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ABSTRACT

Using higher-dimensional gravity in (4+4D)-dimensional space-time, lagrangian den-
sity of riccion is obtained with the quartic self-interacting potential. It is found that after
compactification to 4-dimensional space-time the resulting theory is one-loop multiplica-
tively renormalizable. Renormalization group equations are solved and their solutions
vield many interesting results such as (i) dependence of extra dimensions on the energy
mass scale showing that these dimensions increase with the increasing energy mass scale
such that D = 6 at extremely high energy, (i) phase transition at 2.82 x 10'°GeV and (iii)
dependence of gravitational as well as other coupling constants on energy scale. Results
also suggest that space-time above 2.82 x 101°GeV should be fractal.
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1 Introduction

Higher-derivative gravity is an important candidate from the last many years. It obeys
the principle of covariance as well as the principle of equivalence which are basic princi-
ples of the general relativity. While quantizing gravity, this theory has problems at the
perturbation level where ghost terms appear in the Feynman propagator of graviton [1].

Recently a different feature of higher-derivative gravity has been noted. The present
paper deals with the new feature of this theory. In refs. [2-5|, it has been discussed that
Ricci scalar, which is a geometrical field, also behaves like a matter field at high energy
scales. Here dual roles of Ricci scalar R (like a matter field as well as a geometrical field)
are exploited. The matter aspect of R is represented by a scalar field R = nR (where 7
has length dimension and unit magnitude in natural units defined below). In quantum
field theory, fields are treated as physical concepts describing particles. After the name
of the great mathematician Ricci, a particle described by R is called riccion.

In the earlier work [2-5|, riccions are obtained from the 4-dim. space-time geometry
which has been discussed in Appendix A. In what follows, riccions are obtained from the
higher-dimensional geometry with topology M* @ TP (M* is the 4-dim. space-time with
signature (+,-,--) and TP is D-dimensional torus which is an extra-dimensional space).
The distance function is defined as

dS? = gudrtdx’ — pid0} — p3dfs — - -+ — ppd, (1.1)
where g,, (@, v = 0,1,2,3) are components of the metric tensor, p;(i = 1,2,---,D) are
radii of circle components of TP and 0 < 6y,0,,---,0p < 27.

The paper is organized as follows. In section 2, taking the action for higher-derivative
gravity in (4+D)-dimensional space-time, action for the riccion is obtained. Section 3
contains one-loop quantum correction to riccion, calculation of counter-terms and renor-
malization. Renormalization group equations are obtained and solved in section 4. Section
5 is the concluding section where results are discussed.

Natural units are defined as kg = h = ¢ = 1 (where kp is Boltzman’s constant, & is
Planck’s constant divided by 27 and ¢ is the speed of light), which are used throughout
the paper.

2 Riccions from (44 D)-dimensional geometry
The action for the higher-derivative gravity in (4+D)-dim. space-time is taken as

Ruyp
SUHD) — / d*zd"y,/—gu+p) [WL:M + o) Ry p) +’Y<4+D>R?4+D>]> (2.1a)
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where Guypy = GVp, «uyp) = aVp g V4+D) = 31(/?)—2) Vb E

Vb = (27T)Dﬂ1p2 " PD

and g4 py is the determinant of the metric tensor gy n(M, N = 0,1,2,---,(4+ D)). Here
Ga4-py is the (44D)-dim. gravitational constant and a4 p) as well as 44 py are coupling



constants. « is a dimensionless coupling constant, Ry py is (4+D)-dim. Ricci scalar and
G is the 4-dim. gravitational constant.

It is important to mention here that higher-derivative terms in the action given by
eq.(2.1a) are significant at the energy mass scale given by

N 2n? -1 ) 1
M™2 {3!(1)77— 2)] [—az \/O‘ " 247G(D — 2)]' (2.10)

M is obtained using the method described in Appendix A.

Invariance of Sg(,”D) under transformations gyny — gun + 0gun yields
(167G ) (Run — %gMNR(MrD)) +auypyHyw + Yarp Hiy = 0, (2.2a)
where
Hyn = 2Run — 29O py Ry oy — %QMNR(24+D) + 2Ry pyRun, (2.20)
and
Hiyn = 3R% iy — 39unBuip) Ry py — %QMNR?HD) + 3R, pyRun (2.2¢)

with semi-colon (;) denoting curved space covariant derivative and

1 ) un O
O R
D) = V=91 ) O™ <V Dy 9 TGN )
Trace of these field equations is obtained as

(D +2)
(327TG<4+D))

Ry + aar0)[2(D + 3)Bas 0y Barp) + DR (110)]

1
+Yarp) [3(D + 3)Orpy By py + §(D —2) Ry py] = 0.

