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RIEMANNIAN RICCI CURVATURE LOWER BOUNDS

IN METRIC MEASURE SPACES
WITH o-FINITE MEASURE

ABSTRACT. In a prior work of the first two authors with Savaré, a new Rie-
mannian notion of a lower bound for Ricci curvature in the class of metric mea-
sure spaces (X, d, m) was introduced, and the corresponding class of spaces was
denoted by RCD(K, o). This notion relates the CD(K, N) theory of Sturm
and Lott-Villani, in the case N = co, to the Bakry-Emery approach. In this
prior work the RC'D (K, oco) property is defined in three equivalent ways and
several properties of RC'D(K, 0co) spaces, including the regularization proper-
ties of the heat flow, the connections with the theory of Dirichlet forms and the
stability under tensor products, are provided. In the above-mentioned work
only finite reference measures m have been considered. The goal of this paper
is twofold: on one side we extend these results to general o-finite spaces, and
on the other we remove a technical assumption that appeared in the earlier
work concerning a strengthening of the CD(K, co0) condition. This more gen-
eral class of spaces includes Euclidean spaces endowed with Lebesgue measure,
complete noncompact Riemannian manifolds with bounded geometry and the
pointed metric measure limits of manifolds with lower Ricci curvature bounds.
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1. INTRODUCTION

LUIGI AMBROSIO, NICOLA GIGLI, ANDREA MONDINO, AND TAPIO RAJALA

In a recent paper [4] written jointly with Savaré, the first and second author
introduced a notion of Riemannian Ricci lower bound for metric measure spaces
(X,d,m), relying on the calculus tools they had developed in [3]. This definition,
in the spirit of the CD(K,N) theory proposed by Lott-Villani [25] and Sturm
[32,[33], relies on optimal transportation tools and suitable convexity properties of
the relative entropy functional Enty,. In the framework of [4], these conditions are
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enforced by adding the assumption that the so-called Cheeger energy (playing here
the role of the classical Dirichlet energy) is quadratic.

More precisely, the class of RCD(K, o) spaces of [4] can be defined in three
equivalent ways thanks to this equivalence result (see §23]for the precise formulation
of gradient flows involved here, in the metric sense and in the EV I sense):

Theorem 1.1 ([]). Let (X,d,m) be a metric measure space with (X,d) complete
and separable, m(X) € (0,00) and suppm = X. Then the following are equivalent:
(i) (X,d, m) is a strict CD(K, 00) space and the Wy-gradient flow 74 of Enty
on Po(X) is additive.
(i) (X,d,m) is a strict CD(K, 00) space and Ch is a quadratic form on L*(X,m).
(i) (X,d,m) is a length space and any p € Po(X) is the starting point of an
EV Ik gradient flow of Enty,.

This equivalence is crucial for the study of the spaces RCD(K, 00): for instance
the fine properties of the heat flow and the Bakry-Emery condition obtained in [4]
need (ii), while the stability of RC D(K, 0o) spaces under Sturm’s convergence [33]
of metric measure spaces (a variant of measured Gromov-Hausdorff convergence)
depends in a crucial way on (iii) and on the stability properties of EV Iy flows of
[2).
The aim of this paper is to extend of the theory of RC'D(K, o) spaces to a class of
o-finite metric measure spaces. This extension includes fundamental examples such
as the Lebesgue measure in R™, noncompact Riemannian manifolds with bounded
geometry and the pointed metric measure limits of manifolds with lower Ricci
curvature bounds studied by Cheeger and Colding [ITHI3]. In our class of spaces
we obtain the perfect analogue of Theorem [[T] (see Theorem [6.1]). Actually, even in
the finite case we improve Theorem [[1] replacing strict CD(K, co) with CD(K, o)
in (i) and (ii); this is possible mainly thanks to the fine results of Section [l

Let us now briefly and informally explain the terminology implicit in Theorem [[T]
and the technical difficulties arising when one considers o-finite reference measures
m. Cheeger’s energy Ch can be defined in L?(X,m) by a relaxation procedure

Ch(f) := %inf{lihrggf/x |Dfu|?dm : f;, Lipschitz, f;, — f in Lz(X,m)},

where |Df] is the slope; see (2.0). Instead of this direct construction, we shall
exclusively work in this paper with another equivalent one (equivalence follows by
Theorem 6.2 of [3]), based on the notion of a weak upper gradient |Df|,; see
Definition The weak upper gradient provides integral representation for Ch,
namely

Ch(f) = %/X IDfI2 dm  whenever Ch(f) < oo.

Since Ch is convex and lower semicontinuous on L?(X,m), its gradient flow h,f is
well defined starting from any initial condition. One of the main results of [3] is
the coincidence of h; with the quadratic optimal transport distance semigroup 77
(the W5 gradient flow of Enty,) under the CD(K, 00) assumption. More precisely,
if f e L*(X,m) and [ f(z)d*(x,x¢)dm(z) is finite, then J4(fm) = (h.f)m; see
Theorem This explains the connection between (i) and (ii), where finiteness of
m does not play any role. Passing to the EV Ik condition, deeply studied by the
first two authors and Savaré in [2] and by Daneri and Savaré in [I5], it amounts
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(see Definition 2.5]) to a family of differential inequalities indexed by o € P5(X):
di1

1.1

(11) 3

Set py = (hef)m and let ¢; be Kantorovich potentials from u; to o. The analysis
in [4] shows that

K
W2 (1, 0) < Ent(0) — Entem (1) — 5W22(Mt70) for a.e. t € (0,00).

d1 . Ch(fy —epi) — Ch(fy)
<
%43 W2 (e, 0 )_16%1 6

on the one hand, and that the CD(K, c0) condition gives

(13) lim Ch(wt - 5ft) B Ch(@t)
el0 IS

(1.2)

K
< Entw () = Ent() = 5 W3 (1, 0)

on the other hand. If Ch is quadratic, then we can formally write that both the right
hand side in (L2) and the left hand side in (L3) coincide with — [, D f; - Dy dm,
thus providing the connection from (ii) to (iii). However, in the derivation of (L3)
a key role is played by the Sobolev regularity of log f;, that can be easily achieved
if f; > ¢ > 0. But, this assumption is not compatible with the o-finite case, since f;
is a probability density, and even local space-time lower bounds on f; can hardly be
obtained in our framework, where no finite dimensionality assumption on (X, d, m)
is made. It turns out that this derivation is still possible, but only working in a
time-dependent weighted Sobolev space. Formally we write

/th'D%dm:/ Dlog fi - Dy d(fym)
X X

and, thanks to the energy dissipation estimate

Enty, (frm) + //| “’d dt < Enty, (fm),

we know that log f; belongs for a.e. t to the Sobolev space with weight f;. Then
we prove that for a.e. ¢ > 0 the first inequality (L2)) holds, when written in terms
of weighted Sobolev spaces, for any choice of the Kantorovich potential (;, while
the second inequality (L3]) holds for at least one. This suffices for the derivation of
D).

Besides the application to o-finite RCD(K,c0) spaces, several results of this
paper have an independent interest and do not rely on curvature assumptions; see,
for instance, Lemma [2.3] which provides compactness properties of Kantorovich
potentials and Theorem [B.6] which analyzes the weighted Cheeger energies. Also,
it is worthwhile to mention that the existence of geodesics with L* bounds in
Section [4] applies to o-finite C'D (K, 00) spaces, i.e. no quadratic assumption on Ch
is needed for the results of the section. Also, since finiteness of m was used in [4]
essentially only for the equivalence of Theorem [[.I], we describe in the last section
the properties of RCD(K, o0) spaces proved in [4], whose proof extends with no
additional effort to the o-finite case: among them we just mention the Bakry-Emery
condition

ID(h )2 < e 2KYDf2 meae. in X.
Further analysis of the Bakry-Emery condition appears in [6]. The extension of the
stability of the RCD(K, co) condition under Sturm’s metric measure convergence
to the o-finite case is far from being trivial. We refer to [19] for the positive answer
to this question.
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The paper is organized as follows. In Section [2] we gather a few facts on relative
entropy and optimal transportation, mostly stated without proofs (standard refer-
ences are [1], [2], [34]); the only original contribution is a compactness result for
Kantorovich potentials via De Giorgi’s I'-convergence stated in Lemma 2.3

In Section [B] we recall the main results of the theory of weak gradients as devel-
oped by the first two authors with Savaré in [3], emphasizing also the connections
with the points of view developed by Cheeger in [10], Koskela-MacManus in [23]
and Shanmugalingam in [30]. The main result of the section is Theorem [B:6] which
states that, for probability densities p = gm with g € L>°(X,m) and Ch(,/g) < oo,
roughly speaking weak gradients w.r.t. to m and weak gradients with respect to p
are the same, even though no (local) lower bound on g is assumed. Furthermore,
Cheeger’s energy Ch, induced by p is quadratic if Ch is quadratic. Section@dis cru-
cial for the development of (short time) L estimates for displacement interpolation
in CD(K, o0) spaces (see Theorem for a precise statement) which are new in
the situation when (X, d) is unbounded and m is not finite. These estimates, which
hold when the density of the first measure decays at least as cle_”dz(w’xo) for some
c1, co > 0 and the second measure has bounded density and support, are obtained
by carefully combining entropy minimization (an approach proposed by Sturm and
then developed by Rajala in [2728]) and splitting optimal geodesic plans. Section [
is devoted to the proof of some auxiliary convergence results dealing with entropy,
difference quotients of probability densities and Kantorovich potentials, and bi-
linear form Ch, associated to a measure p € P5(X) as in Section Bl Section
contains the proof of Theorem [G.I] which provides the equivalence result analogous
to Theorem [[T]in the present o-finite setting.

2. PRELIMINARIES

In this section we introduce our notation, including the relative entropy func-
tional Ent, in (2.1)), the slope |Df| of a function f in (26), the one-sided slopes
|D*f| in @), the class ACP(J; X) of absolutely continuous curves with metric
derivative in LP(.J), the class of geodesics (Z8]) and the notions of geodesic and
length space. We then review optimal transport, prove the existence of special Lip-
schitz Kantorovich potentials (Proposition 2.2)) and prove a compactness theorem
of Kantorovich potentials (Lemma 2.3]).

We assume throughout the paper that (X,d, m) is a metric measure space with
(X,d) complete and separable and m a nonnegative Borel measure finite on bounded
sets and satisfying suppm = X.

We denote by Z2(X) the space of Borel probability measures on (X,d) and set

Py(X) = {,u e PX): / d?(xg, ) du(z) <oo for some (and hence all) zg EX}.
b

Given a nonnegative Borel measure n, the relative entropy functional Ent, : P5(X)
— [—00, 0] with respect to n is defined as in Sturm’s paper [32] by

(2.1) Enty (u) := lim [y sy plogpdnif o= pr,

00 otherwise.

It coincides with f{p>0} plogpdn € [—o0,00) if the positive part of plogp is n-
integrable, and it is equal to oo otherwise.
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In the sequel we use the notation
(2.2) D(Enty,) :={p € P2(X): Enty(u) € [—00,00)}.

By Jensen’s inequality, Ent, is nonnegative when n € &(X). More generally,
we recall (see [3, Lemma 7.2] for the simple proof) that when n satisfies the growth
condition

(2.3) / e’ (w0.2) dn(z) < oo,
X

for some z¢p € X and c € (0,00), then Ent, can bounded from below as follows.
Letting z = [} e~cd*(@.20) dn and

.1
(2.4) fi= ;e*dz(m’z")n € 2(X), V(z) = d(z, z0),
and using the simple formula for the change of the reference measure
(2.5) Ent,(p) = Enta(p) — c/ VZdu —log z, Y € P5(X),
X

we see that Ent, can be bounded from below in terms of the second moment of u.
It is important to recall that if (X,d, m) is a CD(K, o0) space (see Definition FT]),
then the reference measure m always satisfies the growth condition (23], as shown
by Sturm in [32], Theorem 4.24].

2.1. Metric structure. We shall denote by Lip(X) the space of Lipschitz func-
tions f : X — R and by Lip,(X) the subspace of bounded Lipschitz functions.
Given f: X — R we define its slope |Df| at « by

: |f(y) — f(=)]
2.6 Df|(z) := limsup —=———.
(26) D) = limsup L
We shall also use, in connection with Kantorovich potentials, the one-sided coun-
terparts of the slope, namely the ascending slope and descending slopes:
(2.7)
— f@)* [f(y) = f(@)]”
DT f|(z) := limsu M, D™ fl(z) := limsup ————-——.
ID* fl(@) = limsup HL= T 1D fl(@) = timsup L
Given an open interval J C R, an exponent p € [1,00] and v : J — X, we say
that v belongs to ACP?(.J; X) if there exists g € LP(J) satisfying

¢
d(vs, 1) < / g(r)dr Vs, t € J, s <t.

