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RIGHT COIDEAL SUBALGEBRAS OF NICHOLS ALGEBRAS
AND THE DUFLO ORDER ON THE WEYL GROUPOID

I. HECKENBERGER AND H.-J. SCHNEIDER

ABSTRACT. We study graded right coideal subalgebras of Nichols algebras of
semisimple Yetter-Drinfeld modules. Assuming that the Yetter-Drinfeld mod-
ule admits all reflections and the Nichols algebra is decomposable, we construct
an injective order preserving and order reflecting map between morphisms of
the Weyl groupoid and graded right coideal subalgebras of the Nichols alge-
bra. Here morphisms are ordered with respect to right Duflo order and right
coideal subalgebras are ordered with respect to inclusion. If the Weyl groupoid
is finite, then we prove that the Nichols algebra is decomposable and the above
map is bijective. In the special case of the Borel part of quantized enveloping
algebras our result implies a conjecture of Kharchenko.

INTRODUCTION

It is well-known that quantum groups do not have “enough” Hopf subalgebras.
Instead the larger class of right (or left) coideal subalgebras should be studied.
A right coideal subalgebra £ C A of a Hopf algebra A with comultiplication A
is a subalgebra of A with A(F) C F® A.

1. Right coideal subalgebras of quantized enveloping algebras U=°.
Let g be a semisimple complex Lie algebra, II a basis of its root system with
respect to a fixed Cartan subalgebra, and U = U,(g) the quantized enveloping
algebra of g in the sense of [Jan96l Ch.4]. We assume that ¢ is not a root of
unity. Let UT and U° be the subalgebras of U generated by the sets {E, | a € 11}
and {K,, K;' |« € I}, respectively, and let U=° = UTU°. For any element w of
the Weyl group W of g let Ut[w] C UT be the subspace defined in [Jan96, 8.24]
in terms of root vectors constructed via Lusztig’s automorphisms. We prove in
Thm. [L.3] see also Cor. [6.13] the following:

The map w +— UT[w|U° defines an order preserving bijection between W and
the set of all right coideal subalgebras of U= containing U, where right coideal
subalgebras are ordered by inclusion and W is ordered by the Duflo order. If
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E, C Ey are right coideal subalgebras of U= containing U°, then Es is free over
Ey as a right module.

Recall that if wq, ws are elements in W, then w; <p wsy in the (right) Duflo
order if and only if any reduced expression of w; can be extended to a reduced
expression of wy beginning with w;.

In particular, the number of right coideal subalgebras of U=° containing U is
equal to the order of the Weyl group W. This last statement was conjectured by
Kharchenko in [KhaQ9] for simple Lie algebras g. The conjecture was proven for
g of type A, [KS08], B, [Kha09] and G by combinatorial calculations
using Lyndon words. In these papers right coideal subalgebras are classified in
terms of certain subsets of positive roots.

The subspaces U™ [w] C U™ are familiar objects in quantum groups. Among
others, they are used by Lusztig [Lus93] to establish a PBW basis for U™, by De
Concini, Kac and Procesi to introduce quantum Schubert calculus, and
are identified by Yakimov [Yak09] as quotients of quantized Bruhat cell translates
[J0s95), [Gor0Q]. It was essentially well-known that U™ [w]U? is a right coideal sub-
algebra of U=: proofs and indications in this direction can be found in [LS90],
[CKP95, 2.2], 9.3], [AJS94]. The arguments often use case by case con-
siderations and reduction to the rank two case, and sometimes they work only
in the h-adic setting. The algebras U™ [w] are known to depend only on w and
not on the chosen reduced expression of w, see e.g. [Lus93, 40.2.1] and [Jan90,
8.21]. With our systematic approach to graded right coideal subalgebras we of-
fer a new way to study U™ without the usual case by case considerations, and
intrinsically characterize the algebras UT[w] and their ordering with respect to
inclusion. With the necessary modifications, our results also apply to the small
quantum groups of semisimple Lie algebras where ¢ is a root of unity, and to
multiparameter versions of U, see Cor. and Rem. [T.4]

2. Right coideal subalgebras of Nichols algebras. The paper is written in
the very general context of Nichols algebras B(M) of semisimple Yetter-Drinfeld
modules M € #YD, where H is an arbitrary Hopf algebra with bijective antipode.
Nichols algebras, also called quantum symmetric algebras, see [Ros98|, appear as
fundamental objects in the classification theory of Hopf algebras [AS98| [AS02,
[AS05], in particular of Hopf algebras which are generated by group-like and skew-
primitive elements. For example, in the setting of quantized enveloping algebras,
M = @uenkE, is a Yetter-Drinfeld module over U°, and B(M) = U™. Finite-
dimensional Nichols algebras of diagonal type are classified in [Hec09]. Recently,
much progress in the understanding of finiteness properties of Nichols algebras of
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nonabelian group type has been achieved, see e. g. [AFGV09bl, [AFGV(09a], [HS0S]

and references therein.

In rather general situations (if M admits all reflections, see Sect. [f]) one can
associate a Weyl groupoid W(M) to M, see [AHSOS|, [HS08]. In case of the
Borel part of a quantized Kac-Moody algebra g, W(M) is essentially the Weyl
group of g. Under the assumption that W(M) is finite, we prove in Cor.
a PBW-theorem for the Nichols algebra B(M) and its right coideal subalgebras,
where the subalgebra generated by a root vector in the quantum group case is
replaced by the Nichols algebra of a finite-dimensional irreducible Yetter-Drinfeld
module. As a consequence we can show that the real roots associated with W(M)
satisfy the axioms of a root system in the sense of [HY08b], see also [HS0§]. In
Thm. we provide generalizations of results of Levendorskii and Soibelman
[LS90, [LS91] on coproducts and commutators of root vectors. Our proofs are
new even for U™, since they are free of case by case calculations, and do not use
the braid relations for Lusztig’s automorphisms.

We note that a PBW-theorem for right coideal subalgebras of character Hopf
algebras (where the braiding is diagonal) is obtained by Kharchenko in terms of
Lyndon words, see [Kha08]. For Nichols algebras of diagonal type a PBW theorem
in the spirit of Lusztig was proven by the first author and Yamane [HY08a].

The main results in this paper rely on the crucial coproduct formula in Thm.
For quantum groups this formula amounts to an explicit computation of the
braided coproduct of U™ in the image of T,,(U™) as a subalgebra of U. Our for-
mula has the advantage to involve only algebra maps, and hence it is well-suited
to study coideal subalgebras.

To provide more details, let # € N, let My, ..., My be finite-dimensional irre-
ducible objects in YD, and M = (M, ..., My). The goal is to understand the
Nichols algebra

B(M)=B(M, &---® M,)
as a Hopf algebra in the braided category 2£YD. Let Z’ be the free abelian group
of rank # with standard basis s, ..., ap. The Nichols algebra B(M) is Z°-graded

where deg(M;) = a; for all 1 <i < 4.
First we define reflection operators R;, 1 <1i < . Assume that for all j # 1,

all = —max{m | (ad M;)"™(M;) # 0} < .

ij

Define @}y = 2. Then (a;} )i jeq1...0y 15 a generalized Cartan matrix. Let s}' €
Aut(Z%) be the corresponding reflection. Define R;(M); = M}, and

Ri(M); = (ad M;)~%5 (M) for all j # i,
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and let R;(M) = (R;(M)y,..., Ri(M),). Finally let KM = B(M)°BM:)  where
the coinvariant elements are defined with respect to the projection of B(M) onto
B(M;). By [AHS08, Thm. 3.12] there is an algebra isomorphism

01 KMHB(M) — B(Ri(M))

which is the identity on all R;(M); € KM#B(M;). By the coproduct formula
in Thm. B2, QM becomes an isomorphism of Z?-graded braided Hopf algebras.

In Prop. [[1 we show that in the quantum group case the inverse of QM can
be identified with Lusztig’s automorphism 7, restricted to U™.

Assume that all iterations of the construction M +— R;(M) are well-defined.
In [AHSO§], [HSO8, Thm. 6.10] the Weyl groupoid W(M) of M is defined. The
objects of W(M) are sequences of isomorphism classes [N] = ([Ny],...,[Ng])
where the sequence of Yetter-Drinfeld modules (Ny, ..., Ny) is obtained from M
by iterating the operations R;. The morphisms are generated by elementary
reflections sV : R;(N) — N. Then our main result on right coideal subalgebras
in the general case, see Thm. and Cor. [6.I7 says the following.

Assume that the Weyl groupoid of M 1is finite. Then there exists an order pre-
serving bijection ™ between the set of morphisms of W(M) with target [M] and
the set of Ni-graded right coideal subalgebras of B(M)#H containing H, where
right coideal subalgebras are ordered with respect to inclusion and the morphisms
are ordered by the Duflo order.

The map »™ also exists for non-finite W(M), if we assume that B(M) is
decomposable, see Def. Then M is always injective, order preserving and
order reflecting by Thm. [6.12

Acknowledgement. The first author would like to thank S. Kolb for inter-
esting discussions on coideal subalgebras of U,(g).

1. WEYL GROUPOIDS AND THE DUFLO ORDER

Recall the definition of the Weyl groupoid of a root system from [CHO09, Sect. 2],

see also [HSO8, Sect. 5].

Let I be a non-empty finite set and (o;)e; the standard basis of Z/. Let X
be a non-empty set, and for all i € [ and X € X let r; : X — X be a map and
AX = (a3,)jrer a generalized Cartan matrix. The quadruple

C - C(Iv Xv (Ti)ielu (AX)XGX)u
is called a Cartan scheme if
(C1) r?=1id for alli € I,
(C2) a¥ = ai'"™ for all X € X and i,j € I.
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Let C = C(I, X, (r:)icr, (A¥)xecx) be a Cartan scheme. Foralli € I, X € X
define s € Aut(Z!) by

X

si (ay) = a; — aj)

e forall j € I.

Recall that a groupoid is a category where all morphisms are isomorphisms.
The Weyl groupoid of C is the groupoid W(C) with Ob(W(C)) = X, where the
morphisms are generated by all s; (considered as morphism in Hom(X,r;(X))
with i € I, X € X. Then s]"s¥ =idy in Hom(X, X). We will write s; instead
of s if X is uniquely determined by the context.

For any groupoid G and any X € Ob(G) let

Hom(G,X)= U Hom(Y,X) (disjoint union).

Y eOb(G)
Let C be a Cartan scheme and let X € X. Following [Kac90, §5.1] we say that
(1.1) A* = {w(e) |i € I,w € Hom(W(C), X)}

is the set of real roots (of X), where w € Hom(W(C), X) is interpreted as an
element in Aut(Z’). A real root o € A¥™ is called positive, if « € NI. The set
of positive real roots is denoted by AZ .

Remark 1.1. Weyl groupoids associated to Nichols algebras satisfy additional
properties which do not follow from the axioms of Cartan schemes, see Thm. [6.15]
For example, cf. [CHO9, Pf.of Thm.6.1], let X = {X, Xy, X3}, I = {1,2},
r1(Xi) = Xo@), r2(Xi) = X7), where 0 = (12), 7 = (23). Let

X1 _ 2 —1 Xo 2 -1 X3 2 -1
we(55) = (E) (),

Then C(I, X, (r;)icr, (A¥) xex) is a Cartan scheme with finitely many real roots
AN =14] 42 412, £122 £123 £1%23
+ 132% £1325 £142° 1427, £1°27 +1528},
AN =141 42 412, +122 £123 £+1%23
+ 124, £12°, £172° £1227 +1327, £1328},
AN =14127 41, 42 412, £1%2, +122,
+ 123, £122% +12% £132% +122°, £132°},
where ka; + las is abbreviated by 1¥2! for all k,l € Z. Observe that AXsre

contains the real root a; —ap, and hence C(I, X, (7;)ic1, (A%) xex) does not admit
a root system in the sense of the following definition.
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We say that
R = R(C, (AX)XEQ()

is a root system of type C if C = C(I, X, (r:)icr, (A%)xecx) is a Cartan scheme and
AX C 7! where X € X, are subsets such that

(R1) AY = (A NN)) U —(AX NN]) for all X € X,

(R2) AX NZa; = {a,, —o;tforalliel, X € X,

(R3) s(A ) A" foralli€ I, X € X,

(R4) (m“]) (X) = X for all i,j € [ and X € X such that ¢ # j and
m¥. = #(AX N (Noa; + Noaj)) is finite.

