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ABSTRACT. — We investigate a coupled system of the Ricci flow on a closed manifold M with the
harmonic map flow of a map ¢ from M to some closed target manifold NV,
2g:—2Rc—+—2o¢V¢®V¢ 2<¢>:7-¢>
ot ’ ot I
where « is a (possibly time-dependent) positive coupling constant. Surprisingly, the coupled system
may be less singular than the Ricci flow or the harmonic map flow alone. In particular, we can always
rule out energy concentration of ¢ a-priori by choosing « large enough. Moreover, it suffices to bound
the curvature of (M, g(t)) to also obtain control of ¢ and all its derivatives if « > a > 0. Besides
these new phenomena, the flow shares many good properties with the Ricci flow. In particular, we can
derive the monotonicity of an energy, an entropy and a reduced volume functional. We then apply these
monotonicity results to rule out non-trivial breathers and geometric collapsing at finite times.

REsuME. — Nous étudions un systeme d’équations consistant en un couplage entre le flot de Ricci

et le flot harmonique d’une fonction ¢ allant de M dans une variété cible N,

0 0

529 = —2Rc+2aVo ® Vo, &qb:quS,
ou « est une constante de couplage strictement positive (et pouvant dépendre du temps). De maniére
surprenante, ce systéme couplé peut étre moins singulier que le flot de Ricci ou le flot harmonique si
ceux-ci sont considérés de maniére isolée. En particulier, on peut toujours montrer que la fonction ¢
ne se concentre pas le long de ce systeme a condition de prendre « assez grand. De plus, il est suffisant
de borner la courbure de (M, g(¢)) le long du flot pour obtenir le contrdle de ¢ et de toutes ses dérivées
sia > a > 0. A part ces phénomeénes nouveaux, ce flot posséde certaines propriétés analogues a celles
du flot de Ricci. En particulier, il est possible de montrer la monotonie d’une énergie, d’une entropie et
d’une fonctionnelle volume réduit. On utilise la monotonie de ces quantités pour montrer I’absence de
solutions en « accordéon » et I’absence d’effondrement en temps fini le long du flot.
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102 R. MULLER

1. Introduction and main results

Let (M™, g) and (N™ ) be smooth Riemannian manifolds without boundary. According
to Nash’s embedding theorem [30] we can assume that IV is isometrically embedded into
Euclidean space (N",v) — R? for a sufficiently large d. If ey : N — R? denotes this
embedding, we identify maps ¢ : M — N withey o ¢ : M — R? such maps may thus
be written as ¢ = (¢)1<r<q. Harmonic maps ¢ : M — N are critical points of the energy
functional

(1) B) = [ [Vofav

Here, |V¢|? := 2e(¢) = ¢"/V,;¢*V;¢* denotes the local energy density, where we use the
convention that repeated Latin indices are summed over from 1 to m and repeated Greek
indices are summed over from 1 to d. We often drop the summation indices for ¢ when
clear from the context. Harmonic maps generalize the concept of harmonic functions and
in particular include closed geodesics and minimal surfaces.

To study the existence of a harmonic map ¢ homotopic to a given map ¢g : M — N, Eells
and Sampson [13] proposed to study the L2-gradient flow of the energy functional (1.1),

(1.2) 50 =140, $(0) = ¢o,

where 7,¢ denotes the intrinsic Laplacian of ¢, often called the tension field of ¢. They proved
that if NV has non-positive sectional curvature there always exists a unique, global, smooth
solution of (1.2) which converges smoothly to a harmonic map ¢, : M — N homotopic
to ¢ as t — oo suitably. On the other hand, without an assumption on the curvature of NV,
the solution might blow up in finite or infinite time. Comprehensive surveys about harmonic
maps and the harmonic map flow are given in Eells-Lemaire [11, 12], Jost [18] and Struwe
[40]. The harmonic map flow was the first appearance of a nonlinear heat flow in Riemannian
geometry. Today, geometric heat flows have become an intensely studied topic in geometric
analysis.

Another fundamental problem in differential geometry is to find canonical metrics on
Riemannian manifolds, for example metrics with constant curvature in some sense. Using the
idea of evolving an object to such an ideal state by a nonlinear heat flow, Richard Hamilton
[15] introduced the Ricci flow in 1982. His idea was to smooth out irregularities of the
curvature by evolving a given Riemannian metric g on a manifold M with respect to the
nonlinear weakly parabolic equation

(1.3) 2g9=-2Re,  g(0) = go,

where Re denotes the Ricci curvature of (M, g). Strictly speaking, the Ricci flow is not the
gradient flow of a functional ¥ (g) = fM F(8%g,0g, g)dV, butin 2002, Perelman [31] showed
that it is gradient-like nevertheless. He presented a new functional which may be regarded as
an improved version of the Einstein-Hilbert functional E(g) = [ o B dV, namely

(1.4) (g, f) = /M (R+ |Vf|2)e—fdv.
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RICCI FLOW COUPLED WITH HARMONIC MAP FLOW 103

The Ricci flow can be interpreted as the gradient flow of ¥ modulo a pull-back by a family
of diffeomorphisms. Hamilton’s Ricci flow has a successful history. Most importantly, Perel-
man’s work [31, 33] led to a completion of Hamilton’s program [16] and a complete proof of
Thurston’s geometrization conjecture [42] and (using a finite extinction result from Perelman
[32] or Colding and Minicozzi [8, 9]) of the Poincaré conjecture [34]. Introductory surveys on
the Ricci flow and Perelman’s functionals can be found in the books by Chow and Knopf[6],
Chow, Lu and Ni [7], Miiller [27] and Topping [43]. More advanced explanations of Perel-
man’s proof of the two conjectures are given in Cao and Zhu [3] Chow et al. [4, 5], Kleiner
and Lott[19] and Morgan and Tian [25, 26]. A good survey on Perelman’s work is also given
in Tao [41].

The goal of this article is to study a coupled system of the two flows (1.2) and (1.3). Again,
we let (M™, g) and (N, ) be smooth manifolds without boundary and with (N, v) — R%,
Throughout this article, we will assume in addition that M and N are compact, hence closed.
However, many of our results hold for more general manifolds.

Let g(t) be a family of Riemannian metrics on M and ¢(¢) a family of smooth maps
from M to N. We call (g(t), ¢(t))¢c[o,7) a solution to the coupled system of Ricci flow and
harmonic map heat flow with coupling constant «(¢), the (RH),, flow for short, if it satisfies

29=—-2Rc+2aVp® Vo,

26 =10

Here, 74¢ denotes the tension field of the map ¢ with respect to the evolving metric g,
and a(t) > 0 denotes a (time-dependent) coupling constant. Finally, V¢ ® V¢ has the
components (V¢ ® V¢),;; = Vigb)‘Vj #*. In particular, [V¢|? as defined above is the trace
of V¢ ® V¢ with respect to g.

The special case where N C R and o = 2 was studied by List [22], his motivation coming
from general relativity and the study of Einstein vacuum equations. Moreover, List’s flow
also arises as the Ricci flow of a warped product, see [28, Lemma A.3]. After completion of
this work, we learned that another special case of (RH),, with N C SL(kR)/SO(k) arises in
the study of the long-time behavior of certain Type III Ricci flows, see Lott [23] and a recent
paper of Williams [44] for details and explicit examples.

. {

The paper is organized as follows. In order to get a feeling for the flow, we first study
explicit examples of solutions of (RH), as well as soliton solutions which are generalized
fixed points modulo diffeomorphisms and scaling. The stationary solutions of (RH),, satisfy
Rc = aV@p® V¢, where ¢ is a harmonic map. To prevent (M, g(t)) from shrinking to a point
or blowing up, it is convenient to introduce a volume-preserving version of the flow.

In Section 3, we prove that for constant coupling functions a(t) = o > 0 the (RH),
flow can be interpreted as a gradient flow for an energy functional ¥,(g, ¢, f) modified
by a family of diffeomorphisms generated by V. If (g(t), ¢(t)) solves (RH), and e~f is a
solution to the adjoint heat equation under the flow, then &, is non-decreasing and constant
if and only if (g(t), ¢(t)) is a gradient steady soliton. In the more general case where «(¢) is
a positive function, the monotonicity result still holds whenever «(t) is non-increasing. This
section is based on techniques of Perelman [31, Section 1] for the Ricci flow.

In the fourth section, we prove short-time existence for the flow using again a method
from Ricci flow theory known as DeTurck’s trick (cf. [10]), i.e., we transform the weakly
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104 R. MULLER

parabolic system (RH), into a strictly parabolic one by pushing it forward with a family
of diffeomorphisms. Moreover, we compute the evolution equations for the Ricci and scalar
curvature, the gradient of ¢ and combinations thereof. In particular, the evolution equations
for the symmetric tensor S;; := R;; — aV,;¢V ;¢ and its trace S = R — a|V¢|? will be very
useful.

In Section 5, we study first consequences of the evolution equations for the existence or
non-existence of certain types of singularities. Using the maximum principle, we show that
minge s S(z,t) is non-decreasing along the flow. This has the rather surprising consequence
that if |V¢|?(zk,tr) — oo for ¢, / T, then R(zw,tx) blows up as well, i.e., g(tx) must
become singular as t,  T. Conversely, if |[Rm| stays bounded along the flow, |V#|? must
stay bounded, too. This leads to the conjecture that a uniform Riemann-bound is enough
to conclude long-time existence. This conjecture is proved in Section 6. To this end, we
first compute estimates for the Riemannian curvature tensor, its derivatives and the higher
derivatives of ¢ and then follow Bando’s [1] and Shi’s [38] results for the Ricci flow to derive
interior-in-time gradient estimates.

In Section 7, we introduce an entropy functional W, (g, ¢, f,7) which corresponds to
Perelman’s shrinker entropy for the Ricci flow [31, Section 3]. Here 7 = T — ¢ denotes a
backwards time. For a(t) = a > 0, the entropy functional is non-decreasing and constant
exactly on shrinking solitons. Again, the entropy is monotone if we allow non-increasing
positive coupling functions «(¢) instead of constant ones. Using &, and W, we can exclude
nontrivial breathers, i.e., we show that a breather has to be a gradient soliton. In the case of
a steady or expanding breather the result is even stronger, namely we can show that ¢(¢) has
to be harmonic in these cases for all ¢.

Finally in the last section, we state the monotonicity of a backwards reduced volume
quantity for the (RH), flow with positive non-increasing «(t). This follows from our
more general result from [29]. We apply this monotonicity to deduce a local non-collapsing
theorem.

In the appendix, we collect the commutator identities on bundles like 7% M ® ¢*T'N, which
we need for the evolution equations in Sections 4 and 6.

This article originates from the author’s PhD thesis [28] from 2009, where some of the
proofs and computations are carried out in more details. The author likes to thank Klaus
Ecker, Robert Haslhofer, Gerhard Huisken, Tom Ilmanen, Peter Topping and in particular
Michael Struwe for stimulating discussions and valuable remarks and suggestions while
studying this new flow. Moreover, he thanks the Swiss National Science Foundation that
partially supported his research and Zindine Djadli who translated the abstract into flawless
French.

2. Examples and special solutions

In this section, we only consider time-independent coupling constants «(t) = «. First,
we study two very simple homogeneous examples for the (RH),, flow system to illustrate the
different behavior of the flow for different coupling constants «. In particular, the existence or
non-existence of singularities will depend on the choice of a. We study the volume-preserving
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RICCI FLOW COUPLED WITH HARMONIC MAP FLOW 105

version of the flow as well. We say that (g(t), ¢(t)) is a solution of the normalized (RH),, flow,
if it satisfies

29=—2Rc+2aVp@ Ve + 2 g][ (R—alVg[*)av,
M

%Qé = Tg¢.

@.1)

2.1. Two homogeneous examples with ¢ = id

Assume that (M, g(0)) is a round two-sphere of constant Gauss curvature 1. Under the
Ricci flow, the sphere shrinks to a point in finite time. Let us now consider the (RH),
flow, assuming that (N,v) = (M,g(0)) and #(0) is the identity map. With the ansatz
g(t) = ¢(t)g(0), ¢(0) = 1 and the fact that ¢(t) = ¢(0) is harmonic for all g(¢), the (RH ),
flow reduces to

%c(t) = -2+ 20.

For a0 < 1, ¢(t) goes to zero in finite time, i.e., (M, g(t)) shrinks to a point, while the scalar
curvature R and the energy density |[V¢|? both go to infinity. For « = 1, the solution is
stationary. For a@ > 1, ¢(¢) grows linearly and the flow exists forever, while both the scalar
curvature R and the energy density |V¢|? vanish asymptotically. Instead of changing o, we
can also scale the metric v on the target manifold. Mapping into a larger sphere has the same
consequences as choosing a larger «. Note that the volume-preserving version (2.1) of the
flow is always stationary, as it is for the normalized Ricci flow, too.

