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0. Introduction

We will classify the homogeneous spaces M = G/K satisfying that (i) M are
fibered over irreducible symmetric spaces G/H, and (ii) certain G-invariant metrics on
G/K are g.o. with respect to G. Among them are many examples of weakly symmetric
spaces, which were described in [4], [25] and [5]. In fact we will obtain new examples
of weakly symmetric spaces. We will find very useful the theory of orbits of s-repre-
sentations ([10] and [21]), and the classification of real irreducible polar representations
([eD.

A connected Riemannian manifold is called g.o. (geodesic orbit) if every geodesic
is an orbit of a one-parameter subgroup of the isometry group. Every symmetric space
is g.o. A connected Riemannian manifold is called weakly symmetric if, for any two
points, there exists an isometry which interchanges them. Weakly symmetric spaces are
also g.o. ([2]).

To study these spaces (more generally, Riemannian homogeneous spaces), the
isotropy representations will play important roles. For example, W. Ziller character-
ized weakly symmetric spaces in terms of the isotropy representations, and provided
many examples ([25]).

The isotropy representations of semi-simple symmetric spaces are called s-repre-
sentations. One of their most interesting properties is the conjugacy of maximal abelian
subspaces (see Lemma 1.5). A representation of a compact Lie group, which has the
above property, is called polar (see below for exact definition). J. Dadok has investi-
gated them, and classified irreducible ones ([6]). It is natural to expect that there are
some relations between symmetric-like Riemannian manifolds and generalizations of
s-representations.

In [7] and [20], g.0. metrics on a compact fiber bundle

F:=H/K— M:=G/K — B:=G/H

have been investigated. A necessary and sufficient condition for certain metrics to be
g.0., can be expressed in terms of the Lie algebras. Actually, the assumption that G is
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compact is not necessary : if G is semi-simple and (G, H) is a symmetric pair, then
we can argue about this case in the same way. The aim of this paper is to classify the
Riemannian g.o. spaces fibered over irreducible symmetric spaces.

The classification will be accomplished in the following steps. Let (G*, H) be the
non-compact dual of a compact symmetric pair (G, H). A triple (G, H, K) satisfies
our condition if and only if (G*, H, K) also satisfies it (Theorem 3.2). Thus we can
assume G is compact. If a triple (G, H, K) satisfies our condition, then the restriction
of the isotropy representation of B = G/H to K, is irreducible and polar (Theorem
2.3). From the classification by J. Dadok, we can list all candidates for satisfying the
condition. The classification will be done case by case. To check each of them, we
have found very useful the restricted root systems and the orbit types of s-representa-
tions, which has been investigated in [10] and [21].

1. Preliminaries

Let (M := G/K,g) be a connected Riemannian homogeneous space, where G is
the full isometry group. Let T,M be the tangent space of M at the origin 0. The
natural action of K on T,M is called the isotropy representation of M.

Proposition 1.1. (M = G/K, g) is symmetric if and only if there exists x in K
such that x acts on T,M as —id.

There are interesting generalizations of symmetric spaces, which have been inves-
tigated by many authors (see [14] and [3] for surveys). We mention, here, two classes
of them.

One of them is a weakly symmetric space, which has been introduced by A. Sel-
berg [18]. His original definition is not the same as above, but equivalent to it ([4]).
Weakly symmetric spaces can be characterized in terms of the isotropy representations.

Proposition 1.2 ([251). (M = G/K,g) is weakly symmetric if and only if, for
any vector v in T,M, there exists x in K such that x - v = —v.

By Propositions 1.1 and 1.2, it is trivial that every symmetric space is weakly
symmetric.

Another generalization of a symmetric space is the class of g.o. spaces. A charac-
terization of g.o. spaces in terms of the isotropy representations is not known. But they
can be characterized in terms of the Lie algebras. Let G and K be the Lie algebras of
G and K respectively, and M be a K-invariant complement of X in G.