2y

If R(C, (A%)xex) is a root system of type C, then W(R) := W(C) is called
the Weyl groupoid of R. The elements of A% := A¥ NN} and AY = —AZ
are called positive and negative roots, respectively. Note that (R3) implies that
w(AY) = AX for all X,Y € X and w € Hom(Y, X).

Recall that a groupoid G is connected, if for all X, Y € Ob(G) the set Hom(Y, X)
is non-empty. It is finite, if Hom(G) is finite.

The following claim was proven in [CH09, Lemma2.11].

Lemma 1.2. Let C be a Cartan scheme and R a root system of type C. Assume
that W(R) is connected. Then the following are equivalent.

(1) AX is finite for at least one X € Ob(W(R)).

(2) AXre 4s finite for at least one X € Ob(W(R)).

(3) Hom(W(R), X) is finite for at least one X € Ob(W(R)).
(4) The groupoid W(R) is finite.

Further, (1)-(3) hold for one X € Ob(W(R)) if and only if they hold for all
X € ObW(R)).

Remark 1.3. The equivalence of (1), (2), and (4) was stated and proven in [CH09,
Lemma2.11]. Clearly, (4) implies (3). For the proof of the implication (4)=(1)
in [CHO09, Lemma2.11] one needs only to assume (3), and hence all claims of
Lemma are equivalent.

Let C be a Cartan scheme and R a root system of type C. Then R is called
finite, see [CHO9, Def.2.20], if AX is finite for all X € Ob(W(R)). If W(R) is
connected, then this is equivalent to the conditions in Lemma [[.2

Let ¢ denote the length function on Weyl groupoids of root systems: for each
X € X and each w € Hom(W(R), X) let

((w) = min{m € Ny | there exist iy,...,4, € [ with w =idxs;, ---s;,, }
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Proposition 1.4. [CH09, Prop.2.12] Let C be a Cartan scheme and R a root
system of type C. Let X € X, m € Ny, and iy,...,i, € I such that {(w) = m
forw=s; ---s;,, € Hom(W(R), X). Then the roots

ﬁk:idxsil---sikfl(a,-k), k€{1,2,...,m},

are positive and pairwise distinct. If R is finite and w € Hom(W(R), X) is the
unique longest element, then {f; |1 < k < l(w)} = AZ.

Prop. [L4 implies in particular that the set of roots of a finite root system
is uniquely determined by its Cartan scheme and coincides with the set of real
roots.

Definition 1.5. Let X and I be non-empty sets, (r;);e; a family of maps r; :
X — X, and (m)Y) jer xex a family of numbers in N'U {co} such that m;; =1
and (rirj)mff(X) = X for all X € X and i,j € I with m{*, < occ. [ Let g

V]
be a groupoid with Ob(G) = X, and let (s{X);cr.xex be a family of morphisms

s¥ € Hom(X,r;(X)). We say that (G, (s )icr.xex) satisfies the Cozeter relations

if
m;'-X»fl s mf»fl o r
(12) SZJ'(T’”’J') J (X)SE_” §) b (X)) o sz J(X)SiJ(X)SJX —idy

- -

g

2sz . factors
2J

for all X € X and 4,5 € [ with m*ZXJ < 00. In particular, Eq. (L2 means for
i =j that /"X —idy for all X € X and i € I.

Let W be a groupoid and (s;¥);c; xex a family of morphisms as above. We say
that W, (sX)ier.xex) is a Cozeter groupoid, if
(1) W, (sX)ier.xex) satisfies the Coxeter relations, and
(2) for each pair (G, (£)ics xex) satisfying the Coxeter relations (with the
same X, I, (r;) and (m;Y;) as for W) there is a unique functor F: W — G
such that F' is the identity on X = Ob(W) = Ob(G) and F(s;*) =t for
aliel XX,

The universal property of a Coxeter groupoid (W, (s )ier.xex) implies that
Hom(W) is generated by the morphisms s € Hom(X,r;(X)), where i € I and
XedX.

For the rest of this section let C = C(I, X, (r;)icr, (AX) xex) be a Cartan scheme
and let R = R(C, (AX)xcx) be a root system of type C.

Theorem 1.6. [HYO08D, Thm. 1] For alli,j € I and X € X let
mX = #(AX N (N()Oéi + N()Oéj)).

Z‘?j -

IThis slight extension of notation is compatible with (R4) and (C1).
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Then (W(R), (5 )ier,xex) is a Cozeter groupoid with respect to (m.%

Definition 1.7. For all X € X, m € N and (i1,...,i,) € I"™ let A¥() =0 and

iy (X)) 7iorip (X) Tig 1 TigTiy (X) X
Br=s;," s s, T () € AT, ke {1,2,...,m},

AX(ila---aim) - (ﬁk)ke{lﬂ ..... m}s
A (iry oo yim) = {N € AT |#{k € Z|1 <k <m, A= %5} is odd}.
Lemma 1.8. LetmeN, iy,...,i, €1, X € X, and Y =1, (X). Then

A (i i) = st (MY (i, yim)) U{as b if asy & MY (12,0 i),
AR s (AY (i, .o yim) \ i })  if iy € A (i, yim).

Proof. The claim follows from Def. [.7 and basic properties of the map s}i. U
The sets A (i1, .. .,%,) ultimately describe the elements of Hom(W(R), X).

Proposition 1.9. Let X € X, m,m' € Ny and iy, ..., in, ... 4, € I. The
following are equivalent.

(1) AL (iry i) = AX (8, i),
(2) i, 8i,, = 8, -+ 8¢, in Hom(W(R), X).

Moreover, #AZ (i1, ... i) = L(idxs;, - i)
Proof. Let V denote the category with Ob(V) = X and morphisms
Hom(Y, Z) = {(Ai(jl, oy dn)sidzs;, - ~sjn) |
nec NO> jla"'ajn € Iarj1"'rjn(y) :Z}
for all Y, Z € X. Composition of morphisms is defined via concatenation:
(Af(jl, o jn),idgsg, s, o (A}:(kl, k) idy sk, sky)
= (Ai(]l, e ,jn, k’l, ey k’p), idzsjl s Sjn8k1 R Skp)
forall Y,Z € X, n,p € Ng and j1,...,Jn, k1,...,kpy € [ with Z =r;, ---1;, (V).
First we prove that V is indeed a category.
Let n,n',p,p" € No, J, -+ s Jns Jis -+ s Jos Ky oo hip, Ky ook € Tand Z € X
such that
NG, oogn) = NG dn), AR k) = ALK LK),
and idys;, - - -5, = idgsj -+ s;,, where Y =r; -7, (Z). The definition of A
implies that
(1.3) NGy kas o k) =ML, o G KL ),
(1.4) Ay g by oo k) =ALGY, o Ky k),
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and hence the composition is independent of the choice of representatives. Clearly,
the composition is associative, and (AZ(),idy) is the identity for any Z € X,
and hence V is a category. Moreover, Hom(V) is generated by the morphisms
(AZ(i),s;'?) with i € I and Z € X, which are invertible since AZ(i i) = {).
Thus V is a groupoid.

Let Z € X and i,j € I. Assume that m?; < co. Then

(1.5) AZ(i i g, i,5) =0,
—_———

2miZ . entries
\J

since the entries 3 of AZ(i, 7,4, J,...,1,7) are the elements of (Za; + Za;) N AZ,
each appearing with multiplicity one, see [HY08D, Lemma6]. In the special case,
where i = j, we have AZ(i,i) = (o, —c;). Hence the pair

(V, (AZ(3), 57 )ier zex)

satisfies the Coxeter relations in the sense of Def. By Thm. [LG there is a
functor from W(R) to V which maps s7"? to (AZ(i), s'”)) for each Z € X and

i € I. This proves the implication (2)=-(1) in the claim of the lemma.
We prove (1)=(2). Assume that AY(i1,...,0,) = AY(i,..., ). Using that

Z . . . . _ Z . . . s
A+(Z,Z,]1, cee >]n) - A—l—(]la cee >]n)a leSiSiSj1 cSh, = leSj1 TS,

for all Z € X and n € Ny, ,71,...,7J, € I, we may assume that m’ = 0. By
the first part of the lemma we may restrict to the case when idxs;, ---s;,, is a

reduced expression, that is, £(idxs;, ---s;,) = m. Then we have to show that

m = 0. The roots
iy (X) k-1 (X)
i1 lg—1

(Oéik) - AX,

where 1 < k < m, are pairwise distinct and positive by Prop. [L4l Hence the as-
sumption A% (i1, ..., 4,) = () implies the desired claim m = 0. The last assertion
of the lemma follows from the first one and from Prop. [[L4 U

Let X,V € X, w € Hom(Y, X), m € Ny, and 4y,...,4, € I such that w =
Siy* - Sip- Let A (w) = A% (i1, ..., 4m). This notation is justified by Prop. L9

Corollary 1.10. Let X, Y € X, w € Hom(Y, X), andi € I. Then

g(SXw> _ lw)+1 ifa; ¢ Ai_f(w)’
lw)—1 ifa; € Af(w)'

Proof. By Prop.[L3, £(sXw) = £(w)+1 if and only if #A7) (sXw) = #A% (w)+1.
Then the claim holds by Lemma U
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Definition 1.11. Let X € X. For all Y,Z € X and z € Hom(Y, X), y €
Hom(Z,Y) we write x <p zy (in Hom(W(R), X)) if and only if ¢(zy) = {(x) +
((y). Then <p is a partial order on Hom(W(R), X') which is called the (right)
Dufio order.

The definition stems from the corresponding notion for Weyl groups of semisim-
ple Lie algebras, see [Mel04], [Jos95], A 1.2]. The Duflo order is also known as the

weak order [BBOH).

Remark 1.12. As for the right Duflo order for Weyl groups, <p is the weakest
partial order on W(R) such that x <p xs; for all x € Hom(W(R)) and i € I
with £(z) < {(zs;).

The following theorem gives a characterization of the right Duflo order.

Theorem 1.13. Let X € X and let wy,ws € Hom(W(R), X). Then wy <p ws
if and only if A (w) C A (w2),

Proof. We proceed by induction on ¢(wy). If wy = idx, then AY(w;) = 0 and

wy <p wsy, and hence the claim holds. If ¢(w;) = 1, then w; = s?(x) for

some ¢ € I, and hence A% (w;) = ;. By definition, w; <p ws if and only if
{(ws) =1+ £(sXws). Hence the claim holds by Cor. [LT0

Assume now that £(w;) > 1. Let i € I with £(w;) = l(w) + 1 for w = sw;.
Then

(1.6) a; € A (wy)
by Cor. Thus Lemma [[.§ implies that A% (w;) C A% (ws) if and only if
(1.7) a; € A (wy) and AT (s¥wy) € AT (sXwy).

Induction hypothesis, (@) and Cor. [LI0 imply that the relations in (L) are
equivalent to

(1.8) O(swy) = C(wy) — 1,  L(sXwy) = L(sXwy) + L(wy  wy).

Since (L) implies that wy <p ws, the if part of the claim holds. Further,
wy <p we implies that
(s wa) < U(sXwy) + L(w wy) = L(wy) — 14 £ wy  ws) = £(wy) — 1,

i

that is, that (L8] holds. Therefore the only if part of the claim holds as well. [
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2. BRAIDED HOPF ALGEBRAS AND NICHOLS ALGEBRAS

Let k be a field and let H be a Hopf algebra over k with bijective antipode.
Let #YD denote the category of Yetter-Drinfeld modules over H.