The case p = 1 corresponds to absolutely continuous curves, denoted AC(J; X). It
turns out that if v belongs to ACP(.J; X), there is a minimal function g with this
property, called the metric derivative, and given for a.e. t € J by

. . d(’YS, 'Yt)
= lim ———=.
h/t‘ pae |S — t‘
See [2, Theorem 1.1.2] for the simple proof. We say that an absolutely continuous
curve v has constant speed if |#| is (equivalent to) a constant.
We call (X,d) a geodesic space if for any xg, 1 € X there exists v : [0,1] — X

satisfying vo = g, 71 = 1 and
(2.8) d(vs,7e) = |t — s|d(y0,71) Vs, t € [0,1].
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We will denote by Geo(X) the space of all constant speed geodesics v : [0,1] — X,
namely v € Geo(X) if (28) holds. Recall also that the weaker notion of length
space: for all xg, x1 € X and £ > 0 there exists v € AC([0,1]; X) such that
I el dt < d(zo, 1) + e

From the measure-theoretic point of view, when considering measures on
ACP(J; X) (resp. Geo(X)), we shall consider them as measures on the Polish space
C(J; X) endowed with the sup norm, concentrated on the Borel set ACP(J; X)
(resp. closed set Geo(X)). We shall also use the notation e; : C(J; X) — X, ¢t € J,
for the evaluation map at time ¢, namely e;(y) := ;.

2.2. Optimal transport. Given u, v € P5(X), we define the quadratic optimal
transport distance W5 between them as

(2.9) W) =inf [ ey dye.g),

XxX
where the infimum is taken among all Kantorovich transport plans, namely proba-
bility measures v on X x X such that

Y =W, Ty =v.

Here, for p € 2(X), a topological space Y and a py-measurable map 7' : X — Y,
the push-forward measure Ty € P(Y) is defined by Tyu(B) = u(T~(B)) for
every Borel set B C Y.

Since (X, d) is complete and separable, the space (H5(X), Wa) is complete and
separable. Since the cost d? is lower semicontinuous, the infimum in the definition
Z9) of W2 is attained. All plans ~ achieving the minimum will be called optimal.

For all u, v € &7,(X) Kantorovich’s duality formula holds:

(2.10) %WS(M,V)ﬂup {/X wdu+/xwdvr p(x) +9(y) < %dQ(wyy)},

where the supremum is taken among all functions ¢ € L*(X,u) and ¢ € L*(X,v).
Recall that the c-transform ¢ of ¢ : X — RU {—o0} is defined by

©(y) == inf{@ —p(z): ze X}

and that ¢ is said to be c-concave if ¢ = ¢° for some .

Definition 2.1 (Kantorovich potential). We say that a map ¢ : X — RU {—o0}
is a Kantorovich potential relative to (u,v) if:

(i) there exists a Borel map ¢ : X — RU {—o0} such that ¢ € L*(X,v) and
o =9%
(ii) ¢ € LY(X, ) and the pair (i, 1) maximizes 2.10).

Notice that the inequality ¢(z) 4+ ¥(y) < £d?(z,y), when integrated against an
optimal plan ~, forces the integrability of the positive part of ¢. For this reason,
in (il) we may equivalently require integrability of the negative part of ¢ only. In
the next proposition we illustrate some key properties of Kantorovich potentials ¢
and show how, in the special case when supp v is bounded, a special choice of
provides better properties of ¢ = 9°.
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Proposition 2.2 (Existence of Kantorovich potentials). If u, v € 95(X), then a
Kantorovich potential ¢ = 1 relative to (u,v) exists and satisfies

(2.11) e(z) +¥(y) = 3d*(z,y) for y-a.e. in (x,y) € X x X
for any optimal Kantorovich plan v and
(2.12) D*el(z) < d(zy)  for v-a.e. (z,y).

In addition, if suppv C Bpr(yo) for some R > 1, then a locally Lipschitz Kan-
torovich potential ¢ = ¢ exists with 1 = —oc on X \ suppv, ¥ < R?/2 on suppv
and

(2.13) 1Del(x) < R+d(z,50),  lo(x)] < 2R*(1+d*(z, o).

Proof. Since any complete and separable metric space can be isometrically embed-
ded in a complete, separable and geodesic metric space, we can assume with no loss
of generality that the space (X,d) is geodesic. The existence part is well known,
so let us discuss briefly (ZI2), the choice of gauge and the regularity properties of
¢ when v has bounded support. From (ZII]) and the inequality ¢ + ¢ < d?/2 we
get

(d*(z,y) — d*(z,y)) for all z

N | =

p(2) = p(z) <

for v-a.e. (z,y), so that |[DVp|(z) < d(x,y) for y-a.e. (z,y).
Now, let us set

~ x) if z € suppvr,
i) = {w( ) upp
—oo  otherwise,

and @ := (¥)°. Since ¢ > ¢, it is obvious that its negative part is u-integrable and
that (,1) is a maximizing pair, so that ¢ is a Kantorovich potential. From

- . 1 ~

p(z)= _inf —d*(z,y) —¥(y)

yEsupp v 2

and the inclusion supprv C Bpg(yo) it is immediate to obtain the linear growth
of |D@l, in the form stated in (ZI3). Finally, possibly adding and subtracting
the same constant to the potentials in the maximizing pair, we can assume that
@(yo) = 0. Then, the inequality ) < 1d*(yo,-) gives ¢ < R?/2 on suppv. The
linear growth of | D@| gives the quadratic growth of ||, since (X, d) is geodesic. O

In the proof of the next lemma we use De Giorgi’s I'-convergence. Strictly
speaking, we use I'"-convergence, the one designed for convergence of minimum
problems. We recall the definition and the basic facts, referring to Dal Maso’s
book [14] for a full account of this theory. If (Y,d) is a metric space and fj :
Y — [—o0,4+00], f: Y — [—00,+00] are lower semicontinuous, we say that (f3)
I'-converges to f and write f =T" — limy, fj, if:

(a) for any sequence (yp) C Y convergent to y € Y, one has liminf, fj,(yn) >

f);
(b) for all y € Y there exists (y,) C Y convergent to y and satisfying

limsupy, fr(yn) < f(y)-

It is immediate to check that I'-convergence is invariant by additive constant per-
turbations. In addition, (a) yields that f — inf, f is lower semicontinuous w.r.t.
I-convergence for any open set A C Y, while (b) yields that f — ming f is upper
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semicontinuous w.r.t. I'-convergence for any compact set K C Y. If Y is compact
we can choose A = K =Y to obtain

(2.14) r— hl;r& fm=1Ff = hl;rr;o min fn= min I

‘We need one more property of I'-convergence: if Y is separable, then any sequence of
lower semicontinuous maps f; : Y — [—00, 400] admits a I'-convergent subsequence
Jn(r)- To see this, let % be a countable basis of open sets of Y and extract with a

diagonal argument a subsequence h (k) such that infy fi () has a limit in [—oo, +o0]
for all U € % . Then, the function

fly):= sup lim inf fj,x), y €Y,
Usy,Uc k—oo U

provides the I-limit of fj ).

Lemma 2.3 (Compactness of Kantorovich potentials). Consider probability den-
sities o, n = fm, 9, = fam € Po(X) satisfying the following conditions:
(a) o has compact support;
(b) fn — f m-a.e. in X and sup,, fn(x)(1 + d*(z,70)) € L*(X, m) for some
zo € X.
Suppose there exist C > 0 and Kantorovich potentials ¢, = ¢t relative to (1, o)
in the sense of Definition 211, satisfying

(2.15) lon(2)] < C(1+d*(z,20)) Vo e X
and
(2.16) Y =—00 onX\suppo and P,(x) <CVeeX.

Then there exist a subsequence n(k) and a Kantorovich potential ¢ = ¢° of the
transportation problem relative to (n, o) such that o, 4y — @ pointwise. In addition

@I8) is fulfilled by ¢ and ¢ < C.

Proof. Since X is separable, by the compactness properties of I'-convergence we can
assume with no loss of generality that —,, I'-converges as n — oo, and we shall
denote by —t its I'-limit. Observe that, since by the definition of I'-convergence
for every x € X there exists a sequence x,, — x such that —,(x,) = —(z), ¥
still satisfies (2.14]).

By the invariance of I'-convergence under continuous additive perturbations we
get,

1, . 1

(2.17) <§d (x,-) — 1/1) =T — lim (§d (w,-) — 1/)n> Vo € X.

n—o0
Because of (2.I6]) and of the compactness of supp o, we can use (2.14) to get
R (1, -
218 oule) =min (5620~ v ) > min (30 ) = ol

where the last equality has to be understood as the definition of ¢(x). Obviously
2I3) is fulfilled by ¢, so that ¢ € L}(X, fm). In connection with 1, obviously its
positive part is o-integrable.

Now we claim that ¢ = ¢ is a Kantorovich potential for the limit transportation
problem (fm, o). We have to prove that

(2.19) /and(fm)—l-/xwdoz %Wf(fm,o),
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since this inequality also provides at the same time integrability of the negative
part of ¢. Since by assumption @, = ¥¢ is a Kantorovich potential for (f,m,o),
we already know that

(2.20) /X on d(frm) + /X Y, do = %Wg(fnm,o).

Using (b) it is immediate to check the weak convergence of f,m to fm, so that (see
for instance Proposition 2.5 in [I])

(2.21) W3(fm, o) < liminf W(f,m, o).

Moreover, using (b) and (2I5), the dominated convergence theorem gives

(2.22) [ endttam) > [ pa(sm).
b'e X
Finally, by the very definition of I'-limit we have
—(z) = inf {lgggéf —n(zn)| 2n — x} < 1inrr_1>ior<1>f —p ().

Moreover, by assumption (ZI6l), —1),, > —C. Hence Fatou’s lemma gives

(2.23) limsup/ @/}ndag/ ¥ do.
X X

n—oo

Putting together (2220), 221)), (Z22) and (223) we get ([219) as desired. O

Let us close this section by discussing the geodesic structure of (P2(X), Wa);
see [I, Theorem 2.10] or [24]. If pg, p1 € HP2(X) are connected by a constant speed
geodesic p in (P2(X), Ws), then there exists w € P (Geo(X)) with (e)ym = 1
for all t € [0,1] and

Wg(ﬂwﬂt):/

42 (e, 7e) dre(7) = (s—1)? / P(y)dn(y) Vs te[0,1]
Geo(X)

Geo(X)

where ¢(y) = d(y0,71) is the length of the geodesic 7. The collection of all the
measures 7w with the above properties is denoted by OptGeo(ug, 111). The measure
7 is not uniquely determined by p¢, unless (X,d) is nonbranching. The relation
between optimal geodesic plans and optimal Kantorovich plans is given by the fact
that v := (eg, e1)y7 is optimal whenever 7 € OptGeo(po, 11).

2.3. Gradient flows. In this section we review the notions of gradient flows in
the metric sense, in the EV Ik sense and in the classical sense provided, in Hilbert
spaces, by the theory of monotone operators.

Let (Y,dy) be a complete and separable metric space and K € R. We say that
E:Y - RU{+4o00} is K-geodesically convex if for any yg, y1 € D(FE) there exists
v € Geo(Y) satisfying vo = yo, 71 = y1 and

B() < (1= 1)B(o) + 1B () — 51— ) (o) for every t € [0,1]

Definition 2.4 (Metric formulation of gradient flow). Let E : Y — R U {400}
be a K-geodesically convex and ls.c. functional. We say that a locally absolutely

continuous curve [0,00) 3 ¢t — y € D(E) is a gradient flow of E starting from
Yo € D(E) if

b1, 1o
@20 Bo) =B+ [ 3l + 5D EFwdar w0
0
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Next we recall a stronger formulation of gradient flows, introduced and exten-
sively studied in [2], [I5].

Definition 2.5 (Gradient flows in the EV Ik sense). Let E: Y — RU{+o0} be a
lower semicontinuous functional, K € R and (0,00) 3 ¢t — y, € D(E) be a locally
absolutely continuous curve. We say that (y;) is a K-gradient flow for E in the
Evolution Variational Inequalities sense (or, simply, it is an EV Ik gradient flow)
if for any z € Y we have

id%(yh Z)

(2.25) TR

K
+ Ed%(yt, z)+ E(y) < E(z) for a.e. t € (0,00).

If limy o y. = yo € D(E), we say that the gradient flow starts from yo.

Notice that the derivative in (2.25]) exists for a.e. ¢ > 0, since ¢ — dy (y, 2) is
locally absolutely continuous in (0, 00).

We recall some basic and useful properties of gradient flows in the EV [k sense
(see Proposition 2.22 in [4]); we also refer to [2, Chap. 4] for more results. In
particular, we emphasize that the maps S; : yo — y:, that at every y, associate the
value at time ¢ > 0 of the unique K-gradient flow starting from yq, give rise to a
continuous semigroup of K-contractions according to (Z26]) in a closed (possibly
empty) subset of Y.

Proposition 2.6 (Properties of gradient flows in the EV g sense). LetY, E, K,
y¢ be as in Definition and suppose that (y;) is an EVIk gradient flow of E
starting from yo. Then:

(i) If yo € D(E), then y; is also a metric gradient flow, i.e. (2Z24) holds.

