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1 Introduction

This is the continuation of our earlier paper [§]. For any Kéahler-Einstein sur-
faces with positive scalar curvature, if the initial metric has positive bisectional
curvature, then we proved [§] that the Kéhler-Ricci flow converges exponen-
tially to a unique Kéahler-Einstein metric in the end. This answers partially to
a long standing problem in Ricci flow: on a compact Kéhler-Einstein manifold,
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does the Kahler Ricci flow converge to a Kéahler-Einstein metric if the initial
metric has positive bisectional curvature? In this paper, we will give a complete
affirmative answer to this problem.

Theorem 1.1. Let M be a Kdhler-Einstein manifold with positive scalar cur-
vature. If the initial metric has nonnegative bisectional curvature and positive
at least at one point, then Kdhler Ricci flow will converge exponentially fast to
a Kahler-FEinstein metric with constant bisectional curvature.

Remark 1.2. This problem was completely solved by R. Hamilton in the case
of Riemann surfaces (cf. [13]). We also refer the reader to B. Chow’s paper [9]
for more developments on this problem.

As a direct consequence, we have the following;:

Corollary 1.3. The space of Kdhler metrics with non-negative bisectional cur-
vature (and positive at least at one point) is path-connected. The space of metrics
with non-negative curvature operator (and positive at least at one point) is also
path-connected.

Theorem 1.4. Let M be any Kdhler-Finstein orbifold (cf. Definition 9.2)
with positive scalar curvature. If the initial metric has non-negative bisectional
curvature and positive at least at one point, then the Kdhler Ricci flow converges
exponentially to a Kdhler-FEinstein metric with constant bisectional curvature.
Moreover, M is a global quotient of CP™.

Clearly, Corollary 1.3 holds in the case of Kéahler orbifolds.

Remark 1.5. What we really need is that the Ricci curvature is positive along
the Kdahler-Ricci flow. Since the positivity on Ricci curvature may not be pre-
served under the Ricci flow, we will use the fact that the positivity of the bisec-
tional curvature is preserved.

Remark 1.6. In view of the solution of the Frankel conjecture solved by S. Mori
[21] and Siu-Yau [Z])], it suffices to study this problem on a Kdhler manifold
which is biholomorphic to CP™. However, we don’t need to use the result of
Frankel conjecture. Moreover, we do not use explicitly the knowledge of the
positive bisectional curvature. We use this condition only when we quote a
result of Mok and Bando (cf. [8]), and a classification theorem by M. Berger.

Remark 1.7. We need the assumption on the existence of Kdhler-FEinstein
metric because we will use a nonlinear inequality from [27]. Such an inequality
1s just the Moser-Trudinger-Onofri inequality if the underlying manifold is the
Riemann sphere.

Remark 1.8. If we assume the existence of a lower bound for the functional
E, — Ey', then we shall be able to derive a convergence result similarly. There-
fore, it is interesting to study the lower bound of Eh — Ey among metrics whose
bisectional curvature is positive.

Lef. Section 2.3 for definition of Eg, E.



Remark 1.9. We learn from H. D. Cao [d] that the holomorphic orthogonal
bisectional curvature %is preserved under the Kdhler Ricci flow (this will follow
from Mok’s proof by a simple modification). It is easy to see that positive Ricci
curvature is preserved under the flow. Then our proof will extend to this case.
Note that the bisectional curvature is not necessary positive during the flow.

Now let us review briefly the history of Ricci flow. The Ricci flow was first
introduced by R. Hamilton in [T3], and it has been a subject of intense study ever
since. The Ricci flow provides an indispensable tool of deforming Riemannian
metrics towards to canonical metrics, such as Einstein ones. It is hoped that
by deforming a metric to a canonical metric, one can understand the geometric
and topological structures of underlying manifolds. For instance, it was proved
[13] that any closed 3-manifold of positive Ricci curvature is diffeomorphic to a
spherical space form. We refer the reader to [I6] for more information.

If the underlying manifold is a K&hler manifold, the Ricci flow preserves
the Kéhler class. Following a similar idea of Yau [28], Cao [H] proved that the
solution converges to a Kéhler-Einstein metric if the first Chern class of the
underlying Kéhler manifold is zero or negative. Consequently, he re-proved the
famous Calabi-Yau theorem[28]. On the other hand, if the first Chern class
of the underlying Kéahler manifold is positive, the solution of the Kéahler Ricci
flow may not converge to any Kéahler-Einstein metric. This is because there are
compact Kéahler manifolds with positive first Chern class which do not admit
any Kéhler-Einstein metrics (cf. [T2], [26]). A natural and challenging problem
is whether or not the Kahler Ricci flow on a compact Kéhler-Einstein manifold
converges to a Kéhler-Einstein metric. Our theorem settles this problem in the
case of Kéhler metrics of positive bisectional curvature or positive curvature
operator. It was proved by S. Bando [ for 3-dimensional Kéahler manifolds and
by N. Mok [20] for higher dimensional Kéhler manifolds that the positivity of
bisectional curvature is preserved under the Kéhler Ricci flow.

The typical method in studying the Ricci flow depends on pointwise bounds
of the curvature tensor by using its evolution equation as well as the blow-up
analysis. In order to prevent formation of singularities, one blows up the solution
of the Ricci flow to obtain profiles of singular solutions. Those profiles involve
Ricci solitons and possibly more complicated singular models. Then one tries to
exclude formation of singularities by checking that these solitons or models do
not exist under appropriate global geometric conditions. It is a common sense
that it is very difficult to detect how the global geometry effects those singular
models even for a very simple manifold like CP2. The first step is to classify
those singular models and hope to find their geometric information. Of course,
it is already a very big task. There have been many exciting works on these (cf.
IT6)).

Our new contribution is to find a set of new functionals which are the La-
grangians of certain new curvature equations involving various symmetric func-
tions of the Ricci curvature. We show that these functionals decrease essentially
along the Kéhler Ricci flow and have uniform lower bound. By computing their

21t is the bisectional curvature between two any two orthogonal complex plan.



derivatives, we can obtain certain integral bounds on curvature of metrics along
the flow.

For the reader’s convenience, we will recall what we study in [§] regarding
these new functionals. In [§], we proved that the derivative of each Fj along an
orbit of automorphisms gives rise to a holomorphic invariant Sy, including the
well-known Futaki invariant as a special one. When M admits a Kéhler-Einstein
metric, all these invariants &y vanish, and the functionals Ej, are invariant under
the action of automorphisms.

Next we proved in [8] that these FEj are bounded from below. We then
computed the derivatives of Ej along the Kahler-Ricci flow. Recall that the
Kahler Ricci flow is given by

dp

ot
where h,, depends only on w. The derivatives of these functionals are all bounded
uniformly from above along the Kahler Ricci flow. Furthermore, we found that
FEy and F decrease along the Kéahler Ricci flow. These play a very important
role in this and the preceding paper. We can derive from these properties of Ej
integral bounds on curvature, e.g. for almost all Kahler metrics w, ;) along the
flow, we have

(w + 00p)"

log + ¢ — hy, (1.1)

/ (R(wy(r) = 1)% we@)™ = 0, (1.2)
M

where R(wy(;)) denotes the scalar curvature and r is the average scalar curva-
ture.

In complex dimension 2, using the above integral bounds on the curvature
with Cao’s Harnack inequality and the generalization of Klingenberg’s estimate,
we can bound the curvature uniformly along the Kahler Ricci flow in the case of
Kahler-Einstein surfaces. However, it is not enough in high dimension, since the
formula ([CZ) is not scaling invariant. We must find a new way of utilizing this
inequality in higher dimensional manifolds. Following the work of C. Sprouse
[25], J. Cheeger and T. Colding [6] of deriving a uniform upper-bound on the
diameter, we then use a result of Li-Yau [I8] and a theorem of C. Croke [I0] to
derive a uniform upper bound on both the Sobolev constant and the Poincare
constant on the evolved Kéhler metric. Once these two important constants are
bounded uniformly, we can use the Moser iteration to obtain C estimate along
the modified K&hler Ricci flow. A priori, this curve of evolved Kéhler-Einstein
metrics is not even differentiable on the level of potentials in terms of time
parameter. This gives us a lot of troubles in deriving the desired C° estimates.
What we need is to re-adjust this curve of automorphisms so that it is at least
C' uniform on the level of Kihler potentials. Once C° estimate is established,
it is then possible to obtain the C? estimate (following a similar calculation of
Yau [28]) and Calabi’s C* estimates. Eventually, we can prove that the modified
Kahler Ricci flow converges exponentially to the unique Kéhler-Einstein metric.

Unlike [§], we don’t use any pointwise estimate on curvature; in particular,
we don’t need to use the Harnack inequality. It appears to us that the fact that



the set of functionals we found being essentially decreasing along the Kahler
Ricci flow and having a uniform lower bound at the same time, has already
exclude the possibilities of formation of singularities. In higher dimensional
manifolds, this idea of having integral estimates on curvature terms, may prove
to be an effective and attractive alternative (vs. the usual pointwise estimates).

In this paper, we also extend our results to Kéhler-Einstein orbifolds with
positive bisectional curvature. Note that the limit metric of the Kéahler-Ricci
flow on orbifolds must be Einstein metric with positive bisectional curvature.
M. Berger’s theorem [3] then implies that it must be of constant bisectional
curvature. We then use the exponential map to explicitly prove that such an
orbifold must be a global quotient of CP™.

The organization of our paper is roughly as follows: In Section 2, we review
briefly some basics in Kéhler geometry and some results we obtained in [§].
In Section 3, we prove that for any K&hler metric in the canonical class with
non-negative Ricci curvature, if the scalar curvature is sufficiently closed to the
average in the L? sense, then it has uniform diameter bound. Next using the
old results of Li-Yau and the result of C. Croke, we bound both the Sobolev
constant and the Poincaré constant. In Section 4, we prove C estimates for all
time over the modified Kahler Ricci flow. In Section 5, we prove that we can
choose a uniform gauge. In Section 6, we obtain both C2? and C? estimates. In
section 7, we prove the exponential convergence to the unique Kéahler-Einstein
metric with constant bisectional curvature. In Section 8, we prove that any
orbifold supports a Kéhler metric with positive constant bisectional curvature
is globally a quotient of CP™. In Section 9, we prove Theorem 1.5 and make
some concluding remarks and propose some open questions.

2 Setup and known results

2.1 Setup of notations

Let M be an n-dimensional compact Kéhler manifold. A Kéhler metric can be
given by its Kéhler form w on M. In local coordinates z1,--- , zp, this w is of
the form .
w=+v-1 Z gﬁdzi Adzl > 0,
i,j=1

where {g;7} is a positive definite Hermitian matrix function. The Kéhler condi-
tion requires that w is a closed positive (1,1)-form. In other words, the following
holds
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The Kahler metric corresponding to w is given by
n pa—
V-1 Z 9op d2° ®dz".
1

For simplicity, in the following, we will often denote by w the corresponding
Kihler metric. The Kéhler class of w is its cohomology class [w] in H2(M,R).
By the Hodge theorem, any other Kéahler metric in the same Kéhler class is of

the form
n

D%y
we=w+ V=1 pRrEdl

ij=1

for some real valued function ¢ on M. The functional space in which we are
interested (often referred as the space of Kahler potentials) is

P(M,w)={p | wp=w+V~-109p >0 on M}.
Given a Kahler metric w, its volume form is

1 n - _
w”:—' (\/—1) det (gﬁ)dzl/\dzl/\.../\dz"/\dz".
n!