A more interesting example is obtained if we let (M*, g(t)) = (S? x L, c(t)gs> ® d(t)gr),
where (S?, gs2) is again a round sphere with Gauss curvature 1 and (L, gr.) is a surface (of
genus > 2) with constant Gauss curvature —1. Under the Ricci flow, %c(t) = —2and
%d(t) = +2. In particular, ¢(t) goes to zero in finite time while d(¢) always expands. Under
the normalized Ricci flow % g = —2Rc+ % g f R dV, we have

Se=—24+%Lc=-1-¢%  Zd=+2+%Ltc=+1+d"

Again, c(t) goes to zero in finite time. At the same time, d(t) goes to infinity. Now, let us
consider the (RH),, flow for this example, setting (N,v) = (M, g(0)) and ¢(0) = id. First,
note that ¢(0) is always harmonic and thus ¢(t) = ¢(0) is unchanged. The identity map
between the same manifold with two different metrics is not necessarily harmonic in general,
but here it is. The flow equations reduce to %c(t) = —2+2a and %d(t) = 42+ 2a. While
d(t) always grows, the behavior of ¢(t) is exactly the same as in the first example above, where
we only had a two-sphere. On the other hand, if we consider the normalized flow (2.1), we
obtain

2e=(a—1)— (a+1)c?, 2d=(a+1)—(a—1)d
In the case where a < 1, ¢(t) goes to zero in finite time, while d(t) blows up at the same time,
similar to the normalized Ricci flow above. For a = 1, ¢(t) = (1 + 2t)~! goes to zero in
infinite time while d(¢) = (1 + 2t) grows linearly, i.e., we have long-time existence but no
natural convergence (to a manifold with the same topology). In the third case, where o > 1,
both ¢(t) and d(t) converge with

c(t) = /451, d(t) — /23, ast — oo.
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106 R. MULLER

These examples show that both the unnormalized and the normalized version of our flow
can behave very differently from the Ricci flow if « is chosen large. In particular, they may
be more regular in special situations.

2.2. Volume-preserving version of (RH),,

Here, we show that the unnormalized (RH ), flow and the normalized version are related
by rescaling the metric g and the time, while keeping the map ¢ unchanged. Indeed, assume
that (g(t), ¢(t))te[o,r) is a solution of (RH),. Define a family of rescaling factors A(t) by

(2.2) At) == (/M dvg(t))_”’”, te€0,7T),

and let g(t) be the family of rescaled metrics g(t) = A(t)g(t) having constant unit volume
/ Wat = / AT (t) AV =1, VEe[0,T).
M M

Write J = Rc — aV¢ ® V¢ with trace S = R — a|V¢|?. It is an immediate consequence of
the scaling behavior of R, R, V¢ ® V¢ and |V¢|? that J = J and S = A\71S for g = Ag.
Note that A(¢) is a smooth function of time, with

_24m
iA(t)z—%(/ dVg> /(—S)dVg:%A][ SdVg:%A?][ S dv.
dt M M M M

Now, we rescale the time. Put £(¢) := fot A(s)ds, so that j—f = A(t). Then, we obtain

FI=2"509) = g9+ (A THNI = -2+ %g][ 5 dv,
M

So=2"12¢=2A"11.0 = 150.
This means that (g(%), ¢(f)) solves the volume-preserving (RH),, flow (2.1) on [0, T'), where
T = fOT A(s)ds.

2.3. Gradient solitons

A solution to (RH), which changes under a one-parameter family of diffeomorphisms
on M and scaling is called a soliton (or a self-similar solution). These solutions correspond
to fixed points modulo diffeomorphisms and scaling. The more general class of periodic
solutions modulo diffeomorphisms and scaling, the so-called breathers, will be defined (but
also ruled out) in Section 7.

DEFINITION 2.1. — A solution (g(t), ¢(t)):efo,r)y of (RH), is called a soliton if there
exists a one-parameter family of diffeomorphisms ¢, : M — M with ¢g = id)s and a scaling
function ¢ : [0,T) — Ry such that

g9(t) = c(t) 9(0),
(2.3) { o
o(t) = 1y ¢(0).
The cases %c = ¢ < 0,6 =0and ¢ > 0 correspond to shrinking, steady and expanding
solitons, respectively. If the diffeomorphisms ¢, are generated by a vector field X (¢) that is
the gradient of some function f(¢) on M, then the soliton is called gradient soliton and f is
called the potential of the soliton.
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LEMMA 2.2, — Let (g(t), #(t)):epo,1) be a gradient soliton with potential f. Then for any
to € [0,T), this soliton satisfies the coupled elliptic system

{0 =Rc — aV¢ ® Vo + Hess(f) + ag,
0= Tg¢ - <v¢a Vf>7

for some constant o(to). Conversely, given a function f on M and a solution of (2.4) att = 0,
there exist one-parameter families of constants c(t) and diffeomorphisms 1, : M — M such

that defining (g(t), ¢(t)) as in (2.3) yields a solution of (RH),. Moreover, c(t) can be chosen
linear in t.

2.4)

Proof. — Suppose we have a soliton solution to (RH),. Without loss of generality,
¢(0) = 1 and o = idps. Thus, the solution satisfies

—2Re(g(0)) 4 20(Vp ® V$)(0) = Zg(t)|1=0 = £; (c(t)¥; 9(0))]e=0
=¢(0)g(0) + Lx(0)9(0)
= ¢(0)g(0) + 2 Hess(£(-,0)),

where X (t) is the family of vector fields generating ;. Moreover, we compute

(740)(0) = 5 (t)]i=0 = Lx(0)(0) = (V, V).

Together, this proves (2.4) with o = %é(O) for to = 0. Hence, by a time-shifting argument,
(2.4) must hold for any ¢y € [0,T"). One can easily see that o(tg) = ¢(to)/2¢(to)-
Conversely, let (g(0), ¢(0)) solve (2.4) for some function f on M. Define ¢(t) := 1 + 20t
and X (t) := V f/c(¢). Let ¢; be the diffeomorphisms generated by the family of vector fields
X (t) (with tpg = idps) and define (g(t), #(¢)) asin (2.3). For o < 0 this is possible on the time
interval ¢ € [0, 52), in the case o > 0 it is possible for ¢ € [0, 00). Then
Zr9(t) = et (9(0)) + c(t)¥; (Lx(19(0)) = ¥ (209(0) + Ly 49(0))
= 17 (209(0) + 2Hess(f)) = 97 (—2Re(9(0)) + 2a(V ® V)(0))
= —2Rc(9(t)) +2a(Ve © Vo)(1),

as well as

S0(t) = ¥i (Lx(5$(0)) = ¥ (VH(0), Vf /c(t)) = c(t) " 9{ (1(0)$(0))
= c(t) M Tyrg(0)9(t) = Tyt 9(1).
This means that (g(t), ¢(¢)) is a solution of (RH ), and thus a soliton solution. O

By Lemma 2.2 and rescaling, we may assume that ¢(t) = T'—t for shrinking solitons (here
T is the maximal time of existence for the flow), ¢(t) = 1 for steady solitonsand ¢(¢t) =t —T
for expanding solitons (where 7" defines a birth time). An example for a soliton solution is the
very first example from this section, where (M, g(0)) = (N,v) = (S?, gs2) and ¢(0) = id.
For a < 1, the soliton is shrinking, for « = 1 steady and for @ > 1 expanding. Since
¢ = idys for all ¢ in all three cases, these are gradient solitons with potential f = 0.

Taking the trace of the first equation in (2.4), we see that a soliton must satisfy

(2.5) R— VP> + Af +om = 0.
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108 R. MULLER

Taking covariant derivatives in (2.4) and using the twice traced second Bianchi identity
V;R;; = %ViR, we obtain (analogous to the corresponding equation for soliton solutions
of the Ricci flow)

(2.6) R — a|V|> + |Vf|> + 20 f = const.
Finally, with f(-,t) = ¥; (f(-,0)), we get

2.7) 2f=2xf=I|VfP
Combining this with (2.5), we obtain the evolution equation

(2.8) (2 +2)f=|Vf?—R+alV|* —om.

For steady solitons, for which the formulas (2.4)—(2.8) hold with ¢ = 0, Equation (2.8) is
equivalent to u = e~/ solving the adjoint heat equation

(2.9) O*u = —2u— Au+ Ru— a|Ve[>u = 0.

For shrinking solitons, (2.4)—(2.8) hold with o(t) = —%(T —t)~! and (2.8) is equivalent
tou = (4w (T—t))~™/2e~7 solving the adjoint heat equation. Finally, for expanding solitons,
o(t) =+%(t — T)~" and (2.8) is equivalent to the fact that u = (4x(t — T'))~™/2e~/ solves

the adjoint heat equation (2.9).

3. The (RH), flow as a gradient flow

In this section, we introduce an energy functional &, for the (RH),, flow, which corre-
sponds to Perelman’s & -energy for the Ricci flow introduced in [31, Section 1]. For a detailed
study of Perelman’s functional, we refer to Chow et al. [4, Chapter 5], Miiller [27, Chapter 3],
or Topping [43, Chapter 6]. In the special case N C R, the corresponding functional was
introduced by List [22]. We follow his work closely in the first part of this section.

3.1. The energy functional and its first variation

Letg = g5 € I‘(Symfr (T*M )) be a Riemannian metric on a closed manifold M,
f: M — R asmooth function and ¢ € C*®°(M,N) := {¢ € C°(M,R?) | (M) C N}.
For a constant a(t) = a > 0, we set

CRY Talg: ¢, f) = / (Rg + V2 - a|V¢|§)e*deg,
M
Take variations
95 = 9ij + €hij, hi; € D(Sym*(T*M)),
fe=f+el, Le C™®(M),
¢° = (¢ +ev), ¥ € C°(M,R%) with 9(z) € Ty, N,

where 7 is the smooth nearest-neighbor projection defined on a tubular neighborhood
of N C R% Note that we used the identification T,N C T,R¢ = R?. We denote by & the
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RICCI FLOW COUPLED WITH HARMONIC MAP FLOW 109

derivative 6 = d%{azo’ i.e., wehave g = h,0f = £ and ¢ = (dny o $)¥ = 9. Our goal is to
compute
0T a,9,6,f(hs 0, £) 1= de _Ogcx(g +eh,mn(¢ +ed), f + )
= 5/ (R+|VfPP)eTaV — a- 5/ |Vo|>e=TdV .
M M
| e —
=1 =: 1

For the variation of the first integral, we know from the Ricci flow theory that
I= / (=19 (Rij + ViV, f) + (3t h = £) QA — [V + R) )efav,
M

see Perelman [31, Section 1], or Miiller [27, Lemma 3.3], for a detailed proof. For the variation
of the second integral, we compute with a partial integration

I = / 29"V, "V ;9* e FaV + / ( — KV VN + V|2 (5 trg h — E))e_de,
M M

= /M (=20* (246" = (V6*, V1), ) = IV V07 + VI3 (L trg h — ) )~ aV.
Hence, by putting everything together, we find

0T a.6,5 (h, 9, 0) = / —h" (Rij + ViV, f — aVigV;p)e dV
M

(3.2) +/M (Atrgh—€)(20f = |[VfI* + R—a|V¢|*)e TaV

+/ 209 (140 — (Vo, V) )e lav,
M

since VA 4¢ = 9140, where 7,0 := Ay — A(9)(V, Vo) ur denotes the tension field of ¢.

3.2. Gradient flow for fixed background measure

Now, we fix the measure du = e fdV, ie,let f = —log (g—“j), where j—"j denotes the
Radon-Nikodym differential of measures. Then, from 0 = ddy = (% trg h — Z) du we get
L = %trg h. Thus, for a fixed measure p the functional &, and its variation 6%, depend
only on g and ¢ and their variations g = h and d¢ = ¥. In the following we write

(3.3) Ta(9,9) = T (9,6, —log (35))
and

5T" (h,V) =0T

1
0,6 h,9, 5 trg h) .

o,g,6,— log(H) (

Equation (3.2) reduces to

(4 07, , s(h,9) = / (—h“ (Rij+ViV;f —aV;¢V;¢) + 209 (150 — (Vo, V f) ))du.
M

Let (g,¢) € T'(Sym% (T*M)) x C=°(M, N) and define on

H:=H, s =T (Sym*(T*M)) x T,C>®(M, N)
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an inner product depending on « and the measure u by
((Kij, ¥), (Rigy ) g o = /M (LR ks + 20009 dps

From 671 | ,(h,9) = (grad 74,(g, ¢), (h,9)) ., We then deduce

,9,¢
(3.5) grad 74 (g,0) = (— 2(Rij + ViV, f —aVi¢pV;8), 796 — (V,V f)).

Let 71, m2 denote the natural projections of H onto its first and second factors, respectively.
Then, the gradient flow of 7% is

S19i = m(grad T4 (g, 9)),
{ 519 = m2(grad T4 (9, 9))-
Thus, recalling the equation 2 f = £ = 1 tr (2 g;;), we obtain the gradient flow system
2 gij = —2(Rij + ViV;f — aV¢V;¢),
(3.6) 50 =799~ (V, V),
2f=-R-Af+alVe|*.

3.3. Pulling back with diffeomorphisms

As one can do for the Ricci flow (see Perelman [31, Section 1] or Miiller [27, page 52]),
we now pull back a solution (g, ¢, f) of (3.6) with a family of diffeomorphisms generated
by X = V. Indeed, recalling the formulas for the Lie derivatives (£vg):;; = 2V,;V,f,
Pyrp = (Ve,Vf)and Ly f = |Vf|?, we can rewrite (3.6) in the form

%g = —2Rc+2aVp RV — (fvfg),

50 =190~ (£L9s9),

2f=-Of+|VIP—R+a|Ve|* - (Lysf).
Hence, if 1, is the one-parameter family of diffeomorphisms induced by the vector field
X(t) = Vf(t) € I(TM),t € [0,T), ie,if 2 = X(t) o ¥y, ¥o = id, then the pulled-
back quantities § = 1} g, b= Ui, f= P} f satisty

%g = —2Rc+ 2aV¢ ® V¢,
3345: g¢’
87 = —0gF + V512~ Rt al VL

Here, Rc and R denote the Ricci and scalar curvature of § and A, 7 and the norms are
also computed with respect to . In the following, we will usually consider the pulled-back
gradient flow system and therefore drop the tildes for convenience of notation.

