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RIDGELET TRANSFORM ON
SQUARE INTEGRABLE BOEHMIANS

RAJAKUMAR ROOPKUMAR

ABSTRACT. The ridgelet transform is extended to the space of square
integrable Boehmians. It is proved that the extended ridgelet transform
Z is consistent with the classical ridgelet transform R, linear, one-to-one,
onto and both %, %1 are continuous with respect to §-convergence as
well as A-convergence.

1. Introduction

Motivated by the concept of Boehme’s regular operators [1], the theory of
Boehmians is developed in the literature. Roughly speaking, Boehmians are
convolution quotients f,/d, of sequences, with (d,) converges to the Dirac
distribution. After the work [6] of P. Mikusiriski, various Boehmian spaces
have been defined and also various integral transforms have been extended on
them. See [4, 5, 7,9, 11, 12, 13, 16].

Now we recall the ridgelet transform which is introduced in [2, 15]. Let
Z?(R) denote the space of all complex valued Lebesgue measurable functions
1 on the set R of all real numbers with [ [¢(z)]* dz < oo, £?(R?) denote
the space of all complex valued Lebesgue measurable functions f on the set R?
with

11 = ([ reoPax) " < oo

and Z?(Y) denote the space of all complex valued Lebesgue measurable func-
tions F on Y = R* x R x [0, 2n] with

1
2
17 = ( [ 1FnoPa) <.
where du = dp(a, b, 0) = % db4l.
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For a wavelet 1 € Z%(R) and (a,b,0) € Y, we define
Yanbo(x) = a"29((x - € —b)/a), ¥x € R,
Definition 1. The ridgelet transform of f € .#?(R?) is defined by

(BA)(@b,0) = [ Fovaa()dx, Ha,b6) € V.
R2
It is known that R : £?(R?) — £?(Y) with the inversion formula

(1) F(x) = /Y (RF)(a, b, 0)tbap6(x) dpt, Vx € R?

and it satisfies the Parsevel’s identity 71l = RSl holds (see [15]).
For f € £?(R?) and ¢ € 2(R?), we define the usual convolution f * ¢ by

/ f(x—y)o(y)dy, Vx € R?.

2. Boehmian spaces

Boehmians are introduced as quotients of sequences to generalize the dis-
tributions. In this section, we briefly recall the construction of an abstract
Boehmian space and we construct the Boehmian space

By (L2(Y), (2(R?), %), %, A)

which is required to extend the ridgelet transform.

Using the notations as in [8], we let I be a topological vector space, (S, )
be a commutative semi group, and x : I' x § — I’ is satisfying the following
properties:

(1) (f+g)x¢=(fxd)+(gx¢), Vf,geT and Vo € 5,
(2) (af)*xdp=a(fx¢), VaeC,Vf el and Vo € S,
(3) fx(pxvp)=(fxg)x9,Vf €T and Vo, 1) € S,
(4) If f, > fasn—ooinT and ¢ € S, then f,x¢p — f*d asn — oo in
L,
and a collection A of all sequences (4,,) from S, satisfying the following condi-
tions:
(A1) If (0p), (€n) € A, then (6, *€,) € A
(A2): If f, —» fasn — oo inT and (d,) € A, then f,xd§, — fasn — o0
in T

Every member of Z = (T, (S, *),x,A) is of the form [g—:], where f, €

I, YneN, (§,) € A and
fn*x6m = fm x0n, Ym,n € N.
Two Boehmians [f;—n], [§*] in # are said to be equal if

fn* Gm = gm * On, Ym,n € N.
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The space I' is identified as a subset of & by the identification f — [%],
where (d,,) € A is arbitrary.

