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RICH WORDS IN THE BLOCK REVERSAL OF A WORD

KALPANA MAHALINGAM, ANURAN MAITY, PALAK PANDOH

Abstract. The block reversal of a word w, denoted by BR(w), is a generalization of the concept of the

reversal of a word, obtained by concatenating the blocks of the word in the reverse order. We characterize

non-binary and binary words whose block reversal contains only rich words. We prove that for a binary

word w, richness of all elements of BR(w) depends on l(w), the length of the run sequence of w. We show

that if all elements of BR(w) are rich, then 2 ≤ l(w) ≤ 8. We also provide the structure of such words.

1. Introduction

Inversions, insertions, deletions, duplications, substitutions and translocations are some of the operations

that transform a DNA sequence from a primitive sequence (see [5, 6, 9, 20]). A rearrangement of chromosomes

can happen when a single sequence undergoes breakage and one or more segments of the chromosome are

shifted by some form of dislocation ([9]). Mahalingam et al. ([18]) defined the block reversal of a word which

is a rearrangement of strings when dislocations happen through inversions. The authors generalized the

concept of the reversal of a word where in place of reversing individual letters, they decomposed the word

into factors or blocks and considered the new word such that the blocks appear in the reverse order. The

block reversal operation of a word w, denoted by BR(w), is represented in Figure 1. If the word w can be

B1 B2 BkBi Bk−1

Bk Bk−1 Bi B2 B1

w

w′

Figure 1. For w ∈ Σ∗, w′ ∈ BR(w)

expressed as a concatenation of its factors or blocks Bi such that w = B1B2 · · ·Bk, then w′ = BkBk−1 · · ·B1

is an element of BR(w). Since there are multiple ways to divide a word into blocks, the block reversal of a

word forms a set.

Mahalingam et al. ([18]) proved that there is a strong connection between the block reversal and the

non-overlapping inversion of a word. A non-overlapping inversion of a word is a set of inversions that do not

overlap with each other. In 1992, Schöniger et al. ([24]) presented a heuristic for computing the edit distance

when non-overlapping inversions are allowed. They presented an O(n6) exact solution for the alignment with

the non-overlapping inversion problem and showed the non-overlapping inversion operation ensures that all

Key words and phrases. Combinatorics on words, rich words, run-length encoding, block reversal.
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inversions occur in one mutation step. Instances of problems considering the non-overlapping inversions

include the string alignment problem, the edit distance problem, the approximate matching problem, etc.

([6, 7, 14, 27]). Kim et al. ([15]) studied the non-overlapping inversion on strings from a formal language

theoretic approach.

A word is a palindrome if it is equal to its reverse. Let |w| be the length of the word w. It was proved by

Droubay et al. ([10]) that a word w has at most |w| non-empty distinct palindromic factors. The words that

achieve the bound were referred to as rich words by Glen et al. ([12]). Several properties of rich words were

studied in the literature (see [1, 10, 12, 13]). Droubay et al. ([10]) proved that a word w contains exactly

|w| non-empty distinct palindromic factors iff the longest palindromic suffix of any prefix p of w occurs

exactly once in p. Guo et al. ([13]) provided necessary and sufficient conditions for richness in terms of the

run-length encoding of binary words. It is known that on a binary alphabet, the set of rich words contain

factors of the period-doubling words, factors of Sturmian words, factors of complementary symmetric Rote

words, etc. (see [3, 10, 23]). In a non-binary alphabet, the set of rich words contain, for example factors of

Arnoux–Rauzy words and factors of words coding symmetric interval exchange.

There are many results in the literature regarding the occurrence of rich words in infinite and finite words,

but there are significantly fewer results about the occurrence of rich words in a language. The occurrence of

rich words in the conjugacy class of a word w, denoted by C(w), is a well-studied concept in literature (see

[8, 12, 21, 25]). Shallit et al. ([25]) calculated the number of binary words w of a particular length such that

every conjugate of w is rich. A word w is said to be circularly rich if all of the conjugates of w (including

itself) are rich, and w is a product of two palindromes. Glen et al. ([12]) studied circularly rich words and

proved the equivalence conditions for circularly rich words. They proved that a word w is circularly rich

iff the infinite word wω is rich iff ww is rich where wω is a word formed by concatenating infinite copies of

w. Restivo et al. ([21, 22]) outlined relationships between circularly rich words and the Burrows–Wheeler

transform, a highly efficient data compression algorithm.

In many musical contexts, scale and rhythmic patterns are extended beyond a single iteration of the

interval of periodicity. From the equivalent conditions for circularly rich words, proved by Glen et al. ([12]),

if w is the step pattern of an octave-based scale and is rich, and if ww is also rich, then the property can be

extended without limit (wω). Lopez et al. ([17]) examined that circular palindromic richness is inherent in

numerous musical contexts, including all well-formed and maximally even sets and also in non well-formed

scales which display three different step sizes. Carey ([8]) also deeply studied circularly rich words from

a music theory perspective. He proposed that perfectly balanced scales that display circular palindromic

richness and also exhibit relatively few step differences may prove to be advantageous from a cognitive and

musical perspective. Since block reversal operation is a generalization of conjugate operation, the study of

rich words in the block reversal of the word has possible applications in music theory and data compression

techniques.
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In this paper, we characterize words whose block reversal contains only rich words. We find a necessary

and sufficient condition for a non-binary word such that all elements in its block reversal are rich. For a

binary word w′, we prove that the richness of elements of BR(w′) depends on l(w′) which is the length of the

run sequence of w′. We show that for a binary word w, if all elements of BR(w) are rich, then 2 ≤ l(w) ≤ 8.

We also find the structure of binary words whose block reversal consists of only rich words. The paper is

organized as follows. In Section 3, we prove that for a non-binary word w, all elements of BR(w) are rich iff

w is either of the form a1a2a3 · · · ak or a
|w|
j where each ai ∈ Σ is distinct. In Section 4, we show that for a

binary word w, all elements of BR(w) are rich if l(w) = 2. We also show that if all elements of BR(w) are rich,

then 2 ≤ l(w) ≤ 8. We discuss the case when 3 ≤ l(w) ≤ 8 separately in detail and provide the structure

of words such that all elements in their block reversal are rich. We end the paper with a few concluding

remarks.

2. Basic definitions and notations

Let Σ be a non-empty set of letters. A word w = [ai] over Σ is a finite sequence of letters from Σ where

ai is the i-th letter of w. We denote the empty word by λ. By Σ∗, we denote the set of all words over Σ and

Σ+ = Σ∗ \ {λ}. The length of a word w, denoted by |w|, is the number of letters in w. Σn and Σ≥n denote

the set of all words of length n and the set of all words of length greater than or equal to n, respectively.