Let R be a bialgebra in gyD. We use the Sweedler notation for the coaction
0 : R — H® R and the coproduct Ar : R — R ® R in the following form:
8(r) =rc1 @), Ar(r) =rM @ r® for all r € R.

Let R be a Hopf algebra in ¥ YD with antipode Sg. Let R#H be the bosoniza-
tion of R, see e.g. [AHSOS|, Sect. 1.4]. Recall that R#H is a Hopf algebra with
projection 7y : R#H — H, and

(2.1) (r#th) (r'#h) = r(hq) - r)#he b’
(22)  rey®re =7a(rw) Ore, o) @re) =Y @r@g)

for all r,r" € R, h, W € H, where A(a) = aq) ® ag) for all a € R#H.
Let S denote the antipode of the Hopf algebra R#H. Then

(2.3) Sr(r) =rc1)S(rey), S(r)=S(rc1))Sr(re) forallre R,
and Sp € End(R) is a morphism in YD satisfying

(24) SR(T’S) S (’l“( 1) )SR(T’(()))
(25) AR(SR(T‘)) =S (T(l)( 1) T )®SR(7‘(1)(0))

for all r,s € R. If S is bijective, then the map S}_zl R— R,
(2.6) Spl(r)=S""(rg))r1 forallr e R

is a morphism in gyD and is inverse to Si. Moreover,

(2.7) ST (r) = Sz (r))S™ (r—1y) forallr € R.

In this case, Eqs. (2.4), (2.3]) are equivalent to

(2.8) Spt(rs) =Sz"(s0))Sr" (S (s(-1)) - ),

(2.9) Ar(Sp'(r)) =Sg' (rP ) @ SRS (P () - D)
for all r,s € R.

Remark 2.1. (i) Let A be a Hopf algebra. Then A°P is a Hopf algebra if and only
if the antipode S of A is bijective. In this case S™! is the antipode of A°P.
(ii) Let B be a bialgebra in £YD with a coalgebra filtration

kil=By,cB CByC---CB, U ,B,=B.
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Then B is a Hopf algebra in £ D, and the antipodes of B and B# H are bijective.
Indeed,

H C By#H C Bo#H C --- C B#H
is a coalgebra filtration of B#H and
H® C (B1#H)® C (By#H)® C --- C (B#H)®

is a coalgebra filtration of (B#H )°P. Since H and H°P are Hopf algebras, B#H
and (B#H)°P are Hopf algebras by [Mon93, Lemma 5.2.10]. By Part (i) the
antipode of B# H is bijective. Hence Sp is bijective with inverse given in Eq. (2.0])
(for R = B). O

Let E C R be a subspace. We say that E is a right coideal subalgebra of R
in BYD if E C R is a subobject in YD and a subalgebra (containing 1) with
Ar(E) C E® R. If H is the trivial 1-dimensional Hopf algebra, we follow the
traditional terminology and call E a right coideal subalgebra of R.

Let G be a group. We say that a right coideal subalgebra E of a (braided)
Hopf algebra R is G-graded, if R = ®©4eqR, is a G-graded algebra and E =
Bgec(ENR,). For any G-graded algebras A, B, and any algebra map f: A — B
we say that f is a homomorphism of G-graded algebras, if f(A,) C B, for all
g€ G.

Lemma 2.2. Let B C R be a Hopf subalgebra in 8YD. Assume that there exists
a morphism m : R — B of Hopf algebras in YD such that n|p = idp. Let
ReB ={rc R|rV @7r(r®)=r®1}. Let E C R be a right coideal subalgebra
in BYD such that B C E. Then the multiplication map (RPN E)® B — F s
an 1somorphism.

Proof. The inverse of the multiplication map is given by
E— (RCOB NE)® B, r— r(l)SR(W(r(z))) ® 7T(7”(3))
forall r € E. O

Proposition 2.3. Let R be a Hopf algebra in BYD.

(i) Let E C R. If E is a right coideal subalgebra of R in BYD, then E#H is
a right coideal subalgebra of R#H .

(ii) Let E' be a right coideal subalgebra of R#H with H C E'. Then E = E'*"
is a right coideal subalgebra of R in 2YD with E' = E4H.

(i1i) Let G be a group, and assume that the algebra R = @,eqR, is G-graded
and R, € 2YD for all g € G. Then R#H = @®,cq(R#H), is G-graded with
(R#H), = R;#H. Let E C R be a subobject in 2YD. Then E is a G-graded
subalgebra of R if and only if E#H is a G-graded subalgebra of R#H .
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Proof. (i) and (iii) follow from Eqs. (2.1I), (2.2)). (ii) is a special case of Lemma 2.2]
with H =kl and B = H. U

Let V € gyD. Assume that dimy V' < oco. Then V* € gyD with the following
properties:

(2.11) fen(foy,v) =S~ (vn){f: vo),

forall h € Hyv € V, f € V* see eg. [AHSO08, Sect. 1.2]. Let B(V) and
B(V*) denote the Nichols algebra of V' and V*, respectively. These are Ny-graded
braided Hopf algebras in YD with degree 1 parts BY(V) ~ V, BY(V*) ~ V* and
with k as degree 0 part. Since the antipode of H is bijective, the antipodes of
B(V), B(V*), B(V)#H and B(V*)#H are bijective by Remark 2.I(ii).

The evaluation map between V* and V induces a bilinear form

(2.12) () BV x B(V) — k

e [AHSOS, Sect. 1.5] for the origins. This pairing is non-degenerate, and it
satisfies the equations

(2.13)  (1,1) =1, (f,v)=0 forall fe B*(V*),veB(V), k+#1, and

(2.14) (h- f,v) =(f,5(h)-v),
(2.15) ~n{fio),v) =87 (), v0)
(2.16) (f,ow) =(fD, w)(fP, ),
(2.17) (fg,v) =<g,v( Y (f, D)

for all f,g e B(V*), v,we B(V), he H.
Let {0*} and {b,} be Ny-graded dual bases of B(V*) and B(V'), respectively.
Egs. (214)-2I7) imply the following for all h € H, v € B(V), f € B(V*).

(2.18) e(h) Y ba @b = ha) - ba ® hey - b7,

(2.19) ZS(hj-ba®ba:§:ba®h-ba,

(2.20) a21®ba ® b :iba(_ 1) ® bao) ® b% ),
(2.21) D oty ®bag) @D =D S (1)) ® b ® b g)

(2.22) D b @6 = b @ (1>, v)p*

o
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(2.23) Zb VR b = Zb ® (bW 1) b
(2.24) Zb DV f = Z £:06M)be® @ b,
(2.25) Zba ® fb* :Z<f, ba )b,V @ b7,
(2.26) > b ; b @ 0 =Y Agunby @ 1.

a,s v

Let K € 15y YD. We write
(2.27) Op(vypn () = T[-1) ® [

for the left coaction of B(V)#H on z € K. Then K € YD, where the action is
the restriction of the action of B(V)#H to H, and the coaction is

0 = (mu ®id)dpv)4H,
and 7y : B(V)#H — H is the canonical projection. Let dgy): K — B(V) ® K,
(2.28) vy () = x-S (20 (~1)) @ 2|0y forall z € K.
We use modified Sweedler notation for (1 in the form
(2.29) spvy(z) =2V @2 for all v € K.

The map dp(vy is H-linear and H-colinear via diagonal action and coaction. We
are going to study the right action of B(V)#H on K defined by

(2.30) rav=S"'v) -z foralveB(V)#H, zc K.

Lemma 2.4. Let K € ggﬁ;ﬁgjﬂ).
(i) Let v € K, v,w € B(V) and h € H. Then

(2.31) h - ([l? < U) :(h(l) . :L') < (h(g) . ’U),
(2.32) 5(:8 < U) =T(-1)V(-1) & T(0) <V(0),
(2.33) (r<v) qw =z <vw.

(ii) For all f € V* and x € K let 0 (x) = (f, D)2 ©. Then 0f(x) € K and
(2.34) 8f(x<1v) = a]%(l’) <4v + <S_1<:L’( 1 ) f U >SL’(0 <1U( ) — (f, U(2)>ZL’<1U(1)

forall feV* xe K,veB(V).
(111) Suppose that K is a B(V)#H-module algebra. Then

(2.35) (zy) <v = (z <0P () (ST (0P (1)) - (yav))
forallv € B(V) and x,y € K.
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Proof. (i) By the relations of B(V)#H,

h-(x<v)=hS '(v) -2 =S5"(wS(h)) -z = S_l(S(h(l))(h(g) ‘v)) - x
=S (hz ) - (hay - 2) = (h) - @) 2 (b - ).

Using the Yetter-Drinfeld structure of K we obtain that

d(z<v) :5(S_l(v)~x) = WH(S_I( )(1) = }S(S 1( )(3))) ®S_1(v)(2) - T[]
:ﬂ'H(S (v(g))x[ 11V )®S (U(g)
= (21-110(1)) ® S™H(v()) - T = T(—1)V(-1) ® T(0) < V(0),

where the fourth relation follows from v € B(V), and the last one from the
definitions of ¢ and <. Eq. (233) holds since S~! is an algebra antiautomorphism
of B(V)#H.

(ii) Let f € V*, v € B(V), and 2 € K. Let v : B(V*)#H — B(V*) be the
linear map with J(w#h) = we(h) for all w € B(V*), h € H. It is well-known
that J(w) = wayma (S(w))) for all w € B(V*)#H. We get

019(:1741)) = (f,(z av)")(z av)® <f V(S™ ( ))T[-11v))) To) V(2
= (£, (5™ (v))m(z—yv))) 20 <ve
+ (0T (S (ve)) 207w (v)))) 20 V)
+ (f 0(mu (S (v )z )v<1))>x[0} <)
= (£, 057 (v))z ava) + (f, I zn))zg 90 + (9 (@ vm))ze 1ve
= (f, S )T (ve))z <o —i—8f () v+ (f, x -19(11(1))>:1:(0) QV(2)

&9) _
= ([, Sty (v))a <vy + 0f () Qv+ (f, 2y - v W)z () 20
—(f,ve)r vy + 8]{“(33) av+ SNz ) - fvW)zg) av®

which proves (ii). In the latter transformations, the third equation follows from
the fact that f is of degree 1 in B(V*), and hence the pairing of a homogeneous
product with f vanishes if the sum of the degrees of the factors is not 1. Further,
the fourth equation is obtained from (id®7y)A(v) = v®1 and from the definition
of ¥. In the fifth equation, the definition of ¥ and of df(x) is used. The last
equation comes from Eq. (ZI4) and the facts that f has degree 1 and each
element of V' is primitive.
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(iii) Let v € B(V) and z,y € K. Then
(zy) av =871(v) - (zy) = (S (vz) - 2)(S (vw) - )
:(5—1(U(2)(0)) . x)(g—l(v(l)?j@)(_l)) -y)
=(z <v@ ) (S (WP ) - (y2o'))
since K is a B(V')#H-module algebra. O

We extend the definition of df given in Lemma 24l Note that B(V) is a
coalgebra. For any left B(V')-comodule L and any f € V* let 0]% : L — L be the
map defined by

(2.36) of(x) = (f,a")z® forallz € L,
where dpv)(7) = 2 @ 2@,

Lemma 2.5. Let L be a left B(V)-comodule. Let Ly C L and let (Ly) be the
smallest left B(V')-subcomodule of L containing Lo. Then (Lg) is the smallest
subspace of L which contains Ly and is stable under the maps 0%, f € V*.

Proof. By assumption,
(Lo) = span]k{g(:v(_l))at(o) |z € Lo,g € B(V)"}.