Addition, scalar multiplication and the operation * in the context of % are
defined as follows:

fol [ [9n] 2 [Fo*bnt g0 %
On én On * ¢p ’

o[B]-[+]
On on |’

£l . [faxo
Rt

There are two notions of convergences on Boehmian spaces defined as follows:

Definition 2 (d-convergence). (z,) is said to d-converge to z, denoted by
2, > x, if there exists (6;) € A such that 2, 6, € I, Yn,k € N, z %0}, €
I', Vk € N and for each k € N, x,, x0p, — x*xd asn — oo in I

Definition 3 (A-convergence). (x,) is said to A-converge to x, denoted by
T, S x, if there exists (6,) € A such that (x, —x) *xd, € I, Vn € N and
(xn —2) %6, = 0asn —ooinT.

The following lemma gives a necessary and sufficient condition for d-conver-
gence, which is stated and proved in [6].

Lemma 1. (z,) %2 asn— oo in B if and only if there exist fr 1, fr €T
and (¢r) € A such that x, = [f;:], x = [%] and for each k, funr — fi as
n — oo in L.

The ZP-Boehmians are constructed in [3] for p > 1. So just we state the
definition of the square integrable Boehmians. The space

By = B(L*(R?),(D(R?), ), ¥, A)
of square integrable Boehmians is defined by taking the topological vector space
T as .Z?(R?), commutative semigroup (S, x) as (Z(R?), ), where 2(R?) is the
Schwartz testing function space consisting of smooth complex valued functions

on R? with compact supports, * is the usual convolution of functions on R?
defined by

(F+0)60 = [ x=y)o(y)dy,

* as the same usual convolution and A as the collection of all sequences (dy,)
from 2(R?) satisfying the following properties:
(1) Jge 0n(x)dx =1 for all n in the set N of all natural numbers;
(2) Jpe |0n(x)|dx < M, ¥n € N for some M > 0;
(3) Given € > 0 there exists m € N such that supp d,, C B(0;¢), Vn > m,
where B(0;¢) = {x € R? : |x| < €} and |x]| is the Euclidean norm of x
in R2.
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To construct the Boehmian space %, = ZB(L%(Y), (2(R?),*),x,A), we
shall prove the following auxiliary results.

Definition 4. Let F € £*(Y) and ¢ € 2(R?). For (a,b,0) € Y, we define

(F % ¢)(a,b,0) = F(a,b—x- €Y, 0)p(x) dx.
R2

Lemma 2. If F € £%(Y) and ¢ € 2(R?), then ||F % ¢||| < C || F||| for some
C >0 and hence Fx ¢ € L*(Y).

Proof. If ¢ is identically zero, then F'x¢ = 0 and hence, in this case, the lemma
follows. Assume that ¢ # 0. If dv = |¢(z)|dx and C = [p. [¢(z)|dz, then %” is
a probability measure on R2. Therefore

2
I1F = o]1? < /(/ |F<a,b—x-ei",o>|~|¢<x>|dx) d

2
= /Cz< |F(a,bx~ei0,0)|dy> du
Y R2 C

(by using Jensen’s inequality [14, p. 62])

< /02 |F(a,b—x-ei‘9,9)|2@ du
Y RQ C

:C/ |F(a7b—x~ei9,9)‘2-\gb(x)|dxd,u
Y JR?

= C/ / |F(a,b—x- eie,@)‘2 du |p(x)| dx
r2 Jy
(by using Fubini’s theorem [14, p. 164])
= C*|| F|I*.
Hence the lemma follows. O

Lemma 3. If F}, Fy € Z?(Y), ¢ € 2(R?) and a € C, then
(1) (F1+F2)*¢:F1*¢—|—FQ*¢.
(2) (aF)x ¢ = a(F x ).