(2.3)
In the space-time described by the distance function defined in eq.(1.1),

1 14
R(4+D R and 0= \/—_%<\/ g“

? ), (2.4a,b)

where R is the 4-dim. Ricci scalar.
Connecting eqs.(2.3) and (2.4) as well as using Guypy, auspy and ~yugp)y from
eq.(2.1), one obtains

(D +2)
(327G

R+a2(D+3)0R+ %DR2] + 772[3(D+3)DR2+%(D—2)R3] = 0. (2.5)

3D — 2)
Analogous to the Lorentz gauge, a gauge condition

1
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with A# = grv ok {2.5). As a result, eq.(2.5) is re-written as

(D +2) 2 L oaps
R 2(D + 3)0R DR —n“R* = 0. 2.7
e 1 al2(D 4 BDR ¢ GDRY ¢ 2.7
Now multiplying eq.(2.7) by 1 and using R = nR, it is obtained that
OR +ERR 1+ m* R = 2R (2.80)
where
D
é’ _
4(D + 3)
(D)
64ArGa(D + 3)
1
)\ _
4(D + 3)a

(2.80, ¢, d)

To exploit the matter aspect of the 4-dimensional Ricci scalar R obtained from the
higher-dimensional geometry, R is treated as a basic physical field, because it behaves like
a matter field representing the matter aspect of R ( see Appendix A for details ) . As a
result, the lagrangian density leading to eq.(2.8) is written as

A s
SF (2.9)

with the action Sp = [ d'zL. For a further check, one finds that invariance of this action
under transformation R — R + 0R also yields eq.(2.8).

1 . . .
L= i(g“”ﬁﬂR&,R —¢RR —m*R?) —

3 One-loop quantum correction and renormalization

The Sp with the lagrangian density, given by eq.(2.9), can be expanded around the
classical minimum £y in powers of quantum fluctuation R, = R — Ry as

g0 g g@
Sp=59 1 50 1 59 ¢ ...

where
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SR —

as usual, because this term contains the classical equation.
The effective action of the theory is expanded in powers of h ( with 1 = 1) as

I(R) = Sp +TW 417
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with one-loop correction given as (6]

o — %anet(D/m, (3.1a)

where
5255
6R2 R= Ro
and [V is a term for higher-loop quantum corrections. In eq.(3.1), p is a mass parameter
to keep T'(1 dlmensmnless
To evaluate 'V, the operator regularization method [7] is used . Upto adiabatic order

4 (potentially dlvergent terms are expected upto this order only in a 4-dim. theory),
one-loop correction is obtained as

D=

O+ ER+m? + (\/2)R2 (3.1b)

N \ M2 M
r ety L [ty ) \e=26-n
M? o1 1
*@_¢%a—®R+P%——@DR+35WWW%W

LRGN

s=0’

(3.2a)

where

M? =m? + (\/2)R2. (3.2b)

After some manipulations, the lagrangian density in ') is obtained as

L0 = (16x?) " (m® + (A/2)R3)2{Z - %ln(—m - 22/2)30)

—@—QRW?HMQ%HLJMHSJMQ%”

112
4@——%@ﬂHA5sﬁR+gwmmm

i e+ 36~ 2]

(3.3)

Now the renormalized form of lagrangian density can be written as

1 o ~ ~ A
Leen = 5 (g“”@MRoayRo - SRR?) - mQRO) — ER4 +A
1
+eoR + 5611-‘{2 + &R R + s R Ryag

+eaOR + LW 4 L

(3.4a)



with bare coupling constants A; = (m?, X\, A, &, €, €1, €2, €3, ¢4), L) given by eq.(3.3) and
L given as

I B - 1
Li = —%55333—56m21-‘53—%R§+6A+660R+5661R2

+06aR™ Ry + 0e3 B P R o + 64 0R.