Its Christoffel symbols are given by

n n
- 0g.7 — 7097
kEo_ k1994 ko k905 S
Iy = lgl g 520 and l"l.j = lgl g —8257 Vi, 5, k=1,2,---n.
The curvature tensor is

82g-—- n _0g.= 89 —

ij Yiq “Ipj . _

- + E gpq—azk ERE Vi, jk,l=1,2,---n.
p,q=1

We say that w is of nonnegative bisectional curvature if
Rﬁkzvivjwkwl >0

for all non-zero vectors v and w in the holomorphic tangent bundle of M. The
bisectional curvature and the curvature tensor can be mutually determined. The
Ricci curvature of w is locally given by

0?log det(g,7)

Rl; - 8Zi82j

So its Ricci curvature form is

Ric(w) = v -1 Z R (w)d ZANd2 = —v/=100log det(g,7)-

ij=1

It is a real, closed (1,1)-form. Recall that [w] is called a canonical Kéhler class
if this Ricci form is cohomologous to A w, for some constant .



2.2 The Kahler Ricci flow

Now we assume that the first Chern class ¢ (M) is positive. The normalized
Ricci flow (c.f. [I3] and [I4]) on a Kéhler manifold M is of the form

e S 2.1

W_g”_ 070 1, ) =14 -,n, ()
if we choose the initial Kéhler metric w with ¢1(M) as its Kéhler class. The
flow (2.1) preserves the Ké&hler class [w]. It follows that on the level of Kahler
potentials, the Ricci flow becomes

[

— log —2_ he, 2.2
3 Og +<p (2.2)

where h,, is defined by

Ric(w) — w = v/—199h,,, and / (ehe —1)w™ = 0.
M
As usual, the flow (2.2) is referred as the K&hler Ricci flow on M.

The following theorem was proved by S. Bando for 3-dimensional compact
Kéhler manifolds. This was later proved by N. Mok in [20] for all dimenisonal
Kahler manifolds. Their proofs used Hamilton’s maximum principle for tensors.
The proof for higher dimensions is quite intrigue.

Theorem 2.1. [1] J20] Under the Kdhler Ricci flow, if the initial metric has
nonnegative bisectional curvature, then the evolved metrics also have non-negative
bisectional curvature. Furthermore, if the bisectional curvature of the initial
metric is positive at least at one point, then the evolved metric has positive
bisectional curvature at all points.

Before Bando and Mok, R. Hamilton proved (by using his maximum princi-
ple for tensors)

Theorem 2.2. Under the Ricci flow, if the initial metric has nonnegative curva-
ture operator, then the evolved metrics also has non-negative curvature operator.
Furthermore, if the curvature operator of the initial metric is positive at least at
one point, then the evolved metric has positive curvature operator at all points.

2.3 Results from the previous paper [§]

In this subsection, we collect a few results in our earlier paper [§]. First, we
introduce the new functionals By = Ep — Ji(k =0,1,2--- ,n) where EY and Jj
are defined below.

Definition 2.3. For any k =0,1,--- ,n, we define a functional E}) on P(M,w)
by

1
ERu(p) = v /M (log— —h > <Z Ric(w,)" ) Awy" % + e,



where
1 ~ : .
k= — he Ric(w)’ Awh™" | Aw™ k.
Vv /M (;

Definition 2.4. For each k =0,1,2,--- ,n— 1, we will define Jyi,, as follows:
Let (t) (t € [0,1]) be a path from 0 to ¢ in P(M,w), we define

n—k (! dp ke
Jro(p) = — v /O/ME(kaH_WkH)/\W«p k=LA dt.

Put J, = 0 for convenience in notations.

Remark 2.5. In a non canonical Kdhler class, we need to modify the definition
slightly since hy, is not defined. For any k =0,1,--- ,n, we define

n k . )
Eru(p) = % /M logwwin <§ Ric(wy,)" /\Ric(w)k1> /\w%,”*k
_nT—k © (Ric(w)k—i-l _ wk—i—l) AWtk T ().

M

The second integral on the right hand side is to offset the change from w to
Ric(w) in the first term. The derivative of this functional is exactly the same
as in the canonical Kdhler class. In other words, the Fuler-Lagrange equation
18 not changed.

If we ey (M), then we assume Ej, = Ej . Direct computations lead to

Theorem 2.6. For any k =0,1,--- ,n, we have

dE,  k+1 dp . k n—k
@ - v/, Ay, (8t> Ric(we)™ A wy
n—=k dp

v/, ot (Ric(o.)g,)kJrl - wwkﬂ) Aw," R (2.3)

Here {¢(t)} is any path in P(M,w).

Proposition 2.7. Along the Kdhler Ricci flow, we have

dFE, k+1

< T [ (Rlwy) — r)Ric(w,)F Awp" (24)
dt Vo Ju

When k = 0,1, we have

dEy nv—1 Op =0 4
@ _ O NO—w,""1 <0 2.5
dt Vi Ju Ot e =T =9
dEy 2 n
e < v (R(wy) —7)?w," <0

In particular, both Ey and Ey are decreasing along the Kdhler Ricci flow.



We then prove that the derivatives of these functionals along a holomorphic
automorphisms give rise to holomorphic invariants. For any holomorphic vector
field X, and for any Kéhler metric w, there exists a potential function 8x such
that

LXw =V —1859){.

Here Lx denotes the Lie derivative along a vector field X and 0x is defined up
to the addition of any constant. Now we define S (X, w) for each k = 0,1,--- ,n
by

Sk(X,w) = (n—k) /MGX w"

+/ ((k +1)Afx Ric(w)® Aw™* — (n— k) x Ric(w) ' A wnfkfl) .
M

Here and in the following, A denotes the Laplacian of w. Clearly, the integral
is unchanged if we replace 6x by 6x + ¢ for any constant c.

The next theorem assures that the above integral gives rise to a holomorphic
invariant.

Theorem 2.8. The integral S (X, w) is independent of choices of Kahler met-
rics in the Kdahler class [w]. That is, Sk(X,w) = Sk(X,w') so long as the
Kdhler forms w and W’ represent the same Kdhler class. Hence, the integral
Sk (X,w) is a holomorphic invariant, which will be denoted by (X, [w]).

Corollary 2.9. The above invariants Si(X,c1(M)) all vanish for any holo-
morphic vector fields X on a compact Kdahler-FEinstein manifold. In particular,
these invariants all vanish on CP™.

Corollary 2.10. For any Kdhler Finstein manifold, Ex(k = 0,1,---,n) is
inwvariant under actions of holomorphic automorphisms.

One crucial step in [§] is to modify the Kahler-Einstein metric so that the
evolved Kahler form is centrally positioned with respect to this new Kéahler
Einstein metric. For the convenience of a reader, we include the definition of
“centrally positioned” here.

Definition 2.11. Any Kdhler form w,, is called centrally positioned with respect
to some Kahler-Einstein metric w, = w ++/—190p if it satisfies the following:

/ (p—p) 0w, =0, Ve A (w). (2.6)
M

Proposition 2.12. Let o(t) be the evolved Kdihler potentials. For any t > 0,
there always exists an automorphism o(t) € Aut(M) such that wyy) is centrally
positioned with respect to w, ). Here

o(t) w1 = wp) = w + V—190p(t),

where w; is an Kéhler-Einstein metric.



Remark 2.13. In [§], we proved that the existence of at least one Kdhler-
Finstein metric w,) such that wy) s centrally positioned with respect 1o w ).
As a matter of fact, such a Kdhler-FEinstein metric is unique. However, a priori
we don’t know if the curve p(t) is differentiable or not.

Proposition 2.14. On a Kdhler-FEinstein manifold, the K-energy v, is uni-
formly bounded from above and below along the Kdhler Ricci flow. Moreover,
there exists a uniform constant C such that

|Jk7wp(t) ((p(t) - p(t))| < {Vw((p(t)) + C}%v .
log w“f’nn > 40" 62(Vw(<ﬂ(t))+c)3+cl)
Wo() - ’
Brlo(t) o e(Trma{or (e )+ (1) +C) )

where ¢, C, C' and C" are some uniform constants. And p(t) is defined in the
preceding proposition.

Corollary 2.15. The energy functional Ex(k =0,1,--- ,n) has a uniform lower
bound from below along the Kahler Ricci flow.

Corollary 2.16. For each k = 0,1,--- ,n, there exists a uniform constant C
such that the following holds (for any T' < 0o) along the Kdhler Ricci flow:

T k41 . k n—k
/ — (R(w@(t)) — 7‘) RlC(w@(t)) A W (1) dt <C.
0 Vv M

When k =1, we have

o0 1 n
/0 V /M (R(ww(t)) — T)2 Wo(t) dt < C < 0.

3 Estimates of Sobolev and Poincare constants

In this section, we will prove that for any Kéhler metric in the canonical K&hler
class, if the scalar curvature is close enough to a constant in L? sense and if
the Ricci curvature is non-negative, then there exists a uniform upper bound
for both the Poincaré constant and the Sobolev constant. We first follow an
approach taken by C. Sprouse [25] to obtain a uniform upper bound on the
diameter.

In [6], J. Cheeger and T. Colding proved an interesting and useful inequality
which converts integral estimates along geodesic to integral estimates on the
whole manifold. In this section, we assume m = dim(M).

Lemma 3.1. [0] Let Ay, As and W be open subsets of M such that Ay, Ao C W,
and all minimal geodesics 4, from x € Ay toy € Ay lie in W. Let f be any
non-negative function. Then

/A ) / f(r(s)) ds dvola,xa,
< C(m, k,R)(diam(Az)vol(A;1) 4+ diam(A; )vol(As)) /W f dwol,

10



where for k <0,
area(0By(z, R))

Clm k) = 0B (2. )

; 3.1)

|8l B

R > sup{d(z,y) | (z,y) € (A1 x Ag)}, (3.2)

and By (z,r) denotes the ball of radius v in the simply connected space of constant
sectional curvature k.

In this paper, we always assume Ric > 0 on M, and thus C(n, k,R) = C(n).
Using this theorem of Cheeger and Colding, C. Sprouse [25] proved an interesting
lemma:

Lemma 3.2. [Z5] Let (M, g) be a compact Riemannian manifold with Ric > 0.
Then for any § > O there exists € = €(n, ) such that if

1

- /M ((m — 1) — Ric_), < e(m,8), (3.3)
then the diam(M) < m+ 9. Here Ric_ denotes the lowest eigenvalue of the Ricci
tensor; For any function f on M, fi(x) = max{f(z),0}.

Remark 3.3. Note that the right hand side of equation (Z3) is not scaling
correct. A scaling correct version of this lemma should be: For any positive
integer a > 0, if

1
—/ |Ric — a| dvol < e(m,d) - a,
Vm

then the diameter has a uniform upper bound.

Remark 3.4. It is interesting to see what the optimal constant e(m,d) is. Fol-
lowing this idea, the best constant should be

(m,8) = su _N-2
e _N>p2 8C(m)N™"

However, it will be interesting to figure out the best constant here.
Adopting his arguments, we will prove the similar lemma,

Lemma 3.5. Let (M,w) be a polarized Kdhler manifold and |w] is the canonical
Kahler class. Then there ezists a positive constant ey which only depends on the
dimension, such that if the Ricci curvature of w is non-negative and if

1
7| R=nper <,

then there exists a uniform upper bound on diameter of the Kdhler metric w.
Here r is the average of the scalar curvature.

