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RICCI AND SCALAR CURVATURES OF SUBMANIFOLDS
OF A CONFORMAL SASAKIAN SPACE FORM

ESMAEIL ABEDI, REYHANE BAHRAMI ZIABARI, AND MUKUT MANI TRIPATHI

ABSTRACT. We introduce a conformal Sasakian manifold and we find the
inequality involving Ricci curvature and the squared mean curvature for
semi-invariant, almost semi-invariant, f-slant, invariant and anti-invariant
submanifolds tangent to the Reeb vector field and the equality cases are also
discussed. Also the inequality involving scalar curvature and the squared
mean curvature of some submanifolds of a conformal Sasakian space form are
obtained.

1. INTRODUCTION

According to B.-Y. Chen [5], to establish simple relationship between the main
intrinsic invariants and the main extrinsic invariants of a Riemannian submanifold
is one of the fundamental problems in the submanifold theory. For a submanifold
of a Riemannian manifold, the main intrinsic invariants include Ricci, scalar and
k-Ricci curvature, while the most important extrinsic invariants are the shape
operator and the squared mean curvature. In [6], B.Y.Chen found a relationship
between the sectional curvature function and the shape operator for submanifolds
in real space forms. In [7], he also gave a sharp inequality for a submanifold in a
real space form involving the Ricci curvature and the squared mean curvature as
follow

Theorem 1.1. Let M be an m-dimensional submanifold of a real space form
R™(c). Then the following statements are true.

(a) For a unit vector X € T,M, we have
4 .
(1) 152> 4 (Rie(x) — (m — 1)}

(b) If H(p) = 0, then a unit vector X € T,M satisfies the equality case of (1.1
if and only if X belongs to the relative null space N,.
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(c) The equality case of (L.1) holds for all unit vectors X € T,M if and only if
either p is a totally geodesic point or m = 2 and p is a totally umbilical point.

Following B.-Y. Chen, many researchers, established same kind of inequalities
for different kind of submanifolds in various ambient spaces, for example see [9],
(101, [11], [12], [13].

On the other hand, I. Vaisman [I6] introduced the conformal changes of almost
metric structures as follows. Let M be a (2n+1)-dimensional differentiable manifold
endowed with an almost contact metric structure (p,&,7,g). A conformal change
of the metric g leads to a metric which is no more compatible with the almost
contact structure (¢, &, n). This can be corrected by a convenient change of £ and
1 which implies rather strong restrictions. Using this definition, we introduce a
new type of almost contact metric structure (@, &,7, ) on a (2n + 1)-dimensional
manifold M which is said to be a conformal Sasakian structure if the structure
(,€,7,7) is conformal related to a Sasakian structure (g, &,7,9).

Motivated by these circumstances, in this paper we study the submanifolds
tangent to the structure vector field (Reeb vector field) £ in a conformal Sasakian
manifold of a conformally Sasakian space form. and establish a basic inequality
between the main intrinsic invariants including scalar curvature and Ricci curvature,
and their main extrinsic invariants, namely squared mean curvature of these
submanifolds.

The paper is organized as follows. In Section 2, we review the notion of Ricci
curvature, Sasakian space form and a brief account of submanifolds. In Section 3,
we give some basic results about conformal Sasakian manifolds. In Section 4, we
establish the inequality involving Ricci curvature and the squared mean curvature
for certain submanifolds of a conformal Sasakian space form, while Section 5 is
devoted to establish the inequality involving scalar curvature and the squared mean
curvature. The equality cases are also discussed.

2. PRELIMINARIES

2.1. Ricci curvature. Let (M, g) be an m-dimensional Riemannian manifold and
V the Riemannian connection. The curvature tensor is a (1, 3)-tensor defined by
[14]

R(X,Y)Z =VxVyZ -VyVxZ -Vixyv|Z,

on vector fields X, Y, Z € TM. Using the metric ¢ we can change this to a
(0,4)-tensor as follows

R(X,Y,Z,W) = g(R(X,Y)Z,W).
Let p € M, the (0, 2)-tensor of Ricci is defined by
(2.1) Ric(X,Y) =tr (Z — R(Z,X)Y),
for X, Y, Z € TM. The Ricci curvature of X € T'M is given by
(2.2) Ric(X) = Rice(X, X).
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The sectional curvature of a plane section spanned by the linearly independent
vectors {X, Y}, denoted by K(X,Y), is given by

R(X,Y,Y, X)

KXY) = (X Xgvy) — g(x, 72

If {e1,...,em} be any orthonormal basis for T, M, then
Ric(X,Y) =Y g(R(ei, X)Y,e;) .
i=1

If X € T,,M is a unit vector and we complete it to an orthonormal basis { X, es, ..., em}
for T, M, then

Ric(X, X) ZKX@.

