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RIEMANNIAN FLAG MANIFOLDS
WITH HOMOGENEOUS GEODESICS

DMITRI ALEKSEEVSKY AND ANDREAS ARVANITOYEORGOS

ABSTRACT. A geodesic in a Riemannian homogeneous manifold (M = G/K, g)
is called a homogeneous geodesic if it is an orbit of a one-parameter subgroup
of the Lie group G. We investigate G-invariant metrics with homogeneous
geodesics (i.e., such that all geodesics are homogeneous) when M = G/K is a
flag manifold, that is, an adjoint orbit of a compact semisimple Lie group G.
We use an important invariant of a flag manifold M = G/ K, its T-root system,
to give a simple necessary condition that M admits a non-standard G-invariant
metric with homogeneous geodesics. Hence, the problem reduces substantially
to the study of a short list of prospective flag manifolds. A common feature of
these spaces is that their isotropy representation has two irreducible compo-
nents. We prove that among all flag manifolds M = G/ K of a simple Lie group
G, only the manifold Com(R?!*+2) = SO(2¢ 4 1)/U(¥) of complex structures
in R?*2 and the complex projective space CP%~1 = Sp(£)/U(1) - Sp(£ — 1)
admit a non-naturally reductive invariant metric with homogeneous geodesics.
In all other cases the only G-invariant metric with homogeneous geodesics is
the metric which is homothetic to the standard metric (i.e., the metric associ-
ated to the negative of the Killing form of the Lie algebra g of G). According
to F. Podesta and G.Thorbergsson (2003), these manifolds are the only non-
Hermitian symmetric flag manifolds with coisotropic action of the stabilizer.

1. INTRODUCTION

A Riemannian manifold (M, g) is called homogeneous if it admits a transitive
connected Lie group G of isometries. Then M can be viewed as a coset space G/K
with a G-invariant metric, where K is the isotropy subgroup of some point in M.
A geodesic y(t) through the origin o = eK is called a homogeneous geodesic if it is
an orbit of a one-parameter subgroup of G, i.e.,

(1) V(t) = (exptX) - o,

where X is a non-zero vector in the Lie algebra g of G. Homogeneous geodesics were

originally studied quite a long time ago by several authors such as R. Hermann,

B. Kostant, and E.B. Vinberg to name a few. In particular, in [Kosl] and [Vin] a

simple algebraic condition was found so that the orbit (1) is a geodesic.
Homogeneous geodesics in a Lie group were studied by V.V. Kajzer in [Kaj|

where he proved that a Lie group G with a left-invariant metric has at least one
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homogeneous geodesic through the identity. In [Sz|] J. Szenthe proved that if a com-
pact connected and semisimple Lie group has rank greater than 1, then for every
left-invariant metric there are infinitely many homogeneous geodesics through the
identity element. In [Ma] R. A. Marinosci investigated the set of all homogeneous
geodesics in a 3-dimensional Lie group. A generalization of Kajzer’s result was
obtained by O. Kowalski and J. Szenthe ([Ko-Sz|]) who proved that every Riemann-
ian homogenous manifold admits at least one homogeneous geodesic through each
point.

Besides their mathematical significance, homogeneous geodesics have important
applications in mechanics. The equation of motion of many systems of classical
mechanics reduces to the geodesic equation in an appropriate Riemannian mani-
fold M. Homogeneous geodesics of M correspond to “relative equilibriums” of the
corresponding system (see V.I. Arnold [Arn]). There is a vast literature in mechan-
ics devoted to the investigation of relative equilibria (e.g., [Ga-Hu-Wi] and relevant
references).

Riemannian homogeneous spaces of special importance are spaces where all
geodesics are homogeneous. In fact these spaces are examples of a wider impor-
tant class of Riemmanian manifolds, the D’Atri spaces, where each local geodesic
symmetry preserves the Riemannian volume element (cf. [Ko-Pr-Val).

Riemannian homogeneous spaces with all geodesics homogeneous are also known
as g.o. spaces (from “geodesic orbit”). The terminology was introduced by O.
Kowalski and L. Vanhecke in [Ko-Val], who initiated a systematic study of such
spaces. Examples of such spaces are the symmetric spaces, the weakly symmetric
spaces and the naturally reductive spaces. Weakly symmetric spaces are Riemann-
ian manifolds (M, g) such that for any two points p, g € M there exists an isometry
which interchanges p and q. Naturally reductive spaces are Riemannian manifolds
(M, g) whose metric g is induced by an Ad%-invariant non-degenerate symmetric
bilinear form on the Lie algebra g of some transitive group G of isometries. The
class of g.o. spaces is larger than the naturally reductive spaces. In fact, A. Kaplan
([Ka]) gave the first example of a g.o. space which is not naturally reductive. Since
then, there was a lot of research on homogeneous spaces where all geodesics are
homogeneous. In [Ko-Va], O. Kowalski and L. Vanhecke classified all g.o. spaces
in dimension < 6. In [Go|, C. Gordon reduced the classification of g.o. spaces M
to three special cases: (a) M is a nilmanifold (i.e., a nilpotent Lie group with left-
invariant Riemannian metric), (b) M is compact, and (c¢) M admits a transitive
non-compact semisimple Lie group of isometries. She described g.o. spaces for case
(a). Another approach for the description of g.o. spaces was proposed by O. Kowal-
ski, S. Z. Nikéevié¢ and Z. Vlasek [Ko-Ni] and [Ko-Ni-V], as well as by Z. Dusek
[Dui] and [Du2]. Recently, Z. Dusek, O. Kowalski and S. Z. Nikéevié ([Du-Ko-Ni])
gave examples of g.o. spaces in dimension 7 whose full groups of isometries are not
semisimple. Finally, H. Tamaru ([Tal]) classified homogeneous g.o. spaces which
are fibered over irreducible symmetric spaces.

The general problem of classification of compact homogeneous Riemannian man-
ifolds (M = G/K, g) with homogeneous geodesics remains open.

The aim of this paper is to give a complete classification of Riemannian flag man-
ifolds with homogeneous geodesics (i.e., such that all geodesics are homogeneous).
Recall that a flag manifold is an adjoint orbit M = Adg w = G/K (w € Lie(Q)) of

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RIEMANNIAN FLAG MANIFOLDS WITH HOMOGENEOUS GEODESICS 3771

a compact semisimple Lie group G, and a flag manifold equipped with an invariant
Riemannian metric is called a Riemannian flag manifold.

Let M = G/K be a flag manifold. If the group G acts effectively on M, it has
no center and is a direct product

G=G x - xGy

of simple factors. Moreover, if g is an invariant metric on M, then the Riemannian
flag manifold (M = G/K,g) is a Riemannian direct product

M:G/KZGl/K1 X -~'><Gk/Kk.

of Riemannian flag manifolds (M; = G;/K;, ¢;) = g|m,, where K; = K N G;.

The manifold (M, ¢g) has homogeneous geodesics if and only if each factor (M;, g;)
has homogeneous geodesics. This reduces the problem of the description of G-
invariant metrics with homogeneous geodesics on a flag manifold M = G/K to the
case when the group G is simple.

