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1 Introduction

Recent research (e.g., Ang et al. (2009)) has highlighted that risk and allocation decisions
could be best expressed in terms of rewarded risk factors, as opposed to standard asset class
decompositions, which can be somewhat arbitrary. For example, convertible bond returns are
subject to equity risk, volatility risk, interest rate risk and credit risk. As a consequence,
analyzing the optimal allocation to such hybrid securities as part of a broad bond portfolio
is not likely to lead to particularly useful insights. Conversely, a seemingly well-diversified
allocation to many asset classes that essentially load on the same risk factor (e.g., equity risk)
can eventually generate a portfolio with very concentrated risk exposure. More generally,
given that security and asset class returns can be explained by their exposure to pervasive
systematic risk factors, looking through the asset class decomposition level to focus on the
underlying factor decomposition level appears to be a perfectly legitimate approach, which is
also supported by standard asset pricing models such as the intertemporal CAPM (Merton,
1973) or the arbitrage pricing theory (Ross, 1976). Two main benefits can be expected from
shifting to a representation expressed in terms of risk factors, as opposed to asset classes.
On the one hand, allocating to risk factors may provide a cheaper, as well as more liquid
and transparent, access to underlying sources of returns in markets where the value added by
existing active investment vehicles has been put in question. For example, Ang et al. (2009)
argue in favor of replicating mutual fund returns with suitably designed portfolios of factor
exposures such as the value, small cap and momentum factors.! Similar arguments have been
made for private equity and real estate funds, for example. On the other hand, allocating to
risk factors should provide a better risk management mechanism, in that it allows investors
to achieve an ex-ante control of the factor exposure of their portfolios, as opposed to merely
relying on ex-post measures of such exposures.

While working at the level of underlying risk factors that impact/explain the returns on all
asset classes is an intuitively meaningful approach, the practical implications of this paradigm
shift for the organization of the asset allocation process still remain largely unexplored. This
paper aims at analyzing whether using uncorrelated principal component factors, as opposed
to correlated asset returns, effectively allows for a more efficient framework for measuring
and managing policy portfolio diversification. In this paper, we divide the analysis into two
steps, namely measuring portfolio diversification and managing portfolio diversification. In the
first step, we follow Meucci (2009) and use the entropy of the factor exposure distribution as
a measure of the number of (equal-size) uncorrelated bets (also known as effective number of
bets, or ENB in short) implicitly embedded within a given portfolio. Then we provide evidence,
using the policy portfolio of a large state pension fund as an example, that even a seemingly
well-diversified portfolio may end up loading on a very limited number of independent risk

factors. In the second step, we aim at building a better diversified portfolio, also known as

'In the same vein, Hasanhodzic and Lo (2007) argue for the passive replication of hedge fund vehicles, even
though Amenc et al. (2010) found that the ability of linear factor models to replicate hedge fund performance
is modest at best.



factor risk parity (or FRP) portfolio, by maximizing the effective number of bets. We first
show that starting with an investment universe of N assets, there exist 2V 1 distinct portfolios
that achieve the maximum effective number of bets. In this context, we introduce a procedure
for identifying two remarkable FRP portfolios, the one with the lowest volatility (denoted by
FRP-MV) and the one with the highest Shape ratio (denoted by FRP-MSR). In an empirical
application, we use principal component analysis (PCA) to extract uncorrelated factors from
correlated asset returns, we provide evidence that incorporating constraints (or target levels)
on a portfolio effective number of bets generates an improvement in out-of-sample risk-adjusted
performance with respect to standard mean-variance analysis or ad-hoc benchmarks. We also
outline a number of weaknesses of PCA in the context of the design of well-diversified factor risk
parity portfolios, including the lack of clear interpretation for the factors, a concern over factor
stability, as well as the difficulty to estimate the sign of the factor risk premium, which is needed
for the derivation of the FRP-MSR portfolio. In a follow-up paper (Meucci et al. (2013)), we
explore a competing approach, known as minimal torsion approach, for extracting uncorrelated
factors from correlated asset returns, which is shown to alleviate the aforementioned concerns
raised by the use of PCA.