Note that the formal adjoint of the heat operator 0 = 2 — A under the flow 2 59 =h
s = _E — A — L try h. Indeed, for functions v, w: M >< [0,T] — R, a straightforward
computation yields

/OT/M(Dv)w dv dt = {/ vw dV / / ) dV dt.
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In our case where h;; = —2R;;+2aV;¢V;¢, thisis 0* = — 2 — A+ R—a|V¢|? and thus the
evolution equation for f is equivalent to e~/ solving the adjoint heat equation (0*e~f = 0.
The system now reads

%g = —2Rc+2aVep ® Vo,
(3.7) 50 =Tg0,
0=0% 7.
This means that (RH), can be interpreted as the gradient flow of &%, for any fixed back-

ground measure p. Moreover, using (3.4), (3.5) and the diffeomorphism invariance of &,
we get the following.

PrOPOSITION 3.1. — Let (g(t), ¢(t)):c(o,) be a solution of the (RH ), flow with coupling
constant a(t) = a > 0 and let e~/ solve the adjoint heat equation under this flow. Then the
energy functional ¥ (g, ¢, f) defined in (3.1) is non-decreasing with

d
(3.8) =T = / (2 IRc — aVe ® Ve + Hess(f)| +2a|r,6 — (Vo VF)[? )e—fdv > 0.
M
Moreover, F , is constant if and only if (¢(t), ¢(t)) is a steady soliton.
Allowing also time-dependent coupling constants «(¢), we obtain the following.

CoOROLLARY 3.2. — Let (g(t), ¢(t))tcjo,r) solve (RH)q for a positive coupling function
a(t) and let e=7 solve the adjoint heat equation under this flow. Then F o) (g(t), ¢(t), f(t))
satisfies

d
dt

in particular, it is non-decreasing if a(t) is a non-increasing function.

Ta= / (2 IRe — aVe ® V¢ + Hess(£)|” + 20746 — (Vo, VF)|* — a|v¢|2)e—de7
M

3.4. Minimizing over all probability measures

Following Perelman [31], we define
69 Nalg.)i=inf {74(5,0) [ 1000) =1} = int {Tu(g60) | [ eav =1},

The first task is to show that the infimum is always achieved. Indeed, if we set v = e=f/2, we
can write the energy as

T olg, d,v) = / (Rv2 +4|Vol? - a|V¢|2v2)dV = / U(Rv Y- a|v¢|2v)dv.
M M
Hence
(g, #) = int {/ v(Rv —4Av— a|v¢>|%)dv ‘ / V2dV = 1}
M M

is the smallest eigenvalue of the operator —4A + R — a|V¢|? and v is a corresponding
normalized eigenvector. Since the operator (for any time ¢ and map ¢(t)) is a Schrodinger
operator, there exists a unique positive and normalized eigenvector v,y (), see for example
Reed and Simon [35] and Rothaus [36]. From eigenvalue perturbation theory, we see that if
g(t) and ¢(¢) depend smoothly on ¢, then so do A\, (g(t), ¢(¢)) and vimin(t).
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PROPOSITION 3.3. — Let (g(t), ¢(t))tcjo,r) be a smooth solution of the (RH )., flow with
constant o(t) = a > 0. Then A\, (g, @) as defined in (3.9) is monotone non-decreasing in time
and it is constant if and only if

(3.10) {0zRC—aV¢®V¢+Hess(f),
' 0="140—(Vg,Vf),
for the minimizing function f = —210g Vpin.

Proof. — Pick arbitrary times t1, to € [0,T) and let vy, (t2) be the unique positive
minimizer for A, (g(2), ¢(t2)). Put u(ta) = v, (t2) > 0 and solve the adjoint heat equation

O*u = 0 backwards on [t1,t2]. Note that u(z’,t') > 0 forall2’ € M and ¢’ € [¢1, t2] by the
maximum principle and the constraint | pudv = J M v? dV = 1 is preserved since

a4 udV:/ (%u)dV—i—/ u(%dV):—/ AudV =0.
dt J M M M

Here, weused 2dV = —1 trg (2 g)dV = (—R+alV¢[*)dV and 2u=(-A+R-a|V¢|*)u,
the latter following from (*u = 0. Thus, with u(t) = e~ #® forall ¢ € [t;, 5], we obtain with
Proposition 3.1

Xa(g(t), d(t1)) < Talg(tr), d(t1), f(t1)) < Talglta), d(t2), F(t2)) = Xal(g(ta), d(t2))-

The condition (3.10) in the equality case follows directly from (3.8). O

Again the monotonicity of A\, (g, ¢) is preserved if we allow a positive non-increasing
coupling function «(¢) instead of a time-independent positive constant a.

4. Short-time existence and evolution equations

Due to diffeomorphism invariance, our flow is only weakly parabolic. In fact, the principal
symbol for the first equation is the same as for the Ricci flow since the additional term
is of lower order. Thus, one cannot directly apply the standard parabolic existence theory.
Fortunately, shortly after Hamilton’s first proof of short-time existence for the Ricci flow in
[15] which was based on the Nash-Moser implicit function theorem, DeTurck [10] found a
substantially simpler proof which can easily be modified to get an existence proof for our
system (RH),. Note that we only consider the case where M is closed, but following Shi’s
short-time existence proof in [38] for the Ricci flow on complete noncompact manifolds, one
can also prove more general short-time existence results for our flow. We first recall some
results for the Ricci flow, following the presentation of Hamilton [16] very closely.

Since some results strongly depend on the curvature of (N, ), it is more convenient to
work with ¢ : M — N itself instead of exy 0 ¢ : M — R? as in the last section. Therefore,
repeated Greek indices are summed over from 1 to n = dim N in this section.
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4.1. Dual Ricci-Harmonic and Ricci-DeTurck flow

Let g(¢) be a solution of the Ricci flow and ¢ (t) : (M, g) — (M, h) a one parameter family
of smooth maps satisfying the harmonic map flow %¢ = T4% with respect to the evolving
metric g. Note that this is (RH)=o. If ¢(¢) is a diffeomorphism at time ¢ = 0, it will stay
a diffeomorphism for at least a short time. Now, we consider the push-forward g := ¥, g of
the metric g under . The evolution equation for g reads

4.1) Lai; = —2Ri; + (Lv§)ij = —2Ri; + V,V; + V,;V;,

where V denotes the Levi-Civita connection of § and %1/) = —V o4. One calls this the dual
Ricci-Harmonic flow or also the hA-flow. An easy computation (see DeTurck [10] or Chow
and Knopf [6, Chapter 3]) shows that V' is given by

42) V=" (9T]; - 'TY;),

the trace of the tensor which is the difference between the Christoffel symbols of the connec-
tions of § and of h, respectively. Note that the evolution equation of § involves only the met-
rics § and h and not the metric g, and since it involves "T for the fixed background metric h it
is no longer diffeomorphism invariant. Indeed, one can show (see Hamilton [16, Section 6])
that

4.3) %gz‘j = §*ViVigij,

where V denotes the connection of the background metric h. Since V is independent of §
and V only involves first derivatives of § this is a quasilinear equation. Its principal symbol
iso(§) = §¥&¢; - id, where id is the identity on tensors §. Hence this flow equation is
strictly parabolic and we get short-time existence from the standard parabolic theory for
quasilinear equations, see e.g. [24] for a recent and detailed proof. If we additionally assume
that (M, h) = (M, go) and ¥(0) = idp, the flow § which has the same initial data §(0) = go
as g is called the Ricci-DeTurck flow [10].

Now, one can find a solution to the Ricci flow with smooth initial metric g(0) = go as
follows. Choose any diffeomorphism (0): M — M. Since g(0) is smooth, its push-forward
g(0) is also smooth and Equation (4.3) has a smooth solution for a short time. Next, one
computes the vector field V' with (4.2) and solves the ODE system

2 =-Voy.

One then recovers g as the pull-back g = ¥*§. This method also proves uniqueness of the
Ricci flow. Indeed, let g* (t) and g2 (¢) be two solutions of the Ricci flow equation for t € [0, T)
satisfying g* (0) = ¢?(0). Then one can solve the harmonic map heat flows 24* = 7,9,
i € {1,2} with *(0) = 2(0). This yields two solutions §¢° = g’ of the dual Ricci-
Harmonic map flow with the same initial values, hence they must agree. Then the correspond-
ing vector fields V' agree and the two ODE systems 21¢ = —V? o ¢" with the same initial
data must have the same solutions ¢' = 2. Hence also the pull-back metrics g' and g2 must
agree for allt € [0, 7).
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For the dual Ricci-Harmonic flow, the evolution equations in coordinate form, using only
the fixed connection V of the background metric h, are (see e.g. Simon [39])

%gij = §**ViViedi; — 3% Giph? Rjkge — §°°3;phP? Rikge

1~kl~

(4.4)
+597°9" (vigpkngtﬂ+2ngipvqgji_2vkgipvﬁgjq_4vigpkvegjq)a

where Rijkl = (Rm(h));;x denotes the Riemannian curvature tensor of h.

Recent work of Isenberg, Guenther and Knopf [14], Schniirer, Schulze and Simon [37]
and others shows that DeTurck’s trick is not only useful to prove short-time existence for the
Ricci flow, but is also useful for convergence and stability results. Their results show that the
h-flow itself is also interesting to study. In this article however, we only use it as a technical
tool.

4.2. Short-time existence and uniqueness for (RH),,

Let (g(t), #(t))tcjo,r) be a solution of the (RH), flow with initial data (g(0), ¢(0)) =
(g0, $0). As for the Ricci-DeTurck flow above, we now let 1 (t): (M, g(t)) — (M,go) be
a solution of the harmonic map heat flow %1/} = 749 with ¢(0) = idy and denote
by (§(t), ¢(t)) the push-forward of (g(t), ¢(t)) with 1. Analogous to Formula (4.1) above,
we find
“5) 591 = V(Fr9)ij + (fvg)u = —2Ry; +2aVipV;é + ViV + V; Vi,

where V¢ = g% (9 I‘fj — 90 I‘fj) and V denotes the covariant derivative with respect to §. Note
that V;¢V ;¢ = (dd ® d¢)i; as well as (Vp, V) = dp(V) are independent of the choice of
the metric. Using (4.3), we find

(4.6) 25 = 3" ViVigi; +2a(Vo @ V)i,

which is again quasilinear strictly parabolic. The explicit evolution equation involving only
the fixed Levi-Civita connection V of go can be found from (4.4) by adding 2aV;¢V ;¢ on
the right and replacing h by gg.

The evolution equation for ¢(t) in terms of V can be computed as follows. Using normal
coordinates on (N, v) we have NFf;,, = 0 at the base point and thus 75¢ = Ajz¢. We find

50 = 030"+ (VN V) = 3% (0109 — T, V%) + VMV
(4.7) = §"(ViVed* + T3, V;0* = IT3,V;6Y) + V6% - g (T, - *T},)
= 5V Ve
Putting these results together, we have proved the following.
PROPOSITION 4.1. — Let (g(t), #(t)) be a solution of the (RH ) flow with initial data

(9(0),4(0)) = (go,¢0). Let ¥p(t): (M, g(t)) (M, go) solve the harmonic map heat flow
%1/) = T4t with(0) = id s and let (§(¢), q;(t)) denote the push-forward of (g(t), ¢(t)) with 1.
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Let V be the (fixed) Levi-Civita connection with respect to go. Then the dual (RH)q flow
(9(t), ¢(t)) satisfies
Do — N N6 — 076 aP R0 — 3% oPIR. 20V, bV ;b
9t9i5 = 9 kVegi; — 9 Gip9y jkqe — 9 Gjp9p Ilikqe + 2¢ iP ]QS
+ 355571 (VigprVidae + 2VidipVadie — 2VidipVediq — 4VidpkVediq)
26" = GV + G (M, 0 ) VidH Vg,
In particular, the principal symbol for both equations is o (€) = §*¢;€;-id, i.e., the push-forward

flow is a solution to a system of strictly parabolic equations.

Short-time existence and uniqueness for the dual flow (and hence also for the (RH),, flow
itself) now follow exactly as in the simpler case of the Ricci and the dual Ricci-Harmonic flow
described above.

4.3. Evolution equations for R, Rc, |V¢|? and V¢ ® V¢

In the following, we often use commutator identities on bundles like 7*M ® ¢*T'N.
The necessary formulas are collected in the appendix. We denote the Riemannian curvature
tensor on (N,v) by “Rm and let Rm, Rc and R be the Riemannian, Ricci and scalar
curvature on (M, g). Moreover, we write

(Re, Vo @ Vo) := R;; V9"V 9",
<NRIII(VZ¢)’ Vj¢)Vj¢, Vz¢> = NRH/L)\VVZ’Q&KVJ‘QS#V'L‘QS)\V]'QVI.
Finally, we use the fact that 7,¢ = V,,V,¢ for the covariant derivative V on T"M ® ¢*T'N,

cf. Jost [18, Section 8.1]. From the commutator identities in the appendix, we immediately

obtain for ¢ € C*°(M, N)
(4 8) Ag(qusV]qﬁ) = Vl-rququb + VmSVjquS + 2V1-Vp¢Vij¢ + Riprgijng
‘ +R;jp VoV — 2 <NRm(Vi¢, Vpd)Vpd, qub> .