(3.4b)

In eq.(3.4b), d\; = (6m?, 6, 0A, 0&, deq, dey, deg, deg, dey) are counter-terms, which are cal-
culated using the following renormalization conditions [8]

A — Lren\ROZR(O)O,R:O
84
A= ——= ren| = =~
OR} Ro=Rpy1, =0
2 82
T TR T Ry—0,r—0
aRO 0= =
83
S TOROR R
5 0="H(0)2, 1=
0
€ — ﬁLren Ro—0.R—0
82
€1 = 8R2Lren Ro—0,R—Rs
0
€ — oo Lren| 5
8( Rwv RW) Ro=0,R=Rg
0
€3 — vaf Lien| -
I(RHBR,L0g) Ro=0,R=Rr
0
€4 — a(DR)Lren Ro—0.R—Rs’

(3.50/) b) C) d) 67 f) g) h) /l/)

As R — nR, so when R = O,R(o)o - R(O)l — R(O)Q =0 and R5 — R6 — R7 — Rg —
0 when Ry=0.
Egs.(3.4) and (3.5) yield counter-terms as
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16720A = %ln(m2/u2)
167260 = —3XIn(m?/u?)
167%0m® = —Im?ln(m*/p?)
1
250 2/ 2
167208 = —A(¢ - 6)m(m /1?)
1
2 2 2/, 2
1670y = m (E — E)Zn(m J1e)
1\2
.2 _ 22
167%0e; = (f— 6> In(m*/ )
1
1671'2662 - —@ln(ﬂ”ﬂ//ﬁ)



1

1671'2663 — @ln(m2/u2)
1,1
2 o 2 2
167%0ey = 6<5 — E)ln(m /1)

(3.60/) b) C) d) 67 f) g) h) /l/)

4 Renormalization group equations and their solu-
tions
The effective renormalized lagrangian can be improved further by solving renormalization

group equations for coupling constants ;. For this purpose one-loop S-functions, defined
by the equation [1, 8-9]

(4.1)

d
B = M@()\io +0N)

S\ =0
with counter-terms J§A; from egs.(3.6), are obtained as

4

m
P = 1672
32
o= 1672
Am?
2
P = 1672
ME—32)
e = 1672
b=
o 1672
P G
“ 1672
1
Pea = 288072
1
fea = 288072

(4.20/) b) C) d) 67 f) g) h) /l/)

The renormalization group equations are given as

dX;
= G 4.
dt /6>\27 ( 3)

where ¢ = $ln(m?2/p?) with u being a mass parameter defined above and m. being a
reference mass scale such that p > m.. Using g-functions for different coupling constants



given by eqs.(4.2), solutions of differential equations (4.3) are derived as

A= Aoy MO (- Ay

)\0 167T2
S
o

1 1 3Nt 71—
£ - 6+<£0_6){1_16722} -

mg(fo -3 [(1 3)\0t)1/3 B 1}

€0 — €00 +

Ao 1672
€1 = €10+ 7@0;}%)2 {(1 — 132722)1/3 — 1]
€ = €t ﬁ
€3 = €30 — @
_1
“T aem 288t07r2 N <£f2A06) (1- %)2/3 -1,

(4.4&, b) C) d) 67 f) g) h) /l/)

where \jp = A\;(t =0) and ¢t =0 at pu = m, according to the definition of ¢ given
above.

These results show that as j — oo(t = —o0) A —0,m? -0 and ¢ — t. Thus it
follows from these expressions that in the limit ¢ — oo, theory is asymptotically free and
matter sector coupling constants tend to approach their conformally invariant values.

Further it is assumed that D = 0 at energy mass scale ¢ = m.. Now recalling the
definition of £ from eq.(2.8b), one obtains & = 0 and

o[- (-2
B [1r2(1- ‘fg;s)‘”?’]

It is interesting to see from this result that D increases with increasing energy mass
scale p and it is equal to 6 when  — o00. Moreover, it is not necessarily an integer but
a real number. Thus this result suggests that dimension of the space-time will be equal
to 4 at u = m, and will increase continuously with increasing energy mass scale upto 10
at extremely large energy scale. Non - integer values of the dimension also indicate that
the space-time above the energy mass scale i = m,. should be fractal [10-11], as fractal
dimensions need not be integers like topological dimensions.

Eqgs.(2.8d) and (4.4b) yield

(4.5)

! 1 ot (4.6)

3t -
1672 ) 1/3}

J[1+2(1- o

and ap = 55, if Ao = 1.



Recalling the definition of m? from eq.(2.8c) and using eqs.(4.5)-(4.6) with A\ = 1,
one obtains s
4-—1{1— 3\
()] -

N —1/3 1737
21— mm) [ - we
where Gy = Gy (G is the Newtonian gravitational constant). Now from eq.(2.8¢)

1 M3
G N 7
as D=0 at t=0 or pg=m, and Gy = M2 (Mp is Planck’s constant). Thus

egs.(4.4a) and (4.8) imply

A= ME s 2y (19)

(4.8)