For a ∈ Σ, |w|a denotes the number of occurrences of a in w. A word u is a factor or block of the word w

if w = puq for some p, q ∈ Σ∗. If p = λ, then u is a prefix of w and if q = λ, then u is a suffix of w. Let

Fac(w) denote the set of all factors of the word w. Alph(w) denotes the set of all letters in w. Two words

u and v are called conjugates of each other if there exist x, y ∈ Σ∗ such that u = xy and v = yx. For a

word w = w1w2 · · ·wn such that wi ∈ Σ, the reversal of w, denoted by wR, is the word wn · · ·w2w1. A word

w is a palindrome if w = wR. By P (w), we denote the number of all non-empty palindromic factors of w.

A word w has at most |w| distinct non-empty palindromic factors. The words that achieve the bound are

called rich words.

Every non-empty word w over Σ has a unique encoding of the form w = an1

1 an2

2 . . . ank

k , where ni ≥ 1,

ai 6= ai+1 and ai ∈ Σ for all i. This encoding is called run-length encoding of w ([13]). The word a1a2 . . . ak

is called the trace of w. The sequence (n1, n2, . . . , nk) is called the run sequence of w and the length of the

run sequence of w is k. For any binary word w over Σ = {a, b}, the complement of w, denoted by wc, is

the word φ(w) where, φ is a morphism such that φ(a) = b and φ(b) = a. For example, if w = ababb, then

wc = babaa. We recall the definition of the block reversal of a word from Mahalingam et al. ([18]).

Definition 2.1. [18] Let w, Bi ∈ Σ+ for all i. The block reversal of w, denoted by BR(w), is the set

BR(w) = {BtBt−1 · · ·B1 : w = B1B2 . . . Bt, t ≥ 1}.

Note that a word can be divided into a maximum of |w| blocks. We illustrate Definition 2.1 with the help

of an example.
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Example 2.2. Let Σ = {a, b, c}. Consider u = abbc over Σ. Then,

BR(u) = {cbab, cbba, cabb, bbca, bcab, abbc, bcba}.

For more information on words, the reader is referred to Lothaire ([16]) and Shyr ([26]).

3. Block Reversal of Non-binary Words

It is well known that a rich word w contains exactly |w| distinct palindromic factors. In this section, we

find a necessary and sufficient condition for a non-binary word such that all elements in its block reversal

are rich.

We recall the following from Glen et al. ([12]).

Theorem 3.1. [12] For any word w, the following properties are equivalent:

(i) w is rich;

(ii) for any factor u of w, if u contains exactly two occurrences of a palindrome p as a prefix and as a suffix

only, then u is itself a palindrome.

Lemma 3.2. [12] If w is rich, then

• all factors of w are rich.

• wR is rich.

We first give a necessary condition under which BR(w) contains at least one rich word.

Lemma 3.3. Let w ∈ Σn. If BR(w) has no rich element, then |Alph(w)| < n− 1.

Proof. Let w ∈ Σn such that BR(w) contains no rich element. We prove that if |Alph(w)| ≥ n−1, then there

exists at least one rich word in BR(w). If |Alph(w)| = n, then all elements in BR(w) are rich. If |Alph(w)| =

n− 1, then for u1, u2, u3 ∈ Σ∗, w = u1au2au3 such that a /∈ Alph(ui) for all i and Alph(ui) ∩ Alph(uj) = ∅

for i 6= j. Now, u3u2a
2u1 ∈ BR(w) is a rich word. �

We now give an example of a word w ∈ Σn with |Alph(w)| = n − 2 such that BR(w) contains no rich

word.

Example 3.4. For a, b ∈ Σ, consider w = u1au2bu3bu4au5 such that a, b /∈ Alph(ui), |ui| ≥ 3 for each i,

Alph(ui)∩Alph(uj) = ∅ for i 6= j and
∑i=5

i=1 |Alph(ui)| = |w| − 4. Then, |Alph(w)| = |w| − 2. We denote by

π(w), the set of all permutations of the word w, i.e., π(w) = {u ∈ Σ∗| |u|a = |w|a for all a ∈ Σ}. One can

easily observe that BR(w) is a subset of π(w). If π(w) has no rich words, then BR(w) also has no rich words.

Suppose there is a v ∈ π(w) such that v is rich then, as |Alph(v)| = |v| − 2, |v|a = |v|b = 2, by Theorem

3.1, we have, {aαa, bα′b | α, α′ ∈ Σ≥2 such that α 6= bzb, α′ 6= az′a where z, z′ ∈ Σ ∪ {λ}} ∩ Fac(v) = ∅.

Otherwise, if aαa or bα′b lies in Fac(v), then as α 6= bzb, α′ 6= az′a where z, z′ ∈ Σ ∪ {λ}, α, α′ ∈ Σ≥2,
4



|α|a = 0 and |α′|b = 0, we have, aαa and bα′b are not palindromes, which contradicts Theorem 3.1. This

implies that v is of one of the following forms:

v1x
2v2y

2v3, v1xx1xv2yx2yv3, v1xy
2xv2, v1xx1xv2y

2v3, v1y
2v2xx1xv3, v1xyxyv2, v1xyx1yxv2(1)

where x 6= y ∈ {a, b}, x1, x2 ∈ Σ \ {a, b} and vi ∈ Σ∗ for all i. Now, from the structure of w, we observe that

BR(w) does not contain any element of forms in (1). Thus, v /∈ BR(w). Now, BR(w) ⊆ π(w) and v ∈ π(w) is

rich implies no element of BR(w) is rich.

Note that some elements of BR(w) may not be rich even when w is rich. For example, the word w = abbc

is rich, but bcab ∈ BR(w) is not rich. We now give a necessary and sufficient condition on a non-binary word

w such that all elements of BR(w) are rich. We need the following results.

Lemma 3.5. Let w = an1

1 a2uv where a1 6= a2, u ∈ {a1, a2}+, v ∈ (Σ \ {a1, a2})+ and n1 ≥ 1. Then, there

exists an element in BR(w) which is not rich.

Proof. Let w = an1

1 a2uv such that a1 6= a2, u ∈ {a1, a2}+, v ∈ (Σ \ {a1, a2})+ and n1 ≥ 1. Let u = u′ai

where i = 1 or 2. Then, w = an1

1 a2u
′aiv. Note that w

′ = u′aiva2a
n1

1 ∈ BR(w) and w′′ = aiva
n1

1 a2u
′ ∈ BR(w).

The factor aiva2a1 of w′ is not a palindrome for i = 1 as ai /∈ Alph(v) and similarly the factor aiva
n1

1 a2 of

w′′ is not a palindrome for i = 2. Hence, by Theorem 3.1 and Lemma 3.2, w′ ∈ BR(w) is not rich when i = 1

and w′′ ∈ BR(w) is not rich when i = 2.

�

We also have the following:

Lemma 3.6. For u1, u2, u3, u4, u5 ∈ Σ∗, consider w = u1aiu2aju3aku4aiu5 such that aj 6= ak, aj 6= ai 6= ak

and ak is not a suffix of u3. Then, there exists an element in BR(w) which is not rich.