The sectional curvature of a plane section spanned by orthonormal unit vectors e;
and e; at p € M, denoted K;;, is [10]

Kij = R(ei,ej, ej, ei) .

For a fixed i € {1,...,m}, the Ricci curvature of e;, denoted Ric(e;), is given by
(2.3) Ric(e;) ZKZJ ;
i#£j

Moreover, the scalar curvature is the trace of Ric and denoted by 7. 7 depends
only on p € M and is therefore a function, 7: M — R and defined as follow

(2.4) = Y Kij:%ZRic(ei).

1<i<j<m

From and (| .7 we have
. 1
(2.5) Ric(ey) = 7(p) — Z K;; =7(p) — 3 Z

2<i<j<m 2<i#j<m

Let L be a k-plane section of T,M and X a unit vector in L. We choose an
orthonormal basis {e1,...,ex} of L such that e; = X. The k-Ricci curvature
Ricp, (X) is defined by [7]

RICL(X) = K12 —|—K13 + - —|—K1k .
Thus for each fixed ¢e;, i € {1,...,k} we get

Ricy(e;) Z K;j.
i#j
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2.2. Sasakian space form. Let (M ,g) be an odd-dimensional Riemannian mani-
fold. Then M is said to be an almost contact metric manifold [2] if there exist on
M a tensor ¢ of type (1,1), a vector field £ (structure vector field), and a 1-form n
satisfying

SOQX:—X‘HY(X)& g(va):n(X)v
(2.6) 9(pX, ¢Y) = g(X,Y) = n(X)n(Y)

for any X, Y € TM. The 2-form & is called the fundamental 2-form in M and the
manifold is said to be a contact metric manifold if ® = dn.

The almost contact structure of M is said to be normal if [, 0] +2dn ® & =0,
where [p, ¢] is the Nijenhuis torsion of ¢. A Sasakian manifold is a normal contact
metric manifold. It is easy to show that an almost contact metric manifold is a
Sasakian manifold if and only if

(Vxe)Y =g(X,Y)§ —n(Y)X,
for any X, Y € TM.

A plane section 7 in TpM is called a @-section if it is spanned by X and ¢ X,
where X is a unit tangent vector orthogonal to £. The sectional curvature of a
¢-section is called a ¢-sectional curvature. A Sasakian manifold with constant
@-sectional curvature c is said to be a Sasakian space form and is denoted by M (c).

The curvature tensor of M (c) of a Sasakian space form M (¢) is given by [2]

c+3

R(X,Y)Z = S22 {g(v, 2)X — g(X, 2)Y}

H(2) )X = n(XOY) + (oY, 2)n(X) — (X, Zn(¥))¢

—9(9Y, 2)pX + g(0X, 2)pY +29(¢X.Y)pZ}

for any tangent vector fields X, Y, Z on M(c)

2.3. Submanifolds. Let (M, g) be a submanifold of a Riemannian manifold (M )
where g is the induced metric on M. Then, the Gauss and Weingarten formulas
are given respectively by [10]

VxY =VxY +h(X,Y) and VxV =—-AyX + V%V,

for any X, Y € TM and V € T*+M, where 6, V and V< are respectively the
Riemannian, induced Riemannian and induced normal connections in M, M and

the normal bundle T-M of M, respectively, and h is the second fundamental form
of M related to the shape operator A by g(Ay X,Y) = g(h(X,Y), V).

The equation of Gauss is given by
R(X,Y,2,W) = R(X,Y,Z,W) +G(h(X, W), h(Y, Z))
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forall X, Y, Z, W € TM, where R and R are the curvature tensors of M and M,
respectively.