(ii) If (g:) is another EV Ik gradient flow for E starting from go, then

(2.26) dy (ys, 7¢) < e~ Xtdy (yo, 9o)-

In particular, EV I gradient flows uniquely depend on the initial condition.
(iii) The existence of EV Ik gradient flows starting from any point in D C Y
implies the existence starting from any point in D.

If (Y,dy) is a Hilbert space with distance induced by the scalar product, the
gradient flow of a lower semicontinuous functional £ : Y — R U {400} can also be
defined as a locally absolutely continuous map y; : (0,00) — H satisfying

(2.27) ¢ € —0” E(y:) for a.e. t >0, ltiﬁjl yr =y in H,

4
dt”
where the Frechet subdifferential 0~ E(y) is defined by

EW)-El) -y ~—y 0}

(2.28) 0" E(y) := {§ € H: liminf

vy dy (¥',y)
Under a K-convexity assumption the subdifferential can be equivalently defined as
(2.29)
K
OB = {€ € H: B/) 2 B) + (6.0 =)+ 5 /) forallf € |

Differentiating the squared distance in ([2.25) yields that the EV Iy formulation
and (227 are equivalent in the Hilbert setting, for K-convex functionals.
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3. WEAK GRADIENTS AND WEIGHTED CHEEGER ENERGIES

In this section we recall the main results of the theory of weak gradients as
developed by the first two authors with Savaré in [3], emphasizing the connections
with the points of view developed by Cheeger in [10], Koskela-MacManus in [23]
and Shanmugalingam in [30]. We prove in Theorem the equivalence of weak
gradients defined with reference measures n and m, under suitable assumptions on
the density of n w.r.t. m. We introduce in ([B8) the weighted Cheeger energy
Ch, and show in Theorem that, under the assumptions of Theorem [B.6] Ch,, is
quadratic whenever Ch is quadratic.

In the next two definitions we consider test plans and “Sobolev” functions with
respect to a reference nonnegative Borel measure n in X, finite on bounded sets. In
the sequel we shall denote by M this class of measures, including both probability
measures and our reference measure m.

Definition 3.1 (Test plan). We say that w € Z(C([0,1]; X)) is a 2-test plan
relative to n € M if:

(i)  is concentrated on AC?([0,1]; X) and the 2-action of 7 is finite:

1
As(m) = // K2 dt dre(y) < oc.
0
(ii) There exists C' > 0 such that (e;)ymw < Cn for all ¢ € [0, 1].

The following definition was inspired by Heinonen-Koskela’s concept [21] of an
upper gradient, that we now illustrate. A Borel function G : X — [0,00] is an
upper gradient of a Borel function f: X — R if

b
Fw) — f(a)] < / G ()| ds

for any absolutely continuous curve v : [a,b] — X. Since the inequality is invariant
under reparameterization, one can also reduce to curves defined in [0, 1].

Let €(X) be the set of continuous parametric curves C' C X with finite length,
where curves equivalent under reparameterization are identified. Recall that any
such curve C can be written as v([0, £]), where £ is the length of C' and 7 : [0,¢] — X
is Lipschitz with |¥| = 1 a.e. in [0, £]. We shall denote by i : AC?([0,1]; X) — €(X)
the natural surjection.

Recall also that the 2-modulus of I' C €' (X) is defined by
(3.1)

Mods »(T) := inf{/ g*dn: g: X — [0,00] Borel, /g >1forall vy e F} .
X ot

Shanmugalingam proved in [30] that functions with an upper gradient in L?(X,n)
are absolutely continuous along a Mods ,-a.e. curve in € (X). We also recall the
following simple consequence of [BI)): for any Mods ,-negligible set I' there exist
Borel functions r, : X — [0,00] satisfying [y 7 dn — 0 and [ r), = oo for all
~v € I". Also, the inequality

1/2

1

Modz,n({v:/gzt})s—(/den) . t>0,
¥ t\Jx

immediately yields that functions in L?(X, m) have a finite integral on « for Moda -
a.e. .
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Definition 3.2 (The space 82 and weak upper gradients). Let f : X — R, G :
X — [0, 00] be Borel functions. We say that G is a 2-weak upper gradient relative
to nof fif

1
vwn—ﬂ%nsécwmwwm<m for a0,

for all 2-test plans 7 relative to n.

We write f € 82 if f has a 2-weak upper gradient in L?(X,n). The 2-weak upper
gradient relative to n with minimal L?(X,n) norm (the so-called minimal 2-weak
upper gradient) will be denoted by |D flu,n-

Remark 3.3 (Sobolev regularity along curves). A consequence of 82 regularity is
(see Proposition 5.7 in [3]) the Sobolev property along curves, namely for any 2-test
plan 7 relative to n the function ¢ — f(7;) belongs to the Sobolev space W11(0,1)
and

CHO <Dl e i (0,1)

for m-a.e. . Conversely, assume that g is Borel nonnegative, that for any 2-test
plan 7 the map ¢ — f(v;) is W11(0,1) and that

%f(%)l <g(v)%l  ae in (0,1)

for m-a.e. . Then, the fundamental theorem of calculus in W11(0, 1) gives that g
is a 2-weak upper gradient of f. O

Because of the absolute continuity condition (e;)y7 < n imposed on test plans,
it is immediate to check that the property of being in 82, as well as |Df|, o, are
invariant under modifications of f in n-negligible sets. Furthermore, these concepts
are easily seen to be local with respect to n in the following sense: if f € 82, then
f € 82, for all measures ' = nL B with B C X Borel, and |Df|yw < [Df|wn
n'-a.e. on B: this is due to the fact that test plans relative to n’ are test plans

relative to n. Conversely,
(3.2) fe SﬁR with ng :=nL Br(zo), s%p/ |Df|30,nR dng <oo = fe82.
X

This is due to the fact that any curve is bounded, hence any test plan 7 relative to n
can be monotonically approximated by test plans concentrated on curves contained
in a bounded set.

Another property we shall need is the locality with respect to f; see [6] for the
simple proof.

Proposition 3.4 (Locality). Let fi, f2 : X — R Borel and let G1, G5 € L*(X,n)
be 2-weak upper gradients of f1, fo relative to n respectively. Then

G G, on {f1 # f2},
b min{Gy,G2} on {fi = f2}

is a 2-weak upper gradient of fi. In particular, by minimality we get

(33) |Df1|w,n = ‘Df2‘w,n n-a.c. on {fl = f2}

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RIEMANNIAN RICCI CURVATURE LOWER BOUNDS 4673

Weak gradients share with classical gradients many features, in particular the
chain rule [3, Proposition 5.14]

(3.4) IDO(f)lwm = &' ()| Df|wn  nae in X

for all ¢ : R — R Lipschitz and nondecreasing on an interval containing the image
of f. By convention, as in the classical chain rule, ¢/(f) is arbitrarily defined at
all points = such that ¢ is not differentiable at x, taking into account the fact that
|Df|wn =0 n-a.e. on this set of points.

In the sequel we shall adopt the conventions

(3.5) IDflw = |Dflwm, §%.=82.

In Theorem below we analyze in detail the behaviour of |Df|, » and 82 under
modifications of the reference measure n.

Theorem 3.5. The following properties hold:

(@) If n € M and T C €(X) is Mody n-negligible, then any Borel set T C
AC?([0,1]; X) such that i(T) C T is w-negligible for any 2-test plan
relative to n. In addition, for any Borel and n-negligible set N C X the
following holds:

Moy, ({7 € 7(X) - / 51dt > 0}) = 0.
7H(N)

(b) If either n € P(X) and f € 82, orn € M and f € 82N LY(X,n), there
exist ¢y, € Lip,(X) N L*(X,n) satisfying ¢, — f n-a.e. in X and |D¢,| —
|Df|wn in L2(X,n).

(c) If either n € P(X) and f € 82, orn € M and f € 82N L (X,n), then
there exists a Borel function f coinciding with f out of an n-negligible set
and having an upper gradient in L?(X,n); in addition, there exist upper
gradients G,, of f converging to |Dflwn in L2(X,n).

Proof. (a) The first statement is a simple consequence of Holder inequality; see
[B, Remark 5.3]. The second one follows just by taking the function g identically
equal to oo on N and null out of N in (B)).

(b) Using the chain rule (84) we reduce the proof to the case of nonnegative
functions f. If f belong to L?(X,n) the existence of ¢,, is one of the main results of
[3]; see Theorem 6.2 therein. In the general case we approximate f by the truncated
functions fy = min{ f, N} and use the chain rule again to show |Dfn|y.n = |Df|wn
in L?(X,n). Then, a diagonal argument provides the result.

(c) This is part of the theory developed by Koskela-MacManus in [23] and Shan-
mugalingam in [30]: if f, — f n-a.e. and G,, are upper gradients of f, weakly
convergent to G in L2(X,n), then we can find a Borel function f equal to f n-a.e.
and a Borel function G equal to G n-a.e. such that G satisfies the upper gradi-
ent property relative to f along Modg n-a.e. curve. In our case when f € 82 we
may apply statement (b) with G = |Df|,.. and choose f, = ¢, to find f and G.
Then, denoting by I' the set of curves where the upper gradient property fails and
considering

Gy = é + 7,
where 7, € L*(X,n) satisfy [ rjdn — 0 and [ re = oo for all ¥ € T', we obtain
upper gradients G, of f approximating |Dflwn in L2(X,n). a
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Theorem 3.6 (Change of reference measure). Assume that p = gm € P5(X) with
g € L=(X,m) and |D\/g|, € L*(X,m). Then:
(a) f €8 and |Df|, € L*(X,p) imply f € 8 and |Dflw,, = |Df|w p-a.e. in
X;
(b) logg € 82 and |Dlog glw,, = |Dglw/g p-a.e. in X.

Proof. (a) Thanks to the locality properties with respect to m stated after Defini-
tion B2 (see in particular [2])) we can reduce ourselves to the case when m(X) = 1.
Since the statement is invariant under modification of f and g in m-negligible sets,
by Theorem [3.5(b) we can assume that /g and f are absolutely continuous along
Mods, m-a.e. curve in € (X ); even more, we can assume that f has an upper gradient
H with [ H?dm < cc.

Let us first prove the inequality |Df|y,,, < |Df|w p-a.e. in X. By a truncation
argument we can assume with no loss of generality that f is bounded; under this
assumption we can find bounded Lipschitz functions ¢, with |[D¢,| — |Df|, in
L?(X,m). Since g is bounded it follows that |D¢,| — |Df|, in L*(X, p); we can
now use the stability properties of weak upper gradients [3, Theorem 5.12] to obtain
that |Dfl|w,, < |Df|w p-ae. in X.

In order to prove the converse inequality |Df|y, > |Df|, p-ae. in X, we
consider a function f coinciding with f p-a.e. in X and an upper gradient L of
f with JL?dp < oo. The converse inequality follows by letting L — |Df|,, in
L?(X, p) if we are able to show that

H(x) if g(x) =0,
Ly(z) =4 . .
min{H (z), L(z)} if g(xz) >0
is a 2-weak upper gradient of f relative to m. More precisely, we will prove that the

upper gradient inequality with L; in the right hand side holds along Mods n-a.e.
curve. We notice first that

|f (Yeey)) — F(0)] S/L

along Mods m-a.e. curve v satisfying inf, g > 0 (here we are using the invariance
under reparameterization, selecting the arclength one, with ¢(v) equal to the length
of 7). Indeed, by definition of 2-modulus, the set

{76‘5()(): inf g > 0, /Lzoo}
K ¥

is not only Mods ,-negligible, but also Mods n-negligible. If we write the upper
gradient inequality in averaged form,

L /JW|Y )—fenlars [1owin o<
W ) T (veyy—r) — f(ye)]dr < g wi €<§7

and use Theorem [3:5((a) with the m-negligible set N = {f # f} N {g > 0}, we may
replace f with f in the previous inequality. Now we use the absolute continuity of
f along Mods n-a.e. curve and pass to the limit along a sequence € | 0 to get

uww—ﬂ%ns/L

.
along Mody m-a.e. curve v : [a,b] = X with inf, g > 0.
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The set of curves v € € (X) containing a subcurve 4 : [a,b] — X with inf, g > 0
and |f(v,) — f(vh)] > fn/, L is Mods n-negligible as well. If v does not belong to
this set and f o~ is absolutely continuous, it is immediate to check (recall that g is
continuous along Mods y-a.e. curve) that its derivative is bounded a.e. by L 07|/,
whence the upper gradient inequality along ~ follows.