5 Discussion and concluding remarks

The equation (4.9) implies that vacuum energy density A increases with increasing energy
mass scale i (or decreasing ¢ ). Taking Ay = 1, it is obtained that (A — Ag) = 1.58 X
10™Gev? when i — oot — —o0). In Table 1 (A — Ag) is exhibited for different values
of p. Tt is interesting to note that when p comes down from infinity to (1 +4 x 107%)m,. ,
(A—Ag) decreases slowly. But when it comes down from (1+4x107%)m, to (14+3x107%)m,.,
there is a sudden drop in the value of (A — Ag) from 6.29 x 10%GeV* to zero. It means
that all of a sudden, a huge amount of energy (with density equal to 6.29 x 10%GeV?)
is released at g = (1 + 3 x 107%)m,, which is sufficient to heat the universe upto a
temperature 2.82 x 10°GeV. It corresponds to the energy scale 2.82 x 10°GeV in natural
units (as Boltzman constant xp = 1 in these units ). Sudden release of energy indicates
a phase transition at 2.82 x 10*GeV. According to the standard model of grand unified
theories, strong and electro-weak interactions unite at 10°GeV. But gravity maintains
its identity different from these interactions upto this energy scale also. So unification
of these interactions are expected above 10°GeV [12]. Thus symmetry breaking, due to
phase transition at 2.82 x 10'%GeV (discussed above) is expected to be the energy mass
scale where gravity decouples from strong-electroweak interaction. In other words, these
results suggest that unification of gravity with strong-electroweak interaction should take
place at 2.82 x 10'GeV. It implies that

me = 2.82 x 10'°CeV. (5.1)

As discussed in the preceding section, another interesting result is given by eq.(4.5)
which suggests that above the energy mass scale p = (1 +3 x 107%)m, ~ 2.28 x 10'°GeV,
space-time should be fractal [10-11]. Moreover, according to this result, dimension of
space-time increases from 4 to 10 with increasing energy mass scale.

Equation (4.7) implies that the gravitational constant G decreases with increasing p
with G = Gy at = 2.82 x 101°GeV.

At the energy scales p < 2.82x 101°GeV,D = 0,0 = ag = 15 and G = Gy = Mp?,
so M given by eq.(2.1b) is evaluated to be

3 Mp
M > (=) x| =

= 2.2 x 10°GeV. (5.2)
Am n
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Egs.(4.4) also show that «,¢q,€¢1,¢2,¢5 and ¢, increase with increasing p showing
that higher-derivative terms grow stronger with increasing energy scale.
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Appendix A

The 4-dim. higher-derivative gravitational action is taken as|2-5]

R ~
S, — / I'oV=g [r + GR Ry + B2 = (L3N], (14)
where &, 3 and \ are dimensionless coupling constants.

Imposing invariance of S, under transformations g,, — g, + 09, one obtains field
equations

1 1 1

- _ 1Y _

o (B = 59 R) + &(2R0,, — DRy — S g,u0R

1 -

2R R, — ~guw R Rys) + B(2R.0 — 29,,0R — gWR2
wuttp o JH g

9RR )—3 2(31%2 3. 0R:— Lo R 3RR )
v Ui v Juw 29W v

— O’

(24)

where semi-colon (;) denotes covariant derivative with respect to the geometry of space-
time.
Trace of these field equations yields

2(& + 33)0OR — A

3
3!772]%3 + 5)\772DR2 = 0. (34)

167G

R? = R2 are vector components as 2 is a scalar. So, analogous to Lorentz gauge
used in the case of gauge fields, one can use a gauge condition

DR* = (R2)* = 0. (4A)
Connecting egs. (3 A) and (4 A), one obtains

2 7_; 2 p3
OR+m R — 2(3!)(d+33)nR, (5A)

where m = [327G (& + 36)]7"/2. Here & and 3 are chosen such that (& + 33) > 0 to
avoid the ghost problem.
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Fromeqs. (1 A)- (5 A), it is clear that eq.(5 A) can be obtained from S, given by eq.(1

A), only when higher-derivative terms {dR*“’RWJr BR2—(1/ 3!))\772]%3} are not insignificant

compared to —£— At this stage, it is important to know the energy mass scale M where
167G, &

this possibility exists. To decide the relative dominance of % and higher-derivative

terms, mass scale representation of these terms can be useful. In natural units, %
2 2 ~
corresponds to % is the Planck mass and G = Mz?, {dR“”RW + ﬂRﬂ corresponds to

[d+ﬁ} M* as well as (1/31)An?R? corresponds to (1/30)An*M® | because R and R, are
linear combinations of second derivatives and squares of first derivatives of components
of the metric tensor ¢, ( being defined through dS* = g, dz"dx” ) w.r.t.space-time
coordinates. ¢, are dimensionless. Thus, it is found that higher-derivative terms are
significant only when

3la + A+ /9(a + B)2 + (3/87) P MR

M? >
> pye:

(64)

According to eq.(6 A), M can be obtained exactly only when &, 8 and X are known.
But roughly it indicates that M should be above 10°GeV.