The non-degeneracy of the pairing (-,-) between B(V*) and B(V), see (212,
implies that

(Lo) = span, {(g, 2Nz |z € Ly, g € B(V*)}.
Eq. (ZI17) further implies that
(Lo) =spany {(f1 - fr, 2" )2 |z € Lo,k € No, f1,..., fu € V'}
:span]k{ﬁfl = aﬁc(z) |z € Lo,k € No, f1,..., fr € V']

This proves the lemma. O

3. THE ALGEBRA MAP ‘R

Let V,V' € EYD and W =V & V' with dimy W < oo. Let 7 : B(W)#H —
B(V)#H denote the Hopf algebra projection corresponding to the decomposition
W=V a®V’' and let

(3.1) K =BW)*BH = (x € BOW) | (id ® 1) Asowypa(a) = = © 1}

be the algebra of right coinvariants with respect to the right coaction of B(V')#H.

Then K is a braided Hopf algebra in gg“ﬁ;ig)}@, and hence the results in the

previous section apply.
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Recall from [AHSOS, Def. 2.5, Remark 2.7] that K#B(V*) is an algebra in YD
such that the multiplication map K @ B(V*) — K#B(V*) is an isomorphism of
left K-modules and right B(V*)-modules, and

(3:2) (1) (1) = (@, m(@))a@ g5~ (2P ) - f

for all f € B(V*), x € K. For brevity we will often write zf instead of x# f for
all z € K and f € B(V*). Note that if f € V* and x € K then

(3:3) (L) (x#1) =(f, D) a®H#1 + 2 #S ™ (2 ny) - f

=0f (2)#1 + zo)#S (1) - f

by Eqgs. 3.2), ([2.36).
Let ad denote the left adjoint action of B(W)#H on itself. Assume that
dim(ad B(V)#H)(x) < oo for all x € V', Since K is generated as an algebra by

(ad B(V)#H)(V"), see [AHS08, Prop. 3.6], the left adjoint action of B(V)#H on
K is locally finite.
Let R: K@ K — K @ (K#B(V*)) be the linear map with

(3.4) Rrzy) = qub ® by
for all z,y € K, where {b*} and {b,} are dual bases of the Ny-graded algebras
B(V*) and B(V), respectively, and < is defined in Eq. (Z30). By the local finite-

ness of the left adjoint action of B(V)#H on K, the sum in Eq. (8.4)) is finite for
all z,y € K. Since 1 <v = ¢(v)1 for all v € B(V)#H, we conclude that

(3.5) R(ley) =1y forallye K.
Let R: K ® K#B(V*) — K @ K#B(V*) be the linear map with
(3.6) Z <4 Sy (ba) @ by

for all x € K and y € K#B(V*). Then

(3.7) RR(r@y) =2y foralz,yc K.
Indeed,
% l’@y ﬁ(Zbe ® b* ):ZbeaSB(W)(bg)(@bﬁbay
a,B

qub(l S ( 62)®byy—2z®5 b)Yy =2® vy,
ol

Y

where the third equation follows from Eq. (Z26).
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Lemma 3.1. For allz,y € K and h € H,

(3.8) h-R(r®y) :‘R(h(l) T ® h) - Y),
(3.9) Rz @ y) =r1ny-1) @ R(T0) D Y0))-

Proof. By Eqs. (8.4]), 218)) and 231)),
h-R(z@y) = Zh(l (z9ba) @ (h) - b*)(hes) )

= (hqy - 2) <ba @ B (e - y) = R(hy - T @ ey - y)
for all h € H and z,y € K. Similarly, Eqs. (34]), (232) and [220) imply that
SR (2@y) = 5(293 b @6y
_Zx " C)yy-1) @ 2(0) <ba(o) @ b 0)Y(0)
_Zz HY(—1) ® (o) < ba @ BY(0) = T(—1yY(—1) @ R(z(0) @ Y(0)

for all z,y € K. O
The vector space K @ K is an algebra in #YD with product
(3.10) (z @y)(z@w) = z(ad7(ym)))(2) ® yeyw

for all z,y, z, w € K. Note that this is the usual product of K ® K in B yD
Similarly, K#B(V*) @ K#B(V*) is an algebra in YD with product

(3.11) (z@Y)(z@w)=12(y-1) - 2) Yow
for all x,y,z,w € K#B(V*).

Theorem 3.2. The mapR: K@K — K#B(V*)@ K#B(V*) is an algebra map
. H
mn 75 YD.

Proof. The map R is a morphism in 2D by Lemma Bl Further,
R((z @ y)(1®2)) =Rz @ yz)
= Zbea RbYyz=Rzey)(1®z2) =R y)R(1R 2)
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for all x,y,z € K by Eq. (8.5]). Hence it suffices to show that

(3.12) Rz (ye1))
(3.13) R(1z)(y1))

Rz DRy 1),
RIr)Rye1)

for all x,y € K. Let z,y € K. Then

Rz © )Ry 1) (qub ®ba>(2y465®bﬁ>

“mz £ aba)(B () - (y 9bp)) © B )
= Z(m ba@)(S M (ba_y) - (y abs)) @ 1D
BN (@ b2 o) (SO ) - (g b)) @ b7

DN (wy) ab, 00 B Ry o 1).

Y

This proves Eq. (3.12)). Further,

R((102)(y @ 1)) = R((zy) - y) @ 20)
D - vt © 1w 3y (Stahe) @

= Z y (Sl ™)ba) @ 20 0 (S (20P -)) - 0Y)
—Zy A (Sm(xa)m(2@)S7H(T@3))ba) @ 2 (S 7H (2(0)) - bY)
w2 Z y (ST () (Tr(2@) - ba)) © 230
—ZZN (baS(2(-1))) @ T(0)0" Zx (y <ba) @ x(0)b"
@(1®x)<zy<1b @ba> BAED (1 @ 2)R(y @ 1).

«

This proves Eq. (8.13)), and the proof of the theorem is completed.

19
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4. REFLECTIONS OF NICHOLS ALGEBRAS

Let # € Nand I = {1,2,...0}. Let Fy denote the set of f-tuples of finite-
dimensional irreducible objects in YD, and let Xy denote the set of f-tuples of
isomorphism classes of finite-dimensional irreducible objects in gyD. For each
M = (My,...,My) € Fylet [M] = ([M],...,[My]) € Xy denote the correspond-
ing A-tuple of isomorphism classes.

Let {a1,...,ag} be the standard basis of Z?. For all M = (M, ..., M,) € Fy
define an algebra grading by N§ on the Nichols algebra B(M) := B(M;®- - -& M)
by deg M; = «; for all j € I, see [AHSO8, Rem. 2.8]. We call this the standard
Ni-grading of B(M).

Let i € I and M € Fy. Let

(4.1) KM =B(M)cBM#H

Clearly, M; C KM for all j € T\ {i}. As in [HSO8| Def.6.4] we say that M is
i-finite if (ad B(M;)#H )(M,) is finite-dimensional for all j € I'\ {i}. Note that
if N € Fp with [M] = [N] then M is i-finite if and only if NV is i-finite.

Proposition 4.1. [AHS08| Prop.3.6] Let i € I and M € Fy. Assume that M is
i-finite.

(i) The algebra K} is generated by ®jen iy (ad B(M;))(M;).

(ii) The left adjoint action of B(M;) on KM is locally finite.

Let us recall some crucial definitions introduced in [AHS0S8], Sect. 3.4]. Let i € T
and M € Fy. If M is not i-finite, let R;(M) = M. Otherwise let a}f € Z, where
jel,and M' = (Mj,..., M}) € (£YD)? be given by

5 £

(4.2) oM = s
—max{m | (ad M;)™(M;) # 0} if j # 1,

(4.3) M} = M7, M= (ad M)~ (M;)for all j € I\ {i}.

and let

(4.4) s e Aut(Z?), sM(aj) = a; — alf o for all j € I.

By [AHS08, Thm. 3.8], M is finite-dimensional and irreducible for all j € I, and
hence M' € Fy. Let R;(M) = M’ in this case. Note that [R;(M)] = [R;(N)] in
Xy for all N € Fy with [N] = [M]. Thus we may define

ri([M]) = [Ri(M)],

and these definitions provide us with maps R; : Fy — Fp, rj : Xy — A&y for all
j € I Further, if N € Fy with [M] = [N] and M is i-finite, then af = a;} for all
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j €1, and sM = sV. Thus we may write az[-?/[] and s instead of aj and s}" if
needed.

Let : € I and M € Fy. Assume that M is i-finite. Let
(1.5) QM - KN HB(M?) — B(R(M))

be the unique algebra map which is the identity on all M} C KM#B(M;), where
j € T— see [AHSO8, Prop. 3.14]. Then QM is a map in YD and

(46) O () € BRA(M))

for all x, € KM#B(M;) of degree a € Z°, where KM C B(M) is graded by the
standard grading of B(M) and deg M; = —q;. Further, QM is bijective and
(4.7) Se(r, U (KM) = KO0

2

by the last paragraph of the proof of [AHS08, Thm. 3.12]. By [AHS08, Eq. (3.37)]
the restriction of Spg, (v to M; defines an isomorphism

orl - M; — R (M);, jel\{j},

a)

in #YD, and there is a canonical isomorphism ¢ : M; — R*(M); = M;* in
BYD, see [AHS0S, Rem. 1.4]. Let
be the family of these isomorphisms.

The following property of QM will be one of the main ingredients to characterize
right coideal subalgebras of Nichols algebras.

Theorem 4.2. Let M € Fy and i € 1. Assume that M is i-finite. Then the
following diagram is commutative:

Apem

KM —5 KM@ KM KM@ (KM#B(M))
9 | |arraa
AB(R; (M)
B(R;(M)) ———— B(Ri(M)) @ B(R;(M))
that is,
(4.10) Apr, Qi (2) = (2 @ QRAw (2)

for all z € KM.
Proof. For all j € I\ {i} and k € N let
(4.11) L; = (ad B(M;))(M;), LY = (ad M;)* ' (M).
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Then

for all j € T\ {i} and z € L; by [AHS08, Eq. (3.11)].

By [AHS0S8, Prop. 3.14], QM : KM#B(M;) — B(R;(M)) is an algebra map. By
Thm. B2 R is an algebra map. By Prop.[11(i), KM is generated as an algebra by
UjzL;. Hence it suffices to prove that Eq. ([AI0) holds for all x € L, j € T\ {i}.
Let j € I\ {i} and let z € L;. Eq. (L12) implies that Agu(z) =1®@z+2® 1.
Hence

(4.13) Q' @ UNRAgu () = 1@ QM (2) + QM (z<bs) @ D"

by Eqs. (84), B.3) and since Q7 |z = id.
Since M is i-finite, Prop. A[(ii) tells that the left adjoint action of B(M;) on

aM

KM is locally finite. Then [AHS08, Thm.3.8] can be applied, that is, L

7 J
generates L; as a B(M;)-comodule. By Lemma it suffices to show that the

—aM
set of solutions of Eq. (AI0) contains L; “ and is stable under the maps 8f for
all fe M.

Suppose first that x € L . Then
(2 @ UNRAR(2) = 1@ QY (2) + Q) (2) @ 1 = Apgryary (2 ()

by Eq. (m) and since QM (x) € R;(M);. Thus the set of solutions of Eq. ([ZI0)

contains L
M k .
Let k € N k § 1 —a;;. Assume that Eq. (4I0) holds for all z € L7. That is,

(4.14)  Apr,arm QY (2) =10 QY () + Z QM (2 aby) @b for all v € Lf.