(b) We consider the functions f. = log(g + €). Since |Dgl|2 /g*> € L'(X,p) it
is immediate to check that all functions f. satisfy the assumption in (a), hence
fe € 8 and |Dfc|w, = |Dfelw = |Dglw/(g + €) p-a.e. in X. We can now pass
to the limit as € | 0 and again use the stability of weak upper gradients to get
|Dflw,p < |Dglw/g p-a.e. in X. The converse inequality follows by the chain rule

B4) with ¢(s) :=log(e® + 1):

|Dglw g
=D filwp = (H)IDflw, = mlDflw,p-

g+1
O

Remark 3.7. Notice that for the validity of (a) it suffices, as the proof shows, the
existence of a nonnegative function g continuous along a Mods n-a.e. curve and

satisfying m({g # g}) = 0. O
We shall define Ch : L}(X,m) — [0, 0], Ch, : L' (X, n) — [0, 00] by
(3.6)
1
Chif)img [ IDfEdm, fes  Cha(f)i= g [ IDfEadn fes?,
p's

with the conventions Ch(f) = co on L*(X,m)\ 82, Ch,(f) = oo on L}(X,n)\ 82.
We will choose n, as explained in the introduction, to be probability measures.

We shall also denote, whenever Ch (resp. Chy,) is a quadratic form, by
(3.7)

&(f,9)=

l\DI»—l

(Ch(f+9)—Ch(f ) (p €n(f.9) :=%(Chn(f+g)—Chn(f—g)))

the associated symmetric bilinear form, defined on 82 N L'(X,m) (resp. 82N
LY(X,n)).

Still under the assumption that Ch is quadratic, as in [4, Definition 4.13] (see
also Gigli’s work [I7] for a more general, non-quadratic framework), we can define

i IPU +20)l2 ~ DS
(33) G(f.9) = lim .

) fvgeSQa

where the limit takes place in L'(X, m). Notice that G(f, f) = |[Df]2, m-a.e. and
that G(-,-) provides integral representation to &, namely

&(f.9) = /X G(f.g)dm

. . 2
The inequality |D(f + eg)li, < (IDflw + €|Dglw)” = [DfI}, + 2¢|Dflw|Dglw +
£2|Dg|?, provides the bound

(3.9) |G(f,9)| < |Dflw|Dglw  m-a.e. in X.

Also, locality of weak gradients gives

(3.10) G(f,9)=G(f,9) m-a.e. on {g =g'}.
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We will need a chain rule with respect to the second argument (see [4, Lemma 4.7]
for the simple proof):

(3.11) /X G(f. 8(g)) dm = /X ¢ (9)G(f,g) dm

for all ¢ : R — R nondecreasing and Lipschitz on an interval containing the image
of g, with the same convention on the value of ¢’(g) mentioned in (8.4). Finally, we
will need the following lemma, whose proof is more delicate: it relies on the chain
rule for G(-,-) also with respect to the first factor and on the Leibniz rule with
respect to the second factor (see [4] for finite measures and [I7), Proposition 4.20]
for the general case).

Lemma 3.8. If Ch is quadratic, then G(-,-) is a symmetric bilinear form. In
particular [|Df|2gdm = [G(f, f)gdm is a quadratic form for any nonnegative
g€ L>®(X,m).

Theorem 3.9 (Weighted Cheeger energy). Assume that p = gm € Po(X) with
g € L>(X,m) and Ch(,/g) < co. If Ch is a quadratic form, then Ch, is a quadratic
form and
(3.12)

Ep(logg, @) = E(g, ) for all ¢ : X — R Lipschitz with bounded support.

Proof. By Theorem B.6(a) and Lemma B.8 Ch, is a quadratic form on bounded
Lipschitz functions with bounded support. By approximation Ch, is a quadratic
form on bounded Lipschitz functions and eventually, taking Theorem B.H|(b) into
account, on L%(X, p).

Let f. =log(g+¢) € 82. Then, again using the independence of weak gradients
upon the reference measure given by Theorem [B.6la) and BII]), we get

.. Chy(e +5fs)— |D(p +5fs |2 |Dol?,
Eolo fe) = lalw uo/ dp

- /Ggpfa dp—/Gga, —dm

Passing to the limit as € | 0 provides the result, since convergence of the right
hand sides is obvious, while convergence of the left hand sides can be obtained by
working in the vector space H := L?(X, p') N 8% endowed with the scalar product

1
1+ log® gp'
This is indeed a Hilbert space because Ch, is easily seen to be lower semicon-
tinuous (since a truncation argument allows the reduction to sequences uniformly
bounded in L>(X, p)) also w.r.t. L?(X,p’) convergence; moreover, clearly f. — f
in L2(X, p), and since their norms are uniformly bounded we have weak convergence
in H. Finally g — £,(¢, g) is continuous in H. O

(h,h') = /X hh' dp’ + E,(h, k') with p' =

4. EXISTENCE OF GOOD GEODESICS

This section is devoted to the proof of the existence of geodesics in (Po(X), Wa)
which are (at least for some initial time interval) better than the ones given directly
by the usual CD(K, 00) inequality given by Lott and Villani [25] and Sturm [32].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RIEMANNIAN RICCI CURVATURE LOWER BOUNDS 4677

Definition 4.1. We say that (X,d,m) is a CD(K, o) space if for all pg, p1 €
D(Enty,) (recall (Z2))) there exists a geodesic (u;) € Geo(P2(X)) which satisfies

the convexity inequality
(4.1)

K
Ente (1) < (1 — t)Enty (1) + tEnty, (1) — 575(1 — W3 (po, 1) VYt €[0,1].

The idea of constructing good geodesics in CD(K, N) spaces was recently used by
Rajala in [28] to study C D(K, N) spaces with branching geodesics. There the initial
motivation was to obtain geodesics good enough so that the approach of [29] for
proving local Poincaré inequalities could be adapted to these spaces. Constructing
geodesics by selecting midpoints is a standard approach; see for example Gromov’s
proof that the GH limit of length spaces is a length space [20, Proposition 3.8].

Here we modify some of Rajala’s results in [28] and [27] to the setting of this
paper, repeating with some detail the arguments because on some occasions the
adaptation is not trivial. The version of these results which we will need in the
later sections is the following.

Theorem 4.2. Let (X,d,m) be a CD(K,00) space and let puo = pom, p1 = p1m €
D(Enty,). Assume in addition that py has bounded support and density and that
the density po satisfies the growth-bound

(4.2) po(z) < cpe— 24 (@w0) Ve e X

for some c1, ca >0 and zy € X.

Then there exist tg € (0,1) and a geodesic (py) € Geo( (X)) between po, 1
satisfying the convexity inequality [@I) for allt € [0,1] and the density bound
(4.3) sup ||pel|noe (x,m) < 00.

te[0,t0]

In §4.0] we discuss the convexity of the entropy along intermediate measures
formed by using an inductive process and prove existence of entropy minimizers.
In §4.2] we review some results of Rajala in [27] in CD*(K, N) spaces. In §4.3] we
prove that the minimizers satisfy density bounds by adapting Rajala’s result in
[28]. Finally, in §4.4] we prove Theorem using these ingredients.

4.1. Intermediate measures and the existence of minimizers. The measures
with minimal entropy will be selected from the set of all intermediate measures.
Recall that for any two measures pg, p1 € $5(X) the set of all intermediate points
(with a parameter ¢ € (0,1)) will be denoted by

Ii(po, ) = {v € P2(X) + Walpo,v) = tWa(po, p1)
and Wa(p1,v) = (1 = 1)Wa(po, p1)}-

It is not difficult to show that the set of t-intermediate points is a convex and closed
subset of Z5(X),

Even though the selection process is countable, it will define the whole geodesic
by completion. To get the convexity inequality (@) for all times we will then need
the lower semicontinuity of the entropy w.r.t. Wa-convergence (a direct consequence
of ([ZX) and of the weak lower semicontinuity of Ent, in #(X) when n € #(X))
and tightness estimates. Let us now indicate how the first property of the good
geodesics follows easily if we define the geodesic by taking any intermediate point
where (@] is satisfied.
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Proposition 4.3. Let ug, u1 € Po(X). Suppose that we have selected inductively
at step (n + 1) measures piy € Ji=s (s, p1r) satisfying

r—1 t—s
Bt () < = = Bt ) — G o (W),
where s <t <1 and the times s and r are two consecutive timepoints in the set of
times where the measures have already been selected at step n.

Then ([Il) holds for all u: chosen at the (n + 1)-th step. In particular, if the
closure of the selected times is the whole interval [0,1], defining p: by completion,
we have a geodesic between pg and py along which [@I)) holds.

K({t—s)(r—t)

Entm (ps) +

Proof. Suppose that we have selected a measure p; € J;(puo, 1) satisfying

K
Entm () < (1 = t)Entm (o) 4 tEnty (1) — gt(l — t)W3 (o, p1)

and after it a measure s € I (o, pt) satisfying

K
Entm (pes) < (1 — s)Entn (o) + sEnte (1) — 55(1 — 5)W3 (ko 11e)-

Then for the measure p;s we also have ugs € Jps(po, 1) and

K st — W20, )

Entim (f1s) < (1= $)Entm (p0) + sEntm (1) — -5

< (1= 5)But 1) +5 ( (1 = OBt (1) + B 1) = 541 ~ O, 1)

- sl = W )
=((1—=5)+s(1l—1t))Enty(uo) + tsEnty (u1)

_ % (ts(1—t) +t2s(1 — s)) W3 (1o, p1)

K
=(1—ts)Enty (po) + tsEnty (1) — ?ts(l — t8)W2 (o, 1)

Therefore the claim holds for all the points ¢;. By the lower semicontinuity of the
entropy it then also holds for the closure. O

Now that we know from Proposition [4.3] that the first property of the geodesic in
Theorem is easily satisfied, we turn to the more difficult part of obtaining the
density bound (£3)). To do this we will not only select intermediate measures that
satisfy (£1]), but measures where the entropy is minimal. The obvious first step is
then to prove that there indeed exist such minimizers. In general the set J; (o, 1),
though closed, is not compact in (F5(X), Ws). However, when we consider a
subset of J;(uo, 1) with the entropy bounded from above, we have compactness.
In particular, we therefore have the existence of minimizers.

Lemma 4.4. Let pg, p1 € P2(X). Then for all t € [0,1] there exists a minimizer
of the entropy in I (uo, p1).

Proof. Without loss of generality we can assume the existence of v € J;(uo, 1)
with Enty, () < co. We know that the entropy is lower semicontinuous and that
Ji (o, 1) is closed. The claim then follows if we are able to show that the set

K ={p € Ji(uo, p1) : Entm(p) < Enty(v)} C P2(X)
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is relatively compact in (P9(X), Wa). It suffices to prove that the set X is uniformly
2-integrable and tight; see [2, Proposition 7.15]. Let us first prove the uniform 2-
integrability of the set J:(po, p1). This follows from the fact that for any u €
Ji(po, pp1) we have

/ B dz(zo,x)dlug/ B 4d?(zo, x) d(po + p1) = 0, as k — oo
X\B(zo,k) X\B(zo0,k/2)
since po, 1 € Po(X).

Let us next prove that X is tight. If m € (X)) is defined as in (Z4), [235]) shows
that sup,,cqc Entgm (1) is finite. Then, tightness of X is a simple consequence of the
equi-integrability of the densities w.r.t. m. O

As a technical tool we will need the excess mass functional Fo: P5(X) — [0,1]
which is defined for all thresholds C > 0 as

(4.4) Folp) = l(p — O) o xm) + 1°(X),

where 1 = pm + p® with p¢® L m. This functional, lower semicontinuous under
weak convergence, was used in [28] to obtain the first good geodesics in CD(K, N)
spaces. The motivation for using the excess mass functional is that its variations
under perturbation of the minimizer are easier to estimate, since one only cares
about the amount of mass exceeding the threshold.

4.2. Localization in transport distance. As we will later see, the task of finding
the first good intermediate measure between p and pq is slightly more difficult than
finding the rest of the geodesic. This is due to the fact that after some p; with
t € (0,1) has been fixed we can consider the transport distances to be essentially
constant. This useful observation was made by Rajala in [27]. It follows from two
simple statements. First when one fixes an intermediate measure, the length of the
curves along which the transport is done gets fixed. This is the content of the next
proposition which was proved in [27, Proposition 1].

Proposition 4.5. Let po, 1 € P2(X) and tg € (0,1). Suppose that there exist
constants 0 < Cp < Cy < 00 and a measure @ € OptGeo(uo, p1) with

(4.5) CL <l(y)<Cy for w-a.e. v € Geo(X).
Then the bounds in 3] hold 7w-a.e. for any 7 € OptGeo(po, 1) with (e, )7 =
(eto)ﬁﬂ-‘

In order to use the previous proposition we will need another observation which
is a simple consequence of cyclical monotonicity (cf. Chapter 5 in Villani’s survey
[34] for a review of cyclical monotonicity). Namely, when we work on a part of
the transport with some bounds on the lengths of the curves, this part will not get
mixed with other parts of the measure at any intermediate time. For the proof of
this fact see [27, Lemma 2.5].

Lemma 4.6. Take 0 < C, < Oy < (O3 <Oy < o0 and define
A; ={7€Geo(X): C1 <I(y) £ C3} and Ay ={v€Geo(X):C3 <I(y) < C4}.