Now the question arises how to interpret the physical meaning of the equation (5 A).
An equation for the scalar matter field ¢ given as

6+ m2e = —(S—Al)sbf’x (74)

is well known in quantum field theory. This equation is derived from the action

S = [ d'ey a5 {g" 8:00,6 — m3e?) — 2 (84)

using its invariance under transformation ¢ — ¢ + 0¢.

Comparing eqgs.(5 A) and (7 A), it is found that

(i) mass dimension of ¢ is 1 in natural units whereas mass dimension of R is 2

(ii) O and R both depend on g¢,,, whereas ¢ does not depend on g, .

Now equation (5 A) is multiplied by 7 having length dimension and unit magnitude
in natural units and nR is recognized as R. As a result, eq.(5 A) looks like

(94)

Thus R has mass dimension 1 like ¢.

It has been discussed above that equations of type (5 A) are possible at high energy
level. High energy modes exite the physical system at small length scales. So it is
appropriate to use asymptotic expansion of g, given as

1 o 1 o
G ) = Gu(x0) + ngvﬁ(%)y y’ — gavRuavﬁ(%)y Yy

1 2 o
n [Q—ORWW + 4—5RMAR$V5] (x0)y y "y 'y’ + - -

(104)
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in the small vicinity of a space-time point with coordinates {zf;u = 0,1,2,3}. Here
y* = 2% —xf(a = 0.1,2,3) and g, (zo) = 1. Using these expressions, one obtains
the operator

1 0
/_ ny
o= \/_833“( g 83:”)
as
2
0= g" (@) 5o + B (200) 52, (114)
with
1., N 1 , N
g (x) = g (w0) = SRG(w0)y"y” = 20, Ry (wo)y™y Y
1 (8%
+|:2_ORMO¢Vﬁ;"/6 + 45Ruaﬁ>\Rfyy6} (ZCo)y Yy y'yy(S T
(124)
and
BY(w;x0) = 1@1—‘{”” Lon *y’ Ry
(w20) = {6 1 aﬁ}(x Yy — {20 Byo T
3 1 v
45RmR 5] (x0)y’y "y’ + [QOR o T
o, v, 0 pv
45R6/\R ](%)y y'y {QOR s T
2R, R) ] o)y y®y’ — [ Rt
45 aByttud 0y Yy 20 aBiyu
5 B R () — = Foa() [0, R0
anRaﬁ] (€0)yy Yy’ + -~
(13A)

Thus, at high energy level, one can work in the small neighbourhood of a point {wo},
where O depends on curvature terms evaluated at the point {x¢} and R is defined at
arbitrary points of the neighbourhood. So, at high energy level, it is possible to have O
and R independent. )
It means that ,at high energy level, R behaves like spinless matter field ¢ and treating
R as a basic physical field , eq.(9 A) can be derived from the action

Sp— / d4x\/_—g[l{g“”8“]~%&,]~% — m2R?} — %Rﬂ (14A)

2 2(4N(a + 309)

using its invariance under transformation B — R 4 6 R.

Thus the Ricci scalar has a dual role at high energy (i) as a spinless matter field
represented by R = nR and (ii) as a geometrical field.
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Table 1
(A — Ay) , G/Gx and dimension of space-time (4 + D) are tabulated below against
i/ me with m, = 2.82 x 101%GeV taking Ay = 1.

o/ me (A—Ay) G/Gy 4+ D)

in  GeV?
1 0 1 4
1+3x107% 0 1 4
1 +4x107% 6.29 x 10% 1 44+79x%x1078
1 +9x%x107% 6.29 x 10% 1 4479 %1078
1+107° 1.26 x 10% 1 44 1.59 x 1077
1+1074 1.0 x 107 1 44 1.27 x 1076
1+1073 1.0 x 10% 1 44 1.26 x 107°
1+1072 9.99 x 10% 1 44 1.26 x 1074
1.1 9.56 x 10% 1 44 1.2x 1073
2 6.9 x 100 1 44 8.74 x 1073
10 2.24 x 10" 1 4.03
10° 1.19 x 10™ 1 4.16
1010 1.94 x 107 0.99 4.27
10%° 3.1 x 10 0.985 4.449
1030 3.94 x 10 0.975  4.596
o0 1.58 x 107 0 10
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