Proposition 1.3 ([15]). (M = G/K,g) is g.o. if and only if, for any vector v in
T,M, there exists X in K such that

g([X +v,Y)pm,v) =0 for every Y € M,
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where the subscript M denotes the M-component.

We can easily prove that every symmetric space is g.o. In fact, we have only to let
M be the (—1)-eigenspace of the involution, and put X := 0. It is known that every
weakly symmetric space is g.0. ([2]).

We obtain the following relations :

"{symmetric spaces} C {weakly symmetric spaces} C {g.o. spaces}.

It is known that each inclusion is strict.
We need the polar representations, which have been investigated by J. Dadok ([6]).
Let G be a compact Lie group with the Lie algebra G, and

p:G— O(V)
be a real representation preserving an inner product (, Jon V. Forv € V,
A, ={ueV|(u,G -v)=0}

is called a cross-section at v. Each cross-section meets every G-orbit ([6]). When G - v
is of maximal possible dimension, .4, is said to be minimal.

DEFINITION 1.4. A representation ¢ is called polar if a minimal cross-section
A, intersects every G-orbit orthogonally (i.e., (G - u, A,) = 0 for every u € A,).

A representation ¢ is polar if and only if every minimal cross-section is conjugate

([6).
Lemma 1.5. Every s-representation is polar.

Proof. A minimal cross-section of an s-representation is the maximal abelian sub-
space. Since every maximal abelian subspace is conjugate, we conclude the lemma. []

Theorem 1.6 ([6]). Every real irreducible polar representation, which is not triv-
ial, is equivalent to one of the following.
(i) A representation by which the group acts on the unit sphere transitively.
(ii) The isotropy representation of a compact irreducible symmetric space of rank > 2,
or the restriction to the semi-simple part of this isotropy subgroup.
(iii) The actions of G x SO(2) on R” ® R%, Spin(7) x SO(2) on R® ® R?, and
Spin(7) x SO(3) on R® @ R3, where G4 acts on R7 ‘irreduciblly, and Spin(7) acts on
R® by the spin representation.
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2. G.o. metrics on fiber bundles (compact case)

In this section we recall the results in [7] and [20], and mention the relation be-
tween g.0. spaces and polar representations.

We call (G, H, K) a triple, for short, if G is a connected semi-simple Lie group,
H and K are compact subgroups, G O H DO K, and with dimG > dim H > dim K.
A triple is associated with the fiber bundle

F:=H/K —M:=G/K— B:=G/H.

Using the Killing form, we define a two-parameter family of Riemannian metrics on
M, which depends on H. Let G, H and K be the Lie algebras of G, H and K
respectively. We denote by « the Killing form of G, which is non-degenerate. Taking
the orthogonal complements with respect to x, we obtain

G=HOMp=K& Mprp&d Mgp.

The tangent space of M = G/K at the origin can be identified with M := Mp&Mp.
In this section we consider the case G is compact (i.e. x is negatve definite). For
any a,b > 0,

Jab = =0 K [ MpxMp —b K | MpxMmp
is a K-invariant inner product on M, and thus it defines the GG-invariant Riemannian
metric on M (we denote the metric by the same symbol). We say that the metric g
is G-g.o. or g.o. with respect to G, if every geodesic is the orbit of a one-parameter
subgroup of G.

Proposition 2.1 ([7]). The metric g, is G-g.0. for every a,b > 0 if and only if,
for every vp € My and vg € Mp, there exists X € K such that

[X,vr] =0 and [X + vF,vp] = 0.

We remark that the metric g, o is always g.o. and that if g, is G-g.o. for some
a # b, then it holds true for every a,b > 0.

Proposition 2.2 ([20]). If the metric g, is G-g.o. for every a,b > 0, then
(1) each H-irreducible component in Mg is K-irreducible, and
(ii) for every v in Mp, the connected component of K-orbit K(v) coincides with that
of an H-orbit H(v).

A part of our aim (the compact case) is to classify triples (G, H, K) satisfying the
following condition.
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CoNDITION I. (G, H) is a compact effective irreducible symmetric pair and the
metric g, 5 on M is G-g.o. for any a,b > 0.