Flag manifolds M = G/K of a simple Lie group G can be classified in terms of
their painted Dynkin diagrams (cf. Section 3). In particular, for the exceptional
Lie groups Ga, Fy, Eg, E7, and Eg there are 3, 11, 16, 31, and 40 non-equivalent
flag manifolds, respectively. An important invariant of a flag manifold M = G/K
is the system of T-roots Rp. It is defined as the restriction of the root system R of
the corresponding Lie algebra g to the center t of the (stability) subalgebra ¢ of K.
We define the notion of a connected T-root system as follows: The T-root system is
called connected if any two T-roots can be connected by a chain of T-roots whose
sum or difference is also a T-root. We prove the following (cf. Theorem 7):

Theorem 1. If the set of T-roots of a flag manifold M = G/K is connected,
then the only invariant metric with homogeneous geodesics on M 1is the metric
homothetic to the standard metric of M.

We describe flag manifolds of a simple Lie group with a non-connected system of
T-roots. It turns out (cf. Propositions 9 and 10) that there are three infinite series
of such flag manifolds of a classical Lie group (namely the spaces B(¢{ — m,m) =
SO(20+1)/U(X —m)-SO2m+1), C(¢ —m,m) = Sp(£)/U —m) - Sp(m), and
D({—m,m) =S0(20)/U({ —m)-SO(2m)) and 10 flag manifolds of an exceptional
Lie group. Note that B(¢£ —m, m) (respectively D(¢ —m,m)) can be identified with
the manifold of CR structures of codimension 2m + 1 (respectively 2m) in R2¢+!
(respectively R?*). A posteriori, we get the following characterization of these flag
manifolds.

Let G be a compact simple Lie group, R the root system of the corresponding
complex Lie algebra g€ with respect to a Cartan subalgebra h® and II C R be a
system of simple roots. For each simple root o € Il we associate a flag manifold
M, = G/K, where K, is the compact subgroup of G associated with the complex
subalgebra £, of g€, generated by h* and the root vectors {Ejs : 8 € I1\ {a}}.

Theorem II. Let M = G/K be a flag manifold of a simple Lie group G with
T-root system Rp. Then the following conditions are equivalent:

1) Rr is not connected,

2) Ry = {£&, £2£} for some linear form £ € t*,

3) the isotropy representation of K has two irreducible components,

4) the flag manifold M is associated with a simple root o with Dynkin mark
2, i.e., M =M, =G/K,.

(
(
(
(
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A simple root « € II defines a gradation
0“=> g 891 Cgits

of the complex Lie algebra g€ defined by the conditions
degh® =0, degEg =0, forall 3 €Il\ a, degE, = 1.

The even and odd parts of a gradation determine a symmetric decomposition
0% = Gev + Godd = Z g2 t Z 92i+1

of the Lie algebra g® and hence a compact symmetric space G/Ge,. The flag
manifold M, = G/K, is fibered over the corresponding compact symmetric space
G /G, with fiber Gep/K,. If the Dynkin mark of « is 2, the fiber is isotropy
irreducible and any invariant metric on M, (up to a scaling) is obtained from the
standard metric g; by scaling its vertical part by A > 0. We denote this metric by
gx-

In [Ta] H. Tamaru classified all such metrics which have homogeneous geodesics,
for any homogeneous Riemannian manifold which is fibered over an irreducible sym-
metric space. His classification shows that the only flag manifolds M, which admit
a non-standard metric gy, A # 1 with homogeneous geodesics are the manifolds
B(£,0) = SO(2¢+1)/U(£) and C(1,£ — 1) = Sp(¢)/U(1) - Sp(¢ — 1). The classifi-
cation by D.N. Akhiezer and E.B. Vinberg [Ak-Vin] of compact weakly symmetric
spaces shows that they are weakly symmetric. Furthermore, a result by A.L. On-
ishchik [On| allows us to determine the full isometry group of any invariant metric
gx on these manifolds, hence the following final result.

Theorem III. The only flag manifolds M = G/K of a simple Lie group G which
admit an invariant metric with homogeneous geodesics, not homothetic to the stan-
dard metric, are the manifolds B(¢,0) = Com(R%*+2) = SO(2¢ +1)/U(¥)) of com-
plex structures in R?>*2 and the complex projective space C(1,£ —1) = CP?~2 =
Sp(€)/U(1)-Sp(¢—1). These manifolds admit a one-parameter family g, A > 0 of
invariant metrics (up to a scaling). All these metrics have homogeneous geodesics
and are weakly symmetric. The metric g is the standard metric. It has the full
connected isometry group SO(2¢+ 2) (respectively SU(2¢ — 1)) and is the standard
metric of the symmetric space Com(R?**2) = SO(2¢ + 2)/U (£ + 1) (respectively
CP?=% = SU(2¢ — 1)/U(2¢ — 2)). All the other metrics gx, A\ # 1 have the full
connected isometry group SO(20+ 1) (respectively Sp(£)). In particular, the corre-
sponding spaces are not naturally reductive as Riemannian manifolds.

Note that for ¢ = 2 we obtain Sp(2)/U(1) - Sp(1) = SO(5)/U(2), which is the
6-dimensional not naturally reductive g.o. space of O. Kowalski and L. Vanhecke
[Ko-Va.

We also remark that the flag manifolds of Theorem III appear in a recent work
of F. Podesta and G. Thorbergsson ([Po-Th]) as the only non-Hermitian symmetric
flag manifolds M = G/K such that the action of K on M is coisotropic.

The paper is organized as follows: In Section 2 we give an algebraic necessary
and sufficient condition for a homogeneous Riemannian manifold to have homo-
geneous geodesics. In Section 3 we summarize various facts about flag manifolds
(Lie-theoretic description, T-roots, isotropy representation, invariant metrics, and
painted Dynkin diagrams). We give the complete list of flag manifolds G/K of a
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simple Lie group G and describe G-invariant metrics in terms of T-roots. In Sec-
tion 4 we prove that a flag manifold with a non-standard metric with homogeneous
geodesics has a non-connected T-root system. In Sections 5 and 6 we classify all
flag manifolds M = G/K of a simple Lie group G with a non-connected T-root
system. We determine which of these manifolds have non-standard metrics with
homogeneous geodesics in Section 7, by using Tamaru’s results.

2. HOMOGENEOUS GEODESICS IN RIEMANNIAN HOMOGENEOUS SPACES

A Riemannian manifold (M, g) is called homogeneous if it admits a transitive
connected Lie group G of isometries. Such a manifold may be identified with the
coset space G/K, where K is the isotropy subgroup of a point o = eK € M. We
assume that G is semisimple and compact and that it acts effectively on G/K.
If Adg : G — Aut(g) is the adjoint representation of G on g, let ¢ be an Adg-
invariant scalar product on g, and m = £+ be the orthogonal complement to £ with
respect to ¢. Then g = € ® m is a reductive decomposition of g, that is, [¢, m] C m.
We also identify m with the tangent space T,(G/K) at the point o = eK. Then the
isotropy representation of K is identified with the restriction Adg/|,, of the adjoint
representation of K on g to m.