The mean curvature vector H is given by H = %, where m = dim M. The
submanifold M is totally geodesic in M if h = 0, minimal if H = 0, and totally
umbilical if A(X,Y) = ¢g(X,Y)H for all X, Y € TM.

The relative null space of M at p is defined by [7]

Ny, ={XeT,M:h(X,Y)=0, forall Y e T,M},
which is also known as the kernel of the second fundamental form at p [g].

For any X € TM, we write X = PX + FX, where PX (resp. FX) is

the tangential component (resp. normal component) of ¢ X. Similarly, for any

V € T+M, we have oV = tV + fV, where tV (resp. fV) is the tangential
component (resp. normal component) of V.

The submanifold M is said to be invariant (anti-invariant) if ¢ X € TM, for any
X e TM( X € T+ M, for any X € TM).
Theorem 2.1 ([I0]). Let (M, g) be an m-dimensional submanifold of a Riemannian
manifold M. Then the following statements are true:

(i) For any unit vector X € T,M we have
2
. m o
(2.8) Ric(X) < e | H||* + Ric(p, ar)(X)

where ﬁ\iE(TpM)(X) is the m—Ricch curvature of TyM at X € T,M with
respect to the ambient manifold M.
(ii) The equality case of (2.8) is satisfied by a unit vector X € T,M if and
only if
A(X,X) = ZH(p), h(X,Y)=0,
for allY € T,M such that g(X,Y) =0.
(i) The equality case of (2.8)) holds for all unit vectors X € T,M if and only

if either (1) p is a totally geodesic point or (2) m = 2 and p is a totally
umbilical point.

2.4. Almost semi-invariant submanifold. We recall the definition of an almost
semi-invariant submanifold as follows (cf. [11], [I5]).

A submanifold M of an almost contact metric manifold M with &€ TM is said
to be an almost semi-invariant submanifold of M if there are k distinct functions
A1y ..., Mg defined on M with values in the open interval (0,1) such that TM is
decomposed as P-invariant mutually orthogonal differentiable distributions given
by

TM=D'@D’ e DM @-- & D" ¢ {¢},
where D} = ker(F|(¢y1)p, Dy = ker (P|{§}L)p and

D;}iZker(P2|{§}L+)‘zz(p)I)pv ie{l,...,k}.
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If in addition, each \; is constant, then M is called an almost semi-invariant
submanifold.

An almost semi-invariant submanifold becomes

(a) A semi-invariant submanifold [I] if & = 0.

(b) An invariant submanifold [I] if ¥ = 0 and D° = 0.
(c) An anti-invariant submanifold [I] if £ = 0 and D* = 0.
(d) A #-slant submanifold [4] if D! = 0= D k =1 and ), is constant. In this
case, we have TM = D* @ {¢} and the slant angle @ is given by \; = cosf. A
slant submanifold which is not invariant nor anti-invariant is called a proper 6-slant
submanifold.

If M is an almost semi-invariant submanifold of an almost contact metric
manifold M, then for X € TM we may write [11]

X=U'X+UX +UMX +-- -+ UMX +n(X)E,

where U, U°, UM, ... U are orthogonal projection operators of TM on D*, D,
D>, ..., D respectively. Then, it follows that

(29)  IX|P = [UTX|P + UK + UM X2 + -+ U X2 + (X))
We also have
P2X = —U'X = X (UM X) — - = N (UMX),
which implies that

(2.10) IPX|? = g(PX,PX) = —g(P’X,X) =  N[UX|?.
AE{1, A1, Ak}

In particular, if M is a m-dimensional #-slant submanifold, then \? = cos?
and we have

(2.11) [PX|? = cos® 0| UM X||? = cos® 0 (| X ||* — n(X)?) .

3. CONFORMAL SASAKIAN MANIFOLDS

A (2n+1)-dimensional Riemannian manifold M endowed with the almost contact
metric structure (3,7, £,7) is called a conformal Sasakian manifold if for a C*°
function f: M — R, there are

~ 1_ - i_ ~
g = exp(f)g, £=(exp(~1))*¢ 1= (exp(f))*7, ¢=79,
such that (M, ,7, E, g) is a Sasakian manifold.