Proof. For u1, u2, u3, u4, u5 ∈ Σ∗, consider w = u1aiu2aju3aku4aiu5 where aj 6= ak, aj 6= ai 6= ak and ak is

not a suffix of u3. We have the following cases:

• ai /∈ Alph(u3) : Then, w
′ = u5u4aiaku3ajaiu2u1 ∈ BR(w) and aj 6= ak implies aiaku3ajai is not a

palindromic factor of w′. Then, by Theorem 3.1, w′ is not rich.

• ai ∈ Alph(u3) : Then, let u3 = u′
3aiu

′′
3 such that u′

3, u
′′
3 ∈ Σ∗ and |u′′

3 |ai
= 0. Now, w′′ =

u5u4aiaku
′′
3aiu1aiu2aju

′
3 ∈ BR(w). If w′′ is not rich, then we are done. If w′′ is rich, then aiaku

′′
3ai ∈

Fac(w′′) and since, |u′′
3 |ai

= 0, by Theorem 3.1, aiaku
′′
3ai is a palindrome. This implies u′′

3 = λ as ak

is not a suffix of u3. Then, w = u1aiu2aju
′
3aiaku4aiu5. Now, w

′′′ = u4aiu5u
′
3aiakajaiu2u1 ∈ BR(w).

Then, aiakajai ∈ Fac(w′′′) is not a palindrome as aj 6= ak. Therefore, by Theorem 3.1, w′′′ is not

rich.

�

Now, we find a necessary and sufficient condition for a non-binary word such that all elements in its block

reversal are rich.
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Theorem 3.7. Let w be a non-binary word. Then, all elements of BR(w) are rich iff w is either of the

form a1a2a3 · · ·ak or a
|w|
i where ai ∈ Σ are distinct.

Proof. Let w ∈ Σ∗. If |Alph(w)| = 1, we are done. Assume |Alph(w)| ≥ 3 and consider the run-length

encoding of w to be an1

1 an2

2 an3

3 · · · ank

k where ai 6= ai+1 ∈ Σ, k ≥ 3 and ni ≥ 1. Let all elements of BR(w) be

rich. We have the following cases:

• All at’s are distinct for 1 ≤ t ≤ k : We prove that nt = 1 for 1 ≤ t ≤ k. Assume if possible

that there exists at least one nj ≥ 2 for some j, i.e., nj = 2m + s for m ≥ 1 and s ∈ {0, 1}. Let

γ = an1

1 an2

2 · · · a
nj−1

j−1 and γ′ = a
nj+1

j+1 a
nj+2

j+2 · · ·ank

k . Then, w = γa2m+s
j γ′. Since, amj γ′γamj asj ∈ BR(w) is

rich and all at’s are distinct, by Theorem 3.1, u = amj γ′γamj is a palindrome. Now, as |Alph(w)| ≥ 3

and all at’s are distinct, u is not a palindrome which is a contradiction. Therefore, nt = 1 for

1 ≤ t ≤ k and w = a1a2a3 · · · ak.

• Otherwise, suppose i is the least index such that |a1a2 · · · ak|ai
≥ 2 and aj = ai where al 6= ai for

i+1 ≤ l ≤ j− 1 i.e., j is the first position at which ai repeats for i < j. We have the following cases

:

– i ≥ 3 : Note that ai 6= a1 and ai 6= a2. Let ni ≥ nj such that ni = nj + s′ where s′ ≥ 0. Now,

for δ = an3

3 an4

4 · · ·a
ni−2

i−2 , α = a
ni+1

i+1 a
ni+2

i+2 · · · a
nj−1

j−1 and β = a
nj+1

j+1 a
nj+2

j+2 · · · ank

k , we have,

w = an1

1 an2

2 δa
ni−1

i−1 a
nj+s′

i αa
nj

j β.

Since, βa
nj

j an1

1 an2

2 δa
ni−1

i−1 a
nj+s′

i α ∈ BR(w) is rich, by Theorem 3.1, we get, a
nj

j an1

1 an2

2 δa
ni−1

i−1 a
nj

i

is a palindrome, and hence, a1 = ai−1. Similarly, as βa
nj

j an2

2 δa
ni−1

i−1 a
nj

i as
′

i αa
n1

1 ∈ BR(w), by

Theorem 3.1, we have, a
nj

j an2

2 δa
ni−1

i−1 a
nj

i is a palindrome, which gives a2 = ai−1. Thus, a1 = a2

which is a contradiction. A symmetrical argument holds for the case ni < nj .

– i ≤ 2 : Let i = 1, i.e., a1 has a repetition and there exists an index l > 1 such that a1 =

al. If all elements in BR(w) are rich, then by Lemma 3.6, there exists at most one distinct

letter between a1 and al. Similarly, between any two occurrences of a2, there exists at most

one distinct letter. Then, w can only be of forms an1

1 an2

2 an3

3 a2z
′ or an1

1 a2uv where a1 6= a3,

z′ ∈ {Σ \ {a1}}
∗, u ∈ {a1, a2}

+ and v ∈ (Σ \ {a1, a2})
+. If w is in form an1

1 an2

2 an3

3 a2z
′, then

z′a2a
n3

3 an1

1 an2

2 ∈ BR(w). Since, a2a
n3

3 an1

1 a2 is not a palindrome, by Theorem 3.1, z′a2a
n3

3 an1

1 an2

2

is not rich, a contradiction. Now, consider w is in form an1

1 a2uv. Note that as |Alph(w)| ≥ 3,

v 6= λ. By Lemma 3.5, there exists an element in BR(w) which is not rich, a contradiction.

Thus, if |Alph(w)| ≥ 3 and all elements of BR(w) are rich, then w = a1a2a3 · · · ak where each ai ∈ Σ are

distinct.

The converse is straightforward. �
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4. Block Reversal of Binary Words

Anisiu et al. ([2]) showed that any binary word of length greater than 8, has at least 8 non-empty

palindromic factors. A set of words that achieve the bound of having exactly 8 palindromic factors was given

by Fici et al. ([11]). We recall the definition of k-th power of u ∈ Σ∗ from Brandenburg ([4]) as the prefix

of least length u′ of un where n ≥ k such that |u′| ≥ k|u|. For example, given a word aba, the 5
3 -th power of

aba is aba(
5
3
) = abaab. Fici et al. ([11]) showed that for all u ∈ C(v) where v = abbaba, P (u(n

6
)) = 8, n ≥ 9.

Mahalingam et al. ([19]) characterized words w such that P (w) = 8. They proved that a binary word w has

8 palindromic factors iff w is of the form u(n
6
) where u ∈ C(v) ∪C(vR) and v = abbaba.

In this section, we discuss the case of binary words. Let l(w) be the length of the run sequence of a binary

word w. We prove that if l(w) = 2, then all elements of BR(w) are rich and if l(w) ≥ 9, then there exists an

element in BR(w) that is not rich. Then, we study the block reversal of binary words with 3 ≤ l(w) ≤ 9. The

results in this section also hold for complement words as we have considered unordered alphabet Σ = {a, b}.