We have only to consider the triples of the Lie algebras, since Proposition 2.1
implies that Condition I depends only on the locally isomorphism classes. The next
theorem is very useful for the classification.

Theorem 2.3. If a triple (G, H, K) satisfies Condition 1, then the representation
of K on Mg is irreducible and polar.

Proof. The isotropy representation of B = G/H is irreducible and polar by
Lemma 1.5. We want to investigate its restriction to K. The irreducibility follows
from Proposition 2.2. Let

Al = {ue Mp | (u,H-v) =0}

be the minimal cross-section at a regular v € M g with respect to the action of H. By
the definition of polar representations,

(H - u, AT = 0 for every u € AH.
We obtain K - v = H - v by Proposition 2.2, and thus
AT = AX = {ue Mp | (u,K - v) = 0}.
Now we conclude that
(K - u, AK) = 0 for every u € AK,

and the representation of K on Mg is polar. |

3. G.o. metrics on fiber bundles (non-compact case)

Let us consider triples (G, H, K) in the sense of Section 2.. In this section we
assume that GG is of non-compact type (i.e. each simple factor is non-compact), and
H is maximal compact. Under these assumptions, the Killing form s of G is positive
definite on M g and negative definite on Mg. Thus, for any a,b > 0,

Gap = —A- K 'MFXMF +b- K |MBXMB

is a K-invariant inner product on M, and it also denotes the GG-invariant Riemannian
metric.
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Proposition 3.1. The metric g, 3 is G-g.0. for every a,b > 0 if and only if, for
every vp in Mg and vg in Mp, there exists X in K such that

[X,vr] =0 and [X + vp,vg] = 0.

Proof. The proof is almost the same as that of Proposition 2.1 (see [7]). A vector
X +vp+vp is a geodesic vector (i.e., the orbit of the one-parameter subgroup generated
by X + vr + vp is a geodesic) with respect to g, if and only if

+b

[X,vr] =0 and [X,vg] = a lvr,vB].

U

We remark that, if g, is G-g.o. for some a,b > 0, then it holds true for every
a,b>0.

CoNDITION 1I. (G, H) is a non-compact effective irreducible symmetric pair and
the metric g, on M is G-g.o. for any a,b > 0.

For the classification of triples which satisfy Condition II, it is sufficient to consider
triples satisfying Condition 1. Let (G, H) be a compact irreducible symmetric pair, and
(G*, H) be its non-compact dual.

Theorem 3.2. A triple (G, H, K) satisfies Condition I if and only if (G*,H, K)
satisfies Condition I1.

Proof. It is obvious from Propositions 2.1 and 3.1. ]

Furthermore, weakly symmetricity holds by the above duality. Since weakly sym-
metric spaces can be characterized in terms of the isotropy representations (Proposition
1.2), and the isotropy representations of G/K and G*/K are equivalent.

4. The classification

In this section, we will classify the triples (G, H, K) which satisfy Condition I
and II. By the duality (Theorem 3.2), it is sufficient to investigate 1. Furthermore, it is
enough to list triples of Lie algebras, since I and II are characterized in terms of the
Lie algebras. We state the classification theorem.

Theorem 4.1. A triple (G, H, K) satisfies Condition I if and only if the triple of
Lie algebras is one of the Table 1.
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L[ g | H K l
(1.1) || so(2n +1) so(2n) u(n) n>2
(1.2) || so(dn +1) so(4n) su(2n) n>1
(1.3) 30(8) s0(7) go
(1.4) 30(9) 50(8) s0(7)
(1.5) || su(n+1) u(n) su(n) n>2
(1.6) || su(2n+1) u(2n) u(1) & sp(n) n>2
(1.7) || su(2n+1) u(2n) sp(n) n>2
(1.8) || sp(n+1) sp(1) & sp(n) u(1) @ sp(n) n>1
(1.9) || sp(n+1) sp(1) @ sp(n) sp(n) n>1
(2.1) || su(2r+n) | su(r)®su(r+n)dR | su(r)Psu(r+n) |r>2,n>1
(2.2) || so(4r +2) u(2r +1) su(2r + 1) r>2
(2.3) €6 R @ 50(10) s0(10)
(3.1) 50(9) 50(7) ® s0(2) g2 ® s0(2)
(3.2) 50(10) s0(8) @ so(2) spin(7) ® so(2)
(3.3) so(11) 50(8) ® s0(3) spin(7) @ so(3)