The proof of the lemma follows from the linearity of the integral operator
Jz2-
Lemma 4. If F € £%(Y) and ¢1, 2 € D(R?), then Fx(¢1xp2) = (Fxey)*po.
Proof. For (a,b,0) € Y,

(P (0n 5 020 ) = [ Flab=x-c"0) [ or(x=y)oa(y) dy dx

= / ¢2(y)/ F(a,b—x- ei0,0)¢1(x —y)dxdy
R2 R2
(by using Fubini’s theorem)
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— [ ) [ Flab(ary) " 0)r(a) dudy
R2 R2
(by putting z =x —y)
— [ a)F o @by e 0)dy
R

= ((F'x ¢1) * ¢2)(a,b,0). O
Lemma 5. If (F,) converges to F in £*(Y) and ¢ € 2(R?), then F, x ¢ —
Fx¢ asn — oo in L%(Y).
Proof. We have ||F,, — F||| — 0 as n — oo. In view of Lemma 2, and by using
Lemma 3(1), we get

1P ¢ — Fx ol = [[(Fn — F) x 8|l < C || Fr — Fl

for some C' > 0. Hence the lemma follows. d

Lemma 6. If F € £*(Y) and (6,) € A, then Fx6, — F asn — oo in
Z2(Y).

Proof. Let € > 0 be given. Since the space C.(Y) of all complex valued con-
tinuous functions on Y with compact supports is dense in .#?(Y), there exits
G € C.(Y) such that

. € €
@ IF =Gl <min {57 £}

where M > 0 is as in property (2) for the delta sequence (d,) (see Section 2).
We note that

B)  MExbn = Fll < (F = G)xon I + | GH0n =Gl + | G = F -

In view of Lemma 2, we have

2
I =6l < IF =G I [ 1b,lax) <2 |- G|

Therefore
€ _ ¢

4 F-G)xé,|| <M = —.

@ I~ G)xball < Mo =
Next, let K71, K2 and K3 be compact subsets of [0, 27], R and RT respectively,
such that supp G C K7 x Ko x K3.

Let K = K; x (K3 + [-1,1]) x K3 and C be such that [, du < C < 4oo0.
Since G is uniformly continuous on Y, we choose 0 < r < 1 such that if
(al, bl, 91), (ag, bg, 92) €Y with |(a1, b17 91) — (ag, bg, 92)| <r,
then
(5) |G(a1,b1,01) — G(az,be, 02)] <

€

3MVC'
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where M is as in the property (2) of (6,) and |(a1,b1,601) — (az,bs,82)| is the
Euclidean norm of (ay,by,01) — (az, bz, 02) in R3.

Let my € N such that supp 6, C B (0;7), VYn > my. For n > my, we get

e xs =< [ ([ 165 x-e0) ~ Glabonselix) dn

If dv,, = |6,(x)| dx, then it is a positive finite measure on R? and hence ‘fyﬁ

is a probability measure on R?, where 0, = [5, |6, (x)| dx. Therefore the last
integral is equal to

9 dz/n

IA

03/ |G(a,b—x-€" 0) — G(a,b,0)]
y JR?

n

(by using Jensen’s inequality)

M/ / Gla,b—x-¢?,0) — Gla,b,0)[2 - |0n(x)| dxd.
B(0; 7’)
(since supp 6, € B(0;r), n > my and o, < M, Vn € N)

Since supp G(a,b,0) C K; x Ko x K3 and x € B(0;r) (with 0 < r <
1), supp G(a,b — x - € #) c K. Therefore the last integral is equal to
M [, fB(O'T) |G(a,b —x-¢? 0) — G(a,b,0)|? - |6,(x)| dxdpu. Next we observe
that |(a,b—x-€? 0) — (a,b,0)| < r. Therefore, by using the inequality (5), the
last integral is dominated by

S e

Using (2), (4), and the estimate of |||G % d,, — G||| in (3), it follows that |||F %
dn, — F||| < € when n > my. Hence the lemma follows. O

IN

Lemma 7. If F,, — F asn — oo in £?(Y) and (8,) € A, then F,, x5, — F
asn — oo.