4.1. Block reversal of binary words w with l(w) = 2 & l(w) ≥ 9. Now, we discuss the block reversal

of binary words w with l(w) = 2 & l(w) ≥ 9. We first recall the following from Guo et al. ([13]).

Proposition 4.1. [13] Every binary word having a run sequence of length less than or equal to 4 is rich.

It was verified by Anisiu et al. ([2]) that for all short binary words (up to |w| = 7), P (w) = |w|. We

observe that for words w with |w| > 7, some elements of BR(w) may not be rich even when w is rich. For

example, w = a2b3a3 is rich but a2bab2a2 ∈ BR(w), is not rich. We discuss the case when l(w) = 2 for a word

w in the following.

Proposition 4.2. If w = an1bn2 where n1, n2 ≥ 1, then all elements of BR(w) are rich.

Proof. Let w = an1bn2 where n1, n2 ≥ 1. Then,

BR(w) = {bn
′

2an
′

1bn2−n′

2an1−n′

1 : 0 ≤ n′
1 ≤ n1, 0 ≤ n′

2 ≤ n2}.

Since the length of the run sequence of each element of BR(w) is less than or equal to 4, by Proposition 4.1,

all elements of BR(w) are rich. �

We now prove that for a binary word w with length of the run sequence greater than 8, there exists an

element in BR(w) that is not rich. We recall the following from Mahalingam et al. ([18]).

Lemma 4.3. [18] BR(v)BR(u) ⊆ BR(uv) for u, v ∈ Σ∗.

We now have the following:

Proposition 4.4. Let w ∈ {a, b}∗ such that l(w) ≥ 9. Then, there exists an element in BR(w) that is not

rich.
7



Proof. Let w ∈ {a, b}∗ such that l(w) ≥ 9. Since, l(w) ≥ 9, then for ni ≥ 1, consider w′ = an1bn2an3bn4an5bn6

an7bn8an9 to be a prefix of w. If w is not rich, then we are done. Otherwise, w is rich, then by Lemma 3.2,

all factors of w are rich. Also, from Lemma 4.3, we have, BR(v)BR(u) ⊆ BR(uv) for u, v ∈ Σ∗. We show that

there exists an element in BR(w′) that is not rich to complete the proof. Suppose to the contrary that all

elements of BR(w′) are rich. Let w1, w2, w3 ∈ BR(w′) where

w1 = an9+n7bn8+n6aban5−1+n3bn4−1+n2an1 ,

w2 = bn8an9+n7babn6−1+n4an5−1+n3+n1bn2 and

w3 = an9bn8+n6an7+n5babn4−1+n2an3−1+n1 .

We have the following:

• If n3 + n5 ≥ 3, then a2bn8+n6aba2 is a factor of w1 that contains exactly two occurrences of a

palindrome a2 as a prefix and as a suffix. By Theorem 3.1, if w1 is rich, then a2bn8+n6aba2 is a

palindrome which is a contradiction. Hence, n3 = n5 = 1.

• If n4 + n6 ≥ 3, then a2babn6−1+n4a2 is a factor of w2 that contains exactly two occurrences of a

palindrome a2 as a prefix and as a suffix. By Theorem 3.1, if w2 is rich, then a2babn6−1+n4a2 is a

palindrome which is a contradiction. Hence, n4 = n6 = 1.

• If n2 ≥ 2, then b2an7+n5bab2 is a factor of w3 that contains exactly two occurrences of a palindrome

b2 as a prefix and as a suffix. By Theorem 3.1, if w3 is rich, then b2an5+n7bab2 is a palindrome which

is a contradiction. Hence, n2 = 1.

Hence, we have n2 = n3 = n4 = n5 = n6 = 1 and w′ = an1bababan7bn8an9 . Let w4, w5 ∈ BR(w′) where

w4 = an9+n7bn8ab2an1+1b and w5 = an9+n7bn8+1ab2a1+n1 . Now, a2bn8ab2a2 is a factor of w4 that contains

exactly two occurrences of a palindrome a2 as a prefix and as a suffix. By Theorem 3.1, since w4 is rich,

n8 = 2. Also, a2bn8+1ab2a2 is a factor of w5 that contains exactly two occurrences of a palindrome a2 as a

prefix and as a suffix. By Theorem 3.1, since w5 is rich, n8 = 1, which is a contradiction. Thus, there always

exists an element in BR(w′) that is not rich. �

4.2. Block reversal of binary words w with 3 ≤ l(w) ≤ 8. We now consider the case for a binary word

w such that 3 ≤ l(w) ≤ 8. We observe that the result varies with the structure of the word. We compile all

results towards the end of this section. We first recall the following from Anisiu et al. ([2]).

Theorem 4.5. [2] If w is a binary word of length less than 8, then P (w) = |w|. If w is a binary word of

length 8, then 7 ≤ P (w) ≤ 8 and P (w) = 7 iff w is of the form aabbabaa or aababbaa.

Now, with the help of examples, we illustrate that all elements of BR(w) may be rich for a binary word w

such that 3 ≤ l(w) ≤ 8.
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Example 4.6. For 3 ≤ l(w) ≤ 8, consider

w =







a(ba)i for i = l(w)−1
2 and l(w) odd,

(ab)i for i = l(w)
2 and l(w) even.

It can be observed that all elements of BR(w) are rich.

Thus, from Propositions 4.2 and 4.4 and Example 4.6, we conclude the following.

Theorem 4.7. Let w be a binary word and l(w) be the length of the run sequence of w. If all elements of

BR(w) are rich, then 2 ≤ l(w) ≤ 8.

We now consider the following example of a binary word v with 3 ≤ l(v) ≤ 8 such that there exists an

element in BR(v) that is not rich.

Example 4.8. For 3 ≤ l(v) ≤ 8, consider

v =







a2b3a3(ba)i for i = l(v)−3
2 and l(v) odd,

a2b3a3(ba)ib for i = l(v)−4
2 and l(v) even.

and

v′ =







(ba)ia2b2aba2 for i = l(v)−3
2 and l(v) odd,

(ba)iba2b2aba2 for i = l(v)−4
2 and l(v) even.

It can observed that v′ ∈ BR(v). Note that by Lemma 3.2, v′ is not rich as a2b2aba2 is not rich.

We conclude from Examples 4.6 and 4.8 that all elements of BR(w) may or may not be rich for a binary

word w such that 3 ≤ l(w) ≤ 8. Now, we find the structure of binary words w with 3 ≤ l(w) ≤ 8 such that

the block reversal of w contains only rich words.

We recall the following from Mahalingam et al. ([18]).

Lemma 4.9. [18] Let w ∈ Σ+, (BR(w))R = BR(wR).

We conclude the following from Lemmas 3.2 and 4.9.

Remark 4.10. All elements of BR(w) are rich iff all elements of BR(wR) are rich.

We first study the case when the length of the run sequence of the word is equal to 8.