Table 1: The triples satisfying Condition I

We can assume that G, H and K are connected. If (G, H, K) satisfies Condition
I, then the action of K on Mp is irreducible and polar, and every K-orbit in Mp
coincides with an H-orbit. All irreducible polar representations have been classified
by J. Dadok (see Theorem 1.6). The proof of Theorem 4.1 is organized as follows.
For each irreducible polar representation K — O(Mp), we will find every group
H satisfying that H contains K, H acts on Mp as an s-representation, and every
H-orbit in Mp coincides with a K-orbit. By the above way, we can classify the
triples satisfying the necessary conditions which are described in Proposition 2.2. By
checking whether or not these candidates satisfy Condition I case by case, we conclude
the theorem.

At first we consider the case when the polar representation is of type (iii) of The-
orem 1.6. In [20], it is proved that the triples (3.1), (3.2) and (3.3) satisfy Condition
- 1. The principal orbits of the isotropy representations of the Grassmann manifolds are
locally isomorphic to the Stiefel manifolds of certain dimensions. We know the classi-
fications of transitive actions on the Stiefel manifolds ([17]), and of the principal orbit
types of s-representation (e.g. [21]). Then we can check that (3.1) — (3.3) are the only
triples satisfying Condition I and of type (iii).

Secondly we investigate the case (ii). Polar representations of this case are the
s-representations of rank > 1, or the restrictions to their semi-simple parts.
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Lemma4.2. Let H — O(Mgpg) be an s-representation, K be a subgroup of H,
and the action of K on Mp be also an s-representation. If every H-orbit coincides
with a K-orbit, then H and K are locally isomorphic.

Proof. Let M and M’ be the symmetric spaces whose isotropy representations are
the actions of H and K on M g respectively. By the assumption on orbits, we can take
the same maximal abelian subspace A. Then rank (M) coincides with rank (M'). Let
A and A’ be the restricted root systems of M and M’ with respect to 4 respectively.
(We refer to [8], [16] for the restricted root systems.) Since the restricted root systems
determine the compact symmetric spaces locally, we have only to show A = A’ to
prove the lemma. We denote the root space decompositions as follows:

H=HO0)® > H(e) and K=K(0)® > K(a).

aEA aEAN/

For o € A, we take a generic vector v € A which is orthogonal to « (i.e., for 3 €
AUA, B(v) = 0 if and only if 3 € Ra — {0}). By [10], the isotropy subalgebras of
H and K at v are

Hy=HO)® Y H(B) and K, =K0)® > K(B).
seRa BeRa

Since the dimension of the H-orbit through v coincides with that of the K-orbit, we
have

dimH — dimH, = dim K — dim /C,,.

Furthermore, the dimension of the principal orbit with resprct to H also coincides with
that with respect to K, hence

dim H — dim H(0) = dim K — dim k(0).

Thus we obtain

dim > H(B) =dim »_ K(B).
BeRa BeRa
This implies that, for every o € A, there exists a root of A’ which is parallel to « (i.e.
the Weyl groups coincide), and that the sum of the mutiplicities of the roots in AN R«
coincides with that of the roots in A’ M Ra. From the list of the restricted root systems
of symmetric spaces (see [8] or [21]), we obtain A = A, O

Next we investigate the latter part of (ii). Let (G, H) be an irreducible Hermitian
symmetric pair, R be the center of 7, and K be the semi-simple part of H. Then
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H =R & K. We consider the triple (G, H,K). Let A be the restricted root system of
(G, H) with respect to 4, and

H=H0) > H)

aEA

be the root space decomposition. We fix a non-zero vector vg in R.