Let y € L¥ and f € M;. We have to prove that Eq. [@I4) holds for = = 95 (y).
Since 9 (y) = [y — yo) (S~ (y-)) - [) in K}M#B(M;) by Eq. B.3), and since
QM is an algebra map in YD with Qs+ = id, we obtain that

A, (07 (1) = Dperuoay (FU () — 0 (Y0) (S (y—) - f))
:(f®1+1®f)(1®QM +ZQMy<1b)®b°‘>—<1®Qf”(y(0))

+ > (y) <ba) ®b°‘>(1®5_ () - f+ 5 yey) - f@).
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By applying the product rule in B(R;(M)) ® ( ;(M)) this becomes

Apr, a0 (07 () = 1@ (fQM () — 2 () (S (y-) - )
+ @M (y) = y1S~ 1(y(—z))-J“(X>Qﬁ”(y(o>)

_'_Z fQM?th)@ba_'_f(—l)in(yﬂba)@f(o)ba)
- Z QM (y ) @b (S () - f)
- Z 0 (Yo 9ba) (0" (1)S™ (y-n) - ) @ b(0)

In the last expression, the first line equals 1 ® Q" (97 (y)) and the second is zero.
We rewrite all other terms such that the second tensor factors contain only b®.
Eqs. [2:28) and (ZI5) and the definition of < yield that

Zf ) 0 (Y 9ba) ® fioph” Zf ({f10), ba®YOM (y 2 b)) @ b
_Zfb ~(ba (—1>)'Qf~”(y<ba(l)®ba

_Z (£, )0 (1 <02 Dba® (1) @6 =D (F.ba) 2 (y 2 ba) ©0%,

«

Eq. (Z24) implies that
> 2 () 1ba) @0 (ST yen) - ) =D (ST ) - £0.D) 2 (o) <0.P) @07,

07

and from Eq. (22I]) we conclude that
DM (o) <L) (0 1S () - ) @ 6%

= M (y0) 9ba@) (ST (W=nba-n) - f) @D

On the other hand,
QM ® QM)ERAKM(@]%( ) = (M @ OMR(1 af(y) + af(y) ® 1)
=1 QM (0% (y) +ZQMaf ba) ® b,
Comparing coefficients in front of b* we conclude that Eq. ([dI4) holds for x =
9% (y) if equation

Fly<ab) + (f.be)(y<abay) — (S (yn) - f,5M)y) <0

(4.15) . I
— () 9b)) (S (W—nb—y)) - f) =07 (y) < b
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holds in KM#B(M;) for all b € B(M;). Using Eq. (82) with f € M7, Eq. ({{I5)
becomes equivalent to

OF(yab) = —(f.bay))y abay + (S (y—n) - £, 0y <b® + 9F (y) <b.

The latter is true by Lemma 2.4((ii). Thus Eq. (AI4]) (and hence Eq. (£10)) holds
for = 0f (y) and hence for all # € L;. This finishes the proof of the theorem. [

5. RIGHT COIDEAL SUBALGEBRAS OF NICHOLS ALGEBRAS

Let # € N and M = (My,...,My) € Fy. Let K(M) denote the set of all
Nf-graded right coideal subalgebras of B(M) in 2YD, where B(M) is graded by
the standard Nj-grading, see Sect. [l

For all a € Z° let t* = 1" ---t;* € No[t;", ..., t;"], where a = Y, n;c;. For
any N € Fy and any Nj-graded object X = BaengXa C B(N) in BYD let

(5.1) Hx(t) = ) (dim X,)t* € No[[t, .. ., 1]
aeNy
be the (multivariate) Hilbert series of X.

There is a Z-linear action of GL(6,Z) on Z[t;', ... t3'] via gt* = 9 for
all g € GL(#,Z), a € Z°. This extends to a partially defined Z-linear action
of GL(0,Z) on Z[[t1,. .., tg]]: the action of each g € GL(0,Z) is well-defined on
the subring of Z[[ti, ..., y]] consisting of those formal power series ZaeNg ant®,

where a,, € Z for all @ and a, = 0 if g(a) ¢ N§.
We start our considerations of right coideal subalgebras with general lemmata.

Lemma 5.1. Let M € Fy and let E be an NY-graded right coideal of B(M) in
gyD. If E # k1, then there exists i € 1 such that M; C F.

Proof. Let pry : B(M) — M; @ --- @ My be the Ny-graded projection to the
homogeneous elements of degree 1. Recall that the map

(pI‘l & id)AB(M) . @Zo:an(M) — (Ml b---D Mg) X B(M)
is injective. By assumption, Agun(£) C E®@ B(M), and E # k1. Thus
0 # (pr; ®id)Agan(E) C (EN(My & -+ & My)) @ B(M)

and hence EN (M; @ ---@® M) # 0. Since E is Ni-graded, there exists i € I such
that ENM; # 0. Since E € £YD and M; € BYD is irreducible, this implies that
M, C E. U

Lemma 5.2. Let M € Fy, i € 1, and E € K(M). Then M; ¢ E if and only if
SB(M)(E) - KZM
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Proof. The homogeneous subspace of KM of degree «; is 0, hence Seon(E) C K M
implies that M; ¢ E. Conversely, assume that M; ¢ E and let 7 : B(M) —
B(M;) be the canonical map. Then M; ¢ 7(E) since E is Nj-homogeneous. Since

7(F) is a right coideal of B(M;), we conclude that 7(F) = k1 by Lemma 5.1 and
hence

(5.2) T(Span(E)) =kl
On the other hand, Sp()(E) is a left coideal subalgebra of B(M ), and by Eq. (5.2))
it is contained in B(M)«°BM:) = KM which proves the lemma. O

Corollary 5.3. Let M € Fy, i € I, and E € K(R;(M)). Assume that M is
i-finite and R;(M); ¢ E. Then (QM)~Y(E) c KM.

Proof. Since M is i-finite the map QM is bijective, see Sect.dl Since R;(M); ¢ FE,
Lemma [5.2] yields that

(5.3) Se(r.any(E) € K%M = Sp(n oy QM (K1),
where the last equation holds by Eq. ([£1). The relation (5.3)) gives the claim. [

Lemma 5.4. Let M € Fy and © € 1. Suppose that M is not i-finite. Then there
exist infinitely many Ni-graded right coideal subalgebras of B(M) in YD which
do not contain any M; with j € I\ {i}.

Proof. Let k € I\ {i} such that dim(ad B(M;))(My) = co. For alln € Nlet E,, be
the subalgebra of B(M) generated by (ad B"(M;))(My) and M;. By assumption,
E,, # 0 for all n € N. By construction, F, C F,, for all m < n and

0 if m <n,

(5.4) (En)ak-i-mai - {(ad B"(M;)) (M) if m =n.

Hence £y D Ey D --- is a strictly decreasing sequence of nontrivial Ni-graded
subalgebras of B(M) in £YD with E, N M = M, for all n € N. It remains to
prove that each F, is a right coideal of B(M). But this is true since Ag)(x) €
E, ® B(M) for each generator x of E, by Eq. (£12]). O

Recall that KM is a Hopf algebra in the braided category g%gig)ﬂ) Its co-
multiplication is denoted by Agar. Assume that M is i-finite. Regard KM#B(M;)
as a Hopf algebra in #YD, such that the algebra map QY : KM#B(M;) —
B(R;(M)) is an isomorphism of Hopf algebras in #YD.

Lemma 5.5. Let M € Fy and i € 1. Assume that M is i-finite. Let F C KM be
a subalgebra in LYD. Then the following are equivalent:

(1) FB(M;) is a right coideal subalgebra of B(M) in £YD.
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(2) F is a right coideal subalgebra of KM in % B yD and (ad M;)(F) C F.
(3) F is a right coideal subalgebra of KM#B(M*) in BYD.

Proof. Assume (1) and let £ = FB(M;). Then F = ENKM and (ad M;)(F) C F
since M; C E. Let m: B(M) — B(M;) be the canonical map. Since

AKZM(I') =z SB(Mi)ﬂ'(i( )) &® @ forall z € KZ-M,
we obtain that Axm(ENKM) C E®@ KM. This proves (2). Similarly, (2) implies
(1).
Assume (2). By definition and Thm. .2 the restriction of the comultiplication
of KM#B(M;) to KM is given by the map
A M
KM == KV @ kY 2 KM o (KP#BOM)).

Hence F is a right coideal subalgebra of KM#B(M}) in #YD.

Conversely, assume (3). Let 7' = e®@idgr : KM #B(M;) — B(M;). Then '
is an algebra map by Eq. (8.2)). Let x € F. Since F is a right coideal subalgebra
of KM#B(M;) and (id @ 7')Agm(z) =2 @ 1 for all 2 € KM, it follows that

F @ B(M;) > (idgw ® 7 )RAg (x Z i (ba) - T @ 0.

Since F'is also an H-module, F' is stable under the adjoint action - of B(M;).
Since RApu (F) C F' @ (KM#B(M;)) by assumption, it follows from (B.7) that

F is a right coideal subalgebra of KM in ggﬁl #HyD O

Recall from Eq. ([E8) that for all i € T and M € Fy, oM : M — R?(M) is
a family of isomorphisms of objects in ZYD. Let B(pM) : B(M) — B(R?(M))
be the induced isomorphism of braided Hopf algebras in Z£)D. The following
theorem is the key result in the proof of Thms. B.12] 615 When M is i-finite we
will use the isomorphisms

M

KM4#B(M;) 25 B(Ry(M)),

QRi(l\/I)

K ODHB(R(M)}) —— B(R}(M)) === B(M)
to define bijections between the right coideal subalgebras of B(M) and of B(R;(M)).
Theorem 5.6. Let M € Fy and i € 1. Assume that M is i-finite. Then the
maps oM K(M) — K(R;(M)) defined for all E € K(M) b
u( )_{W(EHK;”) if Mi C E,
@) B E)B(R(M),) if M, ¢ B,

7

B(pM)
%
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and 57 KC(Ry(M)) — K(M) defined for all E € K(R;(M)) by

)

50N () = {B(%M )M EN K if Ri(M) € E,
QM) (E)B(M;) if Ri(M); ¢ E,

are bijective. More precisely, the following hold.

(1) For all E € K(M), M; C E if and only if Ri(M); ¢ oM(E). For all
E € K(Ri(M)), Ri(M); C E if and only if M; ¢ 57" (E).

(2) ;" Mo = ideqn, oMa" ™ = ide,ary-

Proof. By Cor. the maps o and 6;% M) are well-defined in the sense that
oM(E) ¢ B(R;(M)) for all E € K(M) and 67" (E) ¢ B(M) for all E €
K(R;(M)). Tt remains to prove (1) and that o™ maps K(M) to K(R;(M))
and 6?2'(1‘/[) maps K(R;(M)) to KK(M). Then the equations in (2) follow from
Lemma 2.2

We prove that oM (E) € K(R;(M)) for all E € K(M), and that the part of (1)
regarding o holds. The analogous claims for 6;% ) can be shown similarly.

Let E € K(M). Assume first that M; C E, and let F = E N KM. Since
KM is an Nj-graded algebra in YD, F is an Ni-graded subalgebra of B(M) in
HYD. Further, E = FB(M;) by Lemma 22 By Lemma [5.5 (1)=(3), and since
OM . KMAB(M;) — B(R;(M)) is an isomorphism of Nj-graded Hopf algebras
in #YD, we conclude that QM (F) € K(R;(M)). Further, R;(M); ¢ QM (F) by
([EH) and since (ENKM)_,. = 0.

Assume now that M; ¢ E. Since B(¢Y) : B(N) — B(R?(N)) is an isomor-
phism of Ni-graded braided Hopf algebras, we conclude that R?(M); ¢ E and
B(pM)(E) € K(R2(M)). Further, R2(M) is i-finite. Let F = (QFM)=1(B(pM)(E)).
Then F' C Kfi(M) by Cor.[E3 Further, F is an Nj-graded subalgebra of KZRZ'(M)
and a right coideal subalgebra of K* {MUB(R;(M)?) in BYD by the definition

7

of the braided Hopf algebra structure of KZRZ'(M)#B(R,-(M)*). By Lemma 5.5

2

(3)=(1), oM(E) = FB(R,(M);) € K(Ri(M)). Cleatly, R;(M); C oM(E), and

KA
hence we are done. O

Corollary 5.7. Let M € Fy, i € 1, and Ey, Ey € K(M). Assume that M is
i-finite and that Hg, = Hg,. Then Hom gy = Hom (g, -

Proof. Note that M; = B(M),, is irreducible in #YD. Hence M; C E; if and
only if M; C E,, since Hg, = Hp,. Assume first that M; C F;. By Lemma 2.2
E; ~ (E;n KM) @ B(M;) as Nj-graded objects in YD for [ € {1,2}. Hence the
claim follows from Thm. 5.6 and ([@0]). The case M; ¢ Ej is treated similarly. [
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Corollary 5.8. Let M € Fy and let i € 1. Then K(M) is finite if and only if
IC(R;(M)) is finite. In this case M 1is i-finite, and k(M) and K(R;(M)) have the

same cardinality.