Proposition 4.11. Let w ∈ {a, b}∗ and l(w) = 8. Then, all elements of BR(w) are rich iff w = abababab.

Proof. Let w be a binary word with l(w) = 8 such that all elements of BR(w) are rich. Consider w =

an1bn2an3bn4an5bn6an7bn8 to be the run-length encoding of w where ni ≥ 1 for all i. Let

w′ = bn8+n6an7+n5babn4−1+n2an3−1+n1 ∈ BR(w).
9



Then, w′ is rich. If n4 ≥ 2 or n2 ≥ 2, then since v = b2an7+n5bab2 ∈ Fac(w′) and v contains exactly two

occurrences of b2, by Theorem 3.1, b2an7+n5bab2 is a palindrome which is a contradiction. Thus, n2 = n4 = 1.

Now, by Remark 4.10, we get, n7 = n5 = 1. Thus, w = an1ban3babn6abn8 . Now, consider

w′′ = bn8a2bn6+1aban3−1+n1 ∈ BR(w).

Then, w′′ is rich. If n1 ≥ 2 or n3 ≥ 2, then since v′ = a2bn6+1aba2 ∈ Fac(w′′) and v′ contains exactly two

occurrences of a2, by Theorem 3.1, a2bn6+1aba2 is a palindrome which is a contradiction. Thus, n1 = n3 = 1.

Now, by Remark 4.10, we get, n8 = n6 = 1. Thus, w = abababab.

The converse follows from Theorem 4.5. �

We conclude the following from Proposition 4.11.

Remark 4.12. Let w be a binary word such that l(w) = 8 and |w| > 8. Then, there exists an element in

BR(w) that is not rich.

We now consider the case when the length of the run sequence of the word is 7. For a binary word w, if

l(w) = 7, then |w| ≥ 7. If |w| = 7, it is well known ([2]) that all elements of BR(w) are rich. We consider the

case when |w| > 7 in the following.

Proposition 4.13. Let w be a binary word with |w| > 7 and l(w) = 7. Then, all elements of BR(w) are

rich iff w is ababab2a, abab2aba or ab2ababa.

Proof. Let w be a binary word with l(w) = 7 such that all elements of BR(w) are rich. Consider w =

an1bn2an3bn4an5bn6an7 to be the run-length encoding of w where ni ≥ 1 for all i. Let

α = an7−1+n5bn6abn4+n2an3+n1 ∈ BR(w)

and

β = an7−1+n5bn6abn4an3+n1bn2 ∈ BR(w).

Then, α, β are rich. If n7 ≥ 2 or n5 ≥ 2, then by Theorem 3.1, a2bn6abn4+n2a2 and a2bn6abn4a2 are

palindromic factors of α and β, respectively. This implies n6 = n4+n2 and n6 = n4, which is a contradiction

to the fact that n2 ≥ 1. Thus, n7 = n5 = 1.

Since, n7 = n5 = 1, by Remark 4.10, we get, n1 = n3 = 1. Thus, w = abn2abn4abn6a.

We now show that n6 ≤ 2. Consider γ = bn6−1aababn4+n2a ∈ BR(w). Then, γ is rich. If n6 ≥ 3, then

by Theorem 3.1, b2a2bab2 is a palindromic factor of γ which is a contradiction. Thus, n6 ≤ 2. We have the

following cases:

(1) n6 = 2 : If n4 ≥ 2 or n2 ≥ 2, then b2a2babn4−1+n2a ∈ BR(w) is not rich which is a contradiction.

Thus, in this case, n4 = n2 = 1. We have, w = ababab2a.

(2) n6 = 1 : Here, w = abn2abn4aba. If n4 ≥ 2 and n2 ≥ 2, bn4aba2bn2a ∈ BR(w) is not rich which is

a contradiction. So, either n2 = 1 or n4 = 1. Note that if n2 = n4 = 1, then |w| = 7, which is a

contradiction. We are left with the following cases:
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• n2 = 1 and n4 ≥ 2 : Here, w = ababn4aba. If n4 ≥ 3, bn4−1aba2b2a ∈ BR(w) is not rich, a

contradiction. Thus, n4 = 2 and w = abab2aba.

• n4 = 1 and n2 ≥ 2 : Here, w = abn2ababa. If n2 ≥ 3, ab2aba2bn2−1 ∈ BR(w) is not rich, a

contradiction. Thus, n2 = 2 and w = ab2ababa.

The converse follows from Theorem 4.5. �

We conclude the following from Proposition 4.13.

Remark 4.14. Let w be a binary word such that l(w) = 7 and |w| > 8. Then, there exists an element in

BR(w) that is not rich.

We now consider the case when the length of the run sequence of the word is 6. We need the following:

Remark 4.15. We consider the block reversal of the following words:

(1) Let w = a2bababn6 for n6 < 4.

• If n6 = 1 or 2, then as |w| ≤ 8, by Theorem 4.5, all elements of BR(w) are rich.

• If n6 = 3, then bab2a2bab ∈ BR(w) is not rich which implies that not all elements of BR(w) are

rich.

(2) Let w = a3bababn6 for n6 < 4.

• If n6 = 1, then by Theorem 4.5, all elements of BR(w) are rich.

• If n6 = 2, then abab2a2ba ∈ BR(w) is not rich which implies that not all elements of BR(w) are

rich.

• If n6 = 3, then bab2a3bab ∈ BR(w) is not rich which implies that not all elements of BR(w) are

rich.

(3) Let w = an1babab for n1 ≥ 1. We show that all elements of BR(w) are rich. Let w = D1D2D3 · · ·Dk

where k ≥ 2 and each Di ∈ Σ+. Then, either D1 = aj , D2 = an1−jx and D3 · · ·Dk = y where

x, y ∈ Σ∗, xy = babab and 1 ≤ j < n1 or D1 = an1x′ and D2D3 · · ·Dk = y′ where x′ ∈ Σ∗, y′ ∈ Σ+

and x′y′ = babab. Then, for distinct elements of BR(w), we can divide w in at most seven non-empty

blocks.

• When we divide w in two non-empty blocks, then BR(w) contains the following:

Let, A2 = {ban1baba, aban1bab, baban1ba, ababan1b, bababan1, an1−ibababai | 1 ≤ i ≤ n1− 1}. We

can observe that each element of A2 is rich.

• When we divide w in three non-empty blocks, then BR(w) contains the following:

Let, A3 = {baan1bab, bbaan1ba, babaan1b, bbabaan1, ban1−ibabaai, abban1ba, ababan1b, abbaban1,

aban1−ibabai, babbaan1, baban1−ibaai, ababban1, ababan1−ibai, bababan1 | 1 ≤ i ≤ n1 − 1}. We

can observe that each element of A3 is rich.

• When we divide w in four non-empty blocks, then BR(w) contains the following:

Let, A4 = {baban1ba, baaban1b, bababan1, baan1−ibabai, bbaaan1b, bbabaan1, bbaan1−ibaai, babaan1−ibai,
11



bbabaan1, abbaan1b, abbbaan1, abban1−ibaai, ababban1, ababan1−ibai, abbaban1, babbaan1, ababban1 | 1 ≤

i ≤ n1 − 1}. We can observe that each element of A4 is rich.