REMARK 4.2. — Taking the trace and using 743¢ = 0, we find the well-known Bochner
identity for harmonic maps, cf. Jost [18, Section 8.7],

—Ng|Vo|* 4+ 2|V?¢> + 2(Re, Vo ® Vo) = 2("Rm(V;¢, V;0)V;¢, V).
Now, we compute the evolution equations for the scalar and Ricci curvature on M.

PROPOSITION 4.3. — Let (g(t), ¢(t)) be a solution to the (RH ), flow equation. Then the
scalar curvature evolves according to

2 R = AR+2|Re|* — 4a(Rc, Vo ® V) + 20|7,8|* — 20| V¢
+2a ("Rm(V;¢, V;0)V 0, Vid)
and the Ricci curvature evolves by
2 Rij = ALRij — 2RiqRjq + 2Ripjq Rpq + 2007,V V ;¢ — 20V, V¢V, V ;¢
+2aRpijgVpdV ¢ + 20 ("Bm(V 9, V,,0) V0, V) .

Here, [, denotes the Lichnerowicz Laplacian, introduced in [21], which is defined on symmetric
two-tensors t;; by

4.9)

(4.10)

ALti]‘ = Atij + 2Riqutpq — Riptpj — Rj tpi.
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Proof. — We know that for %gij = h;; the evolution equation for the Ricci tensor is given
by

(4.11) 2Ry = —32Aphij + 1V Vphyi + 3V, Vyohy — 2V, V(trg h),

see for example [27, Proposition 1.4] for a proof of this general variation formula. For
h;; = —2R;;, we obtain (with the twice contracted second Bianchi identity) %Rij = ALR;;.
For h;; = 2V;¢V ;¢, we compute, using (4.8)

siRij = —AL(VidV;8) + ViVp(V8V;0) + V;V,(VpoVid) = ViVi(VypdV,0)
= QquSVingzs — 2Vin¢Vij¢> — 2Riquvp¢vq¢
+ 2 ("Rm(V;,V,0)V,6,V;¢) .
Linearity then yields (4.10). For the evolution equation for R, use
2R =2(9"Ri;) = 97 (&Rij) + (2Ri; — 2aV¢V ;) R;;.

The desired evolution equation (4.9) follows. An alternative and more detailed proof can be
found in the author’s thesis [28, Proposition 2.3]. O

Next, we compute the evolution equations for [V¢|? and V¢ ® V.

PROPOSITION 4.4. — Let (g(t), #(t)) be a solution of (RH). Then the energy density of ¢
satisfies the evolution equation

(4.12) Z2|Ve|* = AV — 20|V @ Vo|* — 2|V?¢> + 2 ("Rm(V;6,V;4) V0, Vi) .
Furthermore, we have
2 (VigV;0) = A(VipV;0) — 2V,Vi9V, V6 — R, V¢V — RjpV 0V,

4.13
“413) +2 ("Rm(Vi6, V)V, V) .

Proof. — We start with the second statement. We have
5 (VidV;) = (VeVig) Vo + (ViV;9) Vid
= V(&0 + V;(Fd)Vie
= ViTg¢Vj¢ + VjTg¢Vi¢,

where the meaning of the covariant time derivative V; is explained in the appendix. The
desired evolution equation (4.13) now follows directly from (4.8). We obtain (4.12) from
(4.13) by taking the trace,

2|Ve|? = (2R;i; — 2aV¢V;9)VigV ¢ + g7 2.(Vi4V ;)
= —2a|Ve ® Vo[> + A|Ve|* — 2|V?¢|* + 2 ("Rm(V;¢,V;¢)V;¢,V;¢). O
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4.4. Evolution of J = Rc — aV¢ ® V¢ and its trace
We write again J := Rc — aV¢ ® V¢ with components S;; = R;; — aV,;¢V ;¢ and
let S = R — a|V¢|? be its trace. Then, we can write the (RH),, flow as
2 gij = =28y,
{ 59 =190,
and the energy from Section 3 as 74 (g, ¢, f) == [,, (S+ |Vf|3)e‘deg. It is thus convenient

to study the evolution equations for J and S. Indeed, many terms cancel and we get much
nicer equations than in the previous subsection.

THEOREM 4.5. — Let (g(t), ¢(t)) solve (RH),, with a(t) = a > 0. Then J and S defined
as above satisfy the following evolution equations

28 = AS +2[S;51? + 2a|749),

(4.14) 5
ESU = ALS”' + 2 Tg¢viVj¢.

Proof. — This follows directly by combining the evolution equations from Proposition 4.3
with those from Proposition 4.4. O

REMARK 4.6. — Note that in contrast to the evolution of Re, R, V¢ ® V¢ and |V¢|? the
evolution equations in Theorem 4.5 for the combinations Rc — aV¢ ® V¢ and R — a|V¢|?
do not depend on the intrinsic curvature of N.

COROLLARY 4.7. — For a solution (g(t), ¢(t)) of (RH). with a time-dependent coupling
Sfunction a(t), we get
@15) 2.8 = NS5 +2|S* + 2almy¢|* — &|Ve|?,

' 2.8, = ALSij +2a7,¢V; V¢ — &V;4V ;.

5. First results about singularities

In this section, we often use the weak maximum principle which states that for parabolic
partial differential equations with a reaction term a solution of the corresponding ODE
yields pointwise bounds for the solutions of the PDE. Since we work on an evolving mani-
fold, we need a slightly generalized version. The following result is proved in [6, Theorem 4.4].

PROPOSITION 5.1. — Letu : M x [0,T) — R be a smooth function satisfying
(5.1) Fru 2 Dgyu+ (X (1), Vu) ) + F(u),

where g(t) is a smooth 1-parameter family of metrics on M, X (t) a smooth I-parameter family
of vector fields on M, and F : R — R is a locally Lipschitz function. Suppose that u(-,0) is
bounded below by a constant Cy € R and let ¢(t) be a solution to

Fo="F(), ¢(0)=Co.
Then u(x,t) > ¢(t) for all x € M and all t € [0,T) for which ¢(t) exists.
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bounded from above by Cy, then u(z,t) < ¢(¢) forallz € M andt € [0,T) for which
the solution ¢(¢) of the corresponding ODE exists.

Similarly, if (5.1) is replaced by %u < Agpu + (X(t), Vu)gey + F(u) and u(-,0) is

Using this, an immediate consequence of Corollary 4.7 is the following.

COROLLARY 5.2. — Let (g(t), #(t)) be a solution to the (RH)q flow with a nonnegative,
non-increasing coupling function a(t). Let S(t) = R(g(t)) — a(t)|V¢(t)|§(t) as above, with
initial data S(0) > 0 on M. Then Rpyin(t) := mingep R(z,t) — oo in finite time and thus
g(t) must become singular in finite time Tgipng < #}1(0) < 00.

Proof. — Since a(t) > 0 and &(t) < 0 for all t > 0, Corollary 4.7 yields
(5.2) 25> NAS+2[8;? > AS+ 252

and thus by comparing with solutions of the ODE 4 a(t) = Za(t)? which are

a(0)
t
alt) =12 24(0)’
the maximum principle above, yields
Smin (0)

5.3 Smin t) 2 — o~

( ) ( ) 1- %Smin(o)

for all t > 0 as long as the flow exists. In particular, if Sp;n(0) > 0 this implies that

Smin(t) — oo in finite time Ty < sy < 0. Since B = S + alVel2 > S, we

find that also Rumin(t) — oo before T and thus g(¢) has to become singular in finite time

TsingSTOS#n(O)<OO~ U
As a second consequence, we see that if the energy density e(¢) = %|V¢S|2 blows up at

some point in space-time while a(t) is bounded away from zero, then also g(¢) must become

singular at this point.

COROLLARY 5.3. — Let (g(t), #(t))icjo,r) be a smooth solution of (RH). with a non-
increasing coupling function o(t) satisfying a(t) > a > 0 for allt € [0,T). Suppose that
|Vo|?(zk,tr) — oo for a sequence (zk,tr)wen Withty / T. Then also R(xy,t,) — oo for
this sequence and thus g(ty) must become singular as ty, approaches T.

Proof. — From (5.2) we obtain S > Sy,i, (0) and thus
(5.4) R=0a|Ve]*+ 8> a|Ve]® + Smin(0), V(z,t) € M x [0,T).

Hence, if |[V¢|?(zk, tx) — oo for a sequence (xx, tx)ren C M x [0,T) with t, / T then also

R(zy, tr) — oo for this sequence and g(¢;) must become singular as ¢, " T. O

REMARK 5.4. — The proof shows that Corollary 5.3 stays true if a(¢) \, O as¢ T as
long as |V¢|?(zx, tr) — oo fast enough such that a(tx)|V¢|?(zk, tr) — oo still holds true.
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Now, we derive for t > 0 an improved version of (5.4) which does not depend on the initial
data S(0). Using (5.2) and the maximum principle, we see that if Sy, (0) > C' € R we obtain
m

izg T @7

Smin(t) Z
and thus S(t) > —Z; forallt > 0 as long as the flow exists, independent of S(0). More
rigorously, this is obtained as follows. The inequality (5.2) implies

2(tS) = S+ t(£S) = A(tS) + S(1+ £S).
If (x0, to) is a point where ¢S first reaches its minimum over M x [0,T — §], § > 0 arbitrarily
small, we get S(zo, tg)(l + 2ﬁS(azo, to)) < 0, which is only possible for toS(zo,t0) > — 7% .
Hence tS > —7 onall of M x [0,T — 4]. Since 6 was arbitrary, we obtain the desired
inequality S(t) > —Z; everywhere on M x (0, T'). This yields

R>alVe|* = 5 > oV - 5, V(z,t) € M x (0,T),

2t)

which immediately implies the following converse of Corollary 5.3.

COROLLARY 5.5. — Let (g(t), #(t))icjo, 1) be a smooth solution of (RH). with a non-
increasing coupling function a(t) > a > 0 forallt € [0,T). Assume that R < Rqgon M x[0,T).
Then

2 < RO
(5.5) Vo|* < + 2— Y(z,t) € M x (0,T).

Singularities of the type as in Corollary 5.3, where the energy density of ¢ blows up, can
not only be ruled out if the curvature of M stays bounded. There is also a way to rule them
out a-priori. Namely, such singularities cannot form if either N has non-positive sectional
curvatures or if we choose the coupling constants «(¢) large enough such that

N Oé
K < —.
g;ne%( (y) -m

Here VK denotes the sectional curvature of N. More precisely, we have the following esti-
mates for the energy density |V¢|2.

PROPOSITION 5.6. — Let (g(t), ¢(t)):eo,) be a solution of (RH ) with a non-increasing
a(t) > 0 and let the sectional curvature of N be bounded above by NK < cq. Then
alt)
m

1) if N has non-positive sectional curvatures or more generally if co — <0, the energy

density of ¢ is bounded by its initial data,
(5.6) Vo (@, 1) < max|Ve(y,0)*,  V(z,t) € M x [0,T).
y

ii) if N has non-positive sectional curvatures and a(t) > a > 0, we have in addition to (5.6)
the estimate

(5.7) Vé(@,D? < 5, Vl(w,t) € M x (0,T).
iil) in general, the energy density satisfies
(5.8) Vo(z,t)* < 2maX|V¢(y,0)|2, V(z,t) € M x [0,T%),

where T* := min {T, (4co maxye | Vé(y, 0)[*) 71 }.
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Proof. — This is a consequence of the evolution equation (4.12) and the Cauchy-Schwarz
inequality

(5.9) LIve|* = L|g"V4V;8* < |VioV, 0 < [Vo|*.

i) If N has non-positive sectional curvatures, (NRm(Vigé,quS)quﬁ,Vigb} < 0, the
evolution equation (4.12) implies

(5.10) 2|V < AV
If cg — % < 0, we have
2("Rm(V;0,V;$)V;$,Vi¢) < 2¢o|Vo|* < 22|Vg|* < 2a|V,;4V;0[?,

and we get again (5.10) from (4.12). The claim now follows from the maximum princi-
ple applied to (5.10).
i) If ("MRm(V;6, V;8)V;¢,V;¢) <0, (4.12) and (5.9) imply

FIVoI2 < AV - 2a|VipV;9° < AV — 25Vl
We obtain
S (tIVEP) = [V +t(5Ve]*) < A(HVE) + [V (1 — 2t 2[Vg|?).
At the first point (z, to) where t|V¢|? reaches its maximum over M x [0, T — 6], > 0
arbitrary, we find 1 — 2t9%|V¢|?(zo,t0) > 0, i.e.

m m
to| V| (2o, t0) < — < —,
0| Va|*(zo 0)_2a_2g

which implies that t|V¢[? < 22 for every (z,t) € M x [0,T — &]. The claim follows.
iii) From (4.12), we get
5IVoI* < AV + 200 VI
By comparing with solutions of the ODE %a(t) = 2cpa(t)?, which are

___a(0)
) = T 5000 S 3e0a(0)”

the maximum principle from Proposition 5.1 implies

maxyem[Ve(y, 0)|”
— 2co maxyem|Ve(y,0)[* ¢’

(5.11) Vo (z,t)* < 5

forallz € M and ¢ < min {7, (2co maxyer|Vé(y,0)[?) ! }. In particular, this proves
the doubling-time estimate that we claimed. O

6. Gradient estimates and long-time existence

For solutions (g(t), #(t)) of the (RH),, flow with non-increasing «(t) > @ > 0, we have
seen in Corollary 5.5 that a uniform bound on the curvature of (M, g(¢)) implies a uniform
bound on |V¢|2. Therefore, one expects that a uniform curvature bound suffices to show
long-time existence for our flow. The proof of this result is the main goal of this section.
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6.1. Evolution equations for Rm and V2¢

With %gij = hiy; = —2R;; + 2aV,;¢"V ¢, we find the evolution equation for the
Christoffel symbols

(6.1) 515 = 3971 (Vihjq + Vihig — Vqhiz)
. = gpq(_viqu - V;Ri; + VqRij) +2aV,;V,;¢pVPo.