Proof. If M is not i-finite, then R;(M) = M, and hence (M) = KC(R;(M)) is
infinite by Lemma 5.4l If M is i-finite, then the claim follows from the bijectivity
of ¢ in Thm. O

6. CONSTRUCTION OF RIGHT COIDEAL SUBALGEBRAS
Let € Nand M = (M, ..., My) € Fp. Let
Fo(M)={R;,---R;,(M)|n € Ny, iy,...,i, €[},
Xo(M) = {r;, - -r;, ([M])|n € Ng,ir,...,i, €1}

where R; and r;, 7 € I, are defined in Sect.dl We say that M admits all reflections,
if N is ¢-finite for all N € Fy(M) and ¢ € I. This is for example the case
if (My @ -+ @® My)®™ is semisimple in ZYD for all m > 1 and the Gelfand-
Kirillov dimension of B(M) is finite, see [HS08, Thms. I, ITI]. Also, Cor. 5.8 and
the definition of Fy(M) yield the following.

Proposition 6.1. Let M € Fy. Assume that K(M) is finite. Then M admits
all reflections.

Recall from [AHSO0S] the following crucial result.

Theorem 6.2. [AHS08], [HS08, Thm. 6.10] Let M € Fy. If M admits all reflec-
tions, then C(M) = (I, Xp(M), (r:]x,(an) )icts (A) xexp ) is a Cartan scheme.

Therefore, if M € Fy(M) and M admits all reflections, then we may attach
the Weyl groupoid W(M) := W(C(M)) to M. Later on, for brevity we will write
r; instead of ;| x,(ar)-

In this section we associate a right coideal subalgebra E™(w) of B(N) to any
N € Fy(M) and w € Hom(W(M), [N]).

Recall that k1 € K(N) for all N € F5. By Thm. B8 67"« K(R;(N)) —
IC(N) is a bijection for all N € Fp and i € I, where N is i-finite.

Definition 6.3. Let M € Fy. Assume that M admits all reflections. For all
N € fg(M), m € N, 11,...,%, €1, let EN() = k1 and

EN(il, o 7Zm> _ 6_Ri1(N)6Ri2Ri1(N) . E_leRll(N)(]k1> c IC(N)

11 12 im
Lemma 6.4. Let M € Fy. Assume that M admits all reflections. Let N €
Fo(M), m € Ny, and iy,...,i,m € 1. Then EN(iy, ... i) is the unique element
E € K(N) with Hg = Hgn gy, in)-
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Proof. By Thm. [5.0]
R.

Z-n:,nilvnRil (N) P O'Z]Y(EN(Zl’ e ,Zm))
L )
Let £ € K(N) with Hg = Hpgn~g,,., ), and let B = ai}:"“lmRil(N) o) (E).

By Cor. 5.7 the Hilbert series of E’ and of af:m”mRil(N) oD (EN (i, i)

coincide. Hence Hp = 1, and therefore £/ = k1. Thus

E— 5’7']:1521(]\/) N -6‘537L...Ri1(N)(E,) _ O_Rzl(N) . 5_ﬁszll(N)(k1) _ E,N(il’ o ”Lm)
This proves the lemma. 0

Definition 6.5. Let M € F,. Assume that M admits all reflections. Let N €
Fo(M), m € Ny and i1, ..., ipm,j € I Let T,%™) 2 B(R;(N)) — B(N) be the
composition of the linear maps

(© N) %\ 1d®e
B(R;(N)) ——— KN#B(N;) =5 KV C B(N).
For all 1 <[ < m define ﬁl Viy, . im) € AN and Ny(iy, ... i) € HYD by
. . ri, ([N TigTiq N Tipg_ 1T ([ND
ﬁl[N} (i, i) = Sill([ })Si; (~y pa e )

; io Ri R; R;o R;, (N
Nilins i) = T OO a0 s Ralta ()

i1 io -1
(Where ﬁ{v(zl, c. ,im) = Oy, and Nl(ila c. ,im) = Nzl)
We say that (i1,...,4,) is N-admissible if forall 1 <k <m—1and 1 <[ <
m—k,

(Rizﬂ o 'RizRil (N)Zz)

Tiy, " TigTiq N .
i, # B ( ])(zk+1,...,zm).
Equivalently, (i1,...,4,) is N-admissible if and only if
(6.1) NGy, i) 2 =B iy, i) forall 1 <k <1< m.

Lemma 6.6. Let M € Fy, and assume that M admats all reflections. Let m € Ny,
i1, sim €L and N € Fo(M). Assume that (i, ..., 0,) is N-admissible. For all
1<l <mlet B = 0" (ir,... im), and Ny = Ny(ix, ... in). Then
(1) Bi,. .., Bm are pairwise distinct elements in NY.
(2) Foralll <1<m, Ng, C EN(iy,...,iy) is a finite-dimensional irreducible
subobject in gyD of degree (3, and Ng, ~ R;, , --- R, R;;(N);, in gyD.
(3) For all 1 <1 < m, the subalgebra k(Ng,) of B(N) generated by Npg, is
isomorphic to B(Ng,) as an algebra and as an Nf-graded object in YD,
where Ng, has degree (3.
(4) The multiplication map k(Ng,) ® -+ @ k(Ng,) — EN(iy,... i) is an
isomorphism of N§-graded objects in £YD.
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Proof. The cases m = 0,1 are clear since N,, = N;,, and EN(iy) = B(Ny,)
by Thm. 5.6l Let m > 1 and assume that (i1,...,4y) is N-admissible. Then
(ig....,%m) is Ry (N)-admissible. To prove the Lemma for (i1, ...,4,) we may

assume by induction that (1)—(4) hold for (is,...,4,), that is, if we define

= 822”1([N])SZSM2H1([ND o S;il'“mz?“il([ND( iz+1>7
Ri, Ri, (N),-Ri, Ri, Ri; (N) R -Ri, Ri, (N)
Ril(N>“fl :Tig o T;'33 o Tzl : o (Ril"'RiQRil(N)ilﬂ)

forall 1 <1< m—1, then

(&) Y1,...,Ym_1 are pairwise distinct elements in NJ.

(b) Forall 1 <l <m—1, R (N),, C ERaM(iy, ... iy,) C B(R;,(N)) is an
irreducible finite-dimensional subobject in #YD of degree ~;.

(c) Forall 1 <1 <m—1, the subalgebra k(R;, (N),,) of B(R;,(N)) generated
by R (N),, is isomorphic to B(R;, (N),,) as an algebra and as an Nf-
graded object in #YD, where R; (N),, has degree 7;.

(d) The multiplication map

k<R11 (N)'Ym71> K- k<R11 (N)'Yl> - ERil ™) ('é2> ce aim)

is an isomorphism of Ni-graded objects in ZYD.
By Definition

o BB N iy, i) = BN (i, ).

1
By assumption, oy, # ~, for all 1 <1 < m— 1. Hence by degree reasons it follows
from (d) that R;, (N);, ¢ Efa®™(iy. .. ip,), since by (b) R, (N),, has degree v,
forall 1 <1 <m—1,and 7, ...,%m_1 € NJ by (a). Then

& N ER N iy, i) = () B N iy, i) B(NG),

7

and (QN)"Y(ER2MN(iy, ... i) € K by Thm. 56 Thus the multiplication
map

(6.2) Q) HER M iy, i) @ B(NG,) — EN (i, . i)

is bijective. Moreover the restriction of the map Tf“ M {6 R () (19, ... i) 18

the restriction of the algebra isomorphism (£2)Y)~'. Therefore we obtain from (d)
that the multiplication map
Ri  (N) Ri (N)
k(ﬂl (Rll (N)'Y'mfl)) ® e ® k<7:,1 ! (RZI (N>71)> -

TR“(N)(ERH(N) (i9 ... im))

i1

is bijective. Since T "™ (R;, (N),,) = Ny, forall 1 <1 < m — 1, (4) follows

from the bijectivity of the map in Eq. (62).
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Note that s;”(m)(%) = (1 for all 1 <1 < m —1. By (&d) the subspace
T N(R,(N),) = () "Y(R;,(N),) = Ng., of B(N) has degree B, for all

1 1§ [ <m —1. By definition N, = N;, has degree 3; = «;,. It now follows from
(4) that 3, € N for all 1 <1 < m. Thus (1) holds by the characterization of
N-admissibility via Eq. (61]). Finally, (2) and (3) follow from (b) and (c) since
(Qf\f )~! is an algebra isomorphism in #YD, and the change of grading is given

by ([.G). O

Lemma 6.7. Let M € Fy, and assume that M admits all reflections. Let m € Ny,
i, yim €1 and N € Fo(M). For all1 <1<m let B = 8" (i1, ... im).
(1) Let j € 1 and assume that o; & {B1,...,0m} and that (iy,...,0,) s
N-admissible. Then (j,11,...,im) is Rj(N)-admissible.
(2) Assume that a; € {B1,...,0m} for all j € T and that (i1, ... 4y) is N-
admissible. Then EN (i1, ... iy,) = B(N).
(3) Assume that C(M) is the Cartan scheme of a root system. Then (iq, ..., im)
is N-admussible if and only if idjnys;, - - - 84, 15 a reduced expression.

Proof. (1) holds by definition, and (2) follows from Lemma (2) since N; C
EN(iy, ... iy,) for all j € Timplies that EV (i1, ..., i,) = B(N).

Suppose in (3) that (iy,...,%,,) is N-admissible. Then idjys;, - --s;,, is a re-
duced expression by Lemma (1) and Prop. LI Conversely, suppose that

idn]s4, - - - 84, 18 a Teduced expression. Then 3y,. .., 3, are pairwise distinct ele-
ments in N§ by Prop. [L4 Hence (iy,...,i,) is N-admissible. O

We recall a notion from [HS0§].

Definition 6.8. Let N € Fy. Then the Nichols algebra B(N) of N is called
decomposable if there exist a totally ordered index set (L, <) and a family (W});ecr,
of finite-dimensional irreducible Ni-graded objects in 2D such that

(6.3) B(N) ~ @ B(W)
as NY-graded objects in 2YD, where deg N; = «; for 1 <14 < 6.

In such a decomposition the isomorphism classes of the Yetter-Drinfeld modules
W, and their degrees in Nf are uniquely determined by [HS08, Lemma 4.7], and
we define the positive roots AEV] and the roots AN of [N] by

A = {deg(W) | 1 € L},
AN =AMy A,
In [HSO§] we showed
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Theorem 6.9. [HSO8, Thm.6.11] Let M € Fy and assume that M admits all
reflections and that B(M) is decomposable. Then B(N) is decomposable for all
N € Fop(M), and R(M) = (C(M), (AX) xex,(m)) is a root system of type C(M).

Corollary 6.10. Let M € Fy and assume that M admits all reflections and that
B(M) is decomposable. Let N € Fo(M) and A € ALY™.
(1) There is exactly one l(X) € L with A = deg Wiy in ([6.3).
(2) Let P € Fop(M), w =idin)8;, - - - 54, € Hom([P], [N]) be a reduced expres-
sion and i € 1 such that w(ay) = X. Let Ny = Nyiq (i, ..oy im, 1) C B(N).
Then deg Ny = X, Wiy =~ P, ~ Ny in YD, and k(N,) = B(Wy)) as
algebras and Nb-graded objects in HYD.
(3) Let j € I, p = s7'(N), Q = R;(N), and assume that X\ # a;. Similarly
to Ny in (2), define @, using a reduced expression of an element w' &
Hom(W(M),[Q]). Then Ny ~ Q, in FYD.