Our paper is closely related to the literature on risk budgeting, which advocates allocating to
various constituents in a portfolio so as to achieve a given target in terms of contribution of these
constituents to the total risk of the overall portfolio (see Roncalli (2013) for a comprehensive
analysis of risk budgeting techniques). When the target is taken to be an equal contribution
for all constituents, then the risk parity portfolio is sometimes called an equal risk contribution
(ERC) portfolio or a risk parity (RP) portfolio (see Maillard et al. (2010), Bruder and Roncalli
(2012) or Lee (2011)). Particularly related to ours are a series of recent papers that have
proposed to apply the ERC approach to uncorrelated underlying factor returns, as opposed to
correlated asset returns. In this vein, Lohre et al. (2012, 2011), or Poddig and Unger (2012)
use principal component analysis to extract uncorrelated factors and analyze the out-of-sample
performance of factor risk parity (FRP) portfolios, that is portfolios achieving the maximum
effective number of bets (see also Roncalli (2013) for applications to fixed-income portfolio
construction and asset allocation decisions). Our contribution with respect to these papers is
first to demonstrate that maximizing the effective number of bets does not lead to a unique
solution, and to propose a natural procedure for choosing one particular portfolio amongst
the 2V~ distinct FRP portfolios. We also complement these papers by providing a formal
comparison of FRP portfolios with respect to mean-variance analysis. Our paper is also related
to the literature on the benefits of weight constraints (see Jagannathan and Ma (2003) for hard
minimum and maximum weight constraints and DeMiguel et al. (2009) for flexible constraints
applying to the norm of the weight vector), which are known to be critically useful ingredients
in portfolio optimization models since they imply a minimum level of naive diversification in
the portfolio, and which can be formally interpreted as providing an implicit form of statistical

shrinkage similar to the one discussed in Ledoit and Wolf (2003, 2004).2 In particular, we show

2See also Jurczenko et al. (2013) for a more general approach nesting both hard and flexible weight constraints.



that mean-variance analysis with constraints on the effective number of independent bets is
equivalent to a form of shrinkage towards a target portfolio that minimizes the factor exposure,
as opposed to the weight vector as in DeMiguel et al. (2009).

The rest of the paper is organized as follows. In Section 2, we discuss various approaches
that can be used to measure the diversification/concentration of a given portfolio, and provide
an empirical illustration of the usefulness of these measures for a pension fund. In Section 3, we
turn to the management of portfolio diversification in an asset allocation framework. In Section
4, we provide an empirical analysis of the performance of various diversification-optimized

portfolios. Section 5 concludes. Technical details are relegated to a dedicated Appendix.

2 Measuring Portfolio Diversification - The Effective Number
of Bets

A key distinction exists between weight-based measures of portfolio concentration, which are
based on the analysis of the portfolio weight distribution independently of the risk character-
istics of the constituents of the portfolio, and risk-based measures of portfolio concentration,
which incorporate information about the correlation and volatility structure of the return on
the portfolio constituents. In a nutshell, weight-based measures can be regarded as a measure
of naive diversification, while risk-based measures can be regarded as measures of scientific

diversification.

2.1 Notations

In this paper, we use the following notation for the characteristics of the portfolio constituents:

3. for the covariance matrix of the assets;

Q for the correlation matrix of the assets;

V for the matrix of assets’ volatilities on the diagonal and 0 elsewhere;

Y=VQv

p for the vector of expected excess returns of the assets.

We assume that all portfolios contain N constituents, where w denotes the weight vector
representing the percentage invested in each constituent. The vector of ones will be denoted
by 1y, and the identity matrix by Iy. In the following, we will also always assume that all
portfolios satisfy the budget condition, i.e., 22\7:1 wy =1 (or equivalently 1w = 1).