A G-invariant metric g on M = G/K corresponds to an Adg-invariant scalar
product (, Yy onm = T, M, and conversely any Adg-invariant scalar product (, ) on
m determines a G-invariant metric g on M = G/K. The metric g is called normal if
the scalar product (, ) on m is the restriction of an Adg-invariant non-degenerate
symmetric bilinear form (, ) on g. If (, ) = —B (B = the Killing form on g),
then the metric g is called standard. Any Adg-invariant scalar product ( , ) on m
can be written as (z,y) = (Az,y) (x,y € m), where A is an Adg-invariant positive
definite symmetric operator on m. Conversely, any such operator A determines
an Adg-invariant scalar product (-,-) = (A-,-) on m, which defines a G-invariant
Riemannian metric g on M. We will say that A is the operator associated with the
metric g, or simply the associated operator. If G is simple, then any normal metric
on G/K is proportional to the standard metric; hence it corresponds to the scalar
operator A = cIdy (¢ > 0).

A Riemannian homogeneous manifold (M = G/ K, g) is called naturally reductive
if there exists a reductive decomposition g = & @ m such that for any X € m
the operator Ax € End(m) defined by Ax(Y) = [X,Y]n is skew-symmetric with
respect to ( , ) (here Z, is the m-component of a vector Z € g = ¢ @ m). In
this case the metric g is called G-naturally reductive. It is well known that natural
reductivity is equivalent to the geometrical property that for each vector u € m,
the orbit v(t) = (exptu)o is a geodesic. The metric g of a Riemannian manifold
(M, g) is called naturally reductive if M admits a transitive group of isometries G
such that g is a G-naturally reductive G-invariant metric on M = G/K. Clearly a
normal metric is naturally reductive.

A result of Kostant (see also [Bel, p. 196], [DA-Zil p. 4]) states that (M = G/K, g)
is naturally reductive if and only if there exists a transitive subgroup G’ C G with
Lie algebra g’ = m + [m,m] (an ideal in g), such that (M = G'/K’,g) is normal
(here K’ = K N G’). Notice that if G is a compact simple Lie group, then any
G-naturally reductive metric on M = G/K is proportional to the standard metric.

In the following proposition we give equivalent algebraic conditions so that an
orbit v(t) = (exptu)o (u € g) through the point 0 € G/K is a geodesic. Conditions
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(3) and (4) were originally established by B. Kostant [KosI] and E. B. Vinberg [Vinl,
and reformulated by O. Kowalski and L. Vanhecke [Ko-Va]. Our contribution is
condition (2), which will be of special importance in our work.

Proposition 1. Let (M = G/K, g) be a homogeneous Riemannian manifold and A
be the associated operator. Let a € € and x € m. Then the following are equivalent:
(1) the orbit v(t) = expt(a+ ) - o of the one-parameter subgroup expt(a + x)
through the point o = eK is a geodesic of M ;
(2) la+z, Az] € &;
(3) (la,2],y) = (2, [z, ylm) for all y € m;
(4) {[a+ z,ylm,z) =0 for all y € m.

Proof. We show that (1) is equivalent to (2). For each u € g, let L,, € End(m) be
the Nomizu operator defined by

(2) 2(Lu,y) = ([u, @, y) = (Ums [, Ylm) = (2, [0, Ylm)

for all z,y € m. If u € g, then Kostant and Vinberg have shown that L,u, =

—Vu,u*, where u* is the fundamental vector field associated to u, i.e., u* =

4 (exptu - 0)|t=0. Hence if u = a+x (a € &, 2 € m), then the orbit v(t) = (exptu)o

is a geodesic through o if and only if
V&(O)f'y(t)h:o = —Lyuy = Layzx =0.
Equation (2) reduces to
0= (la,z],y) — (=, [z,ylm) = B(Ala, z],y) — B(Az, [z, y|m)
— B(A(ad, ©),y) — B(Az,ad, y) = B(A(ad, 7,y)) + B(ad, (Az), y)

for all y € m. By the Adk-invariance of the operator A (i.e., [ad,, A] = 0 for all
a € t) the last equality is equivalent to ad, Az + ad, Az € &, or [a + z, Az] € &,
which completes the proof. The equivalence of (1) and (3) was established through
the proof of (1) < (2). Finally, the equivalence of (3) and (4) is obtained by the
the following computation:

0= <[a + x’y}mvx> = <[a7y}mvx> + ([x,y]m,x>
= —([y,a},x) + ([x,y]m,x> = _<y7 [a,x]} + <[$7y]m’$>'
U

Definition. A Riemannian homogeneous manifold (M = G/K,g) has homoge-
neous geodesics if each geodesic of M is homogeneous, i.e., an orbit of a one-
parameter group of isometries {(exptX)o : X € g}.

An immediate important corollary of Proposition 1 is the following.

Corollary 2. Let (M = G/K,g) be a homogeneous Riemannian manifold. Then
M has homogeneous geodesics if and only if for every x € m there exists an a(x) € ¢
such that

(3) [a(z) + z, Az] € &
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3. FLAG MANIFOLDS

A description of flag manifolds in terms of painted Dynkin diagrams. A
homogeneous manifold M = G/K of a compact semisimple Lie group G is called a
flag manifold if it is isomorphic to an adjoint orbit of the group G. Equivalently,
the isotropy subgroup K is the centralizer of a torus in G.

Next we give the Lie-theoretic description of flag manifolds in terms of their
painted Dynkin diagrams (see also [A-Pl, [A], [B-F-R], [Gor-On-Vinl).

We assume that G is simple without center with Lie algebra g. Let

¢“=0"e ) CE,

aER

be the root space decomposition of the complexification g€ of g with respect to a
Cartan subalgebra b€ of g€. Here R C (h)* is the root system of g&, and E, are
the root vectors. We identify the dual space (h€)* with h* via the Killing form B
of g®.

Let IT = {ay,...,o;} be a system of simple roots of R. For any subsystem
IIx C II we denote by

RK:{ﬁERZﬁ: Z kzal}

a; €Il

the closed subsystem of roots spanned by Iy, and by

1) =t =" Y CEy
BERK

the associated reductive subalgebra of g€. Let K be the connected subgroup of
G generated by the subalgebra ¢ = ¢€© Ng. Then the homogeneous manifold M =
G/K is a flag manifold, and any flag manifold is of such a form. We denote by
Ry = R\ Rk the set complementary to the roots Ri. Then

g% = €€ + m® where m® = Z CE,
aERM

is a reductive decomposition of g€. The root vectors {Es € go : 3 € Ry} form a
basis of the space m®, which is naturally identified with the complexified tangent
space (TM)C of the flag manifold M. The reductive decomposition of the compact
Lie algebra g is given by

g=t+m where m=m®nyg.

Let I' = I'(II) be the Dynkin diagram of the simple root system II. By painting
nodes of T' corresponding to IT\ I in black, we obtain the painted Dynkin diagram
of M = G/K. In this diagram the system Il is determined as the subdiagram of
white roots.

Definition. Two G-manifolds M = G/K and M' = G/K’ are called equivalent if
there exists an automorphism « € Aut(G) such that a(K) = K'.

Such an automorphism defines a diffeomorphism & : M — M’ given by &(gK) =
a(g)K', which satisfies &(gx) = a(g)a(z) forallg € G, x € M. If ¢’ is a G-invariant
metric on M’, then g = &*(¢') is a G-invariant metric on M, and & : (M,g) —
(M, ¢’) is an isometry.
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Proposition 3 ([A]). Different painted connected Dynkin diagrams T and T'y (ex-
cept for the case of Dy) define equivalent flag manifolds G/K and G/K' if the
subdiagrams T and T} of white roots corresponding to Uk and Ik are isomor-
phic.