Then for any w € OptGeo(uo, 1) and any t € (0,1) there exists a Borel set E C
Geo(X) with w(E) = 0 such that

{(.4) € (AL \ E) x (A2 \ E) : 3 =%} =0
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4.3. Density bounds for the minimizers. The information from the minimizers
of the entropy and of the excess mass functional are obtained with a contradiction
argument. First we assume that there exists a minimizer which does not have the
desired density bound. After this we isolate the part of the minimizer where the
density bound is exceeded and redefine this part of the measure to be something
slightly better. If this new measure is again an intermediate point and we have
strictly decreased the energy we are minimizing (the entropy or the excess mass),
we obtain a contradiction, so the minimizer must satisfy the density bound. To
prove that we indeed get an intermediate point we use the next lemma, whose
proof relies on the joint convexity of (u,v) — W3 (u,v), which was again proved by
Rajala in [28, Lemma 3.5].

Lemma 4.7. Let ug, p1 € P2(X). Then for any A€(0,1), any m € OptGeo(po, 1),
any Borel function f: Geo(X) — [0,1] with ¢ = (f7)(Geo(X)) € (0,1) and any

v 3y (Hlenls (m). e ()

we have
(ex)s (1 = f)m) + cv € In(po, p1).

The first step which uses the minimization of the excess mass functional F¢ in
@4 is the same one that was taken in [28, Proposition 3.11]. We repeat some
key points of the proof for the convenience of the reader. In [28] the functionals
Fc were minimized only in the bounded case. A reduction to this case can also be
made here, and so the following proposition which was proved in a slightly different
form in [28, Proposition 3.9 and Proposition 3.11] will suffice.

Proposition 4.8. Assume that (X,d) is a bounded metric space with a finite mea-
sure m. Let vy, 11 € Po(X) and t € [0,1]. Suppose that there exists a constant
C > 0 so that for any ™ € OptGeo(rp,v1) and A C X Borel with w(e; '(A)) > 0
we have that for the measures

(4.6) Do = m(eo)u (mle; ' (4)), = m(el)u (mle; " (A))
there exists a measure U € J4(Dg, 1) with
(4.7 Enty (9) < log #

m(e; (A))

Then there exists a minimizer p, of Fo in J4(vo,v1) and the minimum value is zero,
so that puy < m and its density is less than C m-a.e. in X.

Proof. Take a threshold C' > C. It suffices to prove that the minimum of F¢- in
J:(vo, v1) is zero and then let C” | C. Without loss of generality we may assume that
all minimizers, whose existence is ensured by tightness of J;(vp, 1) in Z(X) and
lower semicontinuity, are absolutely continuous with respect to m. Indeed, suppose
that there is a measure w € J;(vp, 1) with a singular part. Let A be an m-negligible
Borel set where the singular part of w is concentrated. By the assumption of the
proposition together with Lemma [£7] we can then redefine the part of w which
is supported on A to be a measure having finite entropy. In particular it will be
absolutely continuous with respect to m. Since we are redefining only the singular
part of w, the value of the functional - does not increase after the redefinition.
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Assume, contrary to the claim, that the infimum of Fer in J;(vg, v1) is positive.
Denote by Muyin C J¢(vo,v1) the set of minimizers of Fevr in J;(vo,v1). Applying
the proof of |28, Proposition 3.9] we see that the set My, is always nonempty.
Take v € My, for which

4

(4.8) m({zeX : p(x)>C"}) > <%> sup m({z € X : py(z)>C'}),

WEMmin

where v = p,m and w = p,m. Let w € OptGeo(ry, 1) be such that (e,)ym = v.
There exists § > 0 so that

m(A) > <%> ’ m(A”)
with
(4.9) A ={zeX :plx)>C"} and A={zxecA : p,(z)>C + 5}

From the assumption of the proposition we know the existence of a measure
v = pm € Jy (D, 1) with Ent (9) < log(C/v(A)), where & and 7 are given by
(#H). By Jensen’s inequality we then have

) v(A) _ ' o7\ *
4.1 > >—m(A) > | = A,
(4.10) w((p>0) > ) > Gy = (G ) i)
We can now consider a new measure 7 = pm defined as the combination
. c’ J .

By Lemma .7 and the convexity of J; we have € J;(vp,v1). Due to the definition
of (£9) we only redistribute some of the mass above the density C’ when we replace
the measure v by the measure 7, so that 7 € M,;,. Let us calculate how much the
excess mass functional changes in this replacement:

6
&"/1/—3"/17:/ min{C'— U,—I/AA}dm.
o) -Tom=[ por g (A)7

Because of the minimality of Fov at v this integral must be zero. Therefore {p >
0} N{p, < C’} is m-negligible. On the other hand, for any y € {p > 0} N{p, > C'}
we have p(y) > C' (if y € X \ A this is trivial, if y € A the second term in (1)
gives a contribution larger than C’). This, together with our choice ([&S]) of v, leads
to a contradiction:

m({7> ¢ = m({p > 0}) > <%) " m(4) > (%) ’ s mi{p, > )

O

Next we make another minimization. This time for the entropy itself. A similar
argument was used in [27] to obtain good geodesics in metric spaces satisfying the
reduced curvature dimension condition CD*(K, N).

Proposition 4.9. Let ug, p1 € P2(X) and t € [0,1]. Suppose that there exists
a constant C > 0 so that for any ® € OptGeo(ug, 1) and A C X Borel with
(e, (A)) > 0 we have that for the restricted measures i, o1 in [@EB) there exists
a measure U € J¢(fig, f11) satisfying @A). Then for any minimizer fimin of the

entropy i Iy (1o, p1) we have pmin < Cm.
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Proof. Without loss of generality, we can assume ¢ € (0,1). Let v = pm be one
of the minimizers of the entropy in J¢(ug, 1), which by Lemma 4] we know to
exist. By ([@7) with A = X we know that Ent,, (v) < co. We need only show that
Fe(v) =0.

Let 7 € OptGeo(po, 1) be such that (e;)ym = v. Suppose now by contradiction
that Fo(v) > 0, let n > 0 be such that m({p > C + 2n}) > 0 and define

C, = % m({p>C+n}) —m({p>C+2})] > 0.

Since 7 — g(7) := m({p > C 4 7}) is nonincreasing, there exists § € (1, 2n) such
that —g’(0) < C;. In particular, choosing ¢ in this way and fixing z¢ € X, for
¢ € (0,n/3) sufficiently small and R = R(¢) sufficiently large, one has m(L') <
m(L) + (1 + C1)¢, where

L={z € B(zo,R) : p(x) >C+6} and L' ={zeX :px)>C+3s—3¢}.

Let T' C Geo(X) be a cyclically monotone set on which 7 is supported. Fix
7 €T Ne; (L) and consider any v € I'Ne; ' (L). Using cyclical monotonicity we
get (similarly as in [34) Theorem 8.22])

d*(v0,m) < d*(Fo, M) + d*(v0, 1) < d* (o, 1) + d* (Y0, 1)
< (d(9,m) + diam(L) + (7)) + (d(0,7) + diam(L) +1(7))*
= (1 =t)*+ %) d*(70,7) + 2(diam(L) + 1(¥))d(y0,71)
+ 2(diam(L) + 1(7))%.
Since (1—t)2+1> = 1—2(1—t)t < 1, the length of the geodesic v has a bound from
above given in terms of only diam(L) and I(%). Hence the measure 7l e; ' (L) is

supported in a uniformly bounded set of curves.
We can use Proposition 8 with v; = (v(L)) ' (e;)ywLe; *(L) to find a measure

(eo)smloe;, (L) (el)rﬂﬂ—etl(L)>
v(L) ’ v(L)

ﬁ_f)mejt(

with p < C/v(L) m-a.e. in X.
Now consider a new measure ¥ = pm defined as the combination
C+do—9¢ 0]
——vL L
cro Mot

By Lemma [.7 we have 0 € J; (10, p11)-
For x € L we have the estimates

v=vL(X\L)+ v(L).

C+d— C+6— C
_ (C —p(x))¢ 5
=@+ s <
and
(4.13) plx) > Cgij_;qbp(x) >C+6—¢.
For € L' \ L we have
(A1) ple) < pl@) + o (L)jw) < pla) + o < C 46+
B ¢+ - C+s ’
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and for x € X \ L' we get

(415)  ple) < pla) + =2 o

C+6 C+9

Write C2 = & T 5m(L). Let us estimate the change in the entropy when we replace
v by : using the convexity inequality zlogz — ylogy < (x — y)(logz + 1) we can
estimate from above Enty, () — Enty, (v) by

[ 6= ptogp+ 1yam= [ (5= p)logpm.
X X

Now, we set w := p— p, split X as LU (X \ L) U (L' \ L) and use the fact that
w<0on L and w>0on X\ L, the inequalities (£12), @13), @.14), (@I5) and

eventually the concavity of log to get

/wlog(C+5—¢)dm—|—/ wlog (C'+ 6 —2¢) dm
L

X\L/

v(L)p(z) < C +6— 3¢+ <C+6-2¢.

+/ wlog (C' + 6+ ¢) dm
L\L

= (10g(c+5—¢)—log(C+6—2¢))/Lwdm

+(1og(c+5+¢)—1og(c+5—2¢))/ wdm
LN\L
5
cf& (L)

s\ L)

— (log (C+ 0 — ¢) —log (C + 6 — 2¢))

+(10g(C+5+¢)—log(C—l—é—qu))
< —(10g(0+5—¢))—log(0+5—2¢))02¢
+ (log (C' + 6 + ¢) — log (C + 6 — 2¢)) (1 + C1)¢>

o 30
C+o-26 C+o—20

for small enough ¢ € (0,7/3). This contradicts the minimality of the entropy at
V. ]

<—Cho + (14 Cy)¢? <0

4.4. Construction of the geodesic.

Proof of Theorem .2 In this proof, to avoid a cumbersome notation, we switch to
the exp notation and set C1 := ||p1|| o (x,m). Let D > 0 be such that supp(u1) C
B(zg, D). We will prove the claim with

The geodesic is constructed as follows. First we fix the measure pu;, = p,m €
Jto (b0, 41) to be a minimizer of the entropy in Jy, (1o, p1). After this we define
the rest of the geodesic for times ¢ € (0,t¢p) inductively. Suppose that for some
n € N we have defined py9-ny, for all & = 0,1,...,2". Then for all odd %k €
N with 0 < k& < 2"™! we define figo-n-14, to be a minimizer of the entropy in
j%(/,l/(k-_l)anflto’/,I/(k+1)27n71t0). We construct the geodesic on the interval (tg,1]
in a similar way by iteratively selecting the midpoints with minimal entropy. The
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rest of the geodesic is given by completion. Let w € OptGeo(uo, pt1) be such that
(er)ym = p for all ¢t € [0, 1].

Since we are selecting minimizers of the entropy among all the possible interme-
diate measures in a CD(K, co)-space, the selected measures satisfy the convexity
inequality (1) between the given endpoint measures. Therefore, by Proposition[£.3]
the inequality (.I]) holds for all ¢ € [0, 1].

Let us then concentrate on the entropy estimates assumed in Proposition .8 and
Proposition[9 Let = € OptGeo(uo, p11) and A C X Borel with M := 7r(e;01(A)) >
0, write

- A 1 -1 N A 1 -1

Ho = pom = M(QOM (7T|—et0 (A)) and  fip = p1m = M(el)ﬁ (ﬂ-l—eto (A)) g
and take a measure v € Ty, (fio, fi1) which satisfies the convexity inequality (1))
between these measures. Now, using (£2]), we have the estimate (with V(z) =
d(w,z0))

Enty(v) < (1 —to)Entw (fi0) + toEntwm (1) + %to(l —to)W2 (1o, f11)
S to 10g <%> + (]. - to)

< [ nto) (180) + 510D + V(@) ) o

to log (%) + (1= to)

X /X po(z) <log (CMI) — V3 (x) + K to(D? + Vz(x))) dm(z)

-2
log (max{]\il,cl}) +K-D? = log (max{C’l,clj;xp[K D ]) ,

IN

IN

since Kty < c¢o by the choice of t3. By Proposition we then have the estimate
lpto Lo (x,m) < max{Ch, c1Yexp[K ™ D?) < max{C}, c; }exp[(2K ™ + ¢3)D?*] =: C.

Next we prove that for all ¢ € [0, ] we have p; = py;m with the estimate

(4.16)  pr(ye) < Cexp [—%(1 — %)(CQ — Kftto)EQ(’y)] for w-a.e. v € Geo(X).