Example 3.1. Let R*"*! be the (2n + 1)-dimensional Euclidean space endowed
with the almost contact metric structure (@, &,7,9) defined by

(3 (X Vo) + 755) = 32 (s = X) g + o0 3

=1 =1



RICCI AND SCALAR CURVATURES 119
= exp(~ f){n®n+ Z (da')? + (dy')*}

7= (exp(—f { (dz—z;ylda:)}

Q

where

It is easy to show that (R2"*1. %, £, 7,3) is not a Sasakian manifold, but R2"+!
with the structure (g, £,17,9) given by

g=n®n+ i; {(de")? + (ay')},
= (dz—Zyde)

0

6—25

is a Sasakian space form with the @-sectional curvature equal to —3.

Let V and V are the Riemannian connections on M with respect to the metrics g
and g, respectively. Using Koszul formula, we derive the following relation between
the connections V and V

_ _ 1 _
(1) VxY = Vx¥ + {o(X)Y +w(¥)X —g(X, Y)wt}, VX, Y eTM,

where w(X) = X(f) and g(w!, X) = w(X). B
By using 1) we get the relation between the curvature tensors of (M, 3,7, £,9)
and (M, $,7,&,g) as follow

exp(—f)R(X,Y,Z,W) =R(X,Y, Z,W) + %{B(X, Z)g(Y,W)
- B(Y, Z)E(Xv W) + B(Y7 W)E(Xv Z)
- BOCWR(Y, 2)} + {1 {5, 20507, W)
(3‘2) - g(yv Z)E(X’ W)} )

for all X, Y, Z, W € TM, such that B = Vw — 2w ® w and R and R are the
curvature tensors of (M, 3,7,£,9) and (M, $,7,£,G), respectively.
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From ({3.1) it follows that

V€ = —(exp()) FPX + L (1) — w(@)X),
(VxP)Y = (exp(f))* {7(X, Y)E - 7(Y)X}
— S{W@Y)X — (V)P + (X, Y )pu — 5(X,BY )t}

Now, let (M, g) be an m-dimensional submanifold of a (2n + 1)-dimensional
conformal Sasakian manifold (M,g), where g is the induced metric on M. Let
{e1,...,em} and {€m11,...,e2n41} be the orthonormal bases of the tangent space
T,M and the normal space Tle , respectively. We put

hi; = g(h(eisej),er), 4,je€{l,....m}, re{m+1,....2n41},

617 =" g(hlei e;), hleire;)) -

ij=1

Let K;; and Fij denote the sectional curvature of the plane section spanned by
e; and e; at p in the submanifold M and in the ambient manifold M, respectively.
Thus, K;; and Fij are the intrinsic and extrinsic sectional curvature of the equation

(2.7) ,we have [10]

2n+1
(3.3) K;j = K;j + Z (hi; i (hzrj)z) .
r=m-+1
From ({3.3)) it follows that
(3.4) 27(p) = 27(T,M) + m?|H|* — ||n]?,

where

FT,M)= > Ky,

1<i<j<m

denote the scalar curvature of the m-plane section T, M in the ambient manifold
M. Thus, 7(p) and 7(T,M) are the intrinsic and extrinsic scalar curvature of the
submanifold at p, respectively.

A (2n + 1)-dimensional conformal Sasakian manifold with constant sectional
curvature ¢, denoted M(c), is called a conformal Sasakian space form, and from
, we get its curvature tensor as follow

R(X,Y, 2,W) = expl £){ 2 (3(¥, 2)9(X, W) ~ 9(X, Z2)g(¥, W)
c—1

T

@XM 2)g(Y, W) = n(Y)75(Z)g(X, W)
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+9(X, Z)g(&, W)n(Y) - g(Y, Z)g(&, W)i(X)
+9(@Y, 2)g(@X, W) - g(@X, 2)g(?Y, W))

- 29(9X,Y)g(@Z,W) )}—*{B (X, Z)g(y, W)

— B(Y, 2)3(X, W) + B(Y,W)§(X, Z) - B(X,W)g(Y. 2) }
(35) ~ LIt {g(x, 2)g(v W) ~ 5(v, Z2)g(X, W)},
for all X,Y,Z, W tangent to M(c).

Theorem 3.2. Let M be a submanifold of a conformal Sasakian space form M(c)
such that W¥, € € TM. If p € M s a totally umbilical point, then p is a totally
geodesic point and hence B(T,M) C T,M.