By using this procedure it is possible to give a complete list of all flag manifolds
G /K, where G is either a classical or an exceptional Lie group (up to isomorphism).
Flag manifolds of a classical Lie group.

A(n) = SU(n)/S(U(n1) ---U(ns)),

ﬁ:(nla"'ans)7 n=ny+---+ns ng>ng>--2>2ng>1,

B(0) = SO(20 + 1)U (4y) - - U(Ly) - SO(2m + 1),
C(f) = Sp(0)/U(tr) ---U(lx) - Sp(m),

D(l) = SO20)/U(t1) - U(ty) - SO2m),
E:(elv"'vgkvm)a €:£1++€k+m, El ZZ&C 217 kamZO

Flag manifolds of an exceptional Lie group. The subsequent list of flag mani-
folds G/ K determined by an exceptional Lie group G consists of 101 non-isomorphic
spaces and is to be read as follows. Let I'(II) be the Dynkin diagram of the simple
root system IT = {a1,...,q}. Then G(aq, ..., ax) means that ITx = {aq,...,axr},
which corresponds to the semisimple part ¢ of £, and the remaining [ — k nodes of
I'(IT) have been painted black, so that

E=u(l) @ du(l) B E,

with [ — k copies of u(1). The case where all nodes of I'(IT) have been painted black
corresponds to the manifold G/T of full flag, where T is a maximal torus in G.
For example, Eg(aq, as, oy, ag) corresponds to the painted Dynkin diagram

a1 (6%) a3 Q4 (671

[ [
1
O (g

or to the flag manifold Fg/SO(8)-U(1) - U(1).
The list of flag manifolds determined by an exceptional Lie group G is the fol-
lowing:

GQ(O), G2 (041), GQ(OCQ)

Fy(0), Fi(ou), Fa(on), Filas,au), Fa(ar,as), Fi(or, o), Fa(as,as),

Fy(o, a3, 04), Fa(ar,as,aq), Fi(os, as,oq), Fi(ar, az, as)

E6(0), Es(as), Es(as,as), Es(as,as), Eg(as, o, as), Eg(az, oy, as),

(
(
(
(

S|

6 a17a37a5)7E6(a27a37a47a5)7 EG(O{l,OZ3,0[4,C¥5), EG(O{l,OZQ,O[;L,aE,),

&y

6(Qa, au, a5, a6), Eg(, a3, aa, o), Eg(ou, aa, az, 0, as),

&

6 0417042,05370447046),E6(01,053,Oé47045,a6),E6(0<1,Q27044,0<5,Oé6)
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E7(0), Eq(os), Er(as,a6), Er(ou,as), Er(as, as,06), Er(as,as, o),

&

7 042,0[4,046),E7(Ol4,046,0[7), E7(O{3,0L4,0{5,0[6), E7(a2,a4,a5,a6),

=

7 CY4,0Z5,0(6,0Z7),E7(C¥2,0[3,0€5,0ZG), E7(C¥1,0[3,C¥5,0Z6), E7(OZ2,0[4,C¥6,0Z7),

&

7(a2, a3, a4, 1), E7(0n, as, au, a5, a6), Er(as, o, as, ag, or),

T &

7 042,0‘3;04470‘6,0‘7); E7(011,042,0é5,046,047),

=

7(an, ag, g, a6, a7), Er(on, oo, a3, 04, 07), Er(ar, g, a3, 04, a5, o),

&

(

(

(

(
(0, a3, 4, a5, a6), Br(an, ag, aq, as, a6), Er(az, aq, as, as, ar),

(

(
7(a2, a3, a4, a5, a6, a7), Er(ar,as, aq, a5, 06, 7), Er(ar, az, a4, as, ag, ar),
(

&

7 0417a2,06370457046,047), E7(041,Oé2,0<3,0447046,0<7), E7(0<1,OZ27C¥3,0447045,0<7)

&y

s(0), Es(ar), Es(ag,ar), Es(as,ar), Es(as,as,ar), Es(aa,as,ar),

&

s(as, a5, o7), Eg(ag, as, a6, a7), Eg(as,as, as, a7), Eg(as, as, ag, or),

&

s(ag, o4, 06, a7), Eg(o, a3, as, o7), Eg(on, az, o4, 08), Es(as, ay, as, a6, ar),

53|

glQ2, g, Oi5, OZG,O[7), E8(042a ag, a5, O, a7)7 Eg(a17 a3, a5, a67a7)7

&y

s(a1, a3, 04, ap, a7), Eg(ag, ag, o6, a7, ag), Eg(ag,as, as, a7, ag),
1

&

s(a1, g, a3, a4, ag), Eg(a, as, o4, a5, a6, a7), Eg(on, as, ou, s, as, o),

SIS

s(ag, a3, 0u, a6, a7, 08), Es(ai, az, a3, a4, a7, 08), Es(as, as, o, as, ag, ag),

&y

s(a1, a2, a5, a6, a7, 0g), Es(a1, ag, o, ag, a7, 0g), Es(ar, as, as, aq, as, ag),
1

&

s(ai, g, a3, a4, as, a6, ar), Eg(og, as, ag, as, as, az, ag),

&

sla, 3, Oy, 05, O, 07, O8), Es(al,042,044,0[5,046,@7,0[8),

& &

(
(
(
(
(
(
s(a1, o, ay, as, ag, ar), Es(aq, as, as, as, ag, ar), Es(ag, ay, as, ag, ar, ag),
(
(
(
(
(
(

gla, g, (3, 05, g, Ol7, aS)v ES(ala a2, 03,04, g, 0[7,0[8),

8 i1, (2, 3, Oy, (5, A7, (U8 7E8(0417a2a ag, Q4, s, 0467018)-

T-roots, isotropy representation and G-invariant metrics. Let M = G/K
be a flag manifold, and g, € be the Lie algebras of the groups G and K respectively.
Let h€ be a Cartan subalgebra of the complexification €€ of ¢, which is also a Cartan
subalgebra, of g€. Then we have the following Cartan decompositions:

gczhc@zgav Eczhc@zgaa mC: Zgav

a€ER aERK aER N
where R (respectively Ry ) is the root system of g* (respectively of £*) with respect
to hC.
We denote by h = h® N ik the real ad-diagonal subalgebra, and by

t=Z(t%) nib

the intersection of the center Z(£C) with ih. Then €€ = {C @ &'C, where ¥ is the
semisimple part of €C.

We consider the restriction map
k:bh" =t am ol
and set Ry = k(Ryy).
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Definition. The elements of Rt are called T-roots.

It is known ([Sie], [A-P]) that there exists a 1-1 correspondence between T-roots
¢ and irreducible submodules m¢ of the Adx-module m®, given by

Rr>§e—mg = Z o

r(a)=¢
Hence, a decomposition of the Adx-module m€ into irreducible submodules is given
by
C
(4) m- = Z me.
EERT

We remark that the complex conjugation 7 of g€ with respect to g interchanges
go and g_,, hence also m¢ and m_¢. Due to this, a decomposition of the real
Adg-module m = (m®)7 into irreducible submodules is given by

(5) m= Z (me+m_¢)7.