First of all the estimate ({10 is true for ¢ = ¢y. For ¢ = 0 we have that, thanks to
2D, po(vo) can be estimated from above by

crexp|—cad® (70, 20)] < crexp[—ea([€(v) — D]T)?] < crexp [—%262(7) + c2D?]
< Coxp(~ 5 (1)

and so ([@I6) holds also at t = 0.
Suppose that for some n € N the estimate ([@I0) holds for all ¢ = k27 "¢, with
k=0,1,...,2". Take an odd integer k with 0 < k < 2"*!. Our aim is to prove

[@I8) for t = k27" 1¢,.
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Let I € (0,00) and € > 0 be such that we have M = 7w({y : | <I(vy) <l+e€}) > 0.
Then by Proposition we know that any measure

# € OptGeo (%(eo)ﬁﬂ'—{v ASHO) Sl eh(emliy 1< Uy) <14 e})

is concentrated on geodesics with lengths in the interval [I,] + €]. On the other
hand, by Lemma we know that

(era—n-14,)s7 L (ena—n—ro)smlAy : £(7) & [I,1 + €] and ypo-n-14, € A}.
Therefore, in proving ([£.10) we may separately deal with the parts of the measure
where all the geodesics have lengths in an interval [I,1 + ¢]. Now take a Borel set
A C X such that for the measure 7 = 7wl {y : | <{(y) <l+e€and ypo-n-14, € A}
we have M = #(Geo(X)) > 0.
Suppose that the measure

S

_ 1 . .
ve 5% <ﬁ(e(k—1)2"1to)ﬁ7"7 = (e(k+1)2n1t0)ﬁ7")
satisfies the convexity inequality (@I). Then

1 e 1 e .
Enty, (7) < §Entm(M Ye(eo1y2-n-140)87) + §Entm(M Ye(e1y2-n-140 )¢ )

+ TW22 (Mil(e(kfl)Q*”*to)ﬁﬁ'v Mﬁl(e(kJrl)Q*”*lto)ﬁﬁ')

1 c 1 1 g —n—1,2y72
5 log T 4((1 (k—1)2 Yo — K~ (k—1)2 to)l®)
1 C 1 —n—1 — —n—142\72

IN

+ %(2*"150(1 +€))?

1 K-
= log % - 5((1 — k27" N (ep — K™ k27" H2)1%) + ?2*2”753(21 + €)e.

Proposition then gives

1 t _ K= 5,
pi() < Cexp[=5(1 = -)(e2 — K o)l + == 2725 (2 + )]

for w-a.e. v € Geo(X) with () € [I,I + ¢]. By letting € | 0 we then obtain (18]
for t = k27" 1¢,.

Notice that the estimate [EI0) gives py(y) < Cexp[—3(1— %)(Cg—K_tto)EQ('y)]
< C for all t € [0,¢t] for w-a.e v € Geo(X), which is equivalent to [@3)). O

5. CONVERGENCE RESULTS

This section is devoted to the proof of some auxiliary convergence results. The
first one deals with entropy convergence. Recall the notation V(z) = d(z, z).

Lemma 5.1. Let f,m, fm be positive finite measures in X. If f,, T f m-a.e. and
J fVZ#dm < oo, then

(5.1) /X fnlog frdm — /X flog f dm.

The same conclusion holds if f, | f m-a.e. and ff1V2 dm < oo.
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Proof. Assume first that m is a finite measure. Let us first consider the case f, 1T f.

Observe that the function ¢ ~ tlogt is decreasing on [0,e~!] and increasing on
-1

[e~ !, 00); we write it as the difference ¢1 — ¢o, with
-1 ifteo, —L _tlogt ifte0,?]
t) = N el t) = N el
#1(0) {tlogt ift>1 22(0= 1, if ¢ > 1.

Notice that ¢; are nondecreasing and bounded from below. Therefore we can apply
the monotone convergence theorem for [ ¢;(f,)dm to conclude. In the case f,, | f
the argument is the same.

In the general o-finite case we use ([Z.3]) to reduce ourselves to the previous case,
noticing that our assumptions on f,, imply [ f,V?dm — [ fV?dm < occ. O

Recall that, according to Definition and ([B.3), the space 82 consists of m-
measurable functions having a weak upper gradient in L?(X,m).

Lemma 5.2. Let 79 € X, = fm, 0 = gm € P(X) with f(z) < cye—c2d (@20)
for some c1, ca >0, infg, (50 f >0 for all R >0 and g € L>(X, m) with bounded
support. Let w € OptGeo(u, o) be a good geodesic given by Theorem B2l Then:

(1) For h € 82 satisfying |Dh|., € L*(X,p) and

(5.2) |Dh|2(z) < C(1 +d*(2,70)) for any x € BY, ()
for some C, R, > 0, the following holds (understanding the integrals on
Geo(X)):
2
53t [0 an) < [ ii o) amco)
tlo d(v¢,70)

(2) For all Kantorovich potentials ¢ relative to (u,0) with |Dy| having linear
growth one has

o 200) =) _ . d(h0, 1) -

5.4 lim ———————= =lim ———= = | Dy, m L*(C([0,1]; X), ).
) i P02 i S0930 D (0) i L2(C(10, 1) X). )
Proof. (1) Call f; the density of (e;)ym, i.e. (e;)ym = fym; we know that for ¢ > 0
sufficiently small, say ¢ € (0,tg), f; exists and there exists a constant C, such that
fi < Cy m-ace. in X for all t € (0,¢y). By the definition of a weak upper gradient,
for any ¢ € (0,%9) and m-a.e. 7y one has

) ) [ (J5 IDRn)lds) <1 [
den0) | = ) 1)
therefore applying Fubini’s theorem twice and using the identity (e,)ym = fim we
get
2 t
JPe= 00 am) < [ (3 [ D0 udas ) dmte)
(55) (’Yt>70) t 0

:/X G /Otfsds) DR dm.

The conclusion of the lemma follows once the following claim is proved:

i
(5.6) lim <1/ fsds> \Dh\ﬁ,dm:/ |DhJ? f dm.
x \tJo X

t10
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In order to prove the claim we use both the uniform L°° estimates on f; and the
2-uniform integrability of V2 w.r.t. fym. Notice first that the local boundedness of
f~1 implies |Dh|? € L'(Bg(zo), m) for all R > 0; moreover

(5.7) fii= <1 /t fsds> — f in duality with L'(Bg(zg), m).
tJo

Indeed the weak convergence f;m — fm implies the weak convergence of f; to f in
the duality with Cy(Bgr(xo)); then (B7) follows by the uniform L* bound on f;.
Second, observe that (5.2) gives

(5.8)

'/ FIDh dm — FIDhI2 dm
X

Br(wo)

t
gg// (14 d(z, 20)) f, dmds
t Jo JBg (o)

— 0 as R — oo uniformly in ¢ € (0,%);

the second line comes from the observation that the geodesic (fsm)se(o,1) is a com-
pact subset in (H5(X), Wa), hence tight and 2-uniformly integrable (see [2, Propo-
sition 7.1.5]). The claim (56) then follows by combining (58) and (57).

(2) Observe we are under the assumptions of the Metric Brenier Theorem 10.3
in [3]. Therefore there exists a Borel function L satisfying L(v) := d(yo,71) for
m-a.e. v € Geo(X) and, in addition,

(5.9) |Dplw(x) = |DTp|(x) = L(z) for m-a.e. v € X.
It trivially follows that for m-a.e. v € Geo(X)
d(7o,
|Dg|w(v0) = d(y0,11) = M for every t € (0,1).

The missing part is the L? convergence of difference quotients, proved and stated in
[3] under a different set of assumptions; we adapt the argument to our case, where
|D¢| has linear growth. Since by optimality we have for mr-a.e. v that

c d2 Y0, c d2 Yty V1
ol0) + o5 0n) = T8I ) () < SO0
we get with a subtraction that
1—(1—-1¢)? 2t — 12
e(70) — (1) = %dQ(%m) =— d*(v0,m) for mw-a.e. 7.

Therefore, dividing both sides by d(v¢,v0) = td(y1,70), for m-a.e. v one has
(o) — @)

5.10 liminf ————~> > d(~, = |Dyl|w .

(5.10) = o) = (70,71) = Dl (70)

On the other hand, by the definition of ascending slope,

. (o) — ¢(71) +
5.11 limsup L — 72V <1 p .
(5.11) 18 P o) S D™ (7o)

So, combining (59) and (BI0) with (B.IT]) we get
(5.12) i P00) — @)
1o d(v0,7)
Now we claim that
e(70) — (1)
d(v0,7)

= |Dp|w(v) for w-a.e. 7.

(5.13) — | Dl 0 €g weakly in L?(Geo(X), 7).
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Since by assumption |D¢p| has linear growth, by part (1) of the present lemma we
have

. ©(10) — (1)
(5.14) hntlfoup/' d(“Yo,%)

If ¢ is a weak limit point of the difference quotients as ¢ | 0, by Mazur’s lemma a
sequence of convex combinations of these difference quotients strongly converges in
L?(Geo(X), ) to 9. Since a further subsequence converges m-a.e., from (5.12) we
obtain that 1) = |[D"p|. By weak compactness, the claim follows.

We conclude by observing that the lower semicontinuity of the norm under weak
convergence together with (5.14)) ensure convergence of the L?(Geo(X), ) norms.
Since in Hilbert spaces weak convergence and convergence of the norms give strong
convergence, the lemma is proved. O

2
dr < / IDgl2 (o) dr.

Our third result deals with weak convergence in the weighted Cheeger space;
it will be applied to sequences of Kantorovich potentials. In this and in the next
lemma we assume that Ch is quadratic, so that by Theorem B9 Ch,, is quadratic
whenever ) = gm € #,(X) with g € L>°(X,m) and with Ch(,/g) < cc. Recall that
&, denotes, according to (B.7), the bilinear form associated to Ch,,.

Lemma 5.3. Let (X,d, m) have a quadratic Cheeger energy. Let n = gm € Po(X)
with g € L>(X,m) and Ch(\/g) < co. Consider a sequence (f,) C 8* with

(5.15) sup/ |Dfn|fv dn < oo, sup | fnl(z) < C(1+ dz(x,xo)),
neNJ X neN

and assume that f, — f m-a.e. in X. Then

(5.16) Tim_ &, (fn,logg) = &(f,logg)-

Proof. We argue as in Theorem [3.0l Let us consider the weighted measure
1
TRl

and the corresponding weighted Sobolev space H := L?(X, ) N S%, endowed with
the scalar product

g = /X f9dii+ &y(f,9)-

Observe that, since L?(X,7) is a Hilbert space, in order to check the completeness
of the norm || - ||z induced by this scalar product it is enough to check the lower
semicontinuity of || - |z with respect to strong convergence in L?(X,); but this is
clear since Ch,, is lower semicontinuous with respect to L?(X,n) convergence and,
on sequences uniformly bounded in L>°(X,7), the finiteness of n turns L?(X,7)
convergence into L?(X,n) convergence. By a truncation argument one obtains that
Ch,, is L?(X,7)-lower semicontinuous. We conclude that (H,(-,-)y) is a Hilbert
space (it is even separable, see [4, Proposition 4.10], but we shall not need this fact
in the sequel).

Now since n € Z(X), from the second assumption (5.I0) and dominated con-
vergence we have that f, — f strongly in L?(X,7). On the other hand, the first
assumption in (BI5) implies that ||f,|| g is bounded. By reflexivity it follows that
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Jn — f weakly in H. The conclusion follows by noticing that, since Ch(,/g) < oo,
the map
h — &,(h,logg)

is linear and continuous from H to R. O

In this last result we estimate how much € ,(log g, ¢) changes under modifications
of the density g of p.

Lemma 5.4. Let n = gm, 1 = g'm € P5(X) with g, g € L>=(X,m) and Ch(,/g),
Ch(v/q) finite. Let ¢ : X — R be a locally Lipschitz function whose gradient has
linear growth. Then, setting E := {g # ¢'}, one has

(5.17)
1/2 1/2
€,(log g.¢) — Ex(log g, ¢)| < ( /E |D¢§|idm) < /E Ileidn)

1/2 1/2
#(Liovakan) " ([1pagar)
E E

Proof. By Lemma [5.3] we can assume, by a simple approximation argument, that ¢
has bounded support. Under this assumption the quantity to be estimated reduces,

thanks to (312) and B0, to

/G% G(p, g dm’ ‘/Gw, g’)dm’

< /E (IDglw| Dl + |Dg' || Dgly) dm

and, after dividing and multiplying by /g and \/¢’, we can use Hélder’s inequality
to provide the result. O

6. EQUIVALENCE OF THE DIFFERENT FORMULATIONS OF RCD(K, o)

In this section we prove the following result, extending Theorem [[I] to o-finite
metric measure spaces.

Theorem 6.1. Let (X,d, m) be a metric measure space with (X,d) complete, sepa-
rable, m finite on bounded sets and with suppm = X. Then the following properties
are equivalent:
(i) (X,d,m) is a CD(K, o) space and the semigroup 7 on P5(X) is additive.
(i) (X,d,m) is a CD(K, o) space and Ch is a quadratic form on L*(X,m).
(iii) (X,d,m) is a length space, 23) holds and any pu € P2(X) is the starting
point of an EV Iy gradient flow of Enty,.
Any metric measure space (X,d,m) satisfying these assumptions and one of the
equivalent properties (i), (ii), (iii) will be called a (o-finite) RCD(K,o0) space.