With this, an elementary computation yields the following evolution equation for the Rie-
mannian curvature tensor (see [28, Proposition 3.2] for a detailed proof).

PROPOSITION 6.1. — Let (g(t), ¢(t))ico,r) be a solution of (RH),. Then the Riemann
tensor satisfies

62) %Rijke =V,ViRjt — ViViRj, — V;iViRig + V;ViRi, — RijgeRiq — RijrgReqg
. +20(ViVedV; Ve — ViV9V; Vi — ("Rm(Vig, V) Vi, Vi) ).

REMARK 6.2. — Taking the trace of (6.2), we obtain (4.10), using the twice traced second
Bianchi identity. This gives an alternative proof of Proposition 4.3.

If we set @ = 0 in (6.2), we obtain the evolution equation for the curvature tensor under
the Ricci flow. It is well-known that this evolution equation can be written in a nicer form,
in which its parabolic nature is more apparent. In [15, Lemma 7.2], Hamilton proved
6.3) ViViRj — ViViRjr — V;Vip Ry + V; VR,

’ = AR;jke + 2(Bijke — Bijer — Bigjk + Bikje) — RpjkeRpi — RipkeRpj,
where B;jre := RipjqRrpeq- Plugging this into (6.2) yields the following corollary.

COROLLARY 6.3. — Along the (RH),, flow, the Riemannian curvature tensor evolves by
2 Rijke = DRijke + 2(Bijke — Bijew — Bioj + Binge)
(6.4) = (BpjreRpi + RipeRpj + RijpeRpk + Rijip Rpe)
+2a(ViVidV;Vip — ViVipV;Vie — ("Rm(Vig, V;6) Vi, Vig) ).

There is a useful convention for writing such equations in a short form.

DEFINITION 6.4. — For two quantities A and B, we denote by A * B any quantity
obtained from A ® B by summation over pairs of matching (Latin and Greek) indices,
contractions with the metrics g and « and their inverses, and multiplication with constants
depending only on m = dim M, n = dim N and the ranks of A and B. We also write
(A1 :=1% A, (A)*? = Ax A, etc.

This notation allows us to write (6.1) and (6.4) in the short forms

(6.5) 2T = (VRm)*' + aV?¢ x V¢
and
(6.6) 2Rm = ARm + (Rm)*? + a(V?¢)** + o "Rm * (V¢)*.
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It is now easy to compute the evolution of the length of the Riemann tensor. Together with
2971 = (Rm)*! + a(V4)*2, the above formula yields
%|Rm|2 = (%gil) * Rm * Rm + 2Rijk£(gRijk£)
(6.7) = ARm|? — 2|[VRm|? + (Rm)*? + a(Rm)*? x (V¢)*?
+ oRm * (V2¢)*? + aRm * "Rm * (V)**.

COROLLARY 6.5. — Along the (RH ), flow, the Riemannian curvature tensor satisfies
©5) 2 Rm|? < ARm[? - 2|VRm|* + C|Rm* + aC|V¢|*|Rm|?
' + aC|V?¢|?|Rm| + aCco|V¢[*|Rm],

for constants C > 0 depending only on the dimension of M and cy = co(N) > 0 depending
only on the curvature of N. If N is flat, we can choose cy = 0.

Proof. — Follows directly from (6.7) and the fact that | YRm| is bounded on compact N.
O

For the evolution equation for the Hessian of ¢, it is important that we do not use
the *-notation directly. Indeed, we will see that all the terms containing derivatives of the
curvature of M cancel each other (using the second Bianchi identity), a phenomenon which
cannot be seen when working with the *-notation.

A short computation using (A.1) and (A.2) shows that the commutator [V;V;, Al¢* =

ViV;Tyd* — AV,;V ;¢ is given by
ViV, Al = ViRjpir,Vpd™ + 2Risip ViV
(6.9) — RiyV; V¢ — ViR, Vypd™ — R;pViV,0?
+ ("Rm * V2¢ + (V9)** + (8 "Rm) * (V)™)_ .,
see [28, equation (3.10)] for details. With (6.1) we continue
[ViVj, 8™ — (5T5) Ve = (Rm* V2¢*) . —2aV, V¢V ¢V 6
+ ("Rm * v2¢ * (V)™ + (8 Rm) * (Vo)™), .,

where we used the second Bianchi identity (Vi R;pir + V;Rip — VpRi;j) V™ = 0 to cancel
all terms containing derivatives of the curvature of (M, g). Since the V?2¢ live in different
bundles for different times, we work again with the covariant time derivative V; (and with the
interpretation of V2¢ as a 2-linear T'N-valued map along ¢), as we already did in Section 4,

see appendix for details. At the base point of coordinates satisfying (A.5), we find with (A.6)
and the remark following it

Vi(ViV;o*) = ViV 2¢* — (2T5)Vie* + "Bm (2 ¢, Vip)V; 6>
(6.10) = AV;V;¢* + (Rm * V25 + aV,V,¢ x Vo * Vo
+ (MRm * V¢ x (V¢)* + (0 "Rm) * (v¢)*4)ij.
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With A|V2¢|? = 2A(V,; V)V, V0 + 2|V3¢|2, we finally obtain
5 V20" = (5r07") % (V29)"* + 2Vi(ViV;6M) ViV ;0
(6.11) = Rm * (V?¢)"? + a(Ve)™ * (V?¢)" + A|V?¢|? — 2|V7¢|?
+ MRm + (V29)™ % (V¢)*? + (0 "Rm) * (V?) * (V).

Since | MRm| and |0 “Rm| are bounded on compact manifolds N, say by a constant c;, this
proves the following proposition.

PROPOSITION 6.6. — Let (g(t), ¢(t))icjo,1) be a solution of (RH ). Then the norm of the
Hessian of ¢ satisfies the estimate

5IV2¢I* < AIV?¢” - 2|V2¢|* + C[Rm|| V24
+aC|Vg*|[V2¢|* + Cer[Vo|*|V2g] + Cer [V [*| V2|

along the flow for some constants C = C(m) > 0and c; = ¢1(N) > 0 depending on the
dimension m of M and the curvature of N, respectively. If N is flat, we may choose ¢; = 0.

(6.12)

REMARK 6.7. — If we set & = 0, Corollary 6.5 and Proposition 6.6 yield the formulas
for the Ricci-DeTurck flow (RH ), in particular (6.8) reduces to the well-known evolution
inequality

2 |Rm|> < ARm[? — 2|VRm|* + C|Rm|?
for the Ricci flow, first derived by Hamilton [15, Corollary 13.3]. Moreover, if « = 2 and
N C R (and thus ¢g = ¢; = 0), the estimates (6.8) and (6.12) reduce to the estimates found
by List (cf. [22, Lemma 2.15 and 2.16]).

6.2. Interior-in-time higher order gradient estimates

Using the evolution equations for the curvature tensor and the Hessian of ¢, we get
evolution equations for higher order derivatives by induction.

DEFINITION 6.8. — To keep the notation short, we define for & > 0
Ii:=Y VBm*V/Rm+a) (0'Rm+1)+V/igx-- xVig

(6.13) E o
+ aZVh(b x %k V10 x V*Rm,
By

where the last two sums are taken over all elements of the index sets defined by
Api={(i,j1,-..,0) |0<i<k+1,1<j,<k+2Vsandj, + -+ jo = k+4},
By = {(j1,--»J0) |1 < js <k +2Vs <, 0<j,<kandj +- -+ jo =k +2}.
LeEMMA 6.9. — Let (g(t), #(t))rejo,1) be a solution to the (RH ), flow. Then for k > 0, with
Iy, defined as in (6.13), we obtain
(6.14) 2V*"Rm = AV*Rm + I;.
REMARK 6.10. — If (N,v) = (R, ), all terms in I containing 8 YRm vanish, and the
result reduces to (a slightly weaker version of) List’s result [22, Lemma 2.19]. Note that we

do not need all the elements of A, here, but defining Ay, this way allows us to use the same
index set again in Definition 6.11.
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Proof. — From (6.6), we see that (6.14) holds for ¥ = 0. For the induction step, assume
that (6.14) holds for some £ > 0 and compute
2V"1Rm = 2 (0V"Rm + T« V*Rm) = V(AV*Rm) + VI, + 2T+ V*Rm.

Since VIj, is of the form I 41 and also 2T+« V*Rm = (VRm+aV?2¢xV¢) « VFRm appears
in Ix11, it remains to compute the very first term. With the commutator rule (A.1), we get

V(AV*Rm) = AV*'Rm + VRm * VFRm + Rm * VF"'Rm
= AV*Rm + I;41. O

Similar to (6.7), we obtain
2|V Rm|* = (Zg7') * V*Rm * V*Rm + 2V"Rm (2 V*Rm)
= Rm * (VFRm)*? + a (V¢)*? * (VFRm)*?
+ 2V*Rm(AV*Rm) + V*Rm * Ij.

Hence, using the fact that Rm * V¥Rm as well as o (V¢)*2 * VFRm are already contained
in I, we find

(6.15) 2 |V*Rm|* = A|V*Rm|* — 2|V*"'Rm[* + V*Rm * I

DEFINITION 6.11. — To compute the higher order derivatives of ¢, we define

Jri= Y VBRm*VI*29+ 3 (0 MRm+ 1) # Vg x5 Vi

(6.16) RS e
+QZV31¢*,,,*VJ2—1¢*V]2+2¢7
By

with A, and B;, defined as in Definition 6.8.

LEMMA 6.12. — Let (g(t), #(t))tcjo,1) be a solution to the (RH ), flow. Then for k > 0,
with Jy, defined as in (6.16), we have
(6.17) Vi (VEF2¢) = AVF26 + ..

Proof. — For k = 0, the statement holds by (6.10). For the induction step, we use again

the interpretation of V*¢ as a k-linear T'N-valued map along ¢ and compute analogously
to (A.6) and the remark following it

Vi(VEF39) = VV,(VH20) + ST+ V*26 + "Rm(f;4, Vo)V 20
= V(AVF29) + VI + 2T« V26 + MR+ V2 + Vo « V24,

Again, we only have to look at the first term, since V.J, “Rm * V2¢ x V¢ * VF+2¢ and
2T « VF2¢ = (VRm + aV?2¢ * V¢) * VF+2¢ are obviously of the form Ji41. With a
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higher order analog to (A.3), we obtain
V(AVF2¢) = V,VV, V¥ 2¢ £ Rm « VF+3¢ 4 MRm + VFH39 « Vo 5 Vo
=V,V,V*36 + VRm * V*72¢ 4 Rm « V*+3¢
+ (0MRm) * VF+2¢  (V9)*® + YRm * VF+3¢ « (V)*2
+ MRm * VFF3¢ 5« V20 x Vo
= AV + Jiga,

and the claim follows. O

Asin (6.11), we compute
%|vk+2¢|2 _ (%971) £ VET26 1 VRH2g 4 9Uk+200y, (VE+262)
= Rm # (VF426)*2 4 o (Vg)*2 « (VF+2p)*2
+2VF2N(AVIH26Y) + V26«
= 2V 2N (AVFT20N) 1 VR 2 4 .
With A|VF+2¢|2 = 2VEF20A (AVFF2¢2) 4 2|VF 362, we finally find
(6.18) %|vk+2¢|2 = A|VFF24[2 — 2| VFH34)2 4 VF+24 4 g,

The next trick is to combine the two equations (6.15) and (6.18) to a single equation. Remem-
ber that we already used a similar idea in Section 4, where we combined the evolution equa-
tions of Rc and V¢ ® V¢ (respectively R and |V|?) to a single equation for a combined
quantity S;; (respectively S), which was much more convenient to deal with. Here, we define
the “vector”

(6.19) I = (Rm, V?¢) e T((T*M)®*) x T((T*M)®* ® ¢*TN)

with norm |7|? = |Rm|? + |V2¢|? and derivatives V¥ = (V*Rm, V¥+2¢). Combining the
evolution equations (6.15) and (6.18), we get

(6.20) ZIVFTP = AVFTP? = 2|VFT T2 4 Ly,

where Ly, := VFRm * I, + V¥*2¢ x J,.. We can now apply Bernstein’s ideas [2] to obtain
interior-in-time estimates for all derivatives |V* 7|2 via an induction argument. For the Ricci
flow, this was independently done by Bando [1] and Shi [38].

THEOREM 6.13. — Let (g(t), ¢(t))icjo,1) solve (RH)q with non-increasing a(t) € |a, al,
O<a<a<ooandT < oo. Let the Riemannian curvature tensor of M be uniformly bounded

along the flow, |Rm| < Ry. Then there exists a constant K = K(a, &, Ry, T, m, N) < oo such
that the following two estimates hold

(6.21) Vo> < £ V(z,t) € M x (0,T),

(6.22) 1712 = [Rm|? + V29| < &, V(a,t) € M x (0,T).