EERS

Here Rf: = k(R") is the set of all positive T-roots (i.e., the restriction of the
system R* of positive roots to t), 7 is the complex conjugation of g* with respect
to g, and n” denotes the set of fixed points of 7 in a vector subspace n C g©.
An explicit description of the set of T-roots is obtained as follows: we fix a basis
II={ay,...,am,¢1,...,0r} of the root system R such that I = {1,... o} is

a basis of the root system Ry, and we denote by my, 7, ..., T, the fundamental
weights associated to the simple roots ag, as, ..., qm,, i.e., linear forms defined by
2(7rj’ O‘i)

(ai,ai) :(S’L'j7 (W],QSZ) =0.
Here (-, ) is the restriction of the Killing form to h*.

The fundamental weights 7; (i = 1,...,m) form a basis of the space t* (isomor-
phic to t via the Killing form). So the T-root & = k(a) = «|¢ associated to a root
a € Ry, is given by

Now following M.M. Graev, we prove the following lemma about the lift of
relations between T-roots to R, which will be used in the next section.

Lemma 4 (M. M. Graev, unpublished). Let &, n, ¢ be T-roots such that {é+n+¢ = 0.
Then there exist roots o, 8,y € R with k() =&, k(8) =, k(v) = ¢, and such that
a+pB+vy=0.

Proof. Let II = {a1,...,am,d1,...,0x} be a basis of the root system R with
a; € Ry (1 = 1,...,m) and ¢; € Il (i = 1,...,k). We denote by a €
k= 1(€),8 € k71(n),y € k~1(¢) the roots which are the lowest weights of the £*-
modules m¢, m,, m¢ respectively, where £° is the semisimple part of the reductive
Lie algebra ¢C. Without loss of generality we may assume that the roots a, 3 are
positive and v is negative. Since k(a4 8+ ) = 0, we can write

atBHy==> kit
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where the coefficients k; are integers. Moreover, k; > 0 since —(a + 3+ 7) is a
dominant weight of £°. We can represent the positive root —vy as a sum of positive
roots as

—y=a+B+> ki

It is known [Bour, Ch. VI, paragraph 1.6] that we can rearrange the summand in
this formula in such a way so that, for any n = 1,2,3, ..., all successive summands
from the first term until the n-th term are roots. If

—y =) pibitaty qoi+B+ Y Tads

is such a reordering, we put
o =N "piditat+d a8 =07 =7+ reds

Then o', 3',~ is the desired triple of roots. O

4. HOMOGENEOUS GEODESICS IN RIEMANNIAN FLAG MANIFOLDS:
A NECESSARY CONDITION

Recall that a G-invariant Riemannian metric g on a homogeneous space M =
G/K of a compact group G with reductive decomposition g = ¢ + m is determined
by an Adg-invariant scalar product (-,-) = (A-,-) on m, where A is the associated
operator. We extend A to a complex linear operator A on mC.

Definition. A flag manifold M = G/K equipped with a G-invariant metric g is
called a Riemannian flag manifold.

If G/K is a Riemannian flag manifold, then by using decomposition (5) we can
express A as

(6) A= Z A 1] (e m o) -
EERS

We remark that ¢ are the eigenvalues of the operator A (positive constants),
and that the scalar operator A = cld,, corresponds to the standard metric on
M =G/K.

Let (M = G/K,g) be a Riemannian flag manifold with associated operator A
given by (6). We will give a necessary condition that all geodesics in M through
o = eK are homogeneous geodesics, in terms of the set of T-roots.

Proposition 5. Let (M = G/K,g) be a Riemannian flag manifold, A the asso-
ciated operator given by (6), and let {\¢ : £ € RL} be its eigenvalues. Assume
that all geodesics of (M, g) are homogeneous. Then if £, m are two T-roots with 7
different from ££ and £2§, and such that £ +n € Ry or { —n € Ry, then ¢ = Ay).

Proof. By Corollary 2, for each x € m there exists an @ = a(x) € ¢ such that
[a+ x, Az] € €. Assume that &, n are such that £ +n € Ry. Similarly this works if
& —ne Rr. Let

OFr=xc+r ¢t+aoytar_,emn(me+m_¢+m,+m_,)
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such that z¢,x, # 0. Since £ + 1 € Ry, then by Lemma 4, 0 # [z¢, z,)] € meyy.
Then condition (3) can be expressed as

[a+ e + T_¢ + @y + T, Ae(Te + 7—¢) + Ay(@y + 7))
= Ay = A)([we, a] + [1 g, 2] + [e, 2 + 2, 2])
mod(me +m, +m_¢ +m_, + ).
Since the first term in the second bracket is a non-zero element of m¢,,, and the
other terms belong to other Adg-submodules, it follows that A¢ = A,,. O

Proposition 5 motivates the following:

Definition. (1) Two T-roots &£,n € Ry are called adjacent if one of the following
occurs:
(i) If n is a multiple of &, then n # 2§ and £ # 2.
(ii) If n is not a multiple of &, then either € —n € Ry, or €+ 1 € Rr.
(2) Two T-roots &, n are called connected if there exists a chain of T-roots

5:51352;-"355:7’
such that &;, €11 are adjacent (i =1,...,s — 1).

We remark that ¢ and £¢ are connected, and if &, 2¢ are the only positive
T-roots, then these are not connected. We define the relation

&E~n & & n are connected.

One can check easily that this is an equivalence relation. Let R’ be the equivalence
classes consisting of mutually connected T-roots. Then the set Ry is decomposed
into a disjoint union
Rr=R'U---UR".
Definition. The set of T-roots Ry is called connected if r = 1.
The above decomposition of Ry induces the following decomposition for mC:
m(c:ml@...@mr’
where m? = Zfe i Me. As a consequence we obtain the following:
Proposition 6. Let (M = G/K, g) be a Riemannian flag manifold of a simple Lie
group, and {\¢ : £ € Rr} be the eigenvalues of the operator A associated with the
G-invariant metric g. If all geodesics of (M, g) are homogeneous, then

A=\, foralléneR (i=1,...,7).

In particular, the operator A is expressed as

(7) A= 1d| 0+ -+ N Id|

Proof. Let R = R'U---UR" be the decomposition of the set Ry, and let £, € R?
for some ¢ = 1,...,7. Then the result is immediate from Proposition 5. Expression
(7) for the operator A is obtained from (5) and (6). O

The above can be combined to the following important necessary condition:

Theorem 7. Let M = G/K be a flag manifold of a simple Lie group. If the
set of T-roots is connected, then the standard metric is the only (up to a scalar)
G-invariant metric of M with homogeneous geodesics.
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5. CLASSIFICATION OF FLAG MANIFOLDS OF A CLASSICAL LIE GROUP
WITH NON-CONNECTED SYSTEM OF T-ROOTS

Theorem 7 shows that if a flag manifold M = G/K of a simple Lie group G
admits a G-invariant metric with homogeneous geodesics which is not homothetic
to the standard metric, then the set Ry of T-roots is not connected. In this section
we describe all such manifolds of a classical Lie group G.

Let G/K be a flag manifold, where G is one of the classical Lie groups Ay, By, Cy
or Dy.

Case of A; = SU(n), n={+1. A flag manifold of the group A, has the form

A(n) = SU(n)/S(U(ny)---U(ng)).
We describe the associated set of T-roots Ry as follows (see [A-P], [A]).