Lemma 4.3. The above triple (G, H,K) satisfies Condition 1 if and only if there
exists X in K such that X + v € H(0).

Proof. For every vg € Mp, there exists g € H such that ad(g)vg € A. Assume
that there exists X € K such that

[X + vp,ad(g)ve] = 0.
Since v is central, we obtain
[ad(g™")X + vr,vB] =0.
Thus we can assume vp € A and agree that Condition I holds if and only if, for every

vp € A, there exists X € K such that [X + vp,vg] = 0. Since H(0) is the centralizer
of certain vg € A, we conclude the lemma. ]

Proposition 4.4. A triple (G,R & K,K) satisfies Condition I if and only if the
restricted root system of (G,R & K) is of BC-type.

Proof. By the results of [21],

H(0) =) [H(a), H(a)lw (o),

a€cA

where subscript 7(0) denotes the #(0)-component.
If A is not of BC-type, then 2a is not a root, and

H(0) =) [H(a), H(a)].

a€A

Since K is the semi-simple part of H,

K=[RoK,R®K]DHO).
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This means that there exists no X € K such that X + vp € #H(0), and that the triple
does not satisfy Condition I.

If A is of BC,-type, the roots, whose multiplicities are 1, are 2¢4, ..., 2e, (for the
notations see [1]). Thus Z§=1 H(2¢,) is an r-dimensional abelian subalgebra of H. It
is easy to see that H(0) @ A contains a maximal abelian subalgebra of G. Then we
have

rank G = rank H(0) + dim A = rank H(0) + .

Since Hermitian symmetric spaces are inner, we have rank ¢ = rank # ([16]). Thus
H(0) ® 3°7_, H(2¢;) contains a maximal abelian subspace of }. Then we have vp €
H(0) @ 3051 H(2¢;)).

Next we claim that

[H(2¢5), Her)] = { 2{(5]‘) g j i:’

If j # k, 2¢; &+ &4 are not toots and the bracket products equal to 0. If j = k, the
subset A’ := {+e;,+2¢;} is a closed subsystem of BC;-type. By [21], there exist
H'(0) C H(0) and A’ C A such that the pair

(’H’(O)@ Yo HeoAe > M), HO)e Y H(a))

aEn’ acld’ a€A’

is symmetric and its restricted root system is A’. Then it is enough to show the case
of BC-type satisfies the claim. It can be easily checked.

The claim shows that no non-zero vector in Z;zl H(2¢;) centralizes H. Thus vp
has the non-zero H(0)-component Y. Since (vr,Y) # 0, there exists a # 0 such that
(vF,aY —vp) = 0. This means X :=aY — v € K and X + vr € H(0). By Lemma
4.3, we conclude that the triple of BC,-type satisfies Condition L. ]

The compact irreducible Hermitian symmeteric pairs of BC,.-types, r > 2, are

(su(2r +n), su(r)®su(r+n)®R), T>2,n>1,
(so(4r +2), u(2r+1)), r>1, and
(es, R® 50(10)).

Therefore we have proved the case (ii) of Theorem 4.1.

Here we remark on their isometry groups. For an irreducible Hermitian symmet-
ric space G/SO(2)K, the fiber bundle M := G/K is a g-symmetric space. A -
symmetric space is a certain circle or line bundle over a Hermitian symmetric space.
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These spaces have been introduced by T. Takahashi ([19]), and classified by J. A.
Jiménez and O. Kowalski ([11]). We refer to them for the exact definition of (-
symmetric spaces. It is known that the group SO(2)G acts on M as an isometry group,
and M is weakly symmetric ([5]). Thus its metric is g.o. with respect to SO(2)G. It
is non-trivial, however, whether or not it is g.o. with respect to G.