Moreover, there exist constants Cy, depending on k, &, m and N, such that

(6.23) IVET > = [VFRm[? + [V*262 < Ok (5)**?, V(z,t) € M x (0,T).
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Proof. — Since the method of proof is quite standard, we only give a brief sketch of
the argument and refer to the authors thesis [28, Theorem 3.10] for more details. Setting
2
1 < K; == max { Z-2elEm BT 1} < oo, we obtain

2
5 _m?Ry m K, K,
<, oot <=1 tye M T
[Vo|* < o +2gt‘ , and |Rm| < L V(z,t) € M x (0,T)

from Corollary 5.5. In the following, C' denotes a constant depending on K, &, m and the
geometry of N, possibly changing from line to line. With the estimates for |[Rm| and |V |,
and using [V2¢| < 1 + t|V2¢|?, we obtain for f(z,t) := t*|V2¢|* (8K + t|Ve|?)
(2 —A)f < 2| V3> (8K, + t|Vo[*) + S f + & - 9K, — 23| V2¢|* + S f
+8t°| V29| |V29] - V29| V|
on M x (0,T). The last term can be absorbed by the two negative terms,
8°|V29||[V29* V| < 5(8K1)(4t%|V2[*) + 3(8K1) ™ (16t%|V24[*|Vg|?)
2
= 27|V - 8Ky + AL ¥V
< 28| VP9|* (8K + t|Vg[*) + 1% V3¢l

Here, we used % < 1 which motivates our choice of the constant 8 K; in the definition
of f. From (& — A)f < €f + £ — £3|V2g|* < W(Cf + C — f?), we conclude,
using f(-,0) = 0 and the maximum principle, that —f? + Cf + C > 0. Equivalently,

f<D:=%(C++VC?>+4C) on M x [0,T). For positive ¢, this implies

f D Kj\2
< < [ —
t2(8K1+t|V¢|2) - 8K1t2 - ( t ) ’

(6.24) IV2[* =

where K5 := /D /8K; < oo.Setting K := K;+ K, we get (6.21) and (6.22). Using a similar

. . . . E+3
argument, one can then prove (6.23) inductively. The crucial estimates are Ly < C(%) *

and

k+4

L1 <C (X)) + oE v g2,

where C now denotes a constant depending only on &, m, N and k (but not on K or T)).
Defining h(z,t) := tF3| VAT 12 (X + tF+2|VFT|2) with A = 8C, K**2, these estimates
give
(& — A)h < 2P PBVFRRTR (N4 + 2 VFET?) + EE R+ SKMH(N 4+ £ VFT?)
_ 2t2k+5|vk+l L7|4 + %h + %Kk+3tk+3|vk+19|2
+ 8K VER | |V T | [V T || VR
Using K > 1, the inductive assumption and Cauchy-Schwarz, we rewrite this as
(% _ A)h < _2tk+3|vk+29|2()\+tk+2|vkg|2) _ %t2k+5|vk+1g|4
+ %h + %K2k+6 + 8t2k+5|Vk+29||Vk+19|2|vk9|.
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Again, the last term can be absorbed by the negative terms
8t2k+5‘vk+2g||Vk+1g|2|vkg| S %)\(4tk+3|vk+29|2) + %)\—1 (16t3k+7|V’°+1 9|4|Vk9|2)
k+2 ng 2
_ 2tk+3|vk+2g|2 A+ 8t I)\ \ ‘t2k+5|vk+lg|4
< 2tk+3|vk+2 g|2 ()\ + tk+2|vk g|2) + t2k+5|vk+1 g|4’

which explains our choice of A. A maximum principle argument like the one for f above then
yields —h% + CK?¢+5h + CK**10 > 0,1ie, h < 1(C + VC? + 4C)K*+5 = DK?k+5
on M x [0,T). Fort > 0,

h DE2+5 K\ k+3
k+1 2 _ — .
v II= tk“‘?’()\ +tk+2|vkg|2) < tk+38C Kk+2 - Ck+1< t ) ’
where Cj41 := D/(8C}). This proves the induction step and hence the theorem. O

In the following corollary, we state a local version of the gradient estimates. The setting is
made in such a way to perfectly fit the proof of the non-collapsing result in Section 8.

COROLLARY 6.14. — Let (g(t), #(t))ic(o,1) solve (RH ), with non-increasing a(t) € [, @],
O<aoa<a<oandT <T < co. Let B := By(ry(z,7) be a ball around x with radius r,
measured with respect to the metric at time T'. Assume that |Rm| < R on the set B x [0,T").
Then there exist constants K = K(a,&, Ry, T,m,N) < oo and Cy, = Ck(k,a,m,N)
fork € N, Cy = 1, such that the following estimates hold for k > 0

(6.25) Vo> <& and |Rm| < X, V(z,t) € BY? x(0,T),

(626) |V = [VFRm[? + [VF*2 < G (5)**?, V(a,t) € B2 x (0,T"),

where BY/? .= Byriy(x,7/2) is the ball of half the radius and the same center as B.

Proof. — The statement (6.25) follows exactly as in Theorem 6.13. The induction step is
carried out using a cut-off function to ensure that the maxima are attained in the interior of
the set B. More details can be found in the author’s thesis [28, Proposition A.5]. O

6.3. Long-time existence

This subsection follows Section 6.7 about long-time existence for the Ricci flow from
Chow and Knopf’s book [6]. We first need a technical lemma.

LeEMMA 6.15. — Let (g(t), #(t))tcjo,1) solve (RH )y with a non-increasing a(t) € [, al,
O<a<a<ooandT < co. Let the Riemannian curvature tensor of M be uniformly bounded
along the flow, |Rm| < Ry, and fix a background metric g. Then for each k > 0 there exists a
constant Cy, depending on k, m, N, T, a, @, Ro and the initial data (g(0), $(0)) such that

(6.27) [VEg(z,t)2 + |VF Rm(z, t)|2 + [VFo(x,t)|2 < Ci

for all (z,t) € M x [0,T). Here, V = 9V denotes the Levi-Civita connection with respect to
the background metric §.
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Proof. — With Theorem 6.9, the proof becomes a straightforward computation, and we
therefore only give a sketch. In [0, Section 6.7], all the details are carried out in the case of the
Ricci flow and they can easily be adopted to our flow. Since M is closed, there exists a finite
atlas for which we have uniform bounds on the derivatives of the local charts. Working in
suchachartey : U — R™, it suffices to derive the desired estimates for the Euclidean metric &
in U and the ordinary derivatives, since § and V are fixed. In particular, we can interpret I’
as a tensor, namely I' = I — °T". On the compact interval [0, 7/2], all the derivatives [VFol|2
and [V*Rm|? are uniformly bounded. On the interval [T'/2,T), Theorem 6.13 above yields
uniform bounds for these derivatives. Hence

(6.28) IVF6|2 + |VFRm|2 < Cy

for some Cy, < oo. In particular, = Rc —aV¢ ® V¢ is uniformly bounded on [0, 7). From
[6, Lemma 6.49], we infer that all g(¢) are uniformly equivalent on [0, T), and thus for some
constant C

(6.29) C716 < g(z,t) < CS, Y(x,t) €U x [0,T).
With 2 (0g) = 9(2 g) = —20J = —2(VJ + T * ), we compute
(6.30) | 2:99ls < C15:09] < CIVJ| + C|T||d].
Thus, we have

|5T] < CIVRc| + 2a|Ve||V29|

which yields a bound for |I'| by integration. Together with the bounds for || and |V /| that
we obtain from (6.28), we conclude that | %8g|5 is uniformly bounded, and hence — again by
integration — |dg|s is uniformly bounded on U x [0, T'). Finally, using a partition of unity for
the chosen atlas, we obtain a uniform bound for [Vg|; on M x [0,T). A short computation
as for (6.30) yields

k k—1
(6.31) |2 VFgl; < CIEVEGI <D D[ IVF i+ > o' T VE T,
1=0 1=1

where the constants ¢;, ¢; only depend on m and k. From this formula, we inductively obtain
the desired bounds for |V¥g|;. Similarly, the estimates for |V* Rm(z,t)|; and |VF¢(x,t)|;
are obtained from (6.28) with a transformation analogous to (6.31). The lemma then follows
by plugging everything together. O

Finally, we obtain our desired criterion for long-time existence.

THEOREM 6.16. — Let (g(t), #(t))sc(o,1) solve (RH)q with non-increasing o(t) € |a,a],
0<a<a<ooandT < oco. Suppose that T < oo is maximally chosen, i.e., the solution
cannot be extended beyond T in a smooth way. Then the curvature of (M, g(t)) has to become
unbounded for t /T in the sense that

(6.32) lim sup (maX|Rm(m,t)|2) 0.

t /T zeEM
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Proof. — The proof is by contradiction. Suppose that the curvature stays bounded
on [0,7T), say |Rm| < Rg. For any point z € M and vector X € T, M, define

g9(z, T)(X,X) := tlln%g(x,t)(X,X).
We estimate
T
l9(z, T)(X, X) — g(z,)(X, X)| < /t 2|z, 7)(X, X)|dr < C|X*(T —t),

where we used again the fact that J is uniformly bounded on M x [0, 7). This shows that
the limit g(z,T) (X, X) is well defined and continuous in z. Hence, we obtain a continuous
limit g(-,7) € T'(Sym?(T*M)) by polarization. From [6, Lemma 6.49], all metrics g(-, )
are uniformly equivalent — as in (6.29) — which implies that this limit must be a (continuous)
Riemannian metric. Moreover, we define ¢(z, T') := lim;_,r ¢(x, t), where we use again the
embedding ey : N — R? to interpret ¢ as a map into R?. We estimate

T
162, T) — d(a,1)] < / |2 b, 7)|dr < C(T — 1),

since the bound on |V2¢| yields a bound on |%¢| = |74¢|. This implies that ¢(-, T") is well
defined and continuous in z. The uniform bounds (6.27) from Lemma 6.15 then also hold
for the limit (g(7), #(T)) and hence ¢g(T") and ¢(T) are smooth. Indeed, for an arbitrary
background metric g, we have

T
(D)~ g0l < [ 15T49(0)lpdr < CT 1),
t

which follows from the uniform bound for | %@gb that we have derived in the lemma above.
This means, the convergence g(t) — g(T') is smooth. With

T
F56(T) — T (1)]; < / |25 6(r)|pdr < O(T — 1)

we see that also ¢(t) — ¢(T') uniformly in any C*-norm. Finally, restarting the flow with
(g(T), #(T)) as new initial data, we obtain a solution (g(t), ¢(t))+e[r,7+<) by the short-time
existence result from Chapter 2. This yields an extension of our solution beyond time T
which is smooth in space for each time. From the flow equations and the uniform bounds
on |[V*Rm| as well as |[V¥¢|, the time derivatives (and hence also the mixed derivatives) are
smooth too, in particular near ¢ = T'. This means, the extension of the flow is smooth in
space and time, contradicting the maximality of 7. O

7. Monotonicity formula and no breathers theorem

The entropy functional 9, introduced in this section is the analogue of Perelman’s
shrinker entropy for the Ricci flow from [31, Section 3]. It is obtained from the energy
functional &, from (3.1), by introducing a positive scale factor 7 (later interpreted as a
backwards time) and some correction terms. For detailed explanations of Perelman’s result,
we again refer to Chow et al. [4, Chapter 6] and Miiller [27, Chapter 3]. Moreover for the
special case N C R, the entropy functional W, can be found in List’s dissertation [22].
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7.1. The entropy functional and its first variation

Let again g = g;; € I'(Sym?% (T*M)), ¢ € C®°(M,N), f : M — Rand 7 > 0. Fora
time-independent coupling constant «(t) = a > 0, we set

(7.1 Walg, 6, f,7) = /M (T(Rg +|VFIZ—alVelZ) + f - m) (dnr)~™/2e~1 V.

As in Section 3, we take variations g° = g + ¢h, f€ = f + &/, ¢° = wn (¢ + ¥9), such that
09 = h,df = £ and §¢ = 9. Additionally, set 7° = 7 + ¢o for some o € R, i.e., §7 = 0. The
variation

d
OWa = 6Wag.osr (s, ,0) i= LZU‘M/Q (g+ch, nn (¢ +e0), f + b, 7 + e0)

is easiest to compute using the variation of &, and

(72) (Wa (g7 ¢7 f7 T) = (47TT)_m/2 (T ga (g, ¢, f) + / (f - m)e_de) .
M
Using
6/M(f —m)e TV = /M (e +(f —m) (5 trgh — e))e—fdv
and Equation (3.2) for the variation of ¥, (g, ¢, f), we get from (7.2)

SWo = /M —7hij(Rij + ViV f — aV;¢V;p)du
+ [ (b - g)(2af - (V7 + R ol + 52)du
+ [+ ol= 3R+ V1P~ al Vo) - 52 (F = m)d
+ /M 210 (140 — (Vé, Vf) )dp,
where we used the abbreviation dy := (4w7)~™/2e~/dV . Rearranging the terms, writing

= (—thij + 09i;) (37 9i5) + (3 trgh — £ = 52) (),
and using [, (Af = |Vf|?)du = —(4n7)=™/2 [, A(e=F)dV = 0, we get

Wy = / (_Thij + O'Qij)(Rij + V,ijf —aV¢V ¢ — %gij)d/,t
M
+/ T(%trgh—g_ ¥)(2Af_ |Vf|2+R—a|V¢|2+@)dﬂ
M
+ / 2rad (146 — (V$, V) )dp.
M

7.2. Fixing the background measure

Similar to Section 3, we now fix the measure dy = (4w7)~™/2¢~/dV. This means, we

have f = —10g((47r7')m/2§—{j) and from 0 = ddpy = (3trgh — € — 2%)du, we deduce
= %trg h — 5Z. Moreover, we require the variation of 7 to satisfy 67 = o = —1. This
allows us to interpret 7 as backwards time later. We then write

(7.3) Walg,$,7) == Wa(g, ¢, —log ((4nr)™2 36 ), 7)
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and

swh (h,0) :=0W

a,9,6,7 0,9,¢,— log((4mr)m/2 4t ), 7
The variation formula above reduces to

W 467 (hy0) = /M(—Thz'j — i) (Rij + ViVif — aVipVip — 3-gi;)du

(hy 9, trg b+ 2 —1).