Let € = {e1,..., €y} be the standard basis of R™. It is more convenient to pass to
dual indices of the vectors of the basis ¢, so that € = {e}, ... NS ..., 6%2, cee, €7,

.5 €yt Then the root system is given by
R={e —€} : i #j},
and ifwetakeRK:{foE? c1# 4,1 <a<s}, then
RM:{G?—G? ca#£bi#£ g}
We also have that
t={diag(e' ¢! --- ! 2 ... ef)
Zei =0, € appears n; times (1 <i < s)}.
Then the set of T-roots has the form
Rr={e"—¢€ :a,b=1,...,s},
which is a root system of type As_1. It is connected. Hence we get the following.

Proposition 8. The set of T-roots of the flag manifold A(n) = SU(n)/S(U(n1)
-+-U(nsg)) is connected. Hence any SU(n)-invariant metric on A(7) with homoge-
neous geodesics is homothetic to the standard metric.

Following [A-P] we now describe the root systems R, Rk for all flag manifolds
B(£),C(f), D(¢) of the classical groups B, = SO(2¢ + 1), C; = Sp(f), or Dy =
S0O(2¢) listed in Section 3.

Let € = {€%,7;} be an orthonormal basis of RY, wherea = 1,...,k, i =1,...,m,
and for a given a the index ¢ takes the values 1,...,¢,. Then we can describe the
root systems R, Rx as follows:

R={£e! £ 6?, e L€, £ef £y, m kT, Fpel, Tumpoi < ja < by,
Ri = {£(€} —€§), +m £ m;, tum;},

where ¢ = 1 in the case of By, = 2 for Cy, and p is absent for Dy.
Case of By. We choose

R}_(:{G?*E?, m; £ mj, m; 1 1 < j} so that
RL:RJF\R}'(:{G;-‘Jre?, 6?:&6?, e £m;, € i <j,a<b}.
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We note that t = {diag(e! e'--- €' € ...e2...éF...ek) . € appears £, times
(1 <a<k)}, so the set of positive T-roots is given by

R ={2" " +e e :a<b, ab=1,...,k}

If ¢, =--- = ¥¢; = 1, then the vectors 2¢* are absent, and R; is connected. This
corresponds to the space SO(2¢+ 1)/U(1)---U(1) - SO(2m + 1). If k = 1 and
f1 # 1, it takes the form R; = {2¢, €}, which is not connected. This corresponds
to the space B({ —m,m) = SO(20+1)/U(¢ —m) - SO(2m + 1). In all other cases
it is connected.

Case of C;. We choose

R?{ = {e} — €5, m kg, 2wy i < j} so that
Rfy ={e{ + ¢, e} £, e £, 26/ : i <j,a<b}
The set t is the same as in By, so we obtain that
R; = {2¢%, @ +e, € a<h, a,b=1,... k}.

If ¢4 =--- ={, = 1, then the vectors 2¢® are absent, and RJTr is connected. This
corresponds to the space Sp(20)/U(1)---U(1)-Sp(m). If k =1 and £; # 1, it takes
the form R} = {2¢, €}, which is not connected. This corresponds to the space
C(l—m,m)=Sp)/U({ —m)-Sp(m). In all other cases it is connected.
Case of D,. We choose
R} = {e! — €j, mi£m; 1 i<j},so that

R}, = {ef +¢5, e?:l:&?—, e £m; i <ja<b}
Similarly, it follows that

R} = {2¢, 4+ e a<h ab=1,...,k}.

If ¢4 = --- = {; = 1, then as before the vectors 2¢® are absent, and R; is
connected. This corresponds to the space SO(2¢)/U(1)---U(1) - SO(2m). If k =
1 and ¢; # 1, it takes the form RI = {2, ¢}, which is not connected. This
corresponds to the space D(¢ — m,m) = SO(2¢)/U({ — m) - SO(2m). In all other
cases it is connected. Hence we obtain:

Proposition 9. The only flag manifolds of the classical groups By, Cy, Dy with
non-connected system Ry of T-roots are

Bl —m,m)=S0O(20+1)/U({ —m)-SO(2m + 1),

C(t—m,m) = 5p(£)/U(L —m) - Sp(m),

D —m,m) = 50(2¢)/U({ —m) - SO(2m).
For these manifolds Ry = {£e, +2¢}.

6. CLASSIFICATION OF FLAG MANIFOLDS OF AN EXCEPTIONAL LIE GROUP
WITH NON-CONNECTED SYSTEM OF T-ROOTS

Now we determine all flag manifolds of an exceptional Lie group G with non-
connected system Rp. Since there are many cases and the examinations are straight-
forward and elementary, we will present the case of the group G2 in detail and con-
sider only a few cases for the other groups Fy4, Eg, E7, Fs. We need the following
description of the root systems R of exceptional complex Lie algebras g, which we
take from [Gor-On-Vin|. In the table is indicated the dimension of the exceptional
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Lie algebra, the set of simple roots II, the maximal root u, and a description of the
Weyl group W.

Type |dimg R II, w
Qi =€; —€i+1,1 < 8
E 248 T ag=¢p + €7 + €3 Aut R
= u
8 :t(&i—‘y-é‘j—‘ré‘k)
H=E1 — &9
Qi =E; —Eiy1,0 < 7
Ei —E&j
ar=¢c5 +¢e¢+e€7+e¢€
Er 133 it e +en+ e 7=E€5 6 7 8 Aut R
W=—€7 + €8
Q;=€; —€i+1,1 < 6
Bs | 78 Si &gy 2 + +Jlr +e [AutR=W x {1
ag=€c4s+¢e5+¢es+e =
6 Eite t+ente 272‘; 5TEs u x A=

1
041:5 (81—62—53—84)

i&‘i ié‘]’; iEi Qg =€4
F 52 1 I Aut R
* *(:tEl +teotest E4) 3 =&z — &4
2 g =E92 — €3
n=e1+e2
a1 =—¢€92
Go 14 €i — €5, Ee&s Qg =€3 — €3 Aut R
H=E1 — €3

The following notation is used. For Fy, ¢; (i=1,2,3,4) is an orthonormal basis
of the 4-dimensional Euclidean space R%.

For all other exceptional root systems of rank [, €1, ...,£;41 is the standard basis
of the Euclidean vector space R‘*! restricted to the hyperplane

+1
EZZ{O&:ZJ&L‘Q, ZZ‘ZZO}
=1

In particular,

l 1 L
RS (€z',5j)——l_|_—1a i #J.
For FEg, € is the vector with (g,e) = 1/2, orthogonal to all vectors ¢;.
Recall that every positive T-root is expressed as

(€is€4)

pria :=kiar + -+ kndun,

where a € Rf;, and a; = prya; = oy, (o € 1T\ Ig).
Case of G3. We fix an ordering so that the set of positive roots is

RY = {—(2e2 +¢e3), —(e2 + 2e3), 62 — €3, —(e2 + €3), —€2, —£3}.

The maximal root is u = —(e3 + 2e3) = 31 + 2ae, and any root « € R is expressed
as « = kjay + koaw, with |k1| < 3 and |k2| < 2. More specifically we have:

— (289 +€3) = 3a1 + ag, —(g2 + 2e3) = 31 + 209, £2 — €3 = g,
— (62 —|—53) =2a1 +as, —€2 =y, —€3 = Q1 + Qo.