2.2 Benefits and Limits of Traditional Weight-Based and Risk-Based Mea-

sures

Looking at the mominal number of constituents in a portfolio, as what was done in early
studies such as Evans and Archer (1968) or Statman (1987), is a simplistic indication of how
well-diversified a portfolio is, since it does not convey any information about the relative dollar
contribution of risk contribution of each constituent to the portfolio. Weight-based measures
of portfolio concentration, which can be regarded as measures of the effective number of con-
stituents (ENC) in a portfolio, provide a quantitative estimate of the concentration of a port-
folio. The academic and practitioner literatures have considered various such measures, which
can be seen as a naive way to quantify the diversification of a portfolio. These measures are

built from the norm of the portfolio weight vector (see for example DeMiguel et al. (2009)):

N N Ta
ENCo(w) = [|w||d™ = (Z wg) ., a>0, a#l (2.1)
k=1

Taking o = 2 leads to a diversification measure defined as the inverse of Herfindahl Index,

which is itself a well-known measure of portfolio concentration, or ENCa(w) = . It can

1
. PN
be shown that when « converges to 1, then the norm-based distance converges to the entropy

of the distribution of the portfolio weight vector:3

N
ENC; (w) = exp <— Zwk ln(wk)> . (2.2)
k=1

It is straightforward to check that for positive weights the ENC,, measures reach a minimum
equal to 1 if the portfolio is fully concentrated in a single constituent, and a maximum equal
to NV, the nominal number of constituents, attained by the equally-weighted portfolio. These
properties justify using these measures to compute the effective number of constituents. In
spite of their intuitive appeal, these weight-based measures suffer however from a number of
major shortcomings, and most notably from the following two main limits. On the one hand
ENC measures can be deceiving when applied to assets with non homogenous risks. Consider
for example a position invested for 50% in a 1% volatility bond, and the other 50% in a 30%
volatility stock. The weights are perfectly distributed, but the risk is highly concentrated.
This is due to differences in the total variance of each constituent, with (50%)? x (30%)?
being much larger than (50%)? x (1%)2, thus implying that the equity allocation has a much
larger contribution to portfolio risk compared to the bond allocation. On the other hand, ENC
measures can be deceiving when applied to assets with correlated risks. For instance, consider a
portfolio with equal weights invested in two bonds with similar duration and volatility. Despite
the fact that weights and risks are homogeneously distributed between both bonds, risk is still

very concentrated because of the high correlation between the two bonds.

3This result is known in information theory under the following statement: the Rényi entropy converges to
the Shannon entropy.



Intuitively, diversification measures should also account for information about the covari-
ance matrix X of asset returns. A number of such risk-based measures of diversification have
been introduced by various authors. For example, one can consider the ratio of the variance of
some general portfolio of investable assets to the weighted average variance of these investable
assets (see Goetzmann et al. (2005) for the use of this measure for equally-weighted portfolios):

GLR(w) = —2 =% (2.3)
k=1 WO},

This measure takes into account not only the number of available assets but also the cor-
relation properties. More specifically, a portfolio that concentrates weights in assets with high
correlation will tend to have portfolio risk higher than the average standalone risk of each of
its constituents. Thus it will have a high Goetzmann-Li-Rouwenhorst measure, that is, high

correlation-adjusted concentration.

2.3 The Effective Number of Bets as an Operational Measure of Portfolio
Diversification

While afore-mentioned weight-based measures of the effective number of constituents and risk-
based measures (of distance between the whole portfolio and the -weighted- sum of the compo-
nents) are meaningful diversification measures, they nonetheless provide very little information
about the effective number of bets (ENB) in a portfolio. Assuming that one can decompose
the portfolio return as the sum of N uncorrelated factors, Meucci (2009) proposes to use the
entropy of the portfolio factor exposure distribution as an operational measure of risk diver-
sification/concentration. In simple terms, if diversification is the art and science of avoiding
to have all eggs in the same basket, one could say that ENB measures the effective number of
(uncorrelated) baskets, while ENC merely measures the effective number of eggs.

The ENB measure relies on the choice of IV uncorrelated factors, whose returns can easily
be expressed as 7r = A’r, where 7 is the vector of constituents’ returns and A is a square
matrix of size N. The important assumptions on the factors, hence on matrix A, are of two
kinds:

e The factors are uncorrelated, namely Xp = A’ A € DT, where D7 is the set of diagonal

matrices of size N with strictly positive entries;

e The transition matrix A from the constituents to the factors is invertible.

