) and (5.37) imply that there exists ¢{; > a such that

(5.38) / by (,zij(s) ~5 / sﬂ%(a)dﬂ) ds>0, t>t.
. .

If fii; =0 a.e. for t > a, let §;;(t) = 0; otherwise define g;;(t) by

(5.39) /mu ()l ds = iy (1 / [ ) do s

By Lemma 5.2, each §;; has the property that t‘l/Qq,J(t) € L%[a,00) if @ > t;
is sufficiently large, and so §(t) = 3, . di;(t) € L?[@,00), if @ is sufficiently large.
However, (5.38) implies that

i 8
q(t) —5)2/ / fij(0)dods >0,  t>a,
‘i,]‘ a a

and so §(t) > 6 for t > @, contradicting the square-integrability of t~'/2§(t). This
proves the theorem.

(5.37)

6. Proofs for §3.
PROOF OF THEOREM 3.1. Choose any sequence a; > a with limg_,oo ax = 00

We have
([ ars) 2 ([ ) ([0
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and so, by (3.2), limsup,_, /\1(fat‘c Q(s)ds) = oo. Therefore we may choose by >
ax + 2 and z € R™ with ||zg|| = 1, so that

b
(6.1) Tk ( Q(s)ds) i > k, k=1,2,....
Qg

Suppose that condition (A) holds. Then there exists M such that A (Q(t)) < M,
t > a. Define o € A;(ak, bx) as follows:

(t — ak)zx, ar St <ag+1,
(6.2) pr(t) = { Tk, ap +1<t < b -1,
(=t + be)zk, by — 1 <t < by.
We have f (t)|*>dt =2, and
(6.3)
b b ar+1
/ p(t)Q() ek (t) dt = / TpQ(t)zk dt —/ [1—(t - ax)?)23Q(t)zx dt
aj Qg Qk
b 4
- / [1— (be — t)%)z3Q(t) T dt > k — - M
br—1 3
Thus

b
{lok()? — o ()Q(t)pk(t)}dt <2+ %M —k<O0

for k sufficiently large. It follows that (1.1) is oscillatory.
If condition (B) holds, we have A,(Q(t)) > —M, t > a, and we define p; €
Ai(ag — 1,bg + 1) by
(t+1— ax)zk, ar — 1 <t <ay,
(6.4) Pr(t) = Tk, ar <t < by,
(=t + b + 1)z, b <t <bg+1.

Again fb"+1 % ()% dt = 2, and we have

(6.5)
be+1 ak
[ ameeod= [ ciowednd

br+1 b
+ / oL (OQ()pk(t) dt + / oL DRk (t) dt

bk k

b £33
= / 3 Q(t)z dt + / (t+1—ar)’z;Q(t)zk dt

k ax—1

bi+1
+/ (b + 1 —t)22;Q(t)zy dt

b
ax bx+1
zk—M/ (t+1—ak)2dt+/ (b +1—1)% ) dt
ak—l bk
2
=k—--M
3
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and so bt 1 )
/,, ek o1 (OQUIpE (D)} dt < 24 2M —k <0

for k sufficiently large, and again we conclude that (1.1) is oscillatory.

PROOF OF THEOREM 3.2. Applying the techniques of the previous theorem
to the scalar equation
(6.6) y"'(t) +ai;(t)y(t) =0
there exist intervals [an,,bm| with lim., oo am = 0o and a scalar function ¢, €
A1(@m, by) (with n = 1) such that

brm
(6.7) {lom()1” = gi;(t)|om (t)[*} dt < 0.

am

Define ¥, € Aj(am,bm) by
Ym(t) = col(0,...,0m(£),0,...,0m(t),...,0)
where the only nonzero entries are the i1th and jth. Then

bm brm
{{m@OP —vn0Q)Ym()}dt =2 [ {lom(®)® = g ()lom(t)*}dt <0

am am
implying oscillation for (1.1). A similar argument was used in [9].

PROOF OF THEOREM 3.3. Let m > a + 1 be a positive integer. Without loss
of generality, we may assume that 0 < &, < 1. Let

(6.8) max Q)] = am

m—em/2<t<m
and choose the positive integer k = k,, so that
(6.9) k>2+ famed,.