Finally we prove the case (i) of theorem 4.1. All the groups, which act on spheres
transitively, are well known. We list, in Table 2, the groups G acting on the unit
spheres in V transitively, and the symmetric spaces whose isotropy representations are
equivalent to the G-actions on V if there exist.

r G I 1%4 | l the symmetric spaces W
SO(n) R" |n>2 S50(n+1)/S0(n)
SU(n) C" in>2 none

U(n) C"in>1 SU(n+1)/U(n)
Sp(n) H* |n>1 none
U(1)xSp(n) | H* [n>1 none if n > 2
Sp(1) x Sp(n) | H* | n>1]| Sp(n+1)/Sp(1) x Sp(n)
Gy R none
Spin(T) R® none
Spin(9) R!® Fy/Spin(9)

Table 2: Groups acting on the unit spheres transitively

We remark that there are some overlaps in Table 2.

Let M = G/H be a compact irreducible rank 1 symmetric space. For a compact
subgroup K of H, every K-orbit in T,,M coincides with an H-orbit if and only if K
acts on the unit sphere of T, M transitively. From Table 2, one can find all subgroups
K of H satisfying this condition. Thus, we can make up Table 3, the candidates of the
triples of type (i) for satisfying Condition L

It is known that the associated spaces with (rl), (16), (r7) and (hl) are weakly
symmetric ([4] and [25]). Thus these satisfy Condition I. (Of course we can prove
these facts by Proposition 2.1.) The triple (cl) is the case of ¢-symmetric spaces. The
restricted root system of (G, H) of (c1) is of BC;-type. Hence it satisfies Condition I,
by Proposition 4.4. To check the remaining cases, we mention two lemmas.

Lemmad.5. Let Arp C Mg and Ag C Mp be linear subspaces. We assume
that Ap & Ap meets every K-orbit in M p ® Mp. Then Condition I holds if and only
if, for every vr € Ap and vp € Ap, there exists X € K such that

[X,vF] =0 and [X,vB] = [vF,vB].
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L1 g [ # [ k [ |

rl || so(2n+1) so(2n) u(n) n>2
2 || so(2n+1) s0(2n) su(n) n>2
3 || so(dn+1) so{4n) sp(l) ®sp(n) | n>2
4 || so(dn +1) so(4n) u(l)®sp(n) |n>1
5 || so(4n+1) so(4n) sp(n) n>1
6 s0(8) s0(7) g2

r7 50(9) s0(8) spin(7)

18 s0(17) 50(16) spin(9)

cl | su(n+1) u(n) su(n) = |n>2
c2 || su(2n+1) u(2n) vy @sp(n) |n>2
c3 || su(2n+1) u(2n) sp(n) n>1
hl || sp(n+1) | sp(1)® sp(n) | u(l) ®sp(n) | n>1
h2 || sp(n+1) | sp(1) © sp(n) sp(n) n>1

Table 3: The candidates of the triples of type (i) for satisfying Condition I

Proof. We have only to prove the “if part”. Let vp € My and vg € Mp. By
the assumption there exists ¢ € K such that gvp € Ap and gvg € Ap. Then there
exists X € K such that

[X,gvr] = 0 and [X, gus] = [gvr, gus)-
The element that we want is ad(g™!) X. O

Lemma 4.6. Let K' be a subgroup in K. If (G, H, K') satisfies Condition I, then
so does (G, H, K).

Proof. Let us denote the decompositions of (G, H, K) and (G, H, K') by
G=Ko®MprpdMp, and G=K' & Mp o Mpy

respectively. By the assumption, we have X' C K, M} D Mp, and Mp = M.
Thus the lemma follows from Proposition 2.1 immediately. O

Proposition 4.7.  The triple (so(2n+1), so(2n), su{n)) in (12), satisfies Condition
1 if and only if n is even.
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Proof. We remark that Mp = R® A*C™ and Mg = C" as su(n)-modules. A
non-zero vector in R acts on M p by a pure imaginary scalar, since R is the center of
u(n). Let {eq,...,en} be an orthonormal basis for C", and

. .n
V :i=spanc{ezj_1 Negj [1 < j < 5}

We remark that V' is a maximal abelian subspace in A% C" To(SO(2n)/U(n)). Then
R&V & C" meets every SU(n)-orbit.