Proof. For a conformal Sasakian space form we have
— _ 1 1 —
(3.6) Vx€=—(exp(f)*BX — S {w(©X - 7(X)w'}.

By the Gauss formula for the submanifold M of a conformal Sasakian space form
M (c) such that w®, £ € TM, and comparing the tangential and the normal part of

-, we get
1

(3.7) V€ = = (exp(£) P PX = 5 (@)X - 7(X)wb)

_ 1
h(X,€) = —(exp(f))” FX.
Now, let p € M be a totally umbilical point. Then, we get
_ _ 1
H=9(&&H=hE¢§) =—(exp(f))*FE=0,

which shows that h(X,Y) = 0 for all X, Y € T, M, that p is a totally geodesic
point. Since p is a totally geodesic point, therefore we have

_ 1
h(Xaf) = 7(6Xp(f))2FX = 07
for all X € T, M, which shows that B(T,M) C T, M. O

Corollary 3.3. A totally umbilical submanifold M of a conformal Sasakian space
form M (c) such that ¥, £ € TM, is a totally geodesic invariant submanifold.

4. RICCI CURVATURE

Theorem 4.1. Let M be an m-dimensional (m > 2) submanifold of a conformal
Sasakian space form M/(c), tangent to the structure vector field £. Then,

Rie(X) < 3 {m?| H| + exp(){(m — 1)(c+3) + (e~ (| PX]?
+@2-mn(X)* - 1)} +2(tr B+ (m —2)(Vxw)X)
(4.1) + (m = D]}
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for any unit vector X € T,M.

Proof. From (3.3)), we get
2n+1

2| H P _ | o i
i :T(p)*T(TpM)+Z Z (hiy = hby =+ = Pp)®
r=m-+1
2n+1 m o
12) S S Y e
r=m+1 j=2 2<i<j<m
From ({2.5)), (4.2)) yields to
L — 2t ) )
—7 - Ric(ey) — Ric(ey) + 1 Z (RS, —hby —---—h7 )2
r=m-+1
2n+1 m
(4.3) + >0 D ()
r=m-41 j=2

In view of (B.5), we have
Ric(er) = 3 { exp(/){(m — (e +3) + (e~ D(B|PX]?
2= m)[0)) - 1)) - 2{(2 - m)(Vxw)X

(4.4) — %w(X)Q) —tr B} + (m — 1)[w?|*},
Now by substituting in ([4.3)), we obtain
U — Ric(er) — S { exp(P){0m — 1)(e+8) + (e~ (8] PX?
+2-muX)? -1} +2{2-m)((Vxw)X — %w(X)z)
1 2n+1
—tr B} — (m = D"} + 5 > (B —hhy = =D,
r=m-+1
2n+1 m
(4.5) + > > (h)?.
r=m+41 j=2

Since, we can choose e; = X as any unit vector in T, M. Therefore the above

equation implies (4.1)).

Theorem 4.2. Let M be an m-dimensional (m > 2) submanifold of a conformal

Sasakian space form M (c), tangent to the structure vector field . Then,

(i) A unit vector X € T,M satisfies the equality case of (4.1) if and only if

either m = 2 or w* be orthogonal to X and
m
hX,X)=—H(p),
o (X, X) = D H(p)
(X, Y)=0, VY e€{X}

)2
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(if) If M is minimal at p, then a unit vector X € T, M satisfies the equality
case of (4.1)) if and only if X lies in the relative null space of M and either
m =2 or w* be orthogonal to X.

Proof. Assuming X = e, from (4.5)) the equality case of (4.1]) is valid if and only
if the following relations be satisfied.

(4.7) (@) hi;=0, Vi=2,....m, r=m+1,....2n+1,
(4.8) (b) Ry = hi, Vr=m+1,... 2041,

=2
(4.9) () (2-m)w(X)?=0.

Satisfying (a), (b) and (c¢) is equivalent to statement (i).

For proving the statement (ii) we note that minimality at p means H(p) = 0.
So, in view of 7 and , we conclude that X lies in the relative null
space of M and either m = 2 or w* be orthogonal to X. (]

Corollary 4.3. Let M be an m-dimensional (m > 2) submanifold of a conformal
Sasakian space form M(c). For a unit vector X € T, M, any three of the following
four statements imply the remaining one.