Proof. We note that ||| Fj, x 6, — F||| < |||Fn* 05 — F %6, |+ ||| F* 6, — F ||| . By
Lemma 6, |||F' %6, — F||| — 0 as n — co. Now by Lemma 2 and the property
(2) of (6n), |(Fn = F) % Snll| < M || F = F[| — 0 as n — oo. O

3. Extended ridgelet transform
Lemma 8. If f € £*(R?) and ¢ € D(R?), then R(f * ¢) = (Rf) * ¢.
Proof. For (a,b,0) € Y,

R(F+0)(@.0) = [ abutx- e =b)/a)(f + 6)(x) dx
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:/Rza S((x - €9 —b)/a) / F(x —y)b(y) dy dx
- / o) / AR ¢ = ) fa) f(x — y) dxdy

(by using Fubini’s theorem)
- / o(y) / o ((z +y) - ¢ — b)/a) [ (z) dzdy
RQ RQ
- / o(y) / a (2 e — (b—y - €9))/a) f(z) dzdy
RQ RQ

= [ o0 RN @ b=y 0)dy
= ((RS) 0)(a.b,0). 0

Definition 5. The extended ridgelet transform ZX of a Boehmian X = [5f—"] €
2, is defined as [%] € Bs.

Lemma 9. The extended ridgelet transform is well defined.

Proof. Let X = [{2] € %;. Then we have fy % 6 = fu * 6n, Ym,n € N,
Applying the ridgelet transform on both sides and using the Lemma 8, we get
(Rfpn) * 0 = (Rfm) * 0, Ym,n € N. Therefore 1%” represents a Boehmian
in By. If % is another representative of X, then we have f, % ¢, = gm *
On, Ym,n € N. Again applying the ridgelet transform and using Lemma 8, we
get that (Rf,) * ¢m = (Rgm) * 6, ¥Ym,n € N. This shows that % and ng
represent the same Boehmian in 4. Hence the lemma follows.

Lemma 10. The ridgelet transform on %1 is consistent with the classical
ridgelet transform on £?(R).
Proof. Let f € #?(R). Then the Boehmian representing f in % is [f*‘s"] It is

clear that %’[f*‘s | = [R(f*‘S )] = [Rf*5 |, which is the Boehmian representing
the Rf in As. Hence the lemma follows. O

Theorem 1. The extended ridgelet transform X : B, — PBs is a linear map.

Proof. Let X = [(J;—Z], Y =[§*] € %1 and a € C. By using the linearity of the
ridgelet transform R on .#?(R?) and by Lemma 8, we get

%(X+Y):<@[

_ R(fn * ¢n) + R(gn * 0n) _ (Rfn) *x ¢n + (Rgn) * 6n
B Op * bn B On * On

_ | Rfn Rgn|
_[5 ]+[¢n]_%x+%y
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Theorem 2. The extended ridgelet transform % : B1 — PBo is an one-to-one
map.

Proof. Let X = [{2], Y = [#2] € . If #X = AY, then we have [22] =

[£92]. This implies that (Rf,)*¢m = (Rgm)*0n, ¥m,n € N. Using Lemma 8,
we have R(f, * ¢m) = R(gm * 6n), Ym,n € N. Since the classical ridgelet
transform R : .Z?(R?) — £?(Y) is one-to-one, we have f, * ¢, = gm * Op,

Vm,n € N. Thus we have proved that X =Y. Hence the lemma follows. ([

Theorem 3. The extended ridgelet transform X : 81 — PBs is an onto map.

Proof. Let H = [§2] € #,. Then F, € Z*(Y) for all n € N. Using the

28
inversion formula (1) of the classical ridgelet transform, if f, = R™!'F, then
we have

fulx) = /Y Fo(a,b, 0)tha.0(x) dp, ¥x € B2,

Using Lemma 8, we have for all m,n € N, f,, ¥0,, = (R71F,) %6, = R~Y(F,, x
Om) = R™YE,*6,) = (R71F,,) %6, = fu %6, Therefore [f;—z] € %,. It is easy
to verify that %[fg—:] = H. Hence the lemma follows. O

In view of proof of the above lemma, one can get the inversion formula
for the extended ridgelet transform, and the inverse of the extended ridgelet
transform is obtained as

-1
Ran} € A for every Y = [?"} € PBs.
Theorem 4. If X € %,,Y € %, and ¢ € Z(R?), then

(1) Z(X x ¢) =ZX * ¢ and

(2) Z7HY % ¢) = Z7LY * ¢.