Case 1: let n = 2m be even. The subgroup of SU(2m) which acts on R@ V
trivially is SU(2) x --- x SU(2), m-copies of SU(2) ([21]). We denote by su(2)™ its
Lie algebra. Every vector vr € R® V preserves spanc{eg;_1,eq,} for j =1,...,m.
Each SU(2) acts on certain spanc{ez;_1,€e2;} naturally, and on its orthogonal com-
plement trivially. Thus, for every vg € C", there exists X € su(2)™ such that
[X,vB] = [vr, vB]

Case 2: let n =2m + 1 be odd. Let z € R be non-zero and vp € V be principal.
Thus su(2)™ is the Lie algebra of the isotropy subgroup of SU(n) at z + vp ([21]).
We can easily see that

[z 4+ vE, eam+1] # 0 and [su(2)™, €2my1] = 0.
Thus the triple does not satisfy Condition I in this case. ]

The triples (su(2n+1),u(2n), u(1)@®sp(n)) in (c2) and (su(2n+1),u(2n), sp(n))
in (c3) satisfy Condition 1. We will prove that they are weakly symmetric in the next
section, so we omit the proof.

Proposition 4.8. The triples (sp(n+1), sp(1) & sp(n), u(1) & sp(n)) in (h1) and
(sp(n+ 1), sp(1) @ sp(n), sp(n)) in (h2) satisfy Condition I.

Proof. The corresponding decomposition of the case (h2) is sp(n+ 1) = sp(n) ®
R® @ H™. Noting that sp(n) acts on My = R? trivially, we can easily prove the
proposition of this case. The case (h1) follows from Lemma 4.6. Ol

It is known that Sp(n + 1)/U(1) x Sp(n) is weakly symmetric ([25]), and thus
g.0. This proposition gives another proof of this fact.

The associated space M = Sp(n + 1)/Sp(n) with a certain metric g admits an
isometry group & Sp(1) x Sp(n + 1). It is known that (M, g) is weakly symmetric
([4]), g being g.o. with respect to Sp(1) x Sp(n + 1). Despite of these known facts,
the proposition is not trivial.

The remaining candidates are (r3), (r4), (15) and (r8). In fact these do not satisfy
Condition I. The following lemma gives a necessary condition for Condition I, and
useful to reject the candidates.



848 H. TAMARU
Lemma 4.9. Condition I implies that dim K,,,. > 0 for every vp in Mp.

Proof. Let vy € Mp. Since the action of H on Mp is effective, there exists
vp € Mp such that {up,vg] # 0. By Proposition 2.1, there exists X € K such that

[X,’UF] =0 and [X,UB] = [UF,'UB].

The former equation means X € K., and the latter implies X # 0. ]
Proposition 4.10.  The triple (so(17), so(16), spin(9)) in (t8) does not satisfy Con-
dition L.

Proof. The homogeneous space SO(16)/Spin(9) is isotropy irreducible, and the
isotropy representation is described in [22]. It is equivalent to the action on /\3 R®,
where Spin(9) acts on R? naturally, and the isotropy subgroup of the principal orbit is
trivial ([9]). The claim follows by Lemma 4.9. M

Proposition 4.11. The triples (so(dn + 1),s0(4n),sp(1) @& sp(n)) in (13),
(so(4n + 1), so(4n),u(1) ® sp(n)) in (t4), and (so(4n + 1), so(4n), sp(n)) in (t5) do
not satisfy Condition I.

Proof. By Lemma 4.6, it is enough to show that the case (13) does not satisfy
the Condition I. The homogeneous space SO(4n)/Sp(1)Sp(n) is isotropy irreducible,
and the isotropy subgroup of the principal orbit of the isotropy representation is 0-
dimensional if n > 2 ([22] and [9]).