11



Proof. We first prove that the Ricci form is close to its Kahler form in the L'
sense (after proper rescaling). Note that

Ric(w) — w = v/—190f

for some real valued function f. Thus

/ (Ric(w) — w)? A w2 = / (VT00f)> Aw' 2 = 0.
M

M
On the other hand, we have

1

i 2 2o —n)? — |Ric(w) — w|?) w".
[ (Rictw) —w)? et = s [ (R )? = Ric) — of?)

Here we already use the identity tr,, (Ric(w) —w) = R —n. Thus

[ micte) - wr = [ (- mpun

This implies that

2
( |Ric — 1] w") < |Ric(w) — w|? w™ - / w™
M M M
= (R—n)?w™-V
< eg]\/{V-Vzeg-VQ,
which gives

1

—/ IRic — 1] " < €. (3.4)

V. JIm

The value of ¢y will be determined later.

Using this inequality B4l), we want to show that the diameter must be
bounded from above. Note that in our setting, m = dim(M) = 2n. Unlike in
[25], we are not interested in obtaining a sharp upper bound on the diameter.

Let A; and Ay be two balla of small radius and W = M. Let f = |Ric—1| =

m
Z |A; — 1|, where ); is the eigenvalue of the Ricci tensor. We assume also that
=1

all geodesics are parameterized by arc length. By possibly removing a set of
measure 0 in A; X Ag, there is a unique minimal geodesic from x to y for all
(z,y) € A1 x As. Let p,q be two points on M such that

d(p,q) = diam(M) = D.

We also used dvol to denote the volume element in the Riemannian manifold
M and V denote the total volume of M. For r > 0, put Ay = B(p,r) and

12



As = B(q,r). Then Lemma 3.1 implies that
/ / |Ric — 1] d s d vola, x A,
Al XA2 T,y
< C(n,k, R)(diam(Az)vol (A1) + diam(Al)vol(Ag))/ [Ric — 1] dwol.
w
Taking infimum over both sides, we obtain

inf / |Ric — 1| d s

(z,y)EA1 X Aa

1 1
<2 ic — 1| dwvol
- To(n)(vol(Al) + vol(Ag))/W [Ric — 1 dvo
D" 1 .
§4T0(n)——/ |Ric — 1| dwol, (3.5)
rv vV M

where the last inequality follows from the relative volume comparison. We can
then find a minimizing unit-speed geodesic v from = € A; and y € A, which
realizes the infimum, and will show that for L = d(x,y) much larger than 7, v
can not be minimizing if the right hand side of ([B3) is small enough.

Let E1(t), Ex(t), - - - En(t) be a parallel orthonormal basis along the geodesic
7 such that E(t) = +/(t). Set now Y;(t) = sin (3t) E;(t),i = 2,3,---m. Denote
by L;(s) the length functional of a fixed endpoint variation of curves through ~
with variational direction Y;, we have the 2nd variation formula

dzLi(S)
Z d s? ls=o

= /jL(m -1) (Z—z cos? (%)) — sin? (%) Ric(y',7) d s
L
= /0 ((mL— 1)2—2 cos? (%) — sin® (%)) ds
+/0 sin? (%t) (I = Ric(v',7)) ds
= —L(1-m-1%)

L
+/ sin? (%t) (1 — Ric(v',v")) ds.
0

1 — Ric(y,7') < |Ric — 1].

Note that

Combining the above calculation and the inequality [B3), we obtain

13



L 72 Lo (mt
< — — — 1 — 1c —
< 5 (1 (m 1)L2) —i—/o sin ( ) |[Ric — 1| d s

72 D1
< Z(1-(m- ic — ..
< 5 (1 (m 1)L2) + 4rC(n)— n |RlC 1] dwol. (3.6)

Here in the last inequality, we have already used the fact that + is a geodesic
which realizes the infimum of the left side of inequality ([BH). For any fixed

positive larger number N > 4, let D = N -r. Set ¢ = %/ |Ric — 1] dwvol.
M

Note that

L=d(z,y) >d(p,q) —2r=D(1—- =) >

2, D
N’ = 2°

Then the above inequality () leads to

"L d2L;(s
3 (s)

1=2

o=

< L% (1—( 1)2—2) +4Cm) X ey

M)

m— - -2 s
= 4C(n) N (C - (]\2]N2) 4C(n)1Nm*1) + = (m-1)%.

Note that the second term in the right hand side can be ignored if L > % is
large enough. Set

(N-2) 1 N -2

2N 4C(n)N™1  8C(n)N

V/ R—n) 2n <eo,

by the argument at the beginning of this proof, we have the inequality B2):

—/ R—n) 2 <€0,

1
= |Ric — 1] dwol < €y,
Vim

Then if

which in turns imply
n

S) |s:0< 07

i=2
for D large enough. Thus, if the diameter is too large, v cannot be a length min-

imizing geodesic. This contradicts our earlier assumption that v is a minimizing
geodesic. Therefore, the diameter must have a uniform upper bound. O

14



According to the work of. C. Croke [I0], Li-Yau [I8] and Li [IT]), we state
the following lemma on the upper bound of the Sobolev constant and Poincare
constant:

Lemma 3.6. Let (M,w) be any compact polarised Kdhler manifold where [w]
is the canonical class. If Ric(w) >0, V = / w™ > v >0 and the diameter has
M

a uniform upper bound, then there exists a constant o = o(eg,v) such that for
all function f € C>(M), we have

(550 <o 78 e )

Furthermore, there exists a uniform Poincaré constant c(eg) such that the Poincaré
inequality holds

/M (f_%/M fw”>2 w" < c(eo) /M | VP W

Here €g is the constant appeared in Lemma 3.5.

Proof. Note that (M, w) has a uniform upper bound on the diameter. Moreover,
it has a lower volume bound and it has non-negative Ricci curvature. Following
a proof in [I7] which is based on a result of C. Croke [I0], we obtain a uniform
upper bound on the Sobolev constant (independent of metric!).

Recall a theorem of Li-Yau [I§] which gives a positive lower bound of the
first eigenvalue in terms of the diameter when Ricci curvature is nonnegative:

2
N(@) 2 155

here A1, D denote the first eigenvalue and the diameter of the K&hler metric
w. Now D has a uniform upper bound according to Lemma 3.5. Thus the first
eigenvalue of w has a uniform positive lower bound; which, in turn, implies that
there exists a uniform Poincaré constant. o

4 (Y estimates

Let us first prove a general lemma on C° estimate:

Lemma 4.1. Let wy be a Kdahler metric such that
supy < O,
M

and



If the Sobolev constant and the Poincaré constant of wy are bounded from above
by Cs, then there exists a uniform constant Cy which depends only on the di-
mension and the constants C1,Cy and Cs such that

Y| < Cy.

We will use this lemma several times, so we include a proof here for the
convenience of the reader.

Proof. Denote by Ay the Laplacian of ¢,,. Then, because ¢ + 99y > 0, we see
that ¢ = gy — 00 > 0. Taking the trace of this latter expression with respect
to @y, we get

n— Ay =try, ¢ > 0.

Define now ¢_(z) = max{—¢(z),1} > 1. It is clear that
$-P(n—Ayy) = 0.
Integrating this inequality, we get
1 n
0< 3 [ v A
Vium
—ﬁ/w%’wl/vav Vol
TV TV T T
_ﬁ/¢p®"+l VPV )]
TV TV ey Y
= ﬁ/ w_%"+1/ VPV y(—¢-)ay,
V Jur YOV Ju v

_n pn_lﬁ/v 2119 0

which yields, using the fact that ¢_ > 1 and hence ¢_P < ¢p_PT1

1 e n(p+1)2/ '
_ \VJ 2 noo M 77 _p+ "
V/M| w-r el < Ty [, T

Since the Sobolev constant of wy is bounded from above, we can use the
Sobolev inequality,

n—1
1 / +1)n v ce(p+1) 1
AWML ¢”> S —— [ v-"oy
V( M v % Y v

Moser’s iteration will show us that

Sup Yo = pli{{)lo lV—Nr+1(ar0,) < CllY-IlL2(ar,0,)-

16



Since the Poincare constant is uniformly bounded from above, we can use
the Poincaré inequality

P -F L) et e

O’/
S_ 1/)425"7
Vi )y ¢

where we have set p = 1 and used the same reasoning as before. This then
implies that

. c n
max{—%fw, 1} = s]t\zpdu <y /M Y_ay-

Since fM e_hv*‘wqjﬁ =V, we can easily deduce o Yoy, < C. Combining this
together with the above, we get

C
—ite <5 [ o+,

which proves the lemma. O

Lemma 4.2. Along the Kdhler Ricci flow, the diameter of the evolving metric
1s uniformly bounded.

Proof. In our first work [8], we proved that

/ dt/ (R—T)QwZSC.
0 M

Thefore, for any sequence s; — oo, and for any fixed time period T', there exists
t; > oo and 0 < s; — t; < T such that

- _ 2 n _
L M(R )" wy = 0. (4.1)

Now for this sequence of ¢;, applying lemma 3.5, we show there exists a uniform
constant D such that the diameters of w,(;,) are uniformly bounded by %.
Recalled that the Ricci curvature is uniformly positive along the flow so that
diameter of evolving metric increased at most exponentially since

0
&gij =9i5 — Ri5 < 935-

Now t; 11 —t; < 2T for all ¢ > 0, this implies that the Diameters of the evolving
metric along the entire flow is controlled by €2T% < D (choose T small enough
in the first place. O

Combining this with Lemma 3.6, we obtain

17



Theorem 4.3. Along the Kdhler Ricci flow, the evolving Kdhler metric wy )
has a uniform upper bound on the Sobolev constant and Poincaré constant.

Before we go on any further, we want to review some results we obtained in
previous paper [§].

Let ¢(t) be the global solution of the Kéhler Ricci flow. In the level of Kéhler
potentials, the evolution equation is:

dot) _ (Yo
5 = 1og< o + p(t) — hy-

According to Lemma 6.5 of [§], there exists a one parameter family of Kahler-
Einstein metrics w,) = w + V—100p(t) such that Wy (¢) is centrally positioned
with respect to w,) for any ¢ > 0. Suppose that w, () is already centrally
positioned with the Kihler-Einstein metric w; = w + v/—199p(0). Normalize
the value of p(t) such that

— =P +he n

Wh(e) ,

or equivalently

In (%) = —p(t) + he. (4.2)

w’ﬂ

Then the Kahler Ricci flow equation can be re-written as ,

as:;—it) =log <@> + (1) — p(1). (4.3)

“o(t)

Sometimes we may refer this equation as the modified Kéhler Ricci flow. Next
we are ready to prove the C° estimates for both the Kihler potentials and the
volume form when ¢t = ¢;.

Theorem 4.4. There exists a uniform constant C' such that

)
| o(t) — p(t) |< €, and |8—f| <C.

wn
| Indet <$> |<C.
“o(t)

We need a lemma on L' integral of the Kéhler potentials.

In particular, we have

Lemma 4.5. Along the Kdhler Ricci flow on a Kdhler Einstein manifold, there
exists a uniform bound C' such that

0 [ (et - pt)ury < C.

18



Proof. As in section 11 of [§], we define

dp(t)
c(t :/ — W,
®) v ot W

In a Kéahler Einstein manifold, the K-energy has a uniform lower bound along
the Kéhler Ricci flow. Thus

~ 9p(t) 2
/0 /M IV=ar lewy @ At = C.