Here 7] is the Wy-gradient flow of Ent,,, according to Definition [2.4] (which is
known to exist and to be unique for any given initial datum in D(Ent,,); see [16]
and [3]), while h; stands for the gradient flow of Ch in L?(X, m) (or, equivalently,
the EV 1, gradient flow).

Note that the implications (i) to (ii) and (iii) to (i) were already proved by the
first two authors with Savaré in [4], because the same proof works in the o-finite
setting. The key implication from (ii) (or (i)) to (iii) is given by the derivative of
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quadratic optimal transport distance along the heat flow and of the entropy along
a geodesic, estimated in the next two subsections. Consequently we shall always
assume in this section that Ch is quadratic.

We denote by A the infinitesimal generator of the linear semigroup h;, so that

d
Ehtf:Aht for a.e. t > 0.

Also, since Ch is quadratic, A is related to the bilinear form & in ([B7) by
(6.1) / gAfdm=E&(f,g) Vge8NL*(X,m), fe D(A).
X

One of the main results of the work of the first two authors with Savaré [3] has
been the following identification theorem in CD(K, 00); see (8.5), Theorem 8.5 and
Theorem 9.3(iii) therein.

Theorem 6.2 (The heat flow as gradient flow). Let (X,d, m) be a CD(K, c0) space
and let f € L*(X,m) be such that p = fm € P5(X). Then Hiu = hyfm for all
t >0, t — Enty(H4u) is locally absolutely continuous in [0,00), and

d . Dh, f|?
(6.2) ——Enty (Hp) = |H4u)* = / Db/ dm for a.e. t > 0.

dt thef>oy  hef

In other words, one can unambiguously define the heat flow on a CD(K, c0)

space either as the gradient flow of Ch in L?(X, m) or as the Wa-gradient flow of
Ent,.

6.1. Derivative of W3(-,0) along the heat flow. Notice that this result, whose
proof is achieved by a duality argument, requires no curvature assumption. We
need only to assume that Ch is quadratic and that m satisfies the growth condition

23).

Theorem 6.3. Let u = fm € D(Enty) and define py := (hef)m = frm. Let
o € Po(X) with bounded support. Then, for a.e. t > 0 the following property
holds: for any Kantorovich potential p; relative to (ug, o) whose slope has linear
growth, one has

d1

(6.3) E§W22(ﬂt,0) = _eut(@tvlogft)'

Proof. By the energy dissipation estimate (G.2), we have [;° Ch(y/f;)dt < oo.
Furthermore, the maximum principle proved in Theorem 4.20 of [3] shows that
ft < Iflloo m-a.e. in X for all ¢ > 0. Also, by Proposition the potential
belongs to L (X, v) for all v € £5(X) and its slope has linear growth. Furthermore,
the L! estimate is uniform in ¢ and in bounded subsets of %5(X) and the estimate
on the slope depends on ¢ only.

Thanks to (6.2]), the map ¢ — fym is a locally absolutely continuous curve in
P5(X); hence the derivative on the left hand side of ([G.3)) exists for a.e. ¢ > 0. Also,
the derivative of ¢t — f; exists in L?(X,m) and coincides with Af; for a.e. t > 0.
Fix tg > 0 where both properties hold, which is also a Lebesgue point for Ch(y/f3).

We now claim that

(6.4) lim/X wfto_—hfto_h dm = —€,, (¢,log fi,)

h10
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for all locally Lipschitz functions 1 whose gradient has linear growth. The proof
of ([@4) is easy if we assume, in addition, that ¢ has bounded support. Indeed,

R (fro+n — fro) = Afi, as h — 0 in L?(X,m), so that B12) and @) give

lim/ plorh T g, :/ VA fro dm = —E(, fr) = —E€,, (1,10 fro)-
h—0 Jx h X 0

For the general case, let xn : X — [0, 1] satisfy Lip(xn) < 1, xxy = 1 on By (z0)
and Yy = 0 on X \ Bay(z0) and define ¢ := ¢xn. Applying Lemma below
with o = — Y we get

to+|h|

2
/QONMhptodm‘ < sp o / Ch(\/fs)/|D<pN\fUdusds.
|h|<to/2 X

sup
|h|<t0/2

o—Ihl

Hence (by our choice of tg and the 2-uniform integrability of p)

[ ontutr=te dm’ .

limsup sup ”

N—oo |h|<to/2

which, taking into account that &, (YN log fr,) — € (U, log f1,) thanks to
Lemma 53] implies (64).

Now, notice that since ¢y, is a Kantorovich potential for (us,, o) one has

1 C
§W22(Mtoa0) = /Xsﬁto dpu, +/80to do,
1
§W22(uto_h, o) > / Ot dpteg—n + /(pfo do for all h such that tg — h > 0.
p's

Taking the difference between the first identity and the second inequality and using
the claim with ¢ = ¢, we get

1

1
§W22 (,uto-i-h? U) - §W22 (:U‘to ) U) 2 _heltto (log ftm wto) + O(h)

Since t — W2 (4, o) is differentiable at ¢ =ty we conclude. O

Lemma 6.4. Let us = fsm be as in the previous theorem and let ¢ : X — R be
locally Lipschitz, with |Dy| having linear growth. Then, for [s,t] C (0,00) one has

< —/ Ch(v/7;) (/lewdur> dr.

Proof. Assume first that ¢ € L?(X, m). Then integrating by parts we get

’ ’ 2 D L2,
< |D90‘w|Dfr‘wdm < ‘D@|w dpy I;

for all » > 0, and the thesis follows by integration in (s, t). For the general case, we
approximate ¢ by @xn, with x chosen as in the proof of the previous theorem. [

(6.5) dm

‘ ft fs

t—s

‘ [ s am
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6.2. Derivative of the entropy along Ent,,-convex L*°-bounded geodesics.
The goal of this subsection is to prove the following theorem, where both the cur-
vature condition and the fact that Ch is quadratic play a role.

Theorem 6.5 (Entropy inequality). Assume that (X,d,m) is a CD(K, o) space.
Let n = fm, 0 = gm € Po(X) with g uniformly bounded and having compact sup-
port, and f uniformly bounded with Ch(\/f) < co. Then there exists a Kantorovich
potential @ from n to o such that |Dy| has linear growth and

(6.6 Bntm() ~ Bnt (1) — 5 W3(1,7) 2 &, (.10 /).

The proof of Theorem [G.5] carried by approximation, is presented at the end of
the subsection; the first crucial step is the following proposition, whose proof relies
on Proposition and Lemma

Proposition 6.6. Under the assumptions of Theorem [6.5], for 6 > 0 call

(6.7) Fsm = conl 03IV de~2V7],

where c is strictly larger than the constant c in 23), cs. is the normalizing constant
such that f5,m is a probability density, and X, is a 1-Lipschitz cut-off function equal
to 1 on By (xo) and null outside Bay,(xp).

Then there exists a Kantorovich potential ps,y, from ns, := f5.m to o satisfying
the growth conditions

(6.8)  |wsn()] < C(o)(1+d?*(x,20)), |Dgsnl(z) < Clo)(1 4 d(z, 20)),
such that

K
5W22 (n&na U) > _8775,n (505%7 log f&n)'

Proof. First of all we are under the assumptions of Theorem H2 so let w €
OptGeo(nsn,0) and let (ey)ym = p = frm, t € [0,1], be the associated good
geodesic from 7, to o with a uniform L bound on the density for ¢ € (0,ty) and
the K-convexity of the entropy. Also let ¢ be the Kantorovich potential, given by
Proposition 2.2, with quadratic growth and whose slope has linear growth.

Let us now check that fs, satisfies the assumptions of Lemma Indeed,

|Dlog fsn] < C(1+d(z,x0)) whenever d(x,x9) > 2n, because in this set fs  coin-
—2cV?

(6.9) Entw (o) — Entm (5.,) —

cides with ¢; nde ; in addition, the locality of weak gradients and the partition
X ={2n > 56*26‘/2} U{x2n < 5efzcv2} ensure that |D1og f5nlw € L*(X,05.0)
because the finiteness of Ch(y/f) ensures that |Dlog f|., € L?(X,n).

Observe that the convexity of z — zlog z gives

Ente (pe) — Entm (95,0) > / log f5 ft — fsm dm
ftl < n

t t
6.10
(6.10) _ / log(fs.n 0 et) — log(fs.n © €o) dne
; .
Define the functions Fy, G : AC?([0,1]; X) — R as
log(fs.n 0 €o) —log(fs.n 0 er) poey —poe
6.11)  F(y) := = : Gy = PO
( ) t(’}/) d(’YO, '}/t) t(’}/) d(’YO, ’yt)
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Multiplying and dividing the right hand side of (610 by d(vo,:) we obtain

E ~E , :
(612) Tt Dmle) = Bt o) o / Fi() 2000 40,
t10 t t10 t

Now we claim that

(6.13) —hmsup/Ft(*y)Mdﬂ'(fy) = —limsup/FthdTr.
t10 t 10

The proof of ([GI3) follows at once by

(6.14) hm/ ‘Gt ’YO’%) dr =0 and sup / |Fy 2 dmr < o0.
t<to

The first fact in (614) is ensured by (2) of Lemma [52] as well as the identity

(6.15) /\Dgpﬁu oegpdm = ltiﬁ)l/ |G |2dr.

The second fact in ([G.14) is ensured by (1) of the same lemma applied to h = log fs..
Combining (612) and ([GI3) we get

Ent — Ent n .
(6.16) lim inf —- m(p12) = Entm (5.0 m) > —hmsup/Fthdﬂ.
t10 t t10

Now, applying Lemma to h = ¢ + €log fs,, gives that

©011)  [ID(e -+ elog fi)E o eodn > sy [ 160+ er Pan(s)
Subtracting to ([6I7) the equality (613 and dividing by e gives
limsup/GtFt dm < lir?i%nf/x [D(p + elog fon) I — ‘D¢|wf dm

(6.18) £10 %
= 87]6,n (log fé,nv <P)7

where we again used the uniform bound on the L? norm of F;. Combining (6.I6)

and (G.I8) we obtain

(6.19) o iy Pt (1) — Bt (15,0
. tl0 t

> —&p;s., (10g fo.n, )

The conclusion follows by (G.I9) recalling that, by construction, the entropy is
K-convex along the geodesic (ut):e[o,17; see (EI)). O

Proof of Theorem In this proof we denote for brevity a V b = max{a,b}.
For every ¢ € (0,1) define the density

(6.20) fg =fV (56_2CV2) and f5:= 05f5 withes 11asd 0

(here ¢ > 0 is the constant in (Z3)), so that f; > f and ¢; are the normalizing
constants. We need a further regularization of fs; to this aim, let x,, be standard
cut-off functions, namely 0 < x,, < 1, Lip(xn) <1, xn =1 on B, (z¢) and x, =0
on BS, (x9). Then, for every n > 1, § > 0 we define the densities

(6.21) f:;m =(2f)V (66_20‘/2) and f5, == C(;’nf:;’n with ¢5, 4 c5 as n — o0,
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so that f(;yn < f5 and c;p, are the normalizing constants. Of course f5,, is uniformly
bounded and s, := f5,m € P(X); moreover Ch(y/fsr) is finite. Indeed by the
chain rule and the locality of the weak gradients we have that

1DV Fsnlw = Vel DO/ Pl
< Ven (Xal DVl + VT IDxalw) i3S 2 0072,
IDVTFonle = /EesnlDe 2V,

< der/Sesnd(-,x0) e~2V* otherwise.

Since by assumption Ch(y/f) < oo, it follows not only that |D+/fs,|?, are uniformly
bounded in L'(X,m), but also that they are equi-integrable:

A

(6.22)
sup  Ch(y/fsn) <oo and E; |0 = sup / |D«/f5,n|fu dm — 0.
§€(0,1), neN 5€(0,1),neNJ E;

Observe that (s, o) has the structure described in Proposition 6.6} so there exists
a Kantorovich potential s, from 75, to o satisfying the growth conditions (G.8)
and such that the entropy inequality holds:

K
EWQQ (Wa,n, O') > _ens,n (@6,n7 log f6,n)~

Passage to the limit as n — oo. Consider the transportation problem from
ns := fsm to 0. We claim the existence of a Kantorovich potential s such that

(6.23) Enty (o) — Entw (15.5,) —

K
(6.24) Enty (o) — Enty(ns) — EWS(W, o) > =&y, (s, log fs).

We would like to pass to the limit as n — oo in ([6223). Let us start by considering
the left hand side: applying Lemma 5.1 to s, T 7s m-a.e, and recalling that
Csm L €5 as m — 0o, we get

(6.25) Entw(ns,n) = Entn(ns) as n — oo.

It is easy to check that 7n;, weakly converge to 75 and have uniformly integrable
2-moments, so by [2, Proposition 7.1.5] we have

(6.26) lim Wg(ng,n, o) = W22(775, o).
n—oo

Now let us show the convergence of the right hand side of ([6.23]). To simplify the
problem we prove first that

o,n

. c
(6.27) nll_}ngolﬁm‘n(cp(;,m log fs.n) — ;8% (ps.n,log f(;)‘ =0.