(i) w(X) =0 ( means df in the direction of X is zero).
(ii) The mean curvature vector H(p) vanishes.

(iii) The unit vector X belongs to the relative null space N,.

(iv) The unit vector X satisfies the following equality case
4Ric(X) = m?| H|* + exp(f){(m — 1)(c + 3) + (c — 1)(3||PX|]?
+2-m(X)* -1} +2(tr B+ (m—2)(Vxw)X)
2
+ (m = D"} -

Theorem 4.4. Let M be an m-dimensional (m > 2) submanifold of a conformal
Sasakian space form M (c), tangent to the structure vector field &. Then, the equality
case of holds for all unit vectors X € T, M if and only if either p is a totally
geodesic point and Wt € T;-M orm =2 and p is a totally geodesic point and in
this case if w* € T,M then B(T,M) C T,M.

Proof. Assume that the equality case of (4.1) is satisfied for all unit vectors
X € T,M, in view of (4.7), (4.8) and (4.9), we have

(4.10) hi; =0, i#j, r=m+2,....2n+1,

(4.11) 2hj; =hiy+hoe+---+h ., i=1,....m, r=m+2,....2n+1,
(4.12) (2-m)w(e)? =0, i=1,...,m.

From (4.12)), we have either m = 2 or w* be in TPLM.
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Assume that m # 2, so w! be in T;-M and from (4.11)), we get
2hhy =2h5y = -+ = 2Ry, = iy + hoy + - A B
which yields to
(m = 2)(h1y + hiy + -+ + hypp) = 0.

Thus, hi; +hs +---+h],,, = 0. Then, in view of and (.11, we get hi; =0
forany i, =1,...,mand r =m+2,...,2n + 1, that is, p is a totally geodesic
point.

Now, assume that m = 2 and w? € TpM, then from , we have

2h7£1 = 2h§2 = (hql + h£2) )

which shows that p is a totally umbilical point. Now Theorem implies that p
is a totally geodesic point and @(T,M) C T, M. The proof of the converse part is
straightforward. O

Corollary 4.5. Every m-dimensional (m > 2) totally geodesic submanifold M of
a conformal Sasakian space form M (c), tangent to the structure vector field & such
that Wt € TpJ‘M, satisfies

ARic(X) = m?||H|* + exp(f){(m — 1)(c+3) + (c — ) (3| PX|?
+2-mAX)? 1)} +2(tr B+ (m —2)(Vyw)X)

+ (m = 1)l

Now, we need the following lemma

Lemma 4.6. Let M be an m-dimensional invariant submanifold of a Conformal
Sasakian manifold M, tangent to the structure vector field &. Then M is minimal
if and only if w* is tangent to M.

Proof. From and Gauss formula, we have
h(X,2Y) = Ph(X.Y) — (VxP)Y + (exp(f))* (7(X. Y)E ~ (V) X)
~ SPY)X — w(V)PX — X, BY )t + 5(X, V)t
Now by comparing the tangential part and the normal part, we get
HX,BY) = Bh(X,Y) — S {5(X, V)put — g(X, Y )t}
We note that w! is tangent to M, so we obtain
hMX,9Y) =ph(X,Y).

Let {e;, @e;},i=1,..., % be an othonormal basis on M. Then,

[]

1
H= — h(ei,ei) + h(pei, pe;) = 0.

Il
o

This completes the proof. ([l
As a result of Lemma and Theorem [4.4] we have
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Corollary 4.7. Every 2-dimensional totally geodesic invariant submanifold M of
a conformal Sasakian space form M/(c), tangent to the structure vector field &, such
that w* € TM, satisfies

ARic(X) = exp(f){(m — 1)(c+3) + (c = D(B|PX|* + (2 - m)F(X)* - 1)}
+2(tr B+ (m — 2)(Vxw)X) + (m — 1)t

Theorem 4.8. Let M be an m-submanifold of a conformal Sasakian space form
M(c), tangent to the structure vector field §. Then,

(i) For each unit vector X € {€}, we have

Ric(X) < i{mQHHH +exp(f){(m—1)(c+3)+ (c— 1)(3HPX||2 -1)}
(4.13) +2(tr B+ (m — 2)(Vxw)X) + (m — 1))’}
(ii) The equality case of holds for all X € {E}j; if and only if either

p is a totally geodesic point and Wt € TPJ-M orm = 2 and p is a totally
geodesic point and in this case if w* € T,M then B(T,M) C T,M.