The advantage of introducing uncorrelated factors is that the total variance of the portfolio



can be written as a sum of the contributions of each factor’s variance:

wIw =w' (A')_1 YA \w
= w}ZF'wF
N

= (UkaFk)27
k=1

where wr = A~ 'w can be interpreted as a portfolio of factors, and X5 is the diagonal matrix

containing the factors’ variances. Then, one can define the contribution of the k" factor to the

(UkaFk)2
w' Xw
to 1. Therefore, one can use the same dispersion measures (2.1) as for the ENC and define the

total portfolio variance as py = . Each py, is positive and the sum of all p;’s is equal

ENB as the distribution of factor’s contributions to the total variance:

-«

o N
ENB, (w) = [[plla™ = (ZP?) ;o az20, aFl (2.4)
k=1

As in the case of the ENC measure, an entropy-based measure of the effective number of

bets can be defined by taking the limit o — 1:

N
ENB; (w) = exp (— Zpk ln(pk)) ) (2.5)
k=1

We write ENB measures as direct functions of the constituent weights w, since it is clear
(JFk X [Ailw]k)z

from the definition of each p; = oS w

that the vector p is an explicit function of w.
Again, ENB measures reach a minimum equal to 1 if the portfolio is loaded in a single risk
factor, and a maximum equal to N, the nominal number of constituents, if the risk is evenly

spread amongst the factors.

2.4 Empirical Illustration: Analyzing the Policy Portfolio of a State Pension
Fund

In this section, we provide evidence, using the actual policy portfolio of a large US state pension
fund as an example, that even seemingly well-diversified portfolios may end up loading on a
very limited number of independent risk factors. In our empirical study, we consider 7 asset
classes: US Treasury bonds (using the Bank of America Merrill Lynch US master treasury
bond index as a proxy), US corporate bonds (using the Bank of America Merrill Lynch US
master corporate bond index as a proxy), US large cap stocks (using S&P 500 equity index
as a proxy), US private equity (using the S&P 600 small cap equity index as a proxy, in the
absence of liquid high-frequency benchmarks for private equity), international equities (using
the FTSE World Ex-US equity index as a proxy), real estate (using the Dow-Jones total market

US real estate index as a proxy), and commodities (using the S&P Goldman Sachs commodity



index as a proxy).* The period considered for our analysis is from 3 January 1992 to 29 June
2012, hence includes 1,069 weekly returns. In Table 1, we give the main descriptive statistics of
each asset class over the entire sample period. We notice that the lowest volatility is achieved
by Treasury bonds (4.63%), with corporate bonds as the second lowest volatility asset class
(with a volatility of 5.20%). Overall, we see that bonds are at least three times less volatile
than any other asset class considered in the empirical analysis. Private equity, real estate and
commodities show volatilities above 20%. Not only do corporate bonds have a low volatility, but
they also exhibit the highest Sharpe ratio of 0.76 on the sample period (treasury bonds come
second with 0.69). US, private equity and real estate exhibit higher average returns over the
period, but also significantly higher volatilities, resulting in lower Sharpe ratios (around 0.30).
Looking at panel (b) of Table 1, we also see that the correlations among the various equity
indexes considered are high (above 69.40%). We notice that Treasury bonds are negatively
correlated with all the other asset classes, while corporate bonds are positively correlated with
US and non-US equities. Finally, we note that real estate is also highly correlated with equities
over the sample period (between 50% and 75% depending on the equity index). In order to
better understand what happened over the period of analysis, we have estimated the volatilities
over rolling windows of two years (104 weekly returns) in Figure 1. Hence, we notice that bonds
are the smallest contributors to the sum of all volatilities among the asset classes whatever the
time period. On the other hand, the commodity index consistently seems to be the highest

contributor to portfolio risk.