Proof. (1) is shown in [HS08, Lemma 7.1 (1)], and in (2), W) ~ P; by [HS0S,

Lemma 7.1 (2)]. Since idjn)s;, - - - i, is a reduced expression, (i1, ...,%y,) is N-
admissible by Lemma (3). Then (i1,...,4ny,7) is N-admissible: Indeed, A =
BN (iy, ... im,i) € N%, and hence it differs from all —3™(iy,.. . ip,i) with

1 <1< mby Lemmal[6.6l (1). The remaining part of (2) follows from Lemma [6.0]
since P~ R; -+ R; (N).
Now we prove (3). Since X\ # a;, u € Af] *  and hence @), can be defined. By

(2), Q, is independent of the choice of w’. Hence we may choose w’ = s;w. Then
(2) yields that Ny ~ P, and @, ~ P, in # YD, which proves the claim. O

In the next lemma, which will be needed for Thm. 6.2 we follow the notation
in Cor. For each \ € A[f_v] * we choose wy € Hom(W(M),[N]), a reduced
expression idpy)s;, - - - 55, of wy, and i € I such that wy(a;) = A. Then we define
(64) N)\:Nn+1(]1a>]nal) CB(N)

By Cor. 610, the isomorphism class of Ny € 2YD does not depend on w) and i.
Lemma 6.11. Let M € Fy and N € Fp(M). Assume that M admits all reflec-

tions and that B(M) is decomposable. Let m € No, iy,... i, € L. Then there
exists an isomorphism

EN(iy, ... i) ® B(N,)

AeA M iy oyim)
of NS-graded objects in EYD.

Proof. We proceed by induction on m. Since EV() = k1, the claim holds for
m = 0.
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Assume now that m > 0. Let P = R; (N), and assume that

(6.5) E:=E(ig, ... iy) ~ ® B(Py).

AeA (i, i)
Case 1: oy, ¢ A[f](ig, ...,im). Then P;, ¢ E by degree reasons, and (Qf)"1(E) C
K} by Cor. 5.3l Hence

1
xeA iz, im)

in 2YD. Here the first two equations follow by definition, and the isomorphism
is obtained from Lemma and since (Q))~! is a morphism in FYD. Now,

deg Py = sL(\) for all A € AY(is, .. i,) by @B). Further, N,e () =~ Py in
BYD by Cor. (3). Thus the claim follows from Lemma [[.8 1

Case 2: oy, € A[f}(z'g, ..yim). Then E ~ (ENK}) ® B(P;,) as Ni-graded
objects in YD by Lemma 2.2, and hence

(6.6) ENKL ~ ® B(Py)
AEA[f] (i2,--y0m ) \{eviq }

as NY-graded objects in 2D by Eq. (6.5) and [HS08, Lemma 4.8]. Therefore

EN(iy, ..., 1,) =01 (E) = B(ep ) H(Q(ENK])) ~ ® B(Py)
XA (i eonsim)\ {oviy }

as Nf-graded objects in fYD, where deg Py = s!,(\), see ([E6). Indeed, the first

two equations hold by definition, and the isomorphism follows from Eq. (€.6]) and

since QF and B(y)) are morphisms in YD. By Cor. G0 (3) we may replace

Py by Nyr(y), and then the claim follows from Lemma [L.§ O
1

Theorem 6.12. Let M € Fy, and assume that M admits all reflections and that
B(M) is decomposable. Let N € Fy(M). Then for all w € Hom(W(M), [N]) the
right coideal subalgebra

EN(w) = EN(iy, ..., im) C B(N),

where m > 0 and 1 <y, ... iy < 0 such that w = idnys;, - - - 84, 45 independent
of the choice of i1, ...,1m. The map

N Hom(W(M),[N]) — K(N), w — EN(w),

1s injective, order preserving, and order reflecting, where the set of morphisms
Hom(W(M), [N]) is ordered by the right Duflo order and right coideal subalgebras
are ordered with respect to inclusion.
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Proof. To prove that »" is a well-defined map, assume that w = idin)si, =+ Sip, =
idnysj, - - -85, in Hom(W(M), [N]), where 1 < iy, ... 0, J1,...Jn < 0, m,n > 0.
By Prop. L9, A[frv](z'l, i) = A[frv](jl, ...yJn). Hence by Lemma the
Hilbert series of EV(iy,...,4,,) and of EN(ji,...,j,) coincide, and by Lemma
B4 EN(iy, ... i) = EN(1, ...y dn)-

Let w,w’ € Hom(W(M),[N]) with EN¥(w) = EN(w'). Then AM(w) =
A[iv} (w") by Lemma[6.1T] and [HS08, Lemma 4.7]. Therefore w = w’ by Prop. [L9.
Thus »" is injective.

By Thm. [[13 »" is order preserving and order reflecting if and only if the
following are equivalent for all wy, wy € Hom(W(M), [N]).

(1) EN(w) € EN(w,),

(2) AV (wn) € AR (ws).
To prove the equivalence of (1) and (2) we proceed by induction on f(wq). If
wy = idpy, then EN(wy) = k1, AM(w,) = 0 and hence (1) and (2) are both
true. If f(wy) = 1, then w; = 5™ for some i € I. Then AM(w;) = o
and EV(w;) = B(N;). Hence (2) is equivalent to (1) by Lemma B.I1] since if
N; C EN(wy), then EN(w;) = B(N;) C EN(ws). Assume now that £(w;) > 1.
Let i € T with ¢(w;) = £(w) + 1 for w = sMw;. Then

(6.7) a; € AN (w))
by Cor. Therefore Lemma [[.§ implies that (2) holds if and only if
(6.8) a; € AN (wy) and ATV (sNwy) € ATID (sNay).

Since «; = AEV](S?'([ND), the induction hypothesis gives that the relations in
GR) are equivalent to N; € EN(wsy), B (sNw,) ¢ EFM(sNws,). Since
N; € EN(w;) by Lemma, and by (6.7), the latter is equivalent to (1) by
Thm. O

Corollary 6.13. Let M € Fy, N € Fy(M), and assume that M admits all
reflections and that B(M) is decomposable. Let wy,ws € Hom(W (M), [N]) with
EN(wy) € EN(wy). Then there are m,n € No, m < n, and iy, ..., i, € I such
that wy = idjnysi, =+ - 8 are reduced expressions. Let

m n

and wy = idy)si, -+ 8

6[ = I[N}(/Z/1777ln)7 N/Bl — Nl(ila---7in)

forall1 <1 <mn. Then

(1) Forall1 <1 <mn, Ng C B(N) is an irreducible finite-dimensional subob-
ject in BYD of degree 31, and By # By for all k # 1.
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(2) For all 1 <1 < n, the subalgebra k(Ng,) of B(N) generated by Npg, is
isomorphic to B(Ng,) as an algebra and as an Nj-graded object in £YD,
where Ng, has degree 3.

(3) The multiplication maps

k(Ns,) ® -+ @k(Np,) — E" (ws),
k(Ng,,) @ - @ k(Ng,) — B (wr)
are bijective. In particular, EN (w,) is a free right module over EN (wy).

Proof. By Thm. wy; <p wy. Hence by definition of the Duflo order, any
reduced presentation w; = idjn}s;, - - - s, of wy can be extended to a reduced
presentation wy = idpn)s;, - - - iy, - - - i, of wa. Then (1),(2) and (3) follow from
Lemma [6.6] and Lemma [6.7] (3). O

The following results generalize properties of commutators and coproducts of
PBW generators of quantized enveloping algebras.

Theorem 6.14. Let M € Fy, N € Fop(M), and assume that M admits all
reflections and that B(M) is decomposable. Let n € No, iy,...,4, € I, and
w = idpS;, -+ 85, € Hom(W(M), [N]) such that ((w) =mn. For all 1 <1 <n let
B € AN and Ny C B(N) as in Lemmal68. Then in EN(w)

(69> Ty — (x(—l) ' y>x(0) S k<Nﬁ171>k<Nﬁzfz> te 'k<Nﬁk+1>
foralll <k <l<n,ze Ng,yec Ng, and
(6.10) Ay (r) =2 @1 € k{Ng_ )k(Ng,,) - - - k(Ng,) @ B(N)

foralll1 <1 <n, x € Ng,.

Proof. By Cor. and the definition of the Ng,, for the proof of Eq. (69 it is
enough to consider the case k = 1, [ = n. In that case

vy — (21 Y)r() = (adw)(y) € K N EY (w) = k(N5 )k(Ns, _,) - - k(Ng,),

since y € K}Y and © € N;,. Further, deg (adz)(y) = f1 + B,. But 3, # /i =
for all 2 < m < n, and hence (ad z)(y) has no summand with a factor in k(Ng, ).

Now we prove Eq. (6I0). Since EY (w') € K(N) for all w’ € Hom(W(M), [N]),
by Cor. it suffices to consider the case [ = n. Since Ay is NJ-graded and
B(N) is a connected coalgebra, (that is z € B(N), deg z = 0 implies that z € k,)
the claim follows by degree reasons. U

Theorem 6.15. Let M € Fy. Then the following are equivalent.
(1) K(M) is finite.
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(2) M admits all reflections and the length of N-admissible sequences, where
N € Fo(M), is bounded.
(3) M admits all reflections and AMITe js finite.

Assume the equivalent conditions (1) — (8). Then B(M) is decomposable, R(M) =
(C(M), (AX™®) xex,(m)) is a finite root system of type C(M), and for all N €
Fo(M), the map

s Hom(W(M), [N]) — K(N)
18 bijective.
Proof. Assume (2), and let ¢ € N such that t > m for all N € F»p(M) and all
N-admissible sequences (i1, .. .,4,). We prove (1), (3) and the second half of the
theorem.

Suppose an m-tuple (i1, ..., ;) of elements in I is P-admissible for some P €
Fo(M). If there exists an element j € I such that o; # ﬂl[P] (11, ..., i) for all
1 <1 <m,then (j,i1,...,iy,) is R;(P)-admissible by definition, and ¢ > m + 1.

Let N € Fy(M). By the previous paragraph, there is a largest integer m > 1
such that there is a P-admissible sequence (i, ..., ) with P = R, --- R;, (N).
Hence E (i, ...,4;) = B(P) by Lemma (2), and by Lemma [6.0 there is an
isomorphism of N§-graded objects in £YD

(6.11) B(P,,) ®---@B(P,,) = B(P),

where 71, . . ., 7y, are pairwise distinct elements in NJ. This means that the Nichols
algebra of P is decomposable. Hence B(M) is decomposable by [HS08, Lemma
6.8], and the root system R(M) exists by Thm. [6.9. Moreover R(M) is finite,
and for all objects X € Xp(M), 2m = |A*™| and m = |A£™|. This proves (3).

We note that idip)s;,, - - - 5;, is a reduced expression by Lemma 6.7 (3). There-
fore the inverse idjys;, - - -s;, is a reduced expression. It cannot be extended
to a reduced expression idg,(nyS;si - Si,, | < j < 0, by Lemma (1)
since m = |AT™™| Thus by Lemma (1),(2), EN(wy) = B(N), where
wo = id[nySs, -+ Siy, -

By Thm. BI2 " is injective. To prove surjectivity of sV, let E € K(N). Let
w € Hom(W(M),[N]) be a shortest element such that £ C E¥(w). Such a w
exists, since R(M) is finite, hence Hom(W(M), [N]) is finite by Lemma and
E C EN(wg) = B(N). We prove by induction on £(w) that E = EV (w).