Therefore, we can normalize the initial value of Kéhler potential so that

o p(t) 1o
cOZ/ et/ V—= Wty dt <C.
(0) 0 o | ot |w(t) w(t)
According to Lemma 11.1 of [§], we have ¢(¢) > 0 and
tli)ngo c(t) = 0.

In particular, this implies that there exists a constant C' such that
dp(t)
C =z ct)= /M ar We)

W) 0
M w
p(t)

In the last inequality we have used the fact that ¢(t) > 0. According to Theorem

2.14, we have
w‘/’n n
—-C< /M log (Wp(t)n> W) < C.

Combining this with the previous inequality, we arrive at

0 [ (plt) = 0) Wiy < C:
M
Here C is a constant which may be different from line to line. O
Next we return to the proof of Theorem 4.4.
Proof. According to Proposition 2.14, we have

J

Wo(t)

(ww(t) ) < C.
Then

0< (I — J)(wy,(t),wp(t)) < (TL—I— 1) - J,

Wpo(t)

(We(ry) < (n+1)C.

By definition, this implies that

0< /M () — () (@l — wii) < C.

19



Combining this with Lemma 4.6 we obtain
o< [ (et - pt)gy <.
M
Since A, (p(t) — p(t)) > —n, by the Green formula, we have
sup(ip(t) — p(t))

b [ o0 = s~ ma (5 [ (6 + Ci000) - Oy )

xeM

IN

< 2 /M«p(w — POy +nC,

where G(z,y) is the Green function associated to w, satisfying G(z,-) > 0.
Therefore, there exists a uniform constant C' such that

sup (p(t) — p(t)) < C.
M

By Lemma 4.5, we have

o< [ oty = plt)) iy < C

Furthermore, according to Theorem 4.3, the Kahler metrics w,(;) have a uniform
upper bound on both the Sobolev constant and the Poincaré constant. Now
using Lemma 4.1, we conclude that there exists a uniform constant C such that

—C < (p(t) — p(t)) < C.

Next we consider the following

o ""Z t
20 = og (52 + (p() — o)
> —C,
for some uniform constant C. Recall that |c(t)| = | [}, a“git) wp| is uniformly

bounded. Therefore, there is some uniform constant C' such that

I, o

In view of the fact the K energy is uniformly bounded below, we arrive at

dt/ V=12 W7 < oo.
/0 M| 8t| ®

Since the Poincare constant of the evolving Kéhler metric is bounded, we have

a+1 ago 2
—_ ’Il<
JAaS (at> =G

20



where ¢ > 0 is a constant independent of a > 0.

Note that 221 satisfies the following evolution equation
dp  Op

ot
9 9p(t) ¢
ot ot ¥ ot ot

and the fact that both the Sobolev and the Poincare constants of the evolving
metrics are uniformly bounded. Applying Lemma 4.7, a parabolic version of
Lemma 4.1 below, we prove that there exists a uniform constant C' such that

—-C< 8?—?) = log (@) + () + p(t)) < C.

“o(t)

It follows that
w'ﬂ
—C <log <$> < C.
w
p(t)

O

By Proposition 2.14, there exists a one parameter family of o(t) € Aut(M)
such that w () is centrally positioned with respect to the Kahler-Einstein metric
Wo(t)- Here

o(t) w1 = wyr) = w + V—199p(1). (4.4)

This condition “centrally positioned” plays an important role in deriving
Proposition 2.14 there. However, it is no longer needed once we have Proposition
2.14.

Lemma 4.6. There exists a uniform constant C such that for all integers i =
1,2,---,00, we have
1pi) - pli + 1)] < C.

Moreover,
|o(i+1)o(i)~" |h< C.

Here h is the left invariant metric in Aut(M).

Proof. The modified Kéahler Ricci flow is

0 wy™ 0
5($—p) =@ —p+log—= -2

W) O

Since %—f is uniformly bounded, we arrive at

lp(i) — p(i +1)]
< Icp(i) — @) +[p(i +1) — (i + 1)] + (i) — @(i + 1)
< C.
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Since w,;) is a Kahler-Einstein metric for any time ¢, we have (cf. equation

E2)

Wolit1)" . .
g 2| = [p(i) — p(i + 1)| < C
Who(i)
and
| o(i+1)o(i) " |p< C.

O

This lemma allows us to do the following modification on the curve o(t) €
Aut(M) (we also modify the curve p(t) by the equation @d)): Fix all of the
integer points (o(i),i = 1,2,--- )of the curve o(¢) first. At each unit interval,
replace the original curve in Aut(M) by a straight line which connects the two
end points in Aut(M). Such a new curve in Aut(M) will satisfy all the estimates
listed below (for convenience, we still denote it as o(t), p(t) respectively):

1. Theorem 4.4 still holds for this new curve p(t) since we only change p(t)
by a uniformly controlled amount (fix at each integer points, and adapt
linear intepolation between them).

2. The new curves o(t) and p(t) are Lipschitz with a uniform Lipschitz con-
stant for all the time ¢ € [0,00). In fact, o(t) is a infinite long piecewise
linear in Aut,(M).

3. There exists a uniform constant C' such that

| <%a(t)) o) < C, for any t # integer.

In the remaining of this section, we want to give a technical lemma required
by the proof of Theorem 4.4.

Lemma 4.7. 3 If the Poincare constant and the Sobolev constant of the evolving
Kahler metrics are both uniformly bounded along the Kdahler Ricci flow, and if %—f

a+1 b 2

is bounded from below and if / dt/ ((‘9—(5) wz(t) is uniformly bounded
a M

from above for any a > 0, then %—f is uniformly bounded from above and below.

Proof. Since %—f has a uniform lower bound, there is a constant ¢ such that
U= %—f + ¢ > 1 holds all the time. Now u satisfies the equation:

0
—u=0su+u—c

ot
Set d u(t) = Wi as the evolving volume element. Then

0
5 1H(E) = Dou dp(t).

3This is a parabolic verison of Moser iteration arguments. We give a detailed proof here
for the convenience of the readers.
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For any a < b < oo, define n to be any positive increasing function which
vanishes at a. Set

Y(t,z) = itu’
for any 8 > 2. Then (Here O,du(t) = Ayud p(t))

f dt [y, (Ovu)ppd p(t)
f dt (O [y wbdp(t) — [y w If — i Yudy u)
= n(b)? [y, u? — fa dt{fy, (u2nn’ u? !+ un?(B — 1)u5’26tu) + [y Y u g u}

Thus,
f dt(fM B(Oru)d p(t) + [y b u Dy u)
= 00 [y u® — [} dt [y 20’
= fb dt(fM A ou+u— oo+ [ PuPT u Ay )
< —f dt ([, BB —DuP=2Vul?n? — [,, Bn*uP).

Therefore, we have

b b b
)2/ uﬁ+/ dt/ B(B-1)uP =2 Vu|*n? S/ dt/ anuﬁ+/ dt/ 2/ u’
M a M a M a M

In other words,

n(0)* [y v + [} dt [y 41— 3)|Vu? 22
< [Pdtf, B+ 2m )’
or
N [y wf+ [ dt [y 40— 5) (IVa 02 + uin?)
[P dtf,, BER?+2mm)ub.
In particular, this implies that

b
2, B < 2 n, B
aHSl?%(b /M n(t) = /a dt/M ﬁ(2n 2 )u

Let us first state a lemma.

Lemma 4.8. (Sobolev inequality) Assume 0 < a <b and v : M x [a,b] = R is
a measurable function such that

sup |'U('7t)|L2(M,d;L(t)) < 00
a<t<b

/ / |Vol? dudt < oo,

then we have (m = 2n = dim(M

b
2(m+2) 4
/ dt/ ] u(t) <o sup (ol OIE (s e / dt/M (IVo]> +02) dpu(t).

a<t<b

and

Here o is the Sobolev constant.
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Proof. For any a <t <b, we have

2 m
m < o) TR S|
(-, )| 2Am+2) (Mydu(t) v(-+t) L2(M,du(t)) |v( t) Lﬁmz(M du(t))

0D ey (0 Jar (19017 +02) dp(t)) 0

The lemma follows by taking 2(m+2) power on both sides and integrating over
[a, b]. O

IN

Now we return to the proof of main theorem. Let v = nug, we have

(ff dt [y In? uﬁlmﬂ)m

m

b ™
< o iy 00O By ( Ju dt fyy (190 +2?) ap()""
< C(m (f dt [y, B(2n* + 2n1 )u5> i (f: dt [y ﬁ(2n2+27777’)uﬂ) e
< Cm)B [ dt [y (? +m)u’.

Here C'(m) is a constant depending only on the Sobolev constant of (M, g(t))
and dimension of manifold.
Now for any a < bg < b < a + 1, define
b—bo
2k
for any k € Z,. Fix a function ny € C*°(R,R) such that 0 < 7y < 1,5 >
0,m0(t) =0 for t <0 and no(t) = 1 for ¢ > 1. For each integer k£ > 0, we let
_ k _
n(t) = no (L by )yand 8 =2 (WTH) . Then (by11 — b = zkf‘f)

br41—bg

3 G
a+1 2 m+2\k+1 2 7n+2
(fle th u?55) d#)

< O(m) R (me2) R (ﬁ)%(

b, =b—

)k+1

m

m)k a+1 m+2\k %
+2 ( + dth m)d,u)

The iteration shows that for any integer k& > 0, we have

b—bo

k+1
()"

Nl=

( a+1 dth 2(mT+2)k+ld‘u>

< 07(1‘ dth Qdu)l

(b—bo)

Here again C(m) is a uniform constant which depends only on the sobleve
constant of the evolving metrics and the dimension m. Since the last term is
uniformly bounded, this implies that as k — oo, we have

sup u < ———— /dt/ zdu
b<t<a+1 —b0 mi2
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5 Uniform bounds on gauge

In order to use this uniform C© estimate and the flow equation ([E3) to derive
the desired C? estimate, we still need to control the size of %. However, from
our earlier modification above, we can not determine % at any integer point.

For any non-integer points, we have a uniform bound C such that
| = [«< C, V t # integer.

Note that o(t) is an infinite long broken line in Aut,(M). Next we want to
further modify the curve o(t) by smoothing the corner at the integer points. Let
us first set up some notations. Let 7 be the Lie algebra of Aut(M). As before,
suppose f is the left invariant metric on Aut(M). Denote id the identity element
in Aut(M) and exp is the exponential map at the identity. Use B, to denote
the ball centered at the identity element with radius 7.

After the modification of last section, o(¢) is an infinite long broken line
in Aut(M). We can write down this curve explicitly: For any integer i =
0,1,2,---,00, we have

o(t) = o(i) - exp((t — 9)X;),  Ytelii+1]. (5.1)

Here {X,} is a sequence of vector fields in j with a uniform upper bound C on
their lengths:
| X s < C, Vi=0,1,2,---,00. (5.2)

Then there exists a uniform positive number % > § > 0 such that for any integer
1 > 0, we have
O'(t)EU(Z')'B%, Vte(i—2§,i+9).

Note that ¢ depends on || X;||5. Since the latter has a uniform upper bound,
6 must have a uniform lower bound. We then can choose one ¢ > 0 for all 7.