(7.4)
—|—/ 27’0119(qu5 —(Vo, V) )d.U,
M
which is monotone under the gradient-like system of evolution equations given by
2 g5 = —2(Rij + ViV, f — aVigV;0),
Go =10 (V$, V),
Zf=-R—Af+alVe+ 2,

0 . _ _
ET— 1.

(1.5)

As in Section 3, pulling back the solutions of (7.5) with the family of diffeomorphisms
generated by V f, we get a solution of

o)

7¢ =T ¢’
(7.6) o

ET = —1,

0 = O*((4nr)~™/2e~ 7).
Since W, is diffeomorphism invariant, we find the analogue to Proposition 3.1.

PrROPOSITION 7.1. — Let (g(t), #(t))ejo,1) be a solution of (RH)q with a(t) = o > 0,

T a backwards time with %7’ = —1 and (4n7)~™/2e~7F a solution of the adjoint heat equation
under the flow. Then the entropy functional W (g, &, f,T) is non-decreasing with
d

Weo = / 27 |Rc — aV¢ ® V¢ + Hess(f) — %\2 (4nr)"™ 2= fqV
(7.7) dt M

+ / 2ra |y — (V, Vf)|2 (47r7')_m/26_de.
M

REMARK 7.2. — As seen in Corollary 3.2 for the energy &, the monotonicity of the
entropy W, also holds true for non-increasing positive coupling functions «(t) instead of
a constant a > 0.

7.3. Minimizing over all probability measures
Similar to A, (g, ¢) defined in (3.9), we set
palg, ¢,7) = inf {We(g,¢,7) | w(M) =1}

= inf {(Wa(g,gzﬁ,f, T) /M(47r7-)m/2ede = 1} .

Our goal is again to show that the infimum is always achieved. Note that for § = 7¢ we have
R; = LR, |Vf|§ =LV, |V¢|§ = LIV¢|2, dV; = 7™/2dV, and thus

T

(7.8)

Ha(Tga ¢>T) = .U‘a(g»ﬁb, 1)'
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We can hence reduce the problem to the special case where 7 = 1. Set v = (4rr)~™/4e=1/2,
This yields

Welg, o)) = |

v(Rv — 4Av — a|Ve|*v — 2vlogv — TV log(4m) — mv) dv,
M

and hence o (g,6,1) = inf{Wqs(g,¢,v,1) | [,,v?dV = 1} is the smallest eigenvalue
of L(v) = —4Av + (R — a|V¢|? — Zlog(4m) — m)v — 2vlogv and v is a corresponding
normalized eigenvector. As in Section 3, a unique smooth positive normalized eigenvector
Umin €Xists (cf. Rothaus [36] or List [22]) and we get the following.

PROPOSITION 7.3. — Let (g(t), #(t)) solve (RH),, for a constant o > 0 and let %T =-1
Then (g, ¢, ) is monotone non-decreasing in time. Moreover, it is constant if and only if

{O:Rc—aV¢>®V¢>+HeSS(f)—2gT,
0:Tg¢_ <V¢,Vf>,

for the minimizer f that corresponds to vyi,. As always, the monotonicity result stays true if
we allow «(t) to be a positive non-increasing function instead of a constant.

(7.9)

Proof. — The proof is completely analogous to the proof of Proposition 3.3, using the
monotonicity of 9,, instead of the monotonicity of &,. O

7.4. Non-existence of nontrivial breathers

Breathers correspond to periodic solutions modulo diffeomorphisms and scaling,
generalizing the notion of solitons defined in Definition 2.1.

DEFINITION 7.4. — A solution (g(t), ¢(t))¢cjo,r) of (RH), is called a breather if there
exist t1,ty € [0,T), t1 < to, a difftomorphism ¢ : M — M and a constant ¢ € R such that
{g(tz) =ctpg(t1),

P(t2) = Y ¢(t1).

The cases ¢ < 1, ¢ = 1 and ¢ > 1 correspond to shrinking, steady and expanding breathers.

(7.10)

THEOREM 7.5. — Let M and N be closed and let (g(t), ¢(t)):c(o,1) be a solution of (RH ),
with a(t) = a.

1) If this solution is a steady breather, then it necessarily is a gradient steady soliton.
Moreover, ¢(t) is harmonic and Rc = aV¢ ® Vé, i.e., the solution is stationary.

i) If'the solution is an expanding breather, then it necessarily is a gradient expanding soliton.
Again ¢(t) must be harmonic (and thus stationary, ¢(t) = ¢(0) ), while g(t) changes only
by scaling.

iii) If the solution is a shrinking breather, then it has to be a gradient shrinking soliton.

If we assume in addition that dim M = 2 or that (M, g(0)) is Einstein, then in the first two
cases above, (t) is not only harmonic but also conformal, hence a minimal branched immersion,
provided that it is non-constant.
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Proof. — This is an application of the monotonicity results for A, (g, ¢) from Proposi-
tion 3.3 and for p (g, ¢, 7) from Proposition 7.3. Since the proof is very similar to the Ricci
flow case solved by Perelman in [31], we closely follow the notes from Kleiner and Lott [19]
on Perelman’s paper.

i) Assume (g(t),¢(t))¢co,ry is a steady breather. Then there exist two times ti, to
such that (7.10) holds with ¢ = 1. From diffeomorphism invariance of A,(g, ¢)
defined in (3.9), we obtain A,(g,¢)(t1) = Aa(g,¢)(t2). From Proposition 3.3, we
get condition (3.10) on [t1,t2], which means that (g(¢),#(t)) must be a gradient
steady soliton according to Lemma 2.2 and uniqueness of solutions. Moreover, the

minimizer f = —2loguvmin Which realizes A, (g, ¢) is the soliton potential. From
(—4A + R — a|V|*)Umin = Aa (g, @)Vmin =: AaVmin, We obtain
(7.11) 2Af —|Vf2+ R—a|Ve]* = Ay

Since (g(t), ¢(t)) is a steady soliton, (2.5) holds with o = 0. Plugging this into (7.11)
yields Af — [V f|* = A4, and we obtain from [, e~ /dV =1

_ -f — _ 2yo—f - _ -f —
Aa—/MAae dV—/M(Af IVf[2)e~dv /M Ale=1)dV =0,

ie., Af = |[Vf|2. Another integration yields

/ |Vf|2dV:/ AfdV =0,
M M
and thus Vf = 0, Hess(f) =0on M x [0,T) and (3.10) becomes

0=Rc—aVop e Vo,
0="14¢.
In particular, ¢(t) is harmonic and (g(t), ¢(¢)) is stationary.
ii) The proof here is analogous to the case of steady breathers, but we first need to
construct a scaling invariant version of A, (g, ¢). We define

(1.1 o) =nate o [ an)

This quantity is invariant under rescaling § = cg. A proof of this fact is given in
the appendix of the author’s dissertation [28]. Moreover, we claim that at times where
Xa(t) == Aalg,)(t) < 0, wehave 2 X, (t) > 0. Indeed, note that f = log V' (¢) satisfies
J I e~7dV = 1 and is thus an admissible test function in the definition of \,, hence

113 Aa(9,6) < Talg, b, log V() = /M SeosVOgy = V(1)) /M S av.

With the assumption A\, (¢) < 0, we find

2% > 2V /M (I + Hess(f) = 2(S + B g + alrgd — (Vo V) ) dp
(7.14)

+zy2m ( /M(s N (/M(S + Af)du)2>a

the right hand side being nonnegative by Holder’s inequality (see again [28] for a more
detailed computation). Now, assume that (g(t), ¢(¢)) is an expanding breather. Since

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



134 R. MULLER

Mo (g, ®) is invariant under diffeomorphisms and scaling, we have Ao (t1) = Au(t2)
for the two times ¢1, to that satisfy (7.10). Since V(¢1) < V (¢2), there must be a time
to € [t1,t2] With %V(to) > 0 and hence with (7.13)

halto) < Vito) ™ [ 54V = V(1) GV () <0,

The claim applies and we obtain A, (t1) < Ao (tg) < 0 and since Ay (t2) = Ao (t1), we
see that )\, (t) must be a negative constant. Hence, both lines on the right hand side of
(7.14) have to Vanish This means that (S + A f) has to be constant in space for all ¢
and because A, (t) = [,,(S+ Af)dp, this constant has to be A, (). From the first line
of (7.14) we obtam

{0= Rc— aV¢ ® V¢ + Hess(f) — %’g,
0= qu{)_ <V¢>,Vf)

By Lemma 2.2, (g(t), #(t))+co,r) is an expanding soliton with potential f = —21log vmin.
This means that we can use (7.11), which implies

(7.16)  0=2Af —|Vf|+ 85— Xa=20Ff — |Vf|+8— (Af+8S) = Af — V]

(7.15)

and thus by integration V f = 0, Hess(f) = 0, as above. Plugging this into (7.15), the
second equation tells us that ¢(t) is harmonic and the first equation yields

%g = —2Rc+2aVop®@ Vo = —Z%g,

i.e., (M, g(t)) simply expands without changing its shape.
iii) If (g(¢), #(¢)) is a shrinking breather, there exist ¢1, t2 and ¢ < 1 such that (7.10) is
satisfied. We define
t2 — Ctl
1-c¢
Note that 7(¢) is always positive on [t1,t2]. Moreover, ¢ = (19 — t2)/(70 — t1) =
7(t2)/7(t1). Then, from the scaling behavior of u, (g, ¢, 7) and diffeomorphism invari-
ance we obtain

ta(g(t2), d(t2), 7(t2)) = palcy*g(tr), ¥ ¢(t1), cT(t1))
IJ( ( )7w*¢(t1)a7(t1))
= ( ( )7¢(t1)77(t1))‘

By the equality case of the monotonicity result in Proposition 7.3, (g(t), ¢(¢)) must
satisfy (7.9) and according to Lemma 2.2 thus has to be a gradient shrmkmg soliton.

To 1= > tg, and T(t) =19 — t.

(7.17)

It remains to prove the additional statement in the cases where dim M = 2 or (M, g(0))
is Einstein. If (g(t), #(¢)) is a steady or expanding breather, we have seen that % g = cg.In
particular, if (M, g(t)) is Einstein at ¢ = 0 it remains Einstein under the flow. Moreover, since
Rc = % g in these two cases, we get

(@™ )i = VioV;6 = 55 (5915 + 2Bij) = 55 (2% + ¢) gz,

i.e., ¢ is conformal. It is a well-known fact that conformal harmonic maps have to be minimal
branched immersions (cf. Hartman-Wintner [17]). O
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8. Reduced volume and non-collapsing theorem

Let us briefly restate the main result from our previous article [29] about the monotonicity
of reduced volumes for flows of the form % gij = —28,;, where S;; is a symmetric tensor with
trace S = ¢*/S;;. (The results can also be found in the author’s thesis [28].)

8.1. Monotonicity of backwards reduced volume

In order to define the backwards reduced distance and volume, we need a backwards time
7(t) with %T(t) = —1. Without loss of generality, one may assume (possibly after a time
shift) that 7 = —¢.

DEFINITION 8.1. — Assume a%gij =25;; hasasolutionfor7 € [0,7] and 0 < 7 < 75 < 7,
we define the ¥-length of a curve i : [rg, 7] — M by

) = [ 7 (S + ) dr

70

Fix the point p € M and 7y = 0 and define the backwards reduced distance by

sy |, V7 Ll o).

where I' = {n : [0,71] — M | n(0) = p, n(11) = gq}. The backwards reduced volume is
defined by

8.1) Ly(g,71) := inf {

nel’

(8.2) Vi(r) = /M (4mr) "™/ 2704 gV (g).

The following is proved in [29, Theorem 1.4].

THEOREM 8.2. — Suppose that g(t) evolves by %gi]‘ = —28,; and the quantity

D(J, X) = 28— AS — 218> + 4(ViSi) X; — 2(V;5)X;

(8.3)

is nonnegative for all vector fields X € T'(T M) and all times t for which the flow exists. Then
the backwards reduced volume Vi,(T) is non-increasing in 7, i.e., non-decreasing in t.

In our case where S;; is given by R;; — aV,;¢V ;¢, the evolution equation (4.14) for S;;
together with 4(v152J)XJ — 2(VJS)XJ = —4a TQ¢Vj¢Xj ylelds
D(Sij, X) = 2alr,d — Vx| — &|Vo|?

for all X on M. This means, 9(S;;, X) > 0 is satisfied for the (RH), flow with a positive
non-increasing coupling function «(t) and the monotonicity of the reduced volume holds.
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8.2. No local collapsing theorem

We have seen in Section 6 that the metrics g(¢) along the (RH), flow are uniformly
equivalent as long as the curvature on M stays uniformly bounded. But a-priori, it could
happen that at a singularity (i.e., when Rm blows up) the solution collapses geometrically in
the following sense.