(1) G2(0): In this case IIx = 0, so R = Ry. The set of positive T-roots coincides
with R*, which is connected. This corresponds to the space Gy /T2.
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(2) Ga(ay): Here g = {1}, and R}, = {—(2e2 + £3), —(e2 + 2¢3), 62 — €3,
—(ea +e3),—e3}. Hence t = Ry, so pry ag = ¢y = ag. Therefore, each projection
of @ € R}, on tis either &y or 2as, so Rf = {ag,2as}, which is not connected.
This corresponds to the space G5/U(2), with U(2) represented by the long root of
Gs.

(3) G2(az): Then Il = {as}, t = Rmy, and pr oy = ¢/m = @;. By evaluating
the projections of each a € R}, on t, we obtain that R} = {ay,2ay,3a; }, which is
connected. This corresponds to the space Go/U(2), with U(2) represented by the
short root of Gs.

Case of F4. We fix the set of positive roots to be

1
R+ = {81,62763,64751' iEj (’L < j), 5(51 +e9 teg i€4)}.

The maximal root is expressed in terms of simple roots as y = €1 +¢e3 = 201 +4as+
3ag + 2ay, and any root a € R is expressed as a = kyaq + koao + ksas + kqay,
with k1| < 2, |ka| < 4, k3] < 3, |ka] < 2. We denote such an expression by
o = (ki, ko, k3, k4); hence each positive root is given as follows (see also [Fr-dV]
Appendix Tables B and E]):

e1=1(2,3,2,1), e2 =(0,1,1,1), e3 =1(0,1,1,0), &4 = (0,1,0,0),

e1—e3=1(2,2,1,0), e1 —e3=(2,2,1,1), &1 —e4=(2,2,2,1), &3 —e3 = (0,0,0,1),
g —e4 =(0,0,1,1), e3 —e4=(0,0,1,0), 1 +e2=(2,4,3,2), 1 +e3 = (2,4,3,1),
e1+e4=1(2,4,2,1), ea+e3=(0,2,2,1), ea +e4=(0,2,1,1), e3+¢e4 = (0,2,1,0),

1 1
5(51 +€2 +€3 +€4) = (1a35271)a 5(51 +€2 +53 _54) = (17272a1)7

1 1
5(51 +eg—e3+eq)=(1,2,1,1), 5(61 —e&y+ez+eq)=(1,2,1,0),
1 1
5(51 +eg—e3—eq)=(1,1,1,1), 5(61 —&y+e3—eq) = (1,1,1,0),

1 1
5(51 —eg—e3+¢e4)=(1,1,0,0), 5(51 —e9—e3—¢e4)=(1,0,0,0),

2 = (1,2,3,2,1,2).

(1) F4(0): The set of positive T-roots coincides with R*, which is connected.
This corresponds to the case Fy/ T4,

(2) Fy(ag,as,aq): Then t = Ry and prya = kyay for each o € RJJ(/[ (recall that
proa = 0 if & € Ri). We obtain that R = {a1,2a;}, which is not connected.
This corresponds to the space Fy/SO(7)-U(1).

(3) Fy(aq,az,a3): Then t = Rmy and prya = ksay. It follows that R:ﬁ =
{Qu4,2a4}, which is not connected. This corresponds to the space Fy/Sp(3) - U(1).

(4) Fy(a, az): Here t = spang(ms, m4) and pr, a = ksas+ksay for each o € RL.
We obtain the system of positive T-roots R% = {2a3 + a4, a3 + ag, a3z, ay, 303 +
2ay,3a; + ay}, which is connected.

(5) Fy(ar,as,04): Here t = Ry and prya = koas. We obtain that R; =
{Q2,2a4, 30, 4@}, which is connected.

In all other cases the set of T-roots is also connected.

Case of Eg. We fix the set of positive roots to be

Rt ={ei—¢j (i<j),2e,6;+ej+er+e(i<j<k)}
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The maximal root is expressed as p = 26 = a1 + 2as + 3agz + 2a4 + a5 + 2a6. By
using the notation as in F); each positive root is given as follows:

1 — 2 = (1,0,0,0,0,0), &5 — 5 = (0,1,0,0,0,0), e3 — 4 = (0,0,1,0,0,0),
s —e5 = (0,0,0,1,0,0), &5 — 6 = (0,0,0,0,1,0), &1 — &3 = (1,1,0,0,0,0),
2 —eq = (0,1,1,0,0,0), &5 — 5 = (0,0,1,1,0,0), g4 — g6 = (0,0,0,1,1,0),
e1—es=(1,1,1,0,0,0), &1 —e5 = (1,1,1,1,0,0), &1 — e = (1,1,1,1,1,0),
g9 —e5 =(0,1,1,1,0,0), ea —eg = (0,1,1,1,1,0), e3 —eg = (0,0,1,1,1,0),

e1+es+tes+e=1(1,2,3,2,1,1), e +ea +e4+e=(1,2,2,2,1,1),
e1+eates+e=1(1,2,2,1,1,1), ey +e2 + 6+ =(1,2,2,1,0,1),
e1testest+e=(1,1,2,2,1,1), ey +ez3+es+e=(1,1,2,1,1,1),
e1+es+est+e=(1,1,2,1,0,1), e1 +es+e5+e=(1,1,1,1,1,1),
e1+es+es+e=(1,1,1,1,0,1), e + &5 + 6 + ¢ = (1,1,1,0,0,1),
eatez+tes+e=1(0,1,2,2,1,1), ea+e3+e5+e=1(0,1,2,1,1,1),
eot+esteg+e=1(0,1,2,1,0,1), ea+e4 +e5+e¢=(0,1,1,1,1,1),
eatestes+e=1(0,1,1,1,0,1), ea+e5 +e6 +c=(0,1,1,0,0,1),
e3tes+est+e=(0,01,1,1,1), e3+es+e6+e=(0,0,1,1,0,1),
es+es+eg+e=1(0,0,1,0,0,1), e4 +e5 + 26 +¢=(0,0,0,0,0,1).

(1) Eg(al,ag,a3,a4,a5) t = Rmg and prya = kgag for each a € R+ The set
of positive T-roots is RT = {&¢, 20}, which is not connected. This corresponds to
the space Eg/SU(6) - U(1).

(2) Eo(an, a3, aq,a5,06): t = Ry and pria = koda. The set of positive T-
roots is R; = {@2,2a5}, which is not connected. This corresponds to the space
Eg/SU(2)-SU(5)-U(1).

In all other cases the set of T-roots is connected. We show two cases:

(3) Es(as,aq,as5): t = spang(m, 72, mg) and prya = k1dq + kado + keag. We
obtain that R; = {5&1, Q9,1 + Qg, 1 + 20 + Qg, 01 + g + g, s + Qg, Og, O] +
2a 4 2}, which is connected.

(4) Eg(ay,an,aq,a5): t = spang (s, mg) and prya = ksag + kgdg. We obtain
that R; = {as, 3as + ag, 2a3 + ag, a3 + ag, @g }, which is connected.

Case of E;. We fix the set of positive roots to be

Rt ={e;—¢; (i<j<T),—(ci—es),—(ci+ejtex+e)(i<ji<k<I<T),
gitejteptes (1 <j<k)}

The maximal root is given as p = —e7+¢eg = a1 +2a9+3asz+4ay+3as + 206+ 207.

The set of T-roots is not connected only in the following cases :

(1) E7(aq, g, ag, a4, as, ag): We obtain that t = Ra7 and pra = kray. The set
of positive T-roots is R} = {@r, 2@z}, which is not connected. This corresponds to
the space E;/SU(T)-U(1).