At each ball o;- By, we want to replace the curve segment o (t) (¢t € [i—0d,i+9])
by a new smooth curve (t) such that:

1. The two end points and their derivatives are not changed?:

(i +6) = o(i £ 0)

(o)) = (o)),

4In a Euclidean ball, we can use the 4th order polynomial to achieve this. In any unit ball
of any finite dimensional Riemannian manifold, we can always do this uniformly, as long as
the metric and other data involved are uniformly bounded.
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2. There exists a uniform bound C” which depends only on the upper bound
of || X;||s and § such that

i (%a(ﬂ) G U< C\  Vieli—d i+

3. For any t € [i — d,i + d], we have 5(t) € o(i)B1. In other words, there
exists a uniform constant C' such that:

l6(t)a(t) ™ n < C.
The last step is to set 6(t) = o(t) for all other time. Then the new curve &(t)
has all the properties we want:

1. There exists a uniform constant C' such that |5(t)o(t)™!| < C for all
t € ]0,00).

2. There exists a uniform constant C' such that

| <%&(t)) 5t <C,  for any t>0.

Denote by 6(t)*w1 = ws) = w + V—199p(t). Then, ws) is a Kéhler-
Einstein metric

Wiy = € PO,
There exists a uniform constant C such that
lp(t) = p(t)| < C (5.3)
and 95(t)
D
—_— C
=5 1<

hold for all ¢.
Now the inequality (3] implies that

w”l
|log (det #) | <C.
Y (o)
Combining this with Theorem 4.4, we arrive at

Theorem 5.1. There exists a one parameter family of Kahler Einstein metrics
Wsry = w + V/—190p(t), which is essentially parallel to the initial family of
Kahler Einstein metrics, and a uniform constant C' such that the following holds

lp(t) = p(H)] < C,

—C<10g%L)n<C

Wh(t)
and

ap(t)
|—8t |<C

over the entire modified Kdahler Ricci flow.
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6 C? and higher order derivative estimates

Consider the modified Kahler Ricci flow
0 _ . W™ ap
s (PP =p—p+log—E - —

- —=. 6.1

wae)" Ot o4
By Theorem 5.1, we have a uniform bound on both | (¢ —p) | and | 2 (p—7) | -

This fact will play an important role in deriving C? estimate on the evolved
relative Kéhler potential (¢ — p) in this section:

Theorem 6.1. If the C° norms of | (¢ — p) | and | %(gﬁ —p) | are uniformly
bounded (independent of time t), then there exists a uniform constant C' such
that ~

0<n+A(p—p) <C,

where A is the Laplacian operator corresponding to the evolved Kdhler-Einstein
Metrics wp(t).

We set up some notations first. Let A’ be the Laplacian operator corre-
sponding to the evolved Kahler metric wy, ;) respectively. Let 00 = A’ — %.

Put wsp) = V—1h,5d 2% ® 2% and We(t) = \/—1g(’lezo‘ ® d 2" where

P (o(t) = 1))

"o =h5+ =
Jap ob 022028
Then
n _ 82 N n _ 82
A = 1 _ A = heP
a;1 I 920027 et 02202P
and . ) 05
[2 A]:_ Z ab 9 8_57 cd &
ot’ = 02¢0z0 029024
Furthermore, we have
A0 _ 07
o ot

Thus the Hessian of % with respect to the evolved Kéahler Einstein metric wj()
is uniformly bounded from above since |%| is uniformly bounded from above.

Proof. of Theorem 6.1: We want to use the maximum principle in this proof.
Let us first calculate O (n + Ap — ﬁ)) .
Let us choose a coordinate so that at a fixed point both w;;) = \/—_lhagd z2®
d 2" and the complex Hessian of ©(t)— p(t) are in diagonal forms. In particular,
we assume that hy; = ;5 and (p(t) — p(t));; = 055 (0(t) — p(t)); . Thus
dis
L+ (@(t) = p(t)

115

g =
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For convenience, put
B) op
F=2(p—p)—(po—p)+ 2L
pr (p—=p)—(p—p)+ 5t

Note that F' has a uniform bound. The modified Kahler Ricci flow (E1I) can
be reduced to

or, equivalently

i.e.,

& (p—p)
log det (hij + W = F + logdet(h;3).

For convenience, set
P(t) = o(t) = p(t)

in this proof. Note that both | ¢(t) | and | algit) | are uniformly bounded (cf.

Theorem 5.1). We first follow the standard calculation of C? estimates in [28].

Differentiate both sides with respect to %

_(Ohs  OR(1) _Oh;:  OF
AN ] ) — Y Y R—
(9') <8zk + aziazjazk> FE

and differentiating again with respect to 6%1 yields

(/)ij(a2hij N *p(t) )+htjhis%3hij

_ Phy
— hY J
021,07 8zi62j6zk82l

0z Oz 02,07

= s [ Ohes O3Y(t Oh;; Py(t 0’F
_(g/)t] (g/)zs _t + w_( )_ J + 1@( ) — —.
0z 02:02,07 0z, 02;0%;0z), 021,07
Assume that we have normal coordinates at the given point, i.e., h;; = d;; and
the first order derivatives of g vanish. Now taking the trace of both sides results

m
N [ 9%h- *h(t)
— pkl( 1\i] )
AF =h"(g) <azkazl+aziazjazkaa)
Lo e PO BB() i 9*hi
_ pkly INtg ([, 1\iS _ pklpijg xJ
) g z.0m 0mdz,0m " Gmon

On the other hand, we also have
X (5070
/ _ Kkl ]
AlA0) =) 5. 5, (h azz-azj)
() o OPRT OP(H)
821-823-8%821 g 021,07 (9Zi82j ’

— (gl)kfhij
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and we will substitute #B(;kazl in A’(Ay(t)) so that the above reads

N CPhy e e U 0%
I — _pklN\ig 2] kl( INtj(1\i5
ABU®) = =hg)" 5 T 1)) 555 97 92105058

&hiz r 0°hi O*y(t
4 hklhzg + AF ( )kl _ 1/)(7) ,
82;4921 02,0%; 02;0%;
2y
which we can rewrite after substituting Oaz:géz = —R;5,; and 8Zk le = Rz as

A(AY(t)) = AF+ B (g5 ()5 (t)mtb(t) g
( )Uhkllek _h’wh’klRuk +(gl)klefkf¢(t)i3'

Restrict to the coordinates we chose in the beginning so that both g and ()
are in diagonal form. The above transforms to

NAY®) = s Trvms Y Oand O + AF
. 1 ()7
Rk (-1 + moms T meeg )

Set now C' = inf;x, R, and observe that

B . bt 1 (0 — B(0))?

Riei(—1+ 1—|—¢(t)i;+1+¢(t)k1}) 2R T (), )(1+¢(t) k)
L CA+v) —1-v®)a)?
T2 +9®)a) A+ (i)
_of1t¥®a
—C<1+w<t>kk 1>’

which yields
A/(Ki/)(t)) > (1_’_1/}(,5)1;)1(14_1/,(,5)]_3)1/}(01'5]@1/}@)5]’]5 + AF
X 1
+C<(n +AY(1) X Tms — 1)-

We need to apply one more trick to obtain the requested estimates. Namely,

A O+ Ap(t)) = e PON(A(L) +2V'e POV (n+ Ad(t))
+A (e O) (n + Av(t)) N
= e WON(AP(t)) — le~ O (') (t): (A (1));
—le= O (g )T (1);(Ap(D))
—le WOA () (n + Adb(t))

1260 (g )T ()b (0 (n + Aab(1)
> et A (Ay(1)) o
—e 0 (g (4 Bap(t) (A (0)): (B (1))

e O AR (E) (n + At(E)),
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which follows from the Schwarz Lemma applied to the middle two terms
will write out one term here, the other goes in an analogous way

(le™ 2 Op(t)s(n + A1) ) (e O (Aab(t) s (n + Aap(1)) %)
S;(F Oy (1) ()i (n + Ay (t))
+ e WO (A1) (A (t))s (n + A(t)) ™).
Consider now the following

~ B 1 ~ ~ pe
— 0+ Bw() ™ g BeO) (B + MBu() 2

—wn+5¢@y*fzé@twunmﬁ+ﬁF

1 1 ~ 1

On the other hand, using the Schwarz inequality, we have
n+ Ay(t D) il
( ()75 +-tb( = |9 (t) ki

2
1

L+9(t);

VOuki
TRETONSE
< (n+5w(t>>1(1+;(t)“1“;@%1/;(%1.1/;( )k,ﬂ> <1+¢() )
i T v O
e T O O
< T T s O,

= (n+Ay() !

(1+ () ®

so that we get

—(n+ Ag(t) 7! fe=rom (Aw(D(5¢@Dz+ZY5¢@)
> AF + C(n+ Ap(t) 7k

Putting all these together, we obtain

N (e*ww(n + M(t)))

S M) (AF +C(n+ Ay(t)) Zn: ﬁ)

=1

. We

“A e MIAY(t) (n+ A (p - p)). (6.2)
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Consider

n 92 op B
h 9 o hcd 62¢(t)7
02¢020 929024
) (4 AY() +n+AY
> %(n + AY(t) —er(n+ AY(t)) — e

vV
Sl
3
+
>
<
=
+

g
92

for some umform constants ¢; and ce. In the last inequality, we have used the

fact that | 2| is uniformly bounded and
0% 22 9p
|2 S e | 2 ),
and 52 )
t
0 < ho+ oo < (n+ &) hea

holds as matrix. Here c3 is some uniform constant.

e MWOAF > e MWD (n 4+ Ay(t))
)

—cp e MW (n 4 A¢(t)) — ey e~ M)
> & (WO + Ap(0)) + A0 (0 + Ay(r)
i 40) (n+ &/}(t)) — e*Aw(t)
> & (e MO+ Ap(0)) — (e + Pler) e O 1+ Ag(e))
—cg e,

Here ¢4 is a uniform constant. Plugging this into the inequality [{2)), we obtain
O (e O + Au(t))
- n 1
e 0 (cm + &) ) )

— 1+9¢(t)a
—/\e*W(tAw( (n+ Awp(t)
—(c1 + [ Mea) €0 (n 4+ Ag(t)) — ¢y e
Now .
i =
Vi) ;1 (=0

Plugging this into the above inequality, we obtain
O (e_)‘w(t) (n+ Aw(t)))
- 1
e MW ((C + A+ Ag(1) Y

— 14+ 9(t)a
—(c1 + | Mea +n) e (n 4+ A(t)) — g e MW,
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Let A = —C + 1, we then have
O (e_)‘w(t) (n+ Aw(t)))
Ze”W“<W+ZWGD§:——£——>

= 1+ V()i
—c5 e MW (n 4 AgY(t)) — cp e MNP,

Here c¢5 is a uniform constant. Note the following algebraic inequality

1
1 YA \ "
D s 2 (W)
= T (n+ Ay() T

This can be verified by taking the (n— 1)-th power of both sides. So the last
term in the above can be estimated by

e S W(n + Ap(t))
> ¢t w0 (n 4 Ag(r))) 75

Setting now u = e~ (n 4+ Ay(t)) and recalling that 1(t) < —1 and hence
e (") > 1 we finally obtain the following estimate

Cu > —c1 — cou + coun—1.

Assume that u achieves its maximum at x¢ and % lzo,t> 0, then at this point,

Ou=A'u— % lzo,t< 0 and therefore the maximum principle gives us an upper
bound u(xg) < C which, in turn, gives

0< (n+Av(®) () < PO@u(ag) <

and hence we found a C%-estimate of 1(t).
O

Proposition 6.2. Let 5(t) be as in Theorem 6.1. Then there exists a uniform
constant C' such that

lo(t) = p) e (wy) < C-
Proof. Let
9i7 =hig + (¢ =)
and
S= > d7 M (0= p)ii k(0= P)r i
0,4 ks t=1

Using Calabi’s computation and Theorem 5.1 as in [28], one can show that
S < C for some uniform constant C'. Consequently, the proposition is proved.
O
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7 The proof of main theorems

According to Theorems 5.1, 6.1 and 6.2, we have uniform C? estimates on
©(t) — p(t) along the modified K&hler Ricci flow. It is not difficult to prove the
following

Lemma 7.1. For any integer | > 0, there exists a uniform constant C; such
that

ID" (p(t) = (1) ||y < i,

where D' represents arbitrary 1—th derivatives. Consequently, there exists a
uniform bound on the sectional curvature and all the derivatives of wypy. The
bound may possibly depend on the order of derivatives.