• When we divide w in five non-empty blocks, then BR(w) contains the following:

Let, A5 = {babaan1b, babbaan1, baban1−ibaai, baabban1, baaban1−ibai, bababan1, bbaaban1, bbaaan1−ibai,

bbabaan1, abbaban1, abbaan1−ibai, ababban1, abbbaan1 | 1 ≤ i ≤ n1−1}. We can observe that each

element of A5 is rich.

• When we divide w in six non-empty blocks, then BR(w) contains the following:

Let, A6 = {bababan1, babaan1−ibai, babbaan1, baabban1, bbaaban1, abbaban1 | 1 ≤ i ≤ n1−1}. We

can observe that each element of A6 is rich.

• When we divide w in seven non-empty blocks, then BR(w) contains the following:

Let, A7 = {bababan1}. Clearly, bababan1 is rich. Thus, each element of A7 is rich. Also, as

bababan1 is rich, w = an1babab is rich.

Therefore, as BR(w) = {w} ∪ A2 ∪ A3 ∪ A4 ∪A5 ∪ A6 ∪ A7, each element of BR(w) is rich.

In a similar fashion one can also show that each element of BR(abababn1) is also rich.

We now have the following:

Proposition 4.16. Let w be a binary word with |w| > 7 and l(w) = 6. Then, all elements of BR(w) are

rich iff w ∈ {u, (uc)R | u ∈ T } where

T = {ab2aba2b, abab2a2b, ababa2b2, a2bab2ab, a2babab2, aba2b2ab, an1babab | n1 ≥ 3}.

Proof. Let w be a binary word with |w| > 7 and l(w) = 6 such that all elements of BR(w) are rich. Consider

w = an1bn2an3bn4an5bn6 to be the run-length encoding of w where ni ≥ 1 for all i. If n5 ≥ 3, then by

Theorem 3.1, bn6−1an5−1babn4+n2an3+n1 ∈ BR(w) is not rich. This implies, n5 ≤ 2. By Remark 4.10, we get,

n2 ≤ 2. We have the following cases:

• n5 = 2 : If n1 ≥ 2 or n3 ≥ 2, then by Theorem 3.1, bn6−1a2babn4+n2an3−1+n1 ∈ BR(w) is not rich

which is a contradiction. Thus, n1 = n3 = 1. Thus, in this case, we get, w = abn2abn4a2bn6 where

n2 ≤ 2. We have the following cases:

– n2 = 2 : Then, wR = bn6a2bn4ab2a. By Remark 4.10, all elements of BR(wR) are rich. Here,

n4 = n6 = 1, otherwise ab2aba2bn4−1+n6 ∈ BR(wR) is not rich. Thus, w = ab2aba2b.

– n2 = 1 : Then, w = ababn4a2bn6 . We have the following cases:

∗ n4 ≥ 2 : If n6 ≥ 2, then by Theorem 3.1, bn6a2babn4a ∈ BR(w) is not rich which is

a contradiction. Otherwise, n6 = 1 and w = ababn4a2b. If n4 ≥ 3, then by Theorem

3.1, bn4−1a2bab2a ∈ BR(w) is not rich which is a contradiction. Thus, n4 = 2 and w =

abab2a2b.

∗ n4 = 1 : If n6 ≥ 3, then by Theorem 3.1, bn6−1a2bab2a ∈ BR(w) is not rich which is a

contradiction. Thus, n6 ≤ 2. If n6 = 1, then |w| = 7, thus, n6 = 2 and w = ababa2b2.
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• n5 = 1 : Here, w = an1bn2an3bn4abn6 . We have the following cases:

– n1 ≥ 2 : If n3 ≥ 2, then by Theorem 3.1, an3bn4abn6an1bn2 ∈ BR(w) for n4 6= n6 (a
n3bn4abn6+n2an1 ∈

BR(w) for n4 = n6, respectively) is not rich which is a contradiction. So, n3 = 1 and

w = an1bn2abn4abn6 where n2 ≤ 2. We have the following cases:

∗ n2 = 2 : Now, wR = bn6abn4ab2an1 . By Remark 4.10, all elements of BR(wR) are rich. If

n4 ≥ 2 or n6 ≥ 2, then an1−1b2aba2bn4−1+n6 ∈ BR(wR) is not rich, a contradiction. Thus,

n4 = n6 = 1. We get, w = an1b2abab. If n1 ≥ 3, then by Theorem 3.1, ban1−1b2aba2 ∈

BR(w) is not rich which is a contradiction. Thus, n1 = 2 and w = a2b2abab.

∗ n2 = 1 : Then, w = an1babn4abn6 . We have the following cases:

· n4 ≥ 2 : If n6 ≥ 2, then by Theorem 3.1, bn6an1babn4a ∈ BR(w) is not rich which

is a contradiction. Otherwise, n6 = 1. Here, n1 = 2, otherwise, by Theorem 3.1,

ban1−1babn4a2 ∈ BR(w) is not rich. Thus, w = a2babn4ab. Also, n4 = 2, otherwise,

by Theorem 3.1, abbn4−2a2bab2 ∈ BR(w) is not rich. Thus, w = a2bab2ab.

· n4 = 1 : If n6 ≥ 4, then by Theorem 3.1, bn6−2an1babab2 ∈ BR(w) is not rich which

is a contradiction. Thus, w = an1bababn6 for 1 ≤ n6 ≤ 3. In this case, if n1 ≥ 4 and

2 ≤ n6 ≤ 3, then by Theorem 3.1, an1−2bababn6a2 ∈ BR(w) is not rich. We are left

with the words a2bababn6, a3bababn6 for n6 < 4 and an1babab for n1 ≥ 1. By Remark

4.15, one can conclude that if all elements of BR(w) are rich, then w is an1babab or

a2babab2 where n1 ≥ 3.

– n1 = 1 : Similar to the case n1 = 2, one can prove that if all elements of BR(w) are rich, then

w is of one of the following forms: ab2a2bab, aba2b2ab, aba2bab2, abababn6, where n6 ≥ 3.

The converse follows from Theorem 4.5 and Remark 4.15.

�

We now consider the case when the length of the run sequence of the word is 5.

Proposition 4.17. Let w be a binary word with |w| > 7 and l(w) = 5. Then, all elements of BR(w) are

rich iff w is an1ban3ban5 , abn2abn4a2, a2bn2abn4a, abn2a2bn4a where n2 + n4 = 4 for ni ≥ 1.