Proof. Put 7(X) = 0in (4.1)) to get (4.13). Rest of the proof is straightforward. [

Theorem 4.9. Let M be an m-dimensional (m > 2) semi-invariant submanifold
of a conformal Sasakian space form M(c) such that T,M =D, ® Dy & (£) then,

(i) For each unit vector X € D, we have

Rie(X) < 1 {m?|H| + exp(f) (m — 1)(e+8) +2(c — 1))

+2(tr B+ (m —2)(Vxw)X) + (m — 1)[|wf]|"} .

(ii) For each unit vector X € Dj-, we have

Rie(X) < ¢ {m?| H| + exp(f) ((m ~ 1)(e+3) ~ (e~ 1))
+2(tr B+ (m — 2)(Vxw)X) + (n— 1))’}

Proof. If M is a semi-invariant submanifold, then (D)) € D), and ¢(Dy-) C T M.
If X € D,, then 7j(X) = 0 and ||PX|* = 1. Now by using the inequality we
prove (i). For proving (ii), we note that in this case P = 0, rest of the proof is
similar to (i). O

Theorem 4.10. Let M be an m-dimensional (m > 2) submanifold of a conformally
Sasakian space form M (c), tangent to the structure vector field £. Then,
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(i) If M is an almost semi-invariant submanifold, then for each unit vector
X € T,M we have

Ric(X) < i{mQHHHQ + eXp(f){(m —1)(c+3)

=D Y NIRXE+2-mEx)?-1)}
AE{1, A1, AR}

_ 2

(4.14) +2(tr B+ (m — 2)(Vxw)X) + (m — 1)[|wf]| }
where UI}, U;‘l, ceey Ug‘k are orthogonal projection operators of T,M on
D}), D;}H . J);‘k, respectively.

(ii) If M is a O-slant submanifold, then for each unit vector X € T,M we have
Rie(X) < ¢ {m? [ + exp(f){(m ~ 1)(c +3)
+ (c—1)(3cos® 0(1 = (X)?) + (2 — m)n(X)* — 1}
(4.15) +2(tr B+ (m — 2)(Vxw)X) + (m — 1)[[*]}.

(ii) If M is an anti-invariant submanifold, then for each unit vector X € T,M
we have

1
Ric(X) < 2{m?|[H||* + exp(f){(m — 1)(c +3)
+e=D(2-mnX)*-1)}
(4.16) +2(tr B+ (m — 2)(Vxw)X) + (m — 1)) ”}.
Proof. Using (2.10]) in we get (4.14)). Next, using (2.11)) in (4.1]) we get (4.15).

For the inequality (4.16]), we note that T,M = Dg + {&}, so 8 = Z, therefore we
put 0 = 5 in (4.15)and then we find (4.16). O
Theorem 4.11. Let M be an m-dimensional (m > 2) almost semi-invariant

submanifold of a conformal Sasakian space form M (c), tangent to the structure
vector field &, then for a unit vector X € {E}; we have

(417)  Rie(X) < H{m?H]? + exp(F){(m — 1)(c +3)
+(c—1)(3 3y A2\|U;X\|2—1)}

Ae{1, A1, Ak}
(4.18) +2(tr B+ (m — 2)(Vxw)X) + (m — 1))},

where UI}, U;‘l,...,UIf"c are orthogonal projection operators of T,M on D;,, D;}l,

>\ .
..., Dpk, respectively.