ZY = {

Proof. Let X = [g—:] Then by using Lemma 8 we get, Z(X * ¢) = L%’[fg—:“b] =
() = [Bef) =[] w6 = #X x 9.

Let Y = [%] By replacing Rf by F and by applying B! on both sides
of the identity R(f * ¢) = Rf x ¢ in Lemma 8, we obtain that R™1F % ¢ =
R YFx¢), VF € L*(Y), V¢ € 2(R?). Therefore

Fn*¢] B |:R_1(Fn*¢):| B [R_anmﬁ]
(725"1 - (?b"l B ¢n

= [R;F”] xp=R""Y x¢.

RIY xp) =" [

O

Theorem 5. The extended ridgelet transform Z : %1 — P2 and its inverse
are continuous with respect to the §-convergence.
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Proof. Let X, 2. X asn — oo in B,. Then by Lemma 2.4 of [6], there exists
Tnks [ € L%(R?) and (6;) € A such that X, [f" 2, X = [f—)’:] and for each
keN,

frne — fr a8 n— o0 in Zz(Rz).
Since the classical ridgelet transform is continuous we have

Rfpi — Rfi as n— oo in L2(Y).

Since ZX,, = [Rf"’“] HX = [Rf’“] we get ZX, 2 BX asn — o0 in Bo.

Let Y, % Yasn — ooin ZB>. Then there exist F, 1, Fi, € Z2(Y) and
(0r) € A such that V,, = [ "kk],Y = [F—:] and for each k € N,

Fox — Fy as n — oo in Z2(Y).
Since the inverse ridgelet transform is continuous on Z?(Y) we have

Rlen’k — R7'F, as n — o0 in 32(R2).

Since%ilYn:[R_;f"'k},% ly = [Bfe Fk] we get Z-1Y, > #'Y asn — oo

in ,@1. [l

Theorem 6. The extended ridgelet transform Z : %1 — B> and its inverse
are continuous with respect to the A-convergence.

Proof. Let X,, 2 Xasn—ooin 2. Then by definition there exists (J,,) € A
such that (X,, — X) %6, € Z%(R?), Vn € N and (X,, — X) %6, — 0 as
n — oo in £?(R?). This means that there exist g, € £?(R?) such that
(X —X)*6, = [g"é—";f"'],Vn € Nand g, — 0 as n — 0 in £%(R?).

Since the ridgelet transform R : £?(R?) — £?(Y) is continuous, Rg, — 0
asn — 0 in Z?(Y). Using Theorem 4, we get (Z X, —ZX)*0, = B(Xn—X)x
On = R((Xp — X)  0,) = R[ 2220 ] = [RU2200)] — [H9220u] vy € N. Therefore

k Ok
it follows that ZX,, A #X asn — oo in ABo. Hence Z is continuous with
respect to the A-convergence.

If Y, 2 Y as n — oo in %. Then there exist (6n) € A and G, € L%(Y)
such that (Y, = Y) x ¢, = [L‘b"] Vn € Nand G,, — 0 as n — oo in Z%(Y).
Since R71 : £2(Y) — XQ(RQ) is continuous, R™1G,, — 0 as n — co. Again
by using Theorem 4, we get (Z~1Y,, — ,%”1}/) * oy = B Y, = Y) * b =

— — -G, G, xdk
B (Yo = V) % ) = B[ Gaztn] = (B Garbu)) (RG] Ty we
have proved that Z~! is continuous with respect to the A-convergence. O

Finally we observe that the space % is properly larger than #?(R?). In
deed, the example of a Boehmian not representing any distribution given in [6]
can be modified to get a member of %; \ £%(R?).
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