(2) E7(aq, as, a4, as, g, a7): We have that t = Rmg and prya = koo, The set
of positive T-roots is R} = {@s, 2@s}, which is not connected. This corresponds to
the space E;/SU(2) - SO(10) - U(1).
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(3) Er(ay,an, a3, 04, as5,a7): Here t = Rmg and prya = kedig. We obtain that
R+ = {as, 26}, which is not connected. This corresponds to the space E7/SO(12)-
U(1).

Case of Eg. We fix the set of positive roots to be

R+={<€i—<€j (i<j)eit+ej+er (1<j<k<8),—(ei+¢j+e9) (1 <))}

The maximal root is expressed as u = €1 — €9 = 21 + 3as + 4as + bay + 6as +
dag + 207 + 3as.
The set of T-roots is not connected only in the following cases:

(1) Es(ag,as...,ag): Here t = Rm and prya = kja;. A computation gives
that RY. = {a1,2a;}, which is not connected. This corresponds to the space
Es/E7-U(1).

(2) Es(ai,...,a6,a8): Here t = Ry and prya = kya;. We obtain that RS =
{@7,2a7}, which is not connected. This corresponds to the space Eg/SO(14)-U(1).
Summarizing these results, we get the following.

Proposition 10. Let M = G/K be a flag manifold of an exceptional Lie group
G. If the T-root system Ry is not connected, then it has the form Ry = {££, £2¢}
and the manifold M is equivalent to one of the following flag manifolds:
a1 Qs
GQ(Oél) = GQ/U(2) o==6e
a1 (6% [0%:3 Q4
F‘4(0427 a3, 044) = F4/SO(7) . U(l) ° O—=—0—-0
(5] (6 %) Q3 Q4
o=>—0

Fi(an,az,a3) = Fy/Sp(3) - U(1)

Es(a1, a2, a3, a4,a5) = B /SU(6) - U(1) o

E¢(a1,as,aq,as,a6) = E/SU(2) - SU(5)-U(1) o . o—©o
o g
(5] (6 %) Q3 Q4 (671 Qg
E7(Ot170427043704470457046) = E7/SU(7) . U(l) O———O0——O0——O0——O0—O0
® Q7

Eq(a1, a2, a3, a4, a6, a7) = E7/SU(2) - SO(10) - U(1) o——e—o0— o—o
o ar

ap G2 Q3 Q4 05 Qg

E7(a1,a3,a4,a5,a5,a7) = E7/SO(12) . U(l) oO———O0——O0——O0———O0——@
o «uy

Es(oo, a3, aq, a5,06,a7,08)=Eg/E7 -U(l) o

Eg(al,az,ag,a4,a5,a5, Oég) = ES/SO(14) . U(l) O—O—O—O—?—O—.

Corollary 11. Let M = G/K be a flag manifold of a simple Lie group G . Then
the T-root system Ry is not connected if and only if it has the form Ry = {£§, £2£}
for some 1-form & on t or, equivalently, the isotropy representation of K has two
irreducible components.

We will give another characterization of the flag manifolds with non-connected
Ry, described above.
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According to Section 3, T-roots £ € Ry of a flag manifold M = G/K correspond
to irreducible K-submodules m¢ of the complexified tangent space (T, M )¢ =mC
of M. In particular, a flag manifold M = G/K with the T-root system of the form
Ry = {££, £2¢} defines a depth-two gradation

o =g o+g 1 +tgotor o (005 C iy

of the complexification g€ of the Lie algebra g with irreducible K-module m_j,
given by
go = €5, gi = mye, i = 1, £2.
Moreover, we have a 1-1 correspondence between such flag manifolds and depth-
two gradations with irreducible modules g;. Such gradations of a complex simple
Lie algebra g€ correspond to simple roots a of a simple root system II of the Lie
algebra g© (with respect to a Cartan subalgebra h©), with Dynkin mark 2 (cf.
[Gor-On-Vin]). Recall that the Dynkin marks n; (also known as “heights” of the
roots) are the coefficients (positive integers) of the decomposition of the maximal
root p with respect to the simple roots o; € I1: pp = > nv;.
The gradation associated to a simple root « is defined by the conditions

degh =deg Eg =0, for all g € II'\ {a}, deg E, = 1.

The associated flag manifold is M, = G/K,, where K, is the compact subgroup
of G which corresponds to the Lie subalgebra £© of g* generated by the Cartan
subalgebra hC and the root vectors Eg, 3 € 11\ {a}.

Therefore we obtain:

Corollary 12. The flag manifolds M = G/K of a simple Lie group G with non-
connected Rr are exactly the flag manifolds M, = G/K,, associated with a simple
root o with Dynkin mark 2.

7. FLAG MANIFOLDS WITH HOMOGENEOUS GEODESICS

In this section we describe flag manifolds M = G/Kwith non-connected T-root
system R, and which have non-standard metrics with homogeneous geodesics. By
Corollary 12 any such manifold M = M, is associated to a simple root « of the
complex Lie algebra g€ and defines a depth-two gradation

QC:9—2+9—1+90+91 + g2,

where go = £©, with irreducible K-module g_;.
The even and odd parts of this gradation determine a symmetric decomposition

0% = oo + Godd = (92 + g0 +02) + (g_1 +91)

of the Lie algebra g© . We denote by G/G., the corresponding compact symmetric
space, where G, is the compact subgroup of G which corresponds to the subalgebra
gev- Consider the natural fibration

WZMQZG/KHG/Gev

with fiber F' = G,,/K. Since F is an isotropy irreducible homogeneous space
(whose tangent space can be identified with n := gN(g_1 + g1)), any invariant
metric on M, is homothetic to the metric gy, which is obtained from the standard
metric g; by multiplying its m-vertical part gi|, by a positive constant .

In the paper [Ta], H. Tamaru classified all such metrics g, with homogeneous
geodesics on homogeneous manifolds G/K of a compact simple Lie group G which
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are fibered over a symmetric space G/H. Combining his classification with our
results we conclude that the only flag manifolds M = G/K of a simple Lie group
which admit non-standard metrics gy (A # 1) with homogeneous geodesics are the
manifolds B(¢,0) = SO(2¢0+ 1)/U(¢) and C(1,¢—1) = Sp(¢)/U(1) - Sp(£ — 1).

Also, in [On], A.L. Onishchik proved that the only compact connected enlarge-
nent of the transformation group SO(2¢+ 1) of B(¢,0) is SO(2¢ + 2), and the only
compact connected enlargement of the transformation group Sp(¢) of C(1,£—1) is
the group SU(2¢—1). In addition, B(¢,0) = SO(2¢+1)/U(¢) = SO(2(+2)/U(£+1)
and C(1,£—1) = Sp(£)/U(1) - Sp(£ — 1) = SU(2¢ — 1)/U(2¢ — 2). Due to this, the
manifold B(,0) is identified with the symmetric manifold Com(R%*2) of complex
structures in R?**2 and the manifold C(1,¢ — 1) is identified with the projec-
tive space CP?~2. The metric g; gives the standard symmetric metric on these
manifolds. Any other metric gy, A # 1 cannot be invariant under the extended
group. Therefore, the full connected groups of isometries of these spaces B(¢,0)
and C(1,¢ — 1) are SO(2¢ + 1) and Sp(¥), respectively. This proves Theorem III
stated in the introduction.
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