Follow this lemma, we can easily derive that the evolved Kéahler metrics w4
converge to a Kéahler metric in the limit (by choosing subsequence). We would
like to show that the limit is a Kéahler-Einstein metric. Following proposition
2.5 and the fact that Ey and E; have a uniform lower bound, we have

> ny—1 Op =0¢ . 4 B
/0 7 /MaatAaat% dt = E0)— E(x0) <C,

o0
/0 é /M(R(wy,) — 7w, dt = F1(0) — E1(o0) < C.
Combining this with Lemma 7.1, we prove that for almost all convergence
subsequence of the evolved Kéhler metrics wy,;), the limit metric is of constant
scalar curvature metric. From here, it is not difficult to show that any sequence
of the evolved K&hler metrics will have a subsequence which converges to a met-
ric of constant scalar curvature. In the canonical class, any metric of constant
scalar curvature is a Kéhler Einstein metric. We then prove the following

Theorem 7.2. The modified Kdhler Ricci flow converges to some Kdhler Ein-
stein metric by taking sub-sequences.

To prove uniqueness of the limit by sequence, we can follow [§] to first prove

the exponential decay of
20\ .
u E ww.

In other words, there exists a positive constant o and a uniform constant C

such that 5
690 n C —at
Y E wtp < (&

for all evolved metrics over the Kéahler Ricci flow. Eventually, we prove the
following main proposition (like in []]):

Proposition 7.3. For any integer | > 0, %—f converges exponentially fast to

0 in any C' norm. Furthermore, the Kdhler Ricci flow converges exponentially
fast to a unique Kdhler Einstein metric on any Kahler-Einstein manifolds.
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8 Kahler-Einstein orbifolds

In this section, we will prove that any Ké&hler-Einstein orbifold such that there
is another Kahler metric in the same Kahler class which has strictly positive
bisectional curvature must be a global quotient of CP™ by a finite group. The
simplest example of Kéhler orbifolds is the global quotient of CP™ by a finite
group. Roughly speaking, a generic Kéhler orbifold is the union of a family of
open sets, where each open set admits a finite covering from an open smooth
Kéhler manifold where a finite group acts holomorphically (we will give precise
definition later). If it admits a Kéhler Einstein metric, then it is called a Kahler-
Einstein orbifold. The goal in this section is to show that under our assumption,
there exists a global branching covering with a finite group action from CP" to
the underlying Kéahler orbifold. The organization of this section is as follows:
In subsection 8.1, we introduce the notion of complex orbifolds and various
geometric structures associated with them. In Subsection 8.2, we consider the
Kéhler Ricci flow on any Kéahler Einstein orbifolds. If there is another Kéahler
metric in the same Ké&hler class such that the bisectional curvature is positive,
then the Kéahler Ricci flow converges and the limit metric is a Kéhler-Einstein
metric with positive bisectional curvature. In Subsection 8.3, we prove that any
orbifold which admits a Kéhler-Einstein metric of constant bisectional curvature
must be a global quotient of CP™. In subsection 8.4, we re-prove that any
Kahler-Einstein metric with positive bisectional curvature must be of constant
bisectional curvature (Berger’s theorem [3]). We also prove that if a Kéahler
metric is sufficiently close to a Kéhler Einstein metric on the K&hler Ricci flow,
then the positivity of bisectional curvature will be preserved when taking limit
(Lemma 8.20).

8.1 Kahler orbifolds

Let us begin with the definition of uniformization system over an open connected
analytic space °:

Definition 8.1. Let U be a connected analytic space and V' a connected n— dimensional
smooth Kahler manifold and G a finite group acting on V' holomorphically. An
n—dimensional uniformization system of U is a triple (V,G, ), wherew: V —

U is an analytic map inducing an identification between two analytic spaces

V/G and U. Two uniformization systems (V;,Gi,m;), i = 1,2, are isomorphic

if there is a bi-holomorphic map ¢ : Vi — V5 and isomorphism A : G1 — Gs

such that ¢ is A—equivariant, and wo 0 ¢ = m.

In the above definition, we require that the fixed point set to be real codi-
mension 2 or higher (if the group action preserves orientation, then the fixed
point must be codimension 2 or higher.). Then the non-fixed point set (the
complement of the fixed point set) is locally connected, which is important for
our purpose. The following proposition is immediate:

50ne reference for orbifolds is Ruan [23].
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Proposition 8.2. Let (V,G, ) be a uniformization system of U. For any con-
nected open subset U' of U, (V,G,7) induces a unique isomorphism class of
uniformization systems of U’.

Proof. We want to clarify what “induces” means in this proposition. For any
open subset U’ C U, consider the preimage 7= (U’) in V. G acts as permutations
on the set of connected components of 771 (U’). Let V' be one of the connected
components of 7=1(U’), G’ the subgroup of G' which fixes the component V'
and 7’ = 7 |y . Then (V',G’,7’) is an induced uniformizing system of U’. One
can also show that any other induced uniformization system must be isomorphic
to this one. We skip this part of the proof and refer interested readers to [23]
for details. o

In light of this proposition, we can define equivalence of two uniformization
systems at a single point: For any point p € U, let (V1,G1,m) and (Va, G2, m3)
be two uniformization systems of neighborhoods U; and Us; of p. We say that
(V1,G1,m) and (Va, G2, m2) are equivalent at p if they induce isomorphic uni-
formization systems for a smaller neighborhood Us C Uy [\ Uz of p. Next we
define a complex (Kéhler) orbifold.

Definition 8.3. Let M be a connected analytic space. An n—dimensional com-
plex orbifold structure on M 1is given by the following data: for any point p € M,
there are neighborhoods U, and their n—dimensional uniformization systems
(Vp, Gp, mp) such that for any q € Uy, (Vp, Gp,mp) and (Vy, Gq,mq) are equiv-
alent at q. A point p € M s called regular if there exists a uniformization
system (Vp, Gp, mp) over U, > p such that Gy is trivial; Otherwise it is called
singular. The set of regular points is denoted by M,.,. The set of singular
points is denoted by Mging, and M = Myeq|J Mging.

Next we define orbifold vector bundles over a complex orbifold. As before,
we begin with local uniformization systems for orbifold vector bundles. Given
an analytic space U which is uniformized by (V,G,7) and a complex analytic
space F with a surjective holomorphic map pr : E — U, a uniformization system
of rank k£ complex vector bundle for E over U consists of the following data.

1. A uniformization system (V, G, ) of U.

2. A unifomization system (V x C*, G, 7) for E. The action of G on V x C¥
is an extension of the action of G on V given by g(x,v) = (¢9-z, p(z, g) -v),
where p: V x G — GL(CF) is a holomorphic map satisfying

p(g-x,h)op(r,g) =p(x,hog), Vg, heG, xzecV.

3. The natural projection map pr : V x C¥ — V satisfying

Topr =pron.
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We can similarly define isomorphisms between two uniformization systems of
orbifold vector bundles for F over U. The only additional requirement is that
the diffeomorphism between V x C* are linear on each fiber of pirr : V x CF — V.

Moreover, we can also define the equivalent relation between two uniformization
systems of complex vector bundles at any specific point. Here is the definition
of orbifold vector bundles over complex orbifolds:

Definition 8.4. Let M be a complex orbifold and E a complex vector space with
a surjective holomorphic map pr : E — M. A rank k complex orbifold vector
bundle structure on E over M consists of the following data: for each point
p € M, there is a unformized neighborhood U, and a uniformization system of
a rank k complex vector bundle for pr=1(U,) over U, such that for any q € Uy,
the rank k complex orbifold vector bundles over U, and U, are isomorphic in a
smaller open subset U, (\U,. Two orbifold vector bundles pr1 : E1 — M and
pra2 : Bz — M are isomorphic if there is a holomorphic map 1/~) : By — E»
gwen by ¥, + (Vip % Ck,GLp,ﬁ'Lp) — (Vo,p x Ck,Gzp,?ﬁ"rQﬁD) which induces
an isomorphism between (V1,p, G1,p,71,p) and (Va,p, G2 p, T2p), and is a linear
isomorphism between the fibers of pry , and pr .

For a complex orbifold, one can define the tangent bundle, the cotangent
bundle, and various exterior or tensor powers of these bundles. All the differ-
ential geometric quantities such as cohomology class, connections, metrics, and
curvatures can be introduced on the complex orbifold.

Suppose M is a complex orbifold as in Definition 8.3. For any p € M, let
p € Up be uniformized by (V,,Gp, 7). When we say a metric g is defined
on U,, we really mean a metric g defined on V}, such that G, acts on V), by
isometries. For simplicity, we say the metric g is defined on U, and m,g = 7.
This simplification makes sense especially when p is a regular point, i.e., when
Gy, is trivial. One way to define a metric on the entire complex orbifold is first to
define it on M4, then extend it to be a metric on M with possible singularities
since Ming is codimension at least 2 or higher. The following gives a definition
of what a smooth Kéhler metric or a Kéhler form on the complex orbifold is:

Definition 8.5. For any point p € M, let U, be uniformized by (V,, Gp, mp). A
Kahler metric g (resp. a Kdhler form w) on a complex orbifold M is a smooth
metric on M,eq such that for any p € M, m,*g (resp. Kdihler form m,*w )® can
extends to a smooth Kdhler metric (resp. smooth Kdhler form) on V.

Definition 8.6. A function f is called a smooth function on an orbifold M if
for any p € M, f omy, is a smooth function on V.

Similarly, one can define any tensor to be smooth on M if its pre-image on
each local uniformization system is smooth. Clearly, the curvature tensor and

6Note 7,* is only defined away from the fixed point set of V;. Since the fixed point set is
at least codimension 2 or higher, any metric defined on non-fixed point set of V}, has a unique
smooth extension on V) if such an extension exists. This definition essentially says that a
metric is smooth in the orbifold sense if such an extension always exists in each uniformization
system of the underlying Ké&hler orbifold structure.
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the Ricci tensor of any smooth metric on orbifolds, as well as their derivatives,
are smooth tensors. A complex orbifold admits a Kéahler metric is called a
Kaéhler orbifold.

Definition 8.7. A curve ¢(t) on Kdhler orbifold M is called geodesic if near
any point p on it, c(t)(\Up can be lifted to a geodesic on V,, and at least one
preimage of c(t) is smooth in V,. Here U, is any open connected neighborhood
of p over which (V,, Gp,mp) is a unifomization system.

Under this definition, we have

Proposition 8.8. Any minimizing geodesic between two regular points never
pass any singular point of the Kdhler orbifold.