Thus, by virtue of Lemma 4.9, the case we have to investigate is (so(9), so(8),
sp(1) @ sp(2)). The decomposition is

— 5 o 3 2
so(9) =sp()® sp(2) R @R° & H” .
s Mp Mg

The action of K =2 s0(3) ® so(5) on Mp is equivalent to the isotropy representation of
the Grassmannian manifold G3(R®). Let .A be a maximal abelian subspace in Mp, and
{H', H%, H®} be the dual basis of a simple root system of the restricted root system
with respect to A. The orbit through ¢; H' 4+ co H? + c3 H® is principal if c;, ¢, c3 > 0,
and the principal isotropy subalgebra is so(2) ([10] and [21]). Let X € so(2) be non-
zero.

Let us assume that the triple satisfies Condition I. Let ¢;,¢2,¢3 > 0 and vp €
Mp. From Lemma 2.1 there exists X’ € K such that

[.X’,ClI'I1 + 02H2 + 03H3] =0 and [ClHl + 02H2 + 63H3,’UB] = [X/,UB].
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The former equation means X' € so(2) = RX. Thus we have
[cr H' + coH? + c3H®,vp] € R[X, vg].

This implies that [A,vg] C R[X,vg] for every vg € Mp. Denote by A’ a Cartan
subalgebra of s0(8) containing A. Let A" be the orthoganal complement of A in A4/,
which is of dimension 1. Take a generic vector vg € H?, i.e., dim[A’,vg] = 4. Then,

4 = dim[A’,vg] < dim[A",vg] + dim[A4,vp] < 2.
This is a contradiction. |

Now we have completed the proof of Theorem 4.1.

5. Weakly symmetric spaces

We have classified the triples (G, H, K) satisfying Condition 1. The associated
homogeneous spaces M := G/K, with certain metrics, are good candidates for weakly
symmetric spaces. In this section we find new examples of weakly symmetric spaces
among them.

At first, let us consider the symmetric space U(2n)/Sp(n). Let 7 be the complex
conjugation and

J:= ( . ~ln ) € U(2n).

Then the automorphism 7Toad(J) of w(2n) is involutive, and the (+1)-eigenspace forms
the subalgebra sp(n). Let My be the (—1)-eigenspace. It is known that the subspace

A
A= ( A)‘A: , €1,..-,6n €ER
1€y,
is maximal abelian, and thus A meets every Sp(n)-orbit in Mp.
Theorem 5.1.  The homogeneous spaces SU(2n+1)/U(1) - Sp(n) and SU(2n +
1)/8p(n), associated with (1.6) and (1.7) in Table 1 respectively, are weakly symmetric

with respect to any SU(2n + 1)-invariant Riemannian metrics.

Proof. It is enough to prove the latter case. We will investigate the isotropy rep-
resentation and prove the theorem by Proposition 1.2. The isotropy representation is
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equivalent to the action of Sp(n) on Mp @ C2", where Mg is defined above and
Sp(n) acts on C>™ naturally. Since the complex conjugation 7 preserves Sp(n), T acts
on SU(2n + 1)/Sp(n) as an isometry and fixes the origin.

Let vp € My and vg € C?". We can assume vy € A without loss of generality.
Then 7(vp) = —vp and

SU(2)" == §U(2) X oee X SU(22 C Sp(n)

~”
n

leaves vp fixed ([21]). It is easy to see that SU(2)" acts on C?" naturally (i.e., the
action is the direct sum of the natural actions of SU(2) on C?). Thus there exists
g € SU(2)" such that g(vg) = —vp. Since g fixes vp, we obtain that g o 7 sends
vF + vpg into —vp — vp. ]

Let G be the group generated by SU(2n+ 1) and the complex conjugation 7. This
theorem says that the spaces of (1.6) and (1.7) are weakly symmetric with respect to
G. Thus they are G-g.o. Since SU(2n + 1) is the connected component of G, we have
showed that they are SU(2n + 1)-g.o.
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