Proof. Put (2.10)) in (4.13)) and note that in this case (X ) = 0 to get (4.18). O
Theorem 4.12. Let M be an m-dimensional (m > 2) submanifold of a conformal

Sasakian space form M (c), tangent to the structure vector field £, and let X € {E};—
is a unit vector. Then, the following statements are true
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(i) If M is a proper 0-slant submanifold, then
Ric(X) < i{mzﬂHH +exp(f){(m —1)(c+3) + (c — 1)(3cos®0 — 1)}
(4.19) +2(tr B + (m —2)(Vxw)X) + (m — 1)[w?|?}.
(ii) If M is anti-invariant, then
Ric(X) < +{m?| | + exp(H){(m — (e +3) ~ (c~ 1)}
(4.20) +2(tr B+ (m — 2)(Vxw)X) + (m — 1))’}
(i) If M is invariant, then
Ric(X) < %{m2||H|| + exp(f){(m —1(e+3) +2(c — 1)}
(4.21) +2(tr B+ (m — 2)(Vxw)X) + (m — 1]of||"} .
Proof. Put in and note that in this case 77(X) = 0 to get
Ric(X) < i{mQHHH +exp(f)((m —1)(c+3) + (¢ — 1)(3cos? 6 — 1))
(4.22) +2(tr B+ (m — 2)(Vxw)X) + (m — 1)]f[|"} .
By putting § = 7/2 in ([4.22)), we obtain
Rie(X) < ({m?[[H] + exp(7) ((m — 1)(c +3) — (¢~ 1))
(4.23) +2(tr B+ (m — 2)(Vxw)X) + (m — 1)]w?]}.

By putting § = 0 (4.22), we get (4.21). If possible, let equality case of (4.22) or
(4.23) is satisfied by a unit vector X € {f}j;, then it follows that h(X,§) = 0,

which in view of h(X,€) = —(exp(f))2FX, is a contradiction. Thus, [.I9) and
([#.20) are proved. -

5. SCALAR CURVATURE
We recall the following theorem and proposition from [12].

Theorem 5.1. For an m-dimensional submanifold M in an n-dimensional Rie-
mannian manifold, at each point p € M, we have
m(m — 1)

(5.1) 7(p) < 5

with equality if and only if p is a totally umbilical point.

IH|[? + 7(T, M) ,

Proposition 5.2. For an m-dimensional submanifold M of a Riemannian manifold
at each point p € M, we have

(52) r(p) < g [HI? + 7T, M),

with equality if and only if p is a totally geodesic point.
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Theorem 5.3. Let M be an m-dimensional submanifold of a conformal Sasakian
space form M(c), tangent to the structure vector field &, then at each point p € M,
we have

7(p) < g {amlm — DIH|? + exp(f) (m(m — 1)(c +3)
—(c—=1)(@2m—-2-3|P|*)} +4(m—1)trB

(5.3) +m(m —1)[w*?},
where
IPI* =" g(Pei,e;)?
ij=1

and the equality case of (5.3) is satisfied if and only if p is a totally umbilical point.
Proof. From , we obtain

T(T,M) = fexp (f){m(m —1)(c+3)+ (c—1)(2m —2 = 3||P|?)
(5.4) —4(m —1)tr B—m(m — 1)|w*|?} .
Now, by substituting (5.4)) in (5.1]) we get (5.3]). Rest of the proof is straightforward.

O

Theorem 5.4. Let M be an m-dimensional submanifold of a conformal Sasakian
space form M(c), tangent to the structure vector field &, then at each point p € M,
we have

() < & {(4m? | HI? + exp(){m(m —1)(c +3)
—(c—1(@2m—-2-3|P|*)} +4(m—1)tr B
(5.5) +m(m —1)[w?},
with equality if and only if p is a totally geodesic point.

Proof. By substituting (5.4) in (5.2]) we get (5.5)). Rest of the proof is straightfor-
ward. O

Theorem 5.5. Let M be an m-dimensional submanifold of a conformal Sasakian
space form M/(c), such that w* and € are tangent to M. Then, the following
statements are true

(i) If M is anti-invariant, then

7(p) < g {tmlm — DIH|? + exp(7) (m(m ~ 1)(e+3) = 2m ~ 1)(c ~ 1))
(56)  +40m— 1B +mim— 1)},
(i) If M is invariant, then
r(p) < ¢ exp() (mlm ~ 1)(c+3) — (e~ 12m ~ 2~ 3] P|)
(5.7) +4(m —1)tr B +m(m — 1)[|w*||*}.
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Proof. By putting P =0 in (5.3)), we get (5.6). For proving (ii), Let M is invariant
and w! € TM so from Lemma it follows that M is minimal at p. The rest of
the prove is straightforward. [
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