Proof. Otherwise, we can argue that the geodesic is not minimizing. Suppose
that p is a singular point and p € U, is a small open set which is uniformized
by (Vp, Gp,Tp) with an equivariant metric g on V,,. Suppose that a portion of
geodesic lies inside of Uy, is c(t) : [—¢, €] such that A = ¢(—¢€), B = c(€) € U,
and p = ¢(0). Assume that this geodesic is parameterized by arc length. Thus
the distance between A and B is 2e, while the distance between A (or B) and
O is e. Without loss of generality, we may assume that A and B are regular
points. Suppose that 7=1(p) = O; 77 1(A) = {41, Aa,--- , A, } and 77 1(B) =
{B1,Ba, - ,Bi,}. Notethat {41, Aa,---,A;,} and {B1, Bz -+, B}, } are on the
sphere of radius e which centers at O. If G, is non-trivial (then the preimages of
A and B are not unique, i.e., l; > 1 and I3 > 1. ), then there is at least one pair
of A;, B;(1 <i<ly, 1 <j<ly) such that the distance between the two points
is shorter than 2¢ on V,,”. Suppose this geodesic is C. Then wp(é) is a geodesic
(which connects A and B) whose length is shorter than 2e. Thus ¢(¢) is not a
minimizing geodesic between A and B since m,(4;) = A and 7,(B;) = B. O

8.2 Kahler Ricci low on Kahler-Einstein orbifolds

A Kihler-Einstein orbifold metric is a metric on orbifold such that the Ricci cur-
vature is proportional to the metric. A Ké&hler orbifold with a Kéhler-Einstein
metric is called a Kahler-Einstein orbifold.

Theorem 8.9. Let M be any Kahler FEinstein orbifold. If there is another
Kdhler metric in the same cohomology class which has non-negative bisectional
curvature and positive at least at one point, then the Kdahler-Ricci flow converges
to a Kahler-FEinstein metric with positive bisetcional curvature.

We want to generalize our proof of Theorem 1.1 to the orbifold case. Note
that the analysis for K&hler orbifolds is exactly the same as that for Kahler
manifolds (cf. [I1]). We want to show that this theorem can be proved exactly

7In any ball of radius 1 on any metric space, the maximum distance between any two
points in the ball is 2 which is the diameter of the unit ball. Fixed a point in the ball, then
the minimal distance from that point to any set of points in the ball is strictly less than 2, if
that set contains two or more points.
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like Theorem 1.1. First, we need to set up some notations. Following Section
2.1, we use the Kéahler form w as a smooth Kéhler form on the orbifold M.
Locally on M,.g4, it can be written as

4,j=1

where {gﬁ} is a positive definite Hermitian matrix function. Denote by B the
set of all real valued smooth functions on M in the orbifold sense (cf. Definition
8.6). Then the Kéhler class [w] consists of all Kahler form which can be expressed
as

Wy =w +1i0dp > 0

on M for some ¢ € B. In other words, the space of all Kahler potentials in this
Kahler class is _
H={peB|w,=w+1iddp > 0}.

The Ricci form for w is:
Ric(w) = —v/—109logw™.

As in the case of smooth manifolds, [w] is the canonical Kéhler class if w and
the Ricci form Ric(w) is in the same cohomology class after proper rescalling.
In the canonical Kéhler class, consider the Kahler Ricci flow

dp

w n
T — log =¥ — hy

where h,, is defined as in Section 2.2. Clearly, this flow preserves the structure
of Kéhler orbifold, in particular, preserves the Kéhler class [w]. Examining our
proof of Theorem 7.2, the following three parts are crucial

1. The preservation of positive bisectional curvature under the Kéhler Ricci
flow.

2. The introduction of a set of new functionals Fj, and new invariants Sy (k =
0,1,---,n).

3. The uniform estimate on the diameter; consequently, the uniform control
on the Sobolev constant and the Poincare constant.

To extend these to the case of Kahler orbifolds, we really need to make sure
that the following tools for geometric analysis hold in the orbifold case:

1. Maximum principle for smooth functions and tensors on Kahler orbifold(cf.
Definition 8.7).

2. Integration by parts for smooth functions/tensors in the orbifold case.
3. The second variation formula for any smooth geodesics(cf. Proposition

8.8).
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By our definition of Kahler orbifolds, it is not difficult to see that the maxi-
mum principle holds on orbifolds. Thus, Theorem 2.1 still holds in the orbifold
case. In other words, the bisectional curvature of the evolved metric is strictly
positive after the initial time, if the initial metric has non-negative bisectional
curvature and positive at least at one point. Moreover, the integration by parts
on orbifold holds for any smooth function on M with smooth metrics in the orb-
ifold sense. Thus, our definitions of new functionals Ey, F1, - - - E,, can be carried
over to this Ké&hler orbifold setting without any change. Moreover, the formula
for their derivatives still holds. In particular, Fy and F; are decreasing strictly
under the Kéhler Ricci flow. Furthermore, the set of invariants g, 9, -+, Sp
are well defined and vanish on any Kéhler-Einstein orbifold. Since Tian’s in-
equality holds on any Kéhler Einstein orbifold, then Prop. 2.14, Corollary 2.16
hold as well. Finally, the second variation formula for minimizing geodesic be-
tween any two regular points on Kahler orbifolds is exactly the same as the
formula on smooth manifold(cf. Prop. 8.8). Thus we can use the same set of
ideas in Section 3 to estimate diameter ®; consequently, the Sobolev constant
and the Poincare constant can be uniformly controlled as well. The rest of argu-
ments in our proof of Theorem 7.2 can be extended to the orbifold case directly.
Thus we can prove Theorem 8.9 for Kahler-Einstein orbifolds.

8.3 Kahler Einstein orbifolds with constant positive bisec-
tional curvature

In this subsection, we want to prove the following

Theorem 8.10. Let M be any Kdahler orbifold. If there is a Kdhler-FEinstein
metric with constant positive bisectional curvature, then it is a global quotient

of CP™.

Suppose 7 is the standard Fubini-Study metric on CP™ with constant bi-
sectional curvature. Suppose g is a Kdhler-Einstein metric on M with constant
bisectional curvature. Normalize the bisectional curvature of g on M and of g
on CP™ so that both bisectional curvature is 1. Consequently, the conjugate
radius of CP™ is m. Let p be any regular point in M. By definition, let U, be
a small neighborhood of p and (Vj, G, 7p) be the uniformization system. Since
P € Myeg, then Gy, is trivial group. Consider ¢’ = m,*g as a Kahler metric with
constant bisectional curvature on Vj,. If we choose U, sufficiently small, then
(Vp,g') is an open subset of (CP",g) with the induced metric from (CP",7g).
In the following, we will drop notation ¢’ and use g only. Our goal is to extend
mp into a local isometric map from CP™ to M.

8In the proof of Lemma 3.5, without loss of generality, may assume p,q € Meg where the
diameter D = d(p,q). Furthermore, we may assume Ay = By C Myeg and Az = By, C
Miyeg. According to Lemma 8.8, any minimizing geodesic between A; and Az belong to
Mpyeg. Consequently, we can use Lemma 3.1 of J. Cheeger and T. Coldings to conclude the
diameter bounds as in the smooth case.
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Next we set up some notations first. Denote by ¢ the pre-image of p.
Consider

CP™ M
U U
™ Vp — Up.

Now, we want to lift this map m, to a map from CP" to M. First, we need
to rewrite this map in a different way:

exp,: T,(CP") — CP"

=C

Lid

=OFT

expp: Tp(M) —

Set
Il = exp,oido equ_l .

Then at least II is defined in V,,, and
nI=m, :exppoidoexpgl, in V. (8.1)

Consider the open ball of radius 7 in T,(CP™) which we will denote it by B;.
Then exp, ' is well defined on exp,(Br) C CP". The image of 9B, under
the exponential map is a projective subspace of codimension 1, which will be
denoted as CP?~!. Then

expy(By) = CP™\ CP" (o).

We claim that we can extend the map II in this way to CP™ \ CP"!(c0) via
Formula ([B1]). The key step is the following lemma (in the following arguments,
we abuse notation by using letters p and ¢ for generic points on M. ).

Lemma 8.11. Any smooth geodesic on M can be extended uniquely and indef-
initely. In particular, it can be extended uniquely (before the length 7°).

Proof. Suppose c(t) : [0,a] is a geodesic defined on M with length a > 0.

If ¢(a) € Mycy, then it can easily be extended as usual. If c(a) € U, for
some p € Mgng, in particular, if c(a) € Msing, we want to extend the geodesic
uniquely as well. Consider the part of geodesic ¢(t) (| Up; And still denotes it
as ¢(t). Suppose that U, is uniformized by (V,,Gp, 7). For convenience, the
pull backed metric gz’, = 7*g is a smooth metric on V}, and G, acts isometrically
on (V;,g,). Consider its pre-images &(t) in V, under 7, (note that m, is a local
isometric map from (V,, g;,) to (Up, g), in particular, if we restrict the map to
Myeqg(Up.). Although the preimages are not unique in V,, each preimage &(t)

9We are interested in the unique extension up to length 7 since it is the conjugate radius
of any Kéahler metric with constant bisectional curvature 1.

40



has a unique extension on V,. More importantly, the images of these geodesic
extensions on V,, under m, are unique in Up,. Therefore, the geodesic c(¢) is also
extendable uniquely in this setting. o

In fact, we have the following

Corollary 8.12. Any geodesic in a Kahler orbifold with constant bisectional
curvature can be extended long enough to become a closed geodesic. If the bi-
sectional curvature is 1, then the length of each closed geodesic is either 27 or
2777 for some integers . Moreover, there exists a mazimum integer of all such
integers |, denoted by lmas- Then the conjugate radius of the Kdhler orbifold
with constant bisectional curvature 1 is =

lmaz *

Lemma 8.13. II can be extended to be a global map from CP™ to M. More-
over, I1 is a local isometry from an open dense set (1171 (M,cq),q) in CP™ to

(Myeg, 9)-

Proof. Consider the open ball B, C T,(CP™) of radius m. Then the closure of
expq(Br) is just the whole CP™. By the preceding lemma, II can be defined
in the open set exp,(Br). Next taking the closure of this map, we define a
map from CP™ to M. Moreover, Il is a local isometry from (II7!(M,.,),7) to

O

(M, g).
Now we want to prove the following lemma

Lemma 8.14. For any point A on M, there exists only a finite number of
preimages on CP™.

Proof. Otherwise, there exists an infinite number of pre-images of the point A
on CP™. This set of infinite number points must have a concentration point on
CP™. In particular, for any small € > 0, there are at least two preimages of A
such that the distance between these two points in CP™ is less than €. Consider
the image of the minimal geodesic which connects these two pre-image points
on CP™ under II. We obtain a geodesic loop centered at point A whose length
is less than e. This violates the fact that the conjugate radius of (M, g) is at
least "— (cf. Corollary 8.12). Thus the lemma holds. O

Lemma 8.15. For any p € M, let U, be a small neighborhood of p and
(Vo, Gp,mp) be the uniformization system over U,. Let W, be any connected
component of II71(U,). Then there exists a finite group G, acting isometrically
on (Wy,g) such that (Wy, G}, 11 |w,,) is a uniformization system over U, which
is equivalent to (Vp, Gp,mp) (In particular, if we choose a different connected
components of I1~1(Uy), then the induced uniformization system (W, G4, 11 |w, )
is tnvariant up to isometries. ).