Notice that, saying Ay == {z € X : f(z) > de= 2V @)} we have f5, = 2 fs on
the complement (As N By, (xg)) U A§ of As \ By (x¢). Since As \ By (zo) | 0 we can
use (BI7) of Lemma [54] to obtain ([627)), taking (6:22) into account.

From (6.27), and taking into account that ¢s.,, — ¢s as n — oo, in order to prove
the convergence of the right hand side of ([G23)), it is enough to show the existence

of a Kantorovich potential ;s for (ns,0) such that
(6.28) Ens (Po.n:108 f5) = Ep; (s, log f5) as n — oo.

Now we use in a crucial way Lemma [2.3] which ensures the existence of a Kan-
torovich potential @5 for (15, 0) and of a subsequence n(k) such that s ,xy — s
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pointwise in X. Recalling that |¢s,| < C(1+ V?) and that [ |Deps |2 dns is uni-
formly bounded, we are in a position to apply Lemma [(£.3] and to conclude that
[©28) holds. Therefore we proved the convergence of all terms in ([623), so that
(624) holds.

Passage to the limit as § | 0. The inequality ([624)) passes to the limit as § | 0:
more precisely, we claim the existence of a Kantorovich potential ¢ from fm to o
such that

(6.29) Bt (0) — Entus (1) — 5 W3 (1,0) > €, (¢, log /).

As in the passage to the limit as n — oo, Lemmal[5d] easily implies that Enty, (ns) —
Enty, (n); moreover it is easy to check that 75 weakly converge to n and have uni-
formly integrable 2-moments, so [2| Proposition 7.1.5] gives Wa(ns,0) — Wa(n, o).
In order to show the convergence of the right hand side of ([6.29]) we first prove that

(6.30) {}fol |Ens (@s,1og f5) — cs€n(ps,1og f)| = 0.

First of all notice that, after calling As := {z € X : f(z) > 56*26‘/2(“’)}, we have
fs=csf on As. Since X \ As | {f =0} asd | 0and |Df|, =0 m-a.e. on{f =0},
we can use (5I7) of Lemma 54 to show (630), taking (6:22) into account.

Now that (6.30]) is proved, taking into account that ¢s — 1 as 4 | 0, it is enough
to prove the existence of a Kantorovich potential ¢ from 71 to ¢ such that

(6.31) lim &, (s, log f) = &,(p;log f)

for some sequence d; | 0. Recall that @5 were constructed using Lemma 23] so
they still satisfy the growth condition ([6.8); again applying Lemma we get the
existence of a Kantorovich potential ¢ from 7 to o and §; J 0 such that 5, — ¢
pointwise in X as ¢ — oco. Moreover, by [212)) and f < cglf(; < 2fs for § small
enough, we have

/ D5 2 fdm < 2 / D5, 2 f5, dm < 2W2(ns,. o),
X X

for i large enough. Hence we can apply Lemma [5.3] and conclude that (€31)) holds.
Therefore ([6.29) is proved and the proof of Theorem is then complete. O

6.3. Proof of Theorem The implications from (i) to (ii) and from (iii) to (i)
can be proven exactly as in Theorem 5.1 of [4] (as these proofs need no finiteness
assumption on m), so let us focus on the implication from (ii) to (iii). Note that
Sturm has proven in [32] (see Remark 4.6(iii) therein) that supp m is a length space
for all CD(K,c0) spaces (X,d, m) (his proof, based on an approximate midpoint
construction, does not use the local compactness).

It remains to show that the EVIg-condition holds assuming the CD(K, oo)
condition and the fact that Ch is quadratic. By the contractivity properties of
EVIg-gradient flows stated in Proposition it is sufficient to show that p; =
(hef)m is an EV Ik gradient flow for Enty, for any initial measure fm € 5(X)
whose density f is bounded and satisfies Ch(v/f) < co. By the maximum principle
proven in [3] (see Theorem 4.20 therein) one has h; f < || f|| L (x,m) m-a.e. in X for
all t > 0; furthermore {y; : t € [0,7]} is a bounded subset of H5(X) for all T > 0
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and ([6.2) gives
o0
(6.32) / Ch(v/hef) dt < oo,
0

By a simple density argument on the class of “test” measures o in (1)) (see for
instance [4, Proposition 2.20]), we can restrict ourselves to measures o of the form
gm with g € L>°(X, m) and supp o compact.

By (6.3]) of Theorem [6.3] we get that for a.e. ¢ > 0, for any choice of a Kantorovich
potential ¢; from u; to o whose slope has linear growth, one has

d1

(6.33) E§W22(ﬂta o) ==&, (¢, loghe f).

Therefore, to conclude that (CI) holds, it suffices to show for a.e. t > 0 the
existence of a Kantorovich potential ¢; from u; to o whose slope has linear growth
and satisfies

K
(6.34) =&y, (o1, loghy f) < Entm(0) — Entm (1) — 5W22(ut, ).
This is precisely the statement of Theorem (with n = p¢), and this concludes
the proof. O

7. PROPERTIES OF RCD(K,c0) SPACES

In this section we state without proof some properties of RCD(K, o) spaces
whose proofs are given by the first two authors and Savaré in [4]. Their proofs do
not rely on the finiteness assumption of m. Refer to [4] for details of the proofs and
a more complete discussion.

7.1. The heat semigroup and its regularizing properties. In this section we
describe in more detail the properties of the L2-semigroup h; in an RCD(K, o)
space and the additional information that one can obtain from the identification
with Wa-semigroup 7. By the definition of RCD(K, oo) spaces, we know that for
any x € X there exists a unique EV Ik gradient flow .74 (J,) of Enty, starting from
6, and related to h; by

(7.1) (htf)mz/f(a:)%’é(ém)dm(x) Vf e L*(X,m).

Since Enty, (74 (d,)) < oo for any ¢t > 0, one has 4 (d,) < m, so that % ()
has a density, that we shall denote by p:[z]. The functions p:[z](y) are the so-
called transition probabilities of the semigroup. By standard measurable selection
arguments we can choose versions of these densities in such a way that the map
(x,y) = pe]z](y) is m x m-measurable for all ¢ > 0.

In the next theorem we prove additional properties of the flows. The informa-
tion on both benefits from the identification theorem: for instance the symmetry
property of transition probabilities is not at all obvious when looking at 57 only
from the optimal transport point of view, and heavily relies on (I]). On the other
hand, the regularizing properties of h; are deduced by duality by those of 7, using
in particular the contractivity estimate

(72) WQ(‘%(N)7%(V)) < e_KtWQ(/J'7V)7 t>0, p,ve '922(X7 m)7
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and the regularization estimates for the Entropy and its slope

2
73 Le@Bnta() + O DB 2 (0) < LW (s m)

1

2

which are typical of EV Ig-solutions, with Ix(t) := fot e dr. Notice also that
(C2) yields Wi (54 (6z), 54 (6,)) < e Kld(z,y) for all z,y € X and ¢t > 0. This
implies that RCD(K, o0) spaces have Ricci curvature bounded from below by K
according to the Wi-contractivity property taken as a definition in Ollivier [26] and
Joulin [22].

Theorem 7.1 (Regularizing properties of the heat flow; Theorem 6.1 in []). Let
(X,d,m) be a RCD(K,o0) space. Then:

(i) The transition probability densities are symmetric,
(7.4) pel](y) = pefy](x) m X m-a.e. in X x X, for allt >0,

and satisfy for all x € X the Chapman-Kolmogorov formula

(7.5) prys[z](y) = /pt [x](2)ps[z](y) dm(z) form-a.e. y € X, forallt, s > 0.

(ii) The formula
(7.6) hof(z) = / f) A6, (), zeX,

provides a version of hyf for every f € L?*(X,m), an extension of h; to
a continuous contraction semigroup in Ll(X, m) which is pointwise every-
where defined if f € L (X, m).

(iii) The semigroup hy maps contractively L>(X,m) in Cy(X) and, in addition,
hef(z) belongs to Cy((0,00) x X).

(iv) If f : X — R is Lipschitz, then h,f is Lipschitz on X as well and Lip(ﬁtf) <
e Kt Lip(f).

Theorem 7.2 (Bakry-Emery in RCD(K, o) spaces; Theorem 6.2 in [4]). For any
feL*(X,m)N8? and t > 0 we have

(7.7) ID(hf)|? < e *Kth(IDf2)  m-a.e in X.

In addition, if |Df|, € L>®(X,m) and t > 0, then e’Kt(ﬁt|Df\12U)1/2 is an upper
gradient of h,f on X, so that

(7.8) |ID~h.f| < e_Kt(ﬁt|Df\fu)1/2 pointwise in X,
and f has a Lipschitz version f : X — R, with Lip(f) < |||Df|w]lco-

The regularization properties (T3) of EVIk-flows provide an Llog L regular-
ization of the semigroup % starting from arbitrary measures in &%3(X). When
X is an RCD(K,c0)-space with K > 0, then combining the slope inequality for
K-geodesically convex functionals [2, Lemma 2.4.13]

1
Entp (1) < 57z D™ Ent|* (1)
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with the identity |D~Enty[*(fm) = [|Df|2/f dm between slope and Fisher infor-
mation, we get the Logarithmic-Sobolev inequality
1 DS, : 1,2
(7.9) [ flogfdm < — L qm if \/f € WHA(X,d,m), fm e P(X),
X 2K Jpso  f
which in particular yields the hypercontractivity of h;; see e.g. [7]. When h; is
ultracontractive, i.e. there exists p > 1 such that

(7.10) Ihefll, < C@IN Sl for every f € L*(X,m), t > 0,

then one can also obtain global Lipschitz regularity for the transition probabili-
ties [, Proposition 6.4]; see also [I8, Proposition 4.4]. The stronger regularizing
property ([LI0Q) is known to be true, for instance, if doubling and Poincaré hold in
(X,d, m); see [31] Corollary 4.2].

We conclude this section with an example of the application of the Bakry—Emery
estimate (.2]), which can be proven following the I'-calculus tools of Bakry [8]; see
Theorem 6.5 in [4] for a detailed proof.

Theorem 7.3 (Lipschitz regularization). If f € L?(X,m), then h,f € 82 for every
t>0 and

(7.11) 2Tox ()| Dhi f12 < h f? m-a.e. in X;
in particular, if f € L=(X,m), then h,f € Lip(X) for every t > 0 with

(7.12) V2L () Lip(hef) < ||flloe  for every t > 0.

7.2. Connections with Dirichlet forms and Markov processes. Since Ch is
quadratic, lower semicontinuous in L?(X, m) and since |Df|,, has strong locality
properties, it turns out that the bilinear form & associated to Ch, whose domain
is from now on restricted from L*(X, m)N8? to L?(X,m)N 8?2, is a local Dirichlet
form. In the theory of Dirichlet forms a canonical object is the induced distance,
namely

(7.13) de(z,y) :==sup{|g(z) — g(y)|: g€ D(€), [g] <m}  V(z,y) € X x X,

where the function g is the continuous representative in the Lebesgue class of g;
see Theorem [[.2l Another canonical object is the local energy measure, namely the
measure [u] defined by

1
[ul(¢) = E(u,up) = SE(u?,0), € L(X,m)NS%
A consequence of Lemma B.8]is that [u] = [Du|?m for all u € L?(X,m) N 82. Also
the distances can be identified:

Theorem 7.4 (Identification of d¢ and d; Theorem 6.10 of [4]). The function de¢
in ([LI3) coincides with d on X x X.

Finally, using a tightness property of €, the theory of Dirichlet forms can be ap-
plied to obtain the representation of transition probabilities in terms of a continuous
Markov process:

Theorem 7.5 (Brownian motion; Theorem 6.8 of [4]). Let (X,d,m) be an
RCD(K,0) space. There exists a unique (in law) Markov process {Xi}i>o0y in
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(X, d) with continuous sample paths in [0,00) and transition probabilities F(d,),
i.€e.
(7.14) P(XS_H € A‘Xs = J;) = H;(6:)(A) Vs, t >0, A Borel
form-a.e. x € X.

7.3. Tensorization. Recall that a metric space (X,d) is said to be nonbranching
if the map (eg,e;) : Geo(X) — X2 is injective for all ¢t € (0, 1), i.e., geodesics do
not split.

Theorem 7.6 (Tensorization; Theorem 6.13 of [4]). Let (X,dx,mx), (Y,dy, my)
be metric measure spaces and define the product space (Z,d,m) as Z := X x Y,
m:=myx X My and

d((z,9). ('.9) = \/dk (z.2) + &2 (1. 9/).

Assume that both (X,dx, mx) and (Y,dy, my) are RCD(K, o0) and nonbranching.
Then (Z,d,m) is RCD(K,c0) and nonbranching as well.

In [6] the first two authors in collaboration with Savaré proved that the tensoriza-
tion property of RCD(K, 00) persists even when the nonbranching assumption on
the base spaces is removed.
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