Assume first that ¢(w) = 0. Then k1 C E C E¥(id;) = k1 and hence
E = EN(idw)).

Assume now that ¢(w) > 0. Then E # kl by the minimality of w. By
Lemma [5.1] there exists i € I such that N; C E. Then N; C EV(w), and hence
w = s7"'™y! by Cor. BIF with wy = s;*™ and wy, = w, where v’ = sMw and

i
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((w) = L(w') + 1. Further, oN(E) C oN(EN(w)) = EFW™(w') by Thm. B4
Hence
oN(E) = ERW) (")

2

for some w” € Hom(W(M),r;([N])) by induction hypothesis. Thus
E=o/"" (o} (B)) = o/" ™ (ERM(w")) = BN (s;u0").

)

Hence > is bijective. In particular, » is bijective. Therefore (1) holds since
Hom(W(M), [M]) is finite by Lemma [[.2

Finally we prove (1) = (2) and (3) = (2).

Assume (1) and let t = #(KC(M)). First, M admits all reflections by Prop. 6.1
Hence #(K(M)) = #(KC(N)) =t for all N € Fy(M) by Cor. 5.8 It follows from
Lemma (4) that for all N € Fyp(M) the length of N-admissible sequences
(i1,...,4m) is bounded by ¢ since EN(iy, ..., i) # EN(i1,...,4) for all k,1 with
1<k<i<m.

Assume (3). Let t = #(AMr°). Since the Weyl groupoid is connected it follows
that #(AM™) = #(AN™) = ¢ for all N € Fy(M). By Lemma [6.G the length of
admissible sequences is bounded by t. O

Corollary 6.16. Let M € Fy. Assume that M admits all reflections and that
AMIre s finite. Then B(M) is decomposable and R(M) = (C(M), (AX™) xcx, )
is a finite root system of type C(M). Let w € Hom(W(M), [M]) be a longest ele-
ment. Let m = {(w) and let w = idpps;, - - - 5i,, be a reduced decomposition. For
each l € {1,...,m} let 5, € A[Jim and Ng, C B(M) as in LemmalG.4. Then for
each l € {1,...,m} the identity on Ng, induces an isomorphism k(Ng,) ~ B(Ng,)
of Nb-graded objects in 2YD, where Ng, has degree 3;. Further, the multiplication
map
k(Ng,) ® - @k(Ng,) @ k(Ng,) — B(M)

is an isomorphism of Nj-graded objects in LYD.

Proof. The first claim is proven in Thm. [6.I5 The rest follows from Lemma [6.6]
and Lemma (3). O

Corollary 6.17. Let M € Fy. Assume that M admits all reflections and that
AMIre s finite. Then there exist order preserving bijections between

(1) the set of N)-graded right coideal subalgebras of B(M)#H containing H,
(2) the set of N)-graded right coideal subalgebras of B(M) in 2YD,
(3) Hom(W(M), [M]),
where right coideal subalgebras are ordered with respect to inclusion and the set
Hom(W(M), [M]) is ordered by the right Duflo order.
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Proof. See Thm. for the bijection between (2) and (3) and Prop. 2.3 for the
bijection between (1) and (2). O

Remark 6.18. Assume that WW(M) is standard, that is, for each N € Fy(M) we
have a)y = af for all 4, j € I. Then Hom(W (M), [M]) can be identified with the

Weyl group W of g, see [CHO09, Thm. 3.3(1)].

7. RIGHT COIDEAL SUBALGEBRAS OF U=

In this section we are going to establish a close relationship between the maps
R; (M)
T

f , see Def. [6.5, and Lusztig’s automorphisms 7, of quantized enveloping
algebras. Let g be a finite-dimensional complex semisimple Lie algebra and let
IT be a basis of the root system with respect to a fixed Cartan subalgebra. Let
W be the Weyl group of g and let (-,-) be the invariant scalar product on the
real vector space generated by II such that (a, o) = 2 for all short roots in each
component. For each a € Il let d, = (a,a)/2. Let U = U,(g) be the quantized
enveloping algebra of g in the sense of [Jan96, Ch.4]. More precisely, let k be
a field with char(k) # 2, and if g has a component of type G, then assume
additionally that char(k) # 3. Let ¢ € k with ¢ # 0 and ¢" # 1 for all n € N. As
a unital associative algebra, U is defined over k with generators K, K, E,, Fl,
where o € II, and relations given in [Jan96, 4.3]. By [Jan96, Prop.4.11] there is

a unique Hopf algebra structure on U such that

(7.1) A(E,) =E, 1+ K, ® E,, e(E,) =0,
(7.2) AF) =F, @ K;' +1® F,, e(F,) =0,
(7.3) AK,) =K, ® K,, e(K,) =1.

Forallm € N, a € I let g, = g%, [m]a = (¢2' —0,™)/(qa—¢5"), [m]s = [T21[ia

and ES™ = Em/[m],, FY™ = F™/[m].. By [Jan96, 8.14] there exist unique
algebra automorphisms 7,,, « € Il of U such that

(7.4) To(K,) =K', To(Kg) =KpKa ™",

(7.5)  Tu(E,) = — F KL, T\(F,) =— K;'E,,

(7.6)  Tu(Es) =ad(ES “)Es,  Tu(Fp) =Y (—qa) FOFFS "7,
7=0

a # (3, where ad denotes the usual left adjoint action of U on itself.

As in [Jan96|, 4.6,4.22], let UT and U=° be the subalgebras of U generated by
the sets {E, | a € 11} and {K,, K, !, E, | a € 11}, respectively.

Recall that U™ € gﬁ YD via the left action ad|yo and left coaction

N Eay  Fa)=Ka Ko, @Eqy, - Ey,, keNy, aq,...,ap €Il
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Identify now IT with I = {1,..., 0}, where § = #II is the rank of g. Let o € II.
Following the notation in Sect. 4] we obtain that M = (k E3)gen € Fy and that
RQ(M) = (RQ(M)ﬁ)ﬁen € Fp, where

(_aaﬁ) :
kad(Ea )E lf /6 7£ «,

(77) Ra(M>ﬁ = % ’ .
(k E,) if 3 =a.

Let 0q : Mi@® - @ My — Roy(M)1 @ -+ - ® Ro(M)y,
ad(ES “NE; i B+,
(6a° —a)'E, iff=a

for all g € 11, where E! € (kE,)* such that E’(E,) = 1. Note that

(7.8) Ua(Es) = {

(79) (5(190{(E13)) = KﬁKo_{aaﬁ &® ﬁa(E15> for all a, 6 e Il

In particular, [M] # [R,(M)] in Ay. Nevertheless 9, is an isomorphism of braided
vector spaces. Indeed, the braiding ¢ satisfies

o(Ep ® E,) =ad(Kp)Ey @ Eg = q(ﬁﬁ)Ev ® B,
c(Va(Ep) ® Va(E,)) =ad(KsKa"")a(E;) @ Va(Ep)
=T (B,) @ Da(Hy) = 40l E,) @ V()

for all 3, € II because of the W-invariance of (-,-). Hence B(V,) : B(M) —
B(R,(M)) is an isomorphism of N§-graded algebras and coalgebras.

Proposition 7.1. Let o € 1. Let v, : KM#B(M*) — U be the linear map with
Lo (ZF(ED)™) = (51 — ¢.2) "0 (F Ko)™ for allw € KM, m € Ny. Then 1, is an
injective algebra map, and the following diagram is commutative.

B(M)=U+ L= U
(7.10) 50w | [
B(Ra(M)) o K 4B(M;)

Proof. We first prove that ¢, is an algebra map. By definition, to|xmy and
tal1#BMr) are algebra maps. By Prop. [ (i), the algebra K2 is generated by
the elements ad(E&"))Eg, pell\{a}, 0 <n < —a,g, and the algebra B(M}) is
generated by E. Further,
Ok, (ad( ) By) =Bad(E) By — (ad(EL) ) (K"K - )
—Erad(E(Y)Eg — "7 (ad(ELY) Ep) E,
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for all § € I\ {a} and 0 < n < —aqp by Eq. B3), where 95, (x) = (£}, 20)z®
for all z € K. By [Jan96, 8A.5(2)] we obtain that df. (Ej) = 0 and
Ok (ad(BL") Bp) =g (1 — g™ ™" )ad(EL V) B

a

for all 3 € T\ {a} and 1 < n < —a,p. Since F,K,Es = ¢@P EzF, K, for all
B €11\ {a}, it suffices to prove that the following relations hold in U.

n— —2(—aqp—n+1 n—
g (1 — ga T N ad (B ) By
= (g2 — ¢2°)(FaKoad(E(Y)Eg — ) (ad (ESV) Eg) Fo Ko,

where § € I\ {a} and 1 <n < —a,3. The latter equations follow from [Jan906,
8.9 (2)].

The injectivity of ¢, follows immediately from the triangular decomposition of
U. Since all maps in the diagram ([Z.I0) are algebra maps, it is enough to check
that the diagram commutes on the algebra generators Eg, § € I, of U*. This
follows directly from the definitions of the maps involved. O

Remark 7.2. Prop.[limplies that the PBW basis of U™ given in [Jan96, Thm. 8.24]
coincides with the PBW basis in Cor. Let us indicate a proof.

First observe that YW(M) is standard, since M is a Yetter-Drinfeld module of
Cartan type [AHSO8, Rem. 3.27]. This means that for each N € Fyp(M) we have
aj; = a)y foralli,j € I. Hence Hom(W(M),[M]) can be identified with the Weyl
group W of g, see [CHO9, Thm. 3.3(1)].

Let o, 8,y € II such that ¢(s,sgs,) = 3. There exists a commutative diagram

B(M)
B(9-)
TRy (M)
B(R,(M)) — B(M)
505) |
vaRﬁ(M) (D

B(R,Rs(M)) ——— B(Rs(M)) ———  B(M)

J J oo

R Ra () RgRa (M) Ra(M)
B(R,RsR.(M)) ————— B(RgRo(M)) ———— B(Ro(M)) ——— B(M)

such that the unlabelled vertical arrows are isomorphisms of Nj-graded algebras
and coalgebras. The existence of such maps can be concluded by considering
Fy as a category, where morphisms between M, N € F, are bijective maps f :
M@ - B My — Ni®B---P Ny preserving the braiding and satisfying f(M;) C N;
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foreach ¢ € I. Then R; : Fy — Fp becomes a functor, and for example the vertical
arrow left to B(d3) is just B(R,(¥3)). The PBW generators of B(M) constructed
in Cor. arise as images (at the lower right corner) of appropriate generators
of the Nichols algebras in the lower line. Similarly, the PBW generators of B(M)
arise by applying the maps Ty, T, ...appropriately to the algebras B(M) at the
diagonal. Then Prop. [Tl gives that the images obtained this way coincide.

Let w be an element of the Weyl group W, let m = ¢(w), and let s,, - - Sq,,
be a reduced decomposition of w. Recall from [Jan96| 8.24] that U™ [w] C U™ is
the linear span of the products

(7.11) Ey - EREY, ay,...,am € N,
where Eg =T, -+ To, ,(E,,) forall 1 <1 <m.

Theorem 7.3. The map » from W to the set of right coideal subalgebras of U=°
containing U°, given by s(w) = UT[w]U°, is an order preserving bijection.

Proof. Subalgebras of UZ° containing U° are Ni-graded by the non-degeneracy of
(+,+) and since ¢ is not a root of 1. Thus the claim is a special case of Cor. 611,
see also Rem. for the interpretation of W and Rem. for the equality of
the PBW generators in (C.I1)) and in Cor. 616 O

Remark 7.4. In view of Cor. [6.I7 the claim of Thm. holds also for multipa-
rameter deformations of g if ¢, is not a root of 1 for all a € I1. Similarly, if ¢, is
a root of 1 for all a € II, then the claim of Thm. holds for the (multiparame-
ter version of) small quantum groups, if we restrict ourselves to Nj-graded right
coideal subalgebras.
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