Proof. Set f =11 |y and ¢’ = 7*¢g. Then ¢’ is a smooth Kéhler metric with
constant bisectional curvature 1 on V,,, where G,, acts isometrically on V,, with
respect to this metric ¢’. There exists a smooth lifting of f to f : W, =V, such
that 7 o f = f. Itis easy to verify that f is an isometric map from (Wp,9)
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to (Vp,g'). Moreover, it can be proved that f is an one-to-one map from W,
to V,. Now consider the pull back group G’ = f ~1Gp; and define the group
action via f. Since G acts isometrically on (V},, g'), then G}, acts isometrically
on (Wp,g). By definition, (W,, G}, f) is a uniformization system over U, which
is equivalent to the original uniformization system (V,, G, mp). (|

Lemma 8.16. For anyp € M, let U, be a small neighborhood with (W, Gp, 11 |w,
) @ uniformization system where (W,,q) C (CP™,g). Then the fized point set
of Gp is a totally geodesic Kahler submanifold of (W,,q) C (CP™,g).

Proof. Following properties of isometric group actions on Kéhler manifold. [

This lemma has an immediate

Corollary 8.17. Consider Wging = 11" (Msing). Then Wying is a union of
CP* for some k <n —1. When k = 0, it is the preimage of isolated singular
points on M.

Proof. The only totally geodesic Kihler submanifold in (CP",g) is CP* for
some k <n —1. O

Denote by Aut(CP™) the holomorphic transformation group of CP™. Then
we have

Lemma 8.18. For anyp € M, let U, be a small neighborhood and (W, Gy, 1T |w,
) be a uniformization system over U,, where (Wp,g) C (CP™,g). For any
o € Gp, it can be extended to be a group element in Aut(CP"™), and we still
denote it as 0. Moreover, Il oo =11 on CP".

Proof. 1t is easy to see that o can be extended uniquely to an element in
Aut(CP™) which acts isometrically on (CP",g). Consider two local isome-
tries from (CP™,g) to (M,g) : II and ITo 0. Since the two maps agree on an
open set W, C CP", they must agree on all CP". O

From now on, we may view G, as a subgroup of Aut(CP™) directly. Now
we are ready to give a proof of Theorem 8.10.

Proof. For any p € M, let U, be a small neighborhood with a uniformization
system (W, Gy, 11 |w,), then the preceding lemma implies that G, is a sub-
group of Aut(CP™). If p € M,q4, then G, is trivial. If pi,ps € Mging and
is near to each other, then G,, = Gj, by continuity. Consequently, for any
D1,P2 € Mging such that the fixed point sets of W,,, and Wp, belong to the same
connected component of II7!(My;,,), then G,, = Gp, C Aut(CP"). Consider
G C Aut(CP™) to be the subgroup generated by all such G,’s. Then G acts
isometrically on (CP™,g) and

Moo =1I, Vo € G C Aut(CP™). (8.2)
This induces a covering map

CP"/G — M.
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By this explicit construction, one can verify directly that this is an orbifold
isomorphism. Consequently, M is a global quotient of CP™ by this group G.
The only thing left is to show that G is of finite order, which follows directly
from equation [82) and Lemma 8.14. O

8.4 Pinching theorem for bisectional curvature
In this subsection, we want to prove the following lemma

Lemma 8.19. If g is a Kdhler-Einstein metric with strictly positive bisectional
curvature on a Kdhler orbifold, then g has constant bisectional curvature.

This lemma was first proved by Berger [3] on Kéhler manifolds. We note that
his proof can be easily modified for Kahler orbifolds. For reader’s convenience,
we include a proof here.

Proof. We begin with a simple observation: In any K&hler orbifold, any Kahler-
Einstein metric satisfies the following elliptic equation :

ARz + Ry R — Ry = 0.

2 ijpq” 'qpkl RiﬁkaR 7+ R-:_R

pjq ilpg” 'qpkj ikl

Define a new symmetric tensor Ti}ki as
Tijii = 991 + 9i1 9xj-

And for any fixed € € (0, %H)’ we define

Qijki = Rijki - ETijki'

Note that T}j;; is parallel in the manifold. By a direct but tedious calcula-
tion, we arrive at the following

A
= QpQupnt + QitygQaprj — QipkaQpjqr
+e(1 = (n+1)e)Ti50 — Qijpa- (8.3)

Suppose that the bisectional curvature of g is not constant. Note that for
€= %_H, we have
i kI,
g" Qz‘jk[ =49 Qijki =0.
Thus if R;5,; > 0, there exists a small positive € € (0, %H), such that Q5,7 > 0
in the whole manifold and vanishes in some direction at some points. In other
words, there exists a point zop € M and two vectors vy, wo € Ty, M such that

Qijrr(wo)uguiwgwh = 0

and for any other point x € M and any other pair of vectors v,w € T, M, we
have o
Qijk[(a:)vzvjwkwl > 0.
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Now consider a pair of parallel vector fields v, w in a small neighborhood of xq
such that

%

— % = .= 'L—_ =
V=05 =W = w5 0,
where
n n
;0 ;0
= E v —, and w = E w -,
, 0zt ‘ 0z*
i=1 =1

Furthermore, v(zo) = vo and w(xp) = wo. Consider the scalar function
Q = Qiu()v'v'w'u’

in a neighborhood of xy. Clearly, () achieves minimum in zy. Thus the maxi-
mum principle implies that

—AQ (AQijk;vgvwawl)z:m

= (AQiki) lo=co v'vIwrw! <0
Plugging this into the equation (B3], we obtain
~AQp v
= - gy k Gy Eand
= QupgQqpriv' v’ w w' + QzlququJU vwt! szkquqlv viwrw

k
+e(1 = (n+ 1)e)T5,v ipiwkw! — Q. KTV wlwFwl.

Define the following linear operator at point zg

_p_ k. R ok
A'LJ = Rijklv v, and O’Lj = Rkl”w w
and
L Pl o R _aPad
M;; = Rip5v"w and M;; = RipjqgvPw?.

Plugging these into the above equation and evaluate at zy, we have

0 > —AQijk[(I)vgvwawl [P
= ApgCqp + MpgMyp — MpgMpg + €(1 — (n + 1)€)|U|2|w|2-

By a calculation of N. Mok, we have
Apécqﬁ 2 Mpt?Mqﬁ + Mquﬁé-

Since 0 < € < n+17 then

0> —AQiEk[(xo)vgvwawl > e(1— (n+ 1)e)|v|*|w* > 0.
1

This is a contradiction! Thus, € = s R A1 this case,

ij Kl
QUQijkl’ =9 Qijki =
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and
Qiju1 = 0.
Thus
Qijri(w0) = 0.

Since x¢ is the minimum for R,5;7, we obtain that

1 1
R = n—HTijki = (955957 + 9i1913) -

From the proof, we can actually prove slightly more:

Lemma 8.20. If the Kdhler Ricci flow converges to a unique Kdahler Finstein
metric exponentially fast (Prop. 8.3), and if the bisectional curvature remains
positive before taking limit, then the limit Kdahler Finstein metric has positive
bisectional curvature.

Combining this lemma, Lemma 8.19 and Theorem 7.3, we can prove

Theorem 8.21. For any integer | > 0, %—f converges exponentially fast to 0 in

any C* norm. Furthermore, the Kdhler Ricci flow converges exponentially fast
to a unique Kdhler Einstein metric with constant bisectional curvature on any
Kahler-FEinstein manifolds.

9 Concluding Remarks

In this section, we want to prove our main Theorem 1.1, Corollary 1.3 and
Theorem 1.4. Note that the proof of Theorem 1.1 and Corollary 1.3 is similar
to the proof we gave in the final section of our earlier paper [§] except in the
final step, where we need to use Berger’s theorem (Lemma 8.19) and Theorem
8.21 to show that any Kahler Einstein metric with positive bisectional curvature
must be a space form. We will skip this part and just give a proof for Theorem
1.4.

Proof. For any Kéahler metric in the canonical Kahler class such that it has
non-negative bisectional curvature on M (Kéhler-Einstein orbifold) but positive
bisectional curvature at least at one point, we apply the Kahler Ricci flow to this
metric on M. Theorem 2.1 still holds in the orbifold case. In other words, the
bisectional curvature of the evolved metric is strictly positive over all the time.
By our Theorem 8.9 and Lemma 8.20, the Kahler Ricci flow converges expo-
nentially to a unique Kéhler-Einstein metric of positive bisectional curvature.
According to Lemma 8.19, any Ké&hler-Einstein metric of positive bisectional
curvature on a Kahler orbifold must have a constant positive bisectional curva-
ture. Moreover, using Theorem 8.10, we arrive at the conclusion that M must
be a global quotient of CP™ by a finite group action.
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Furthermore, this also proves that any Kéahler metric with nonnegative bi-
sectional curvature on M and positive at least at one point is path connected
to a Kahler-Einstein metric of constant positive bisectional curvature. Note
that all the Kéhler-Einstein metrics are path connected by automorphisms [2].
Therefore, the space of all Kéahler metrics with nonnegative bisectional curva-
ture on M and positive at least at one point, is path connected. Similarly,
using Theorem 2.2 and our Theorem 1.4, we can show that all of Kéhler metrics
with nonnegative curvature operator on M and positive at least at one point
is path connected. Note that the nonnegative curvature operator implies the
nonnegative bisectional curvature. O

Remark 9.1. Combining our main Theorem 1.1 and Theorems 2.1, 2.2, we
can easily generalize Corollary 1.2 to the case that the bisectional curvature
(or curvature operator) is only assumed to be non-negative. We can show the
flow converges exponentially fast to a unique Kdhler-Einstein metric with non-
negative bisectional curvature. Then, following an earlier work of Zhong and
Mok, the underlying manifold must be compact symmetric homogeneous mani-

fold.

Next we want to propose some future problems. Some of them may not be
hard to solve.

Question 9.2. [t is clear that E1 plays a critically important role in proving
the convergence theorem of this paper. Note that the Ricci flow is a gradient-like
of the functional Ey. It will be interesting to study the gradient flow of F.

Consider the expansion formula in ¢:

(we +t Ric(wy))" = <Z ok(wg,)tk> wh.
k=0

Clearly, oo(w,) = 1, 01(w,) = R(w,), the scalar curvature of w,. The equation
for the gradient flow of Ej is
d(t)

5 = 2A,R(wy) — (n — 1)oa(wy) — c1. (9.1)

Here ¢; is some constant which depends only on the Kahler class. Clearly, this
is a 6 order parabolic equation.

Question 9.3. As Remark 1.5 indicates, what we really need is the positivity
of Ricci curvature along the Kdhler Ricci flow. However, it is not expected
that the positivity of Ricci curvature is preserved under the Kdhler Ricci flow
except on Riemann surfaces. The positivity of bisectional curvature is a technical
assumption to assure the positivity of Ricci curvature. It is very interesting
to extend Theorem 1.1 to metrics without the assumption on the bisectional
curvature.
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Conjecture 9.4. (Hamilton-Tian) On a Kdhler-Einstein manifold, the Kdhler-
Ricci flow converges to a Kdahler-Einstein metric. On a general Kdhler manifold
with positive first Chern class, the Kdhler Ricci flow will converge, at least by
taking sequences, to a Kdhler Ricci soliton modulo diffeomorphism. Note that
the complex structure may change in the limit and the limit may have mild
singularities.

Question 9.5. Is the positivity of the sectional curvature preserved under the
Kahler-Ricci flow?

Question 9.6. For any holomorphic vector field and Kdhler class [w)], are the
invariants T (X, [w]) independent? In the non-canonical class, we expect these
invariants to be different. Note that one can derive localization formulas for
these invariants as what are done in [Z7)].

Question 9.7. According to our Theorem 1.4, any Kdihler-Einstein orbifold
with positive bisectional curvature is necessarily biholomorphic to a global quo-
tient of CP™. What happens if we drop the Kdhler-Einstein condition?
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