Proof. Let w be a binary word with |w| > 7 and l(w) = 5 such that all elements of BR(w) are rich. Consider

w = an1bn2an3bn4an5 to be the run-length encoding of w where ni ≥ 1 for all i. If n2 = n4 = 1, then by

Theorem 3.1, all elements of BR(w) are rich. Now, consider n2 + n4 ≥ 3. If n5 ≥ 3, then by Theorem 3.1,

an5−1babn4−1+n2an3+n1 ∈ BR(w) is not rich which is a contradiction. Thus, n5 ≤ 2. By Remark 4.10, we

get, n1 ≤ 2. We are left with the following cases:

• n5 = 2 : Then, w = an1bn2an3bn4a2 where n2 + n4 ≥ 3 and n1 ≤ 2. If n3 ≥ 2 or n1 = 2, then by

Theorem 3.1, a2babn4−1+n2an3−1+n1 ∈ BR(w) is not rich which is a contradiction. Thus, n3 = n1 = 1

and in this case, w = abn2abn4a2 where n2+n4 ≥ 3. As |w| > 7, we get, n2+n4 ≥ 4. If n2+n4 = 4,
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then by Theorem 4.5, all elements of BR(w) are rich. We now consider the case when n2 + n4 ≥ 5.

We have the following cases:

– n2 = i for 1 ≤ i ≤ 3: Then, n4 ≥ 5 − i and w = abiabn4a2. By Theorem 3.1, we get,

bn4−3+ia2bab2a ∈ BR(w) is not rich which is a contradiction.

– n2 ≥ 4 : Then, n4 ≥ 1 and w = abn2abn4a2. If n4 = 1, then bn2−2aba2b2a ∈ BR(w) is not

rich which is a contradiction. If n4 ≥ 2, then bn4a2babn2−1a ∈ BR(w) is not rich which is a

contradiction.

Hence, if n5 = 2 and all elements of BR(w) are rich, then w = abn2abn4a2 where n2 + n4 = 4.

• n5 = 1: If n1 = 2, then by Remark 4.10, we get from the case n5 = 2, if all elements of BR(w) are

rich, then w = a2bn2abn4a where n2 + n4 = 4. Otherwise, n1 = 1. Then, w = abn2an3bn4a where

n2 + n4 ≥ 3. We have the following cases:

– n3 ≥ 3 : If n2 = n4, then since n2 + n4 ≥ 3, we get both n2, n4 ≥ 2. By Theorem 3.1,

an3−1bn4aba2bn2−1 ∈ BR(w) is not rich which is a contradiction. Thus, n2 6= n4. By Theorem

3.1, an3−1bn4abn2a2 ∈ BR(w) is not rich which is a contradiction.

– n3 ≤ 2 : Then, w = abn2an3bn4a where n2 + n4 ≥ 3. As |w| > 7, we get, n2 + n4 ≥ 4. If

n2+n4 = 4, then by Theorem 4.5, all elements of BR(w) are rich. Thus, w = abn2an3bn4a where

n2 + n4 = 4. Now, we consider the case when n2 + n4 ≥ 5. We have the following cases:

∗ n2 = i for 1 ≤ i ≤ 3: Then, n4 ≥ 5 − i and w = abian3bn4a. By Theorem 3.1, we get,

bn4−3+iaba2b2a ∈ BR(w) for n3 = 2 ( bn4−3+ia2bab2 ∈ BR(w) for n3 = 1, respectively) is

not rich which is a contradiction.

∗ n2 ≥ 4 : Then, n4 ≥ 1 and w = abn2an3bn4a. If n4 = 1, then by Theorem 3.1,

bn2−2a2bab2a ∈ BR(w) for n3 = 2 ( bn2−2aba2b2 ∈ BR(w) for n3 = 1, respectively ) is not

rich which is a contradiction. Otherwise, n4 ≥ 2. By Theorem 3.1, bn4aba2bn2−1a ∈ BR(w)

for n3 = 2 ( bn4a2babn2−1 ∈ BR(w) for n3 = 1, respectively) is not rich which is a contra-

diction.

The converse follows from Theorems 3.1 and 4.5.

�

We consider the case when the length of the run sequence of the word is 4 and the length of the word is

greater than 7. We have the following result.

Proposition 4.18. Let w be a binary word with |w| > 7 and l(w) = 4. Then, all elements of BR(w) are

rich iff w is of the form abn2abn4 or an1ban3b or w ∈ S where

S =
{

an1bn2an3bn4 |(n2, n4), (n1, n3) ∈ {(3, 1), (2, 2), (1, 3)}
}

and ni ≥ 1.
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Proof. Let w be a binary word with l(w) = 4 such that all elements of BR(w) are rich. Consider w =

an1bn2an3bn4 to be the run-length encoding of w where ni ≥ 1 for all i. If n1 = n3 = 1 or n2 = n4 = 1, then

all elements of BR(w) are rich. Now, we consider the case n1 + n3 ≥ 3 and n2 + n4 ≥ 3. If n3 ≥ 4, then for

j 6= r and i+ j = n4, and r + s = n2, consider α = bian3−2bjabra1+n1bs ∈ BR(w). By Theorem 3.1, α is not

rich which is a contradiction. Thus, n3 ≤ 3. We have the following cases:

• n3 = 3 : Then, for j′ 6= r′ and i′+ j′ = n4, and r′ + s′ = n2, consider β = bi
′

a2bj
′

abr
′

an1bs
′

∈ BR(w).

If n1 ≥ 2, then by Theorem 3.1, β is not rich which is a contradiction. Thus, if n3 = 3, then n1 = 1.

• n3 = 2 : Then, for j′′ 6= n2 and i′′ + j′′ = n4, consider γ = bi
′′

a2bj
′′

abn2an1−1 ∈ BR(w). If n1 ≥ 3, γ

is not rich which is a contradiction. Thus, if n3 = 2, then n1 ≤ 2.

• n3 = 1 : Then, by Theorem 3.1, for n1 ≥ 4, an1−2bn2abn4a2 ∈ BR(w) is not rich when n2 6= n4 and

ban1−2bn2abn4−1a2 ∈ BR(w) is not rich when n2 = n4. Thus, if n3 = 1, then n1 ≤ 3.

Now, wR = bn4an3bn2an1 . Then from Remark 4.10, one can similarly deduce that n2 ≤ 3 and we also

conclude the following:

• If n2 = 3, then n4 = 1.

• If n2 = 2, then n4 ≤ 2.

• If n2 = 1, then n4 ≤ 3.

Hence, as |w| > 7, we get, w ∈ S where

S =
{

an1bn2an3bn4 |(n2, n4), (n1, n3) ∈ {(3, 1), (2, 2), (1, 3)}
}

for ni ≥ 1 and n1 + n2 + n3 + n4 > 7.

The converse follows from Theorems 3.1 and 4.5. �

We consider the case when the length of the run sequence of the word is 3 and the length of the word is

greater than 7. We need the following result.

Lemma 4.19. Let w = an1bn2a or abn2an1 where n1 ≥ 1 and n2 ∈ {3, 4}. Then, all elements of BR(w) are

rich.