DEeFINITION 8.3. — Let (g(t), ¢(t))+c[o,r) be a maximal solution of (RH ), or more gen-
erally of any flow of the form % 9i; = —28;;. We say that this solution is locally collapsing
at time T', if there is a sequence of times ¢, T and a sequence of balls By, := By, (wk, k)
at time tg, such that the following holds. The ratio r,% /ti is bounded, the curvature satisfies
|[Rm| < r; 2 on the parabolic neighborhood By, x [t — r2,t;] and r, ™ vol(By) — 0 as
k — oo.

Using the monotonicity of the reduced volume, we obtain the following result.

THEOREM 8.4. — Let (g(t), ¢(t)) be asolution of (RH ), with non-increasing o(t) € [a, &),
0 < a < & < oo onafinite time interval [0, T'). Then this solution is not locally collapsing at T.

The only ingredients of the proof are the interior gradient estimates from Corollary 6.14
and the monotonicity of the backwards reduced volume stated above. Hence, every flow
% g = —2¢ that satisfies the assumption of Theorem 8.2 and some interior estimates for ¢,
VS in the spirit of Corollary 6.14 will also satisfy the non-collapsing result. For the (RH),,
flow, it is possible to obtain a slightly stronger result using the monotonicity of u,(g, ¢, 7)
from Section 7 instead of the monotonicity of the backwards reduced volume. In the special
case N C R, this can be found in List’s dissertation [22, Section 7]. The proof in the case
of (RH),, is analogous. However, the result here is more general in the sense that it may be
adopted to other flows % g = —2¢ in the way explained above.

Proof. — The proof follows Perelman’s results for the Ricci flow [31] very closely, see also
the notes on his paper by Kleiner and Lott [19] and the book by Morgan and Tian [25].
However, we need the more general results from [29] that also hold for our coupled flow
system. We only give a sketch.

The proof is by contradiction. Assume that there is some sequence of times ¢t; T and
some sequence of balls By := By, )(zx,x) at each time ¢, such that rz 1s bounded, the
curvature is bounded by |Rm| < ;2 on the parabolic neighborhood By, x [t), — rZ,t;] and
. ™ vol(Bg) — 0as k — oo. Define ), := 7}, ' vol(By)'/™, then e — 0 for k — oo. For
each k, we set 7 (t) = tx — t and define the backwards reduced volume Vi using curves going
backward in real time from the base point (zg, ), i.e., forward in time 7 from 7, = 0. The
goal is to estimate the reduced volumes Vi (akr,%), where 7, = akr,% corresponds to the real

time ¢ = ¢, — x77, which is very close to ¢ and hence close to T'.
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Claim 1. — We have limy_, o, Vi,(ex73) = 0.

Proof. — An ¥,-geodesic n(7) starting at n(0) = xy, is uniquely defined through its initial

vector v = lim,_2/7X = limy_ X. First, we show that if |v| < %5;1/2 with respect

to the metric at (xg, tx), then n(7) does not escape from B,i/z := By(t,)(Tr,T1/2) in time
T = gxri. Write &, = tx — r2. Since |Rm| < 7, ? on By, x [fx, ;] by assumption, we obtain
from Corollary 6.14

C c
Vol < — V%< ———, |VRm|*< ———,
Vol S V=gl SNAL |VRm| AT

for some constant C independent of k. Without loss of generality, e, < 1 sothatt—{; > r?
whenever ¢ € [t — exr?, tx). This means that

on Bi/Q X (Ek,tk),

Vo> < Cri?, |V2¢| < Cri%  |VRm| < Cri®, on BY? x [ty — exrd, tr).
Together with the assumption |Rm| < r,;Q, this yields
4| < [Re| + [Vo|* < O 2,

8.4) , ;
VS| < |VR[+ [V¢|[V7e| < O,

on Bi/z X [t — exTi, ). Plugging this into the Estimate (4.5) of [29], we get
(8.5) 21X < AC|X[ri 2 + X2Cr; 2 < C| X ey *rit + Cepry
for A = /7 < (Jexri = 5,16/27%. Since | X(0)] = |v| < ésgl/z we obtain the estimate

|X()\)| < is,:lﬂ for all T € [0,exr?] if k is large enough, i.e., e, small enough. With an
integration, we find

exrh VEKTE VEETE 1
/ | X (7)ldr :/ [ X(N)]dA < / L1245 < Lpy,
0 0 0

Since the metrics g(7 = 0) and g(7 = g,7?) are close to each other, the length of the curve n
measured with respect to g(7 = 0) = g(¢;) will be at most rj,/2 for large enough k. This
means that indeed
(8.6) (), ts —7) € BY/* x [ty — exrd, t), YO <7 < epri.
With the bounds from (8.4) and the lower bound in [29, Lemma 4.1], we obtain

Ly(n) > —Cr;Q(Ekr,%)?’/Q = —Cei/Qrk, e ly(q,erri) > —Cey.

Thus, the contribution to the reduced volume f/k(akrﬁ) coming from #£;-geodesics with
initial vector |v| < %5;1/ ? is bounded above for large k by

/ /2(47rekr,3)—m/2606kdv < Ce,™Primvol(BY?) < Cel? 0 (k — o).

B,

Next, we estimate the contribution of geodesics with large initial vector |v]| > %5;1/ ? to the
reduced volume V, (e krz) Note that we can write the reduced volume with base point (x, tx)
as

Vi (71) =/ (4ry) "/ 2e= @MV (g) =/ (dmry) ™/ 2e = (Lo (1) (1) do.
M Q(71,k)
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Here, Lyexp]! is the £p-exponential map defined in [29], taking v to n(7;) with 1 being
the £p-geodesic with initial vector v, J(v,71) = detd(Lyexp}!) denotes the Jacobian
of Lyexp;t and Q(7i,k) C Ty, M is a set which is mapped bijectively to M up to a set of

measure zero under the map £yexp]! . In [28], we prove that the integrand
(8.7) flu,m):= (47r7'1)_m/2e_2”(f”e"p;}c )11 J(v,7y)

is non-increasing in 7y for fixed v and has the limit lim,, o f(v, 1) = a—m/2e= vl Together
with Q(7') C Q(7) for 7 < 7/ this yields an alternative proof of the monotonicity of the
reduced volumes obtained in [29]. Moreover, it implies that the contribution to the reduced
volume V; (e577) coming from £,-geodesics with initial vector |v| > ée,;l/ ? can be bounded
by

(8.8) / /20 gy < Ce % — 0 (k — 00),
\v|>%€;1/2
which completes the proof of Claim 1. O

Claim 2. — The reduced volumes V, (tx) are bounded below away from zero.

Proof. — Let us remark that 7 = ¢, corresponds to real time ¢ = 0. We assume that & is
large enough, so that ¢;, > T'/2. The idea behind the proof'is to go from (z, tx) to some point
qr at the real time T'/2 (i.e., T = ¢, — T'/2) for which the reduced ¥}-distance ¢, (g, tx —1'/2)
is small. From the upper bound on L; from [29, Lemma 4.1], we see that for small 7 it is
possible to find a point g (7) such that £,(gx(7), 7) < %. On the other hand, combining the
evolution equations for a%gb and A4, we obtain

(8.9) | o+ Dy < =l + g

(in the barrier sense) and hence for the minimum of £p;, (7) = minge s €5(g, 7)
o) m

(810) ?l‘r:‘rlemin S _%gmin + ﬁ

in the sense of difference quotients. The latter is obtained by applying the maximum prin-
ciple to a smooth barrier. The inequality (8.10) shows that there is some point g (7) with
ly(qr(7),7) < F for every 7. As mentioned above, we choose gy, at the real time 7'/2 with
ly(qr,te —T/2) < 3. Letn : [0,t, — T/2] — M be an £;-geodesic realizing this length.
Moreover, let i, : [ty — T/2,tx] — M be g(t = 0)-geodesics (i.e., g(7 = t)-geodesics) from
qr attime 7 =ty —T/2top € B := By(r—y,)(qr, 1) = By(t=0)(qk, 1) at time 7 = . Since
|Rm| is uniformly bounded for ¢ € [0,T"/2], we get a uniform bound for S along this family
of curves. Since all the metrics g(7) with 7 € [t,, — T'/2, tx] are uniformly equivalent, we get
a uniform upper bound for the #£3-length of all n,. From this, we see that the concatenations
(n—mnp) : [0,tx] — M connecting xy, to p € B have uniformly bounded #,-length, inde-
pendent of p and k. This gives a uniform bound ¢,(p,t;) < C, forallp € B%* and k € N
large enough. We can then estimate

Vie(ty) = / (4rty) "™ 2e~ 00t gV (g) > / (4ty)"™2e~CdV > C inf vol(B¥*),
M Bk qxEM

which is bounded below away from zero, independently of k. This proves Claim 2. O
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Since the backwards reduced volumes Vj, are non-increasing in 7 (i.e., non-decreasing in
real time t) according to Theorem 8.2, we obtain V; (t1,) < Vi(exr?) for k large enough. But
since Vi (t1,) is bounded below away from zero by Claim 2 while Vj,(x73) converges to zero
with k& — oo by Claim 1, we obtain the desired contradiction that proves the theorem. [J

Appendix
Commutator identities
It is well-known that a (p,gq)-tensor B (i.e, a smooth section of the bundle

(T*M)®? @ (TM)®?) satisfies the following commutator identity in local coordinates
(x,...,2") induced by achart ¢ : U — R*, U C M,

P
B romk kg Ky kg
(A1) [V, Vy]B E :lem 0.0, + E :RijésmBel...zs_lmzs+1...zp'

Now, assume that we are given Levi-Civita connections for all (p, ¢) tensors over (M, g)
and over (N,~). Foramap ¢ : (M,g) — (IV,~), there is a canonical notion of pull-back
bundle $*T'N over M with sections ¢*V = Vog for V € I'(T'N). The Levi-Civita connection
VTN on TN also induces a connection V¢ 7V on this pull-back bundle via

Vi NV =¢*(VINV), X eD(IM), V e(TN).
We obtain connections on all product bundles over M with factors TM, T*M, ¢*T'N and
¢*T* N via the product rule and compatibility with contractions. Take coordinates 2* on M,
k_l ,m=dim M, and y* on N, up = 1,. n—dimN,andwriteakfor%andau
We get V;V; Ve = V,; ViV = Rija Vi w1th
Rz]n)\ Z) <Rm al’a )¢ (a)‘) d) (8 )>¢*TN(x)
<NRm(¢* 7,7¢* )a>na >TN ))
= NRuVﬁA(¢($))vi¢H(m)Vj¢ (ZL'),

where we used ¢..0; = V;¢* 0,,. This allows to extend (A.1) to mixed tensors, for example

for ayu

(A2) [Vi, V;IBE = R, Bix + RijepByS + R,

p

ko kk
By + RijreByy -

ij0
The standard example that will be used quite often is the following. The derivative V¢ of
¢ : M — N isasection of T* M ® ¢*T N. Thus, the intrinsic second order derivative is built
with the connection on this bundle, i.e., V;V;¢* = 8;0;¢* — I'};0p¢* + T, 0,¢48;¢" and
similar for higher derivatives. Using (A.2), we obtain

(A.3) ViV;Ved? = V;ViVid? = Rije,V,p” + "R\ Ve Vid" V0"

There is also a different way to obtain these formulas, which is especially useful when ¢
is evolving and we also want to include time derivatives. We learned this from [20]. Here,
we interpret V¥¢ as a k-linear T N-valued map along ¢ € C(M, N) rather than as a
section in (T*M)®* ® ¢*TN. Letting w be any such k-linear T'N-valued map along ¢,
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ie,w(z): (TyM)** — Ty, N, the covariant derivative Vw is a (k + 1)-linear TN-valued
map along ¢, etc. The curvature tensor *Rm for w can then be computed by
("Rm(X,Y)w)(X1,..., Xx) = "Rm(VH(X), V(Y ))w (X1, .., X)

(A.4) k
=Y w(Xi,...,Rm(X,Y)X,,..., X).
s=1

Of course, this agrees with the definition above, where we used the bundle interpretation.
Now, if ¢ is time-dependent, we simply interpret it as a map ¢ : M x I — N and interpret
V*¢ as k-linear TN -valued maps on M x I along ¢. The formalism stays exactly the same.

Note that % induces a covariant time derivative V; (on all bundles over M x I') that agrees
with % for time-dependent functions. Choose coordinates z¢ for M with
(A.5) Vi(§) = Vi(9)) = Ve(0:) = Vi(§) =0, Vij=1,....m
at some base point (p,t) in M x I. Then, using (A.4), we obtain for w = V¢

Vi(ViV;9) = Vi((Viw)(8))) = (Vi Viw)(95) = (ViViw + "Rim(Z;, 8)w)(8;)
(A.6) = Vi((Vew)(9) + "Rm(§6, Vig)w(9;) — w(**'Rm (g, 0,)9;)
=V:V;2¢+ "Bm(2¢,Vi$)V;é.
REMARK A.l. — If we also vary the metric g on M in time, we will get an additional term

from the evolution of V;V;, namely —(grfj)vm. Note that %I‘ is a tensor, while T itself
1S not.
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