Let z,,x be the unit vector given by the hypothesis of the theorem. Since u(Spk) >
€m, we may find a finite collection of closed intervals I; = [a;,b;], 1 < j < r, where
m<a; <b <---<a, <b,, such that

T T T
1
AUIJ-csm,c and p UI,« =Z<sjz§em,
Jj=1 J=1 =1

where 6; = b; — a;. Since f:n Q(s)ds is a continuous function of ¢, we may, by
maximizing the lengths of the intervals, assume that

a;
(6.10) o ([ Qe ds) ami =k, 15550
m

b]
(6.11) Thk ( Q(s) ds) Tk = k, 1<j<r-1.
m

Furthermore, by discarding intervals if necessary, and shrinking the final interval,
we may suppose that

.
1

6.12 L

(6.12) J_Ezléj 5€m
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Let ag and b be defined to be m, ég to be 0, and let A; = Zf:o 6;,7=0,1,...,7.
We define ¢,,, € A1 (m — %em, b,) as follows:

(6.13) ©Om(t) = pm(t)Tmk,
where
t+ 3em —m, m— e, <t<m,
(6.14)  pm =13 3em — Ay, by <t<ajp;  0<j<r—1,
%Em—AJ'_l-Fa]-—t, a; <t < bjqn; 0<5<r.
We have
b, 1
(6.15) [ iR di= jen+ =
m—em/2
and

by
/ ot (DQ() o (1) dt

m—€m/2
(6.16) b e e et )
- / +y / +y / o ()Q(D)om(t) di
m—em/2 =0 b =179

By (6.10) and (6.11),

[" enweuenaz—an [ (t+gen- m>2 a

(6.17) m—€m/2 m—em/2
_
24 9mEm
a i a .
[ ent0Q@entdi=gem [ sni@tmmds
(6.18) % X ™ .
> — * = —emk,
> 25mzmk (/m Q(t)dt> Imk 26 k,
by (6.10).

For1<)<r-1,

[ enoauwenvd = (1sm - A]-) [ sz d
b 2 b

J J

1 aj b;
= <—€m - AJ> / Ty Q) Tk dt — / Q) Tme dt =0
2 m m
by (6.10) and (6.11).

Noting that for 1 < j < r, pm(t) > 0, and p[,(t) = —1 on [a;, b;], we have, on
integrating by parts,

b] b]
(6.20) / oo (DQ()pm(t) dt = / P2 (8)200k Q1) T

J J

b, b, t
= p?n(bj)/ :I::nkQ(t).’L‘mk dt+/ 20m () (/ Ty o @(8) Tk ds) dt.

7 7 J
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By (6.10) and (6.11),

b b; aj
(6.21) / Tk @(8)Zme dt = (/ —/ )z*ka(t)zmk dt

>0 (with equality if 1 <j <r-1).
Since ¢ € [a;,b;] = t € Spk, using (6.10) we find that for ¢ € [a;, b;],

(6.22) /t Th  Q(8) Tk ds = (/t _ /aa) 2% Q(8)Tmi ds > 0.

J

From (6.20)—-(6.22), we have

b;
(6.23) / O ()Q()om () dt > 0, 7=1,...,r

7

From (6.15)-(6.19) and (6.23), we see that
br . 1 1
629 [ (en ~ph0Qem(0) e < e+ gromeh, ~ jenk <0,
€m

by (6.9). Since m — %z—:m >m— % and m is an arbitrary positive integer exceeding
a, the theorem follows.

PROOF OF THEOREM 3.4. Since (3.6) is oscillatory, there exist subintervals
[@m, m] of [a, A) with limy,—.00 @m = A, and &y, € (am,b ) such that

bm ~
(6.25) [ 1808 - 6 0Q0Bn 0} e <0, m=12,....

Choose am, by > a so that if @, is the restriction of @ to [am,bn) and Qm is
the restriction of Q to [&m,i)m), and if S;, = SN {am,bm), then Qm = Ts, (Qm).
Then lim,, o0 @y = 00. Let @y, by defined on [a,,by) so that o, is continuous
and @, = Ts, (m). Extend om to [am,bn] by defining ©m,(by) = 0. Then
©m € A1(am,bp) and ©,, is constant on each component interval of [am, bm)\Sm.-

We have

bm
(6.26) {lem I — om(D)Q(t)om(t)} dt
i)m ﬂl
= [T UB O = B (DO Em()} d Z/ (R Pm () dt
Qm
where the summation is over indices 7 for which (a;,8;) C [am,bm). By

(6.25)
and the nonnegative definiteness condition (3.5), the right-hand side of (6.26) is
negative. Thus (1.1) is oscillatory.
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