Proof. We prove the result for w = an1bn2a. The proof for w = abn2an1 is similar. Let w = an1bn2a where

n1 ≥ 1 and n2 ∈ {3, 4}. Consider w′ ∈ BR(w). Then, one can observe that 2 ≤ l(w′) ≤ 6. If l(w′) ≤ 4, then

from Proposition 4.1, w′ is rich. We are left with the following cases:

• l(w′) = 5 : Then, w′ is either abi1ai2bi3ai4 or bj1abj2an1bj3 where i1 + i3 = n2, i2 + i4 = n1 and

j1 + j2 + j3 = n2. By Theorem 3.1, w′ is rich.

• l(w′) = 6 : Then, w′ = bk1abk2ak3bk4ak5 where k1+ k2 + k4 = n2 and k3 + k5 = n1. By Theorem 3.1,

w′ is rich.

�

We have the following:
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Proposition 4.20. Let w be a binary word with |w| > 7 and l(w) = 3. Then, all elements of BR(w) are

rich iff w is of one of the following forms:

• a2b4a2, abm2a, am1bam3 , am1b2am3 .

• abn2an3 , an1bn2a where n2 ∈ {3, 4} and n1, n3 ≥ 3.

where mi ≥ 1.

Proof. Let w be a binary word with l(w) = 3 such that all elements of BR(w) are rich. Consider w = an1bn2an3

to be the run-length encoding of w where ni ≥ 1 for all i. If n1 = n3 = 1 or n2 ∈ {1, 2}, then all elements of

BR(w) are rich. Here, w = abn2a or an1ban3 or an1b2an3 .

Now, we consider n1 + n3 ≥ 3 and n2 ≥ 3. Let n2 ≥ 5 and for j 6= r, i+ j = n3 and r + s = n1, consider

α = aib2ajbarbn2−3as ∈ BR(w). Since, b2ajbarb2 is not a palindrome, by Theorem 3.1, α is not rich which is

a contradiction. Thus, n2 ≤ 4. So, n2 ∈ {3, 4}. We have the following cases:

• n3 ≥ 3 : Then, consider β = an3−1bab2an1bn2−3 ∈ BR(w). If n1 ≥ 2, then by Theorem 3.1, a2bab2a2

is a palindrome, which is a contradiction. Thus, if n3 ≥ 3, then n1 = 1. Here, w = abn2an3 where

n2 ∈ {3, 4} and n3 ≥ 3.

• n3 = 2 : Then, consider β′ = a2babn2−1an1−1 ∈ BR(w). If n1 ≥ 3, then β′ is not rich. Thus, if

n3 = 2, then n1 ≤ 2. Thus, as |w| ≥ 8, w = a2b4a2.

• n3 = 1 : Then by Lemma 4.19, all elements of BR(w) are rich.

The converse follows from Theorems 3.1 and 4.5 and Lemma 4.19. �

We conclude the following from Propositions 4.11, 4.13, 4.16, 4.17, 4.18 and 4.20 for the binary words

with 3 ≤ l(w) ≤ 8.

Theorem 4.21. Let w be a binary word with |w| > 7. Then, all elements of BR(w) are rich for

(1) l(w) = 8 iff w = abababab

(2) l(w) = 7 iff w is ababab2a, abab2aba or ab2ababa

(3) l(w) = 6 iff w ∈ {u, (uc)R | u ∈ T } where

T = {ab2aba2b, abab2a2b, ababa2b2, a2bab2ab, a2babab2, aba2b2ab, an1babab | n1 ≥ 3}

(4) l(w) = 5 iff w is an1ban3ban5 , abn2abn4a2, a2bn2abn4a, abn2a2bn4a where n2 + n4 = 4

(5) l(w) = 4 iff w is abn2abn4 or an1ban3b or w ∈ S where

S =
{

an1bn2an3bn4 |(n2, n4), (n1, n3) ∈ {(3, 1), (2, 2), (1, 3)}
}

(6) l(w) = 3 iff w is of one of the following forms:

• a2b4a2, abn2a, an1ban3 , an1b2an3

• abn2an3 , an1bn2a where n2 ∈ {3, 4} and n1, n3 ≥ 3

where ni ≥ 1.
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5. Conclusions

In this paper, we have characterized words whose block reversal contains only rich words. We have found

necessary and sufficient conditions for a non-binary word such that all elements in its block reversal are rich.

For a binary word, we have showed that the result varies with the length of the run sequence of the word

and the structure of the word. In future, we would like to find an upper bound on the number of elements in

the block reversal of the binary word. It would also be interesting to study other combinatorial properties

such as counting primitive words, bordered and unbordered words in the block reversal set of a word.
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6. Appendix

Proof of the subcase n5 = 1 and n1 = 1 in Proposition 4.16:

Proof.

n1 = 1 : Then, w = abn2an3bn4abn6 where n2 ≤ 2. We have the following cases:

• n2 = 2 : Then, wR = bn6abn4an3b2a. If n4 ≥ 2 or n6 ≥ 2, then by Theorem 3.1, b2aban3+1bn4−1+n6 ∈

BR(wR) is not rich which is a contradiction. Thus, n4 = n6 = 1 and w = ab2an3bab. If n3 ≥ 3, then

by Theorem 3.1, an3−1bab3a2 ∈ BR(w) is not rich which is a contradiction. Thus, as |w| > 7, n3 = 2

and w = ab2a2bab.

• n2 = 1 : Then, w = aban3bn4abn6 . If n4 ≥ 2 and n6 ≥ 2, then by Theorem 3.1, for n3 ≥ 2,

bn6aban3bn4a ∈ BR(w) and for n3 = 1, bn6a2babn4 ∈ BR(w) are not rich which is a contradiction.

Then, we have the following cases:

– n4 ≥ 2 and n6 = 1 : Then by Theorem 3.1, for n3 ≥ 3, ban3−1bn4aba2 ∈ BR(w) is not rich

which is a contradiction. For n3 = 2, w = aba2bn4ab. If n4 ≥ 3, then by Theorem 3.1,

abbn4−2aba2b2 ∈ BR(w) is not rich which is a contradiction. Thus, n4 = 2 and w = aba2b2ab.

For n3 = 1, w = ababn4ab. Since, |w| > 7, n4 ≥ 3. Then, by Theorem 3.1, b2a2babn4−1 ∈ BR(w)

is not rich which is a contradiction.

– n6 ≥ 2 and n4 = 1 : Then, w = aban3babn6. Now, by Theorem 3.1, for n3 ≥ 3, an3−1babn6a2b ∈

BR(w) is not rich which is a contradiction. For n3 = 2, w = aba2babn6 . Then by Theorem

3.1, for n6 ≥ 3, bn6−1a2bab2a ∈ BR(w) is not rich which is a contradiction. Thus, n6 = 2 and

w = aba2bab2. For n3 = 1, w = abababn6.

– n4 = 1 and n6 = 1 : Then, w = aban3bab. Now, by Theorem 3.1, for n3 ≥ 3, an3−1bab2a2 ∈

BR(w) is not rich which is a contradiction. For n3 ≤ 2, |w| < 8. Hence, we omit this.
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