2.4.1 Extracting Uncorrelated Factors

In this section, we perform a Principal Component Analysis (PCA) on the sample covariance
matrix 3 estimated over the entire sample period in order to identify the statistical factors that
drive asset classes’ returns. Table 2 shows the exposures of each of these factors with respect
to the asset classes. The exposures provided in Table 2 lie between -100% and 100%, since by
convention, the L?-norm of each factor’s exposures is equal to 1.° The resulting eigenvalues
obtained from the PCA are always positive, and represent the variances of each factor. The
first factor can be interpreted as an equity risk since it is mostly exposed to the various equity
indices, with an exposure to bonds close to 0 (less than 3%). We also notice that its exposure to
the real estate is significant (52.78%), which can be explained by the high correlation observed
in panel (b) of Table 1 between equities and the REITS index which we use as an imperfect
proxy for real estate. The second factor can clearly be interpreted as commodity risk since its
exposure to commodities is equal to 94.29% while the other weights remain below 26.89% in
absolute value. The third factor represents pure real estate risk since it is massively loaded
on the real estate index (74.24%), with a negative exposure to equities, thus capturing the
idiosyncratic variation of the real estate that is not explained by equities. The fourth factor
is long non-US equities (70.82%) and short private and US equities (-53.25% and -33.27%

4We also use the 3-month US T-bill index as a proxy for the risk-free asset.
5This does not imply that the factor exposures sum to 1.



respectively), which shows that it can naturally be interpreted as an international equity risk
factor. The fifth and sixth factors seem to be both related to interest rate factors. More
precisely the fifth factor is heavily loaded on both bonds (48.41% for treasury and 56.13% for
corporate) and US equities (53.74%), which shows that it focuses on the interest rate risk that
is correlated with the US equity market. On the other hand, the sixth factor is capturing the
interest rate risk that is not explained by the US equity market since it is negatively exposed to
bonds (-42.89% for treasury and -50.69% for corporate) and positively exposed to US equities
(563.75%). Finally, the last factor clearly represents a proxy for credit risk since it is long the
Treasury bond index (76.06%) and short the corporate bond index (-64.83%).

By construction, all these factors are uncorrelated, and explain the entire variability of
the return on the 7 asset classes. However, their explanatory power is not homogeneous, as
illustrated by the variances of each factor given in Table 2. Indeed, the first factor explains
60.84% of the total variance, the first two factors explain 81.30%, and the first three explain
already more than 90%. As already explained, these factors are related to equities, commodities,
and real estate, which tend to be very volatile asset classes (see again Figure 1 for an analysis

of the volatility of each asset class over time).

2.4.2 Analyzing the Level of Diversification/Concentration of a Policy Portfolio

We now consider a specific allocation in the asset classes introduced previously. This allocation
can be seen as a particular example of a policy portfolio of a large US state pension fund. The

weights are given in the top panel of Table 3. If one were to use a weight-based measure such
ENCy _ 590 _

N 7T
84.29%. Even though this weight-based measure suggests a rather well-balanced portfolio, it

as the ENCy in order to quantify the portfolio concentration, we would obtain

fails to reflect the real diversification with respect to underlying sources of risk, because of
the shortcomings of the ENC measure discussed in Section 2.2, in particular in the light of
highly correlated returns for some asset classes, as well as inhomogeneities in volatility levels.
To address this concern, we use the ENB measure instead, which replaces the asset weight
the distribution of factor risk contributions. In order to compute the ENB, we use the factors
extracted from the PCA described in Section 2.4.1 run on the sample covariance matrix X of

the risky asset classes returns:

A1
3 = PAP where PP =1y, and A= (2.6)
AN

Then, the relation between the asset class returns r and the factor returns is defined as:

rp=A'r where A= P, (2.7)



and the covariance matrix X g of the factor returns is equal to:
Sr=AYA=PPAPP=AcD". (2.8)

Computing the ENB measure with the policy portfolio and using the PCA factors described

previously leads to: E]X,B L = 1'—720 = 17.14%, which shows that the portfolio is highly concen-
trated in terms of factor exposure. In order to better analyze the exposition of the fund to each
risk factor, we compute in the bottom panel of Table 3 the factor weights resulting from the
above asset allocation. From these results, it clearly appears that the policy portfolio is posi-
tively exposed to the first factor (36.20%) which is equity risk, and also to the third (-12.97%)
and fifth (16.79%) factors which represent real estate and domestic interest rate risks. We
further notice that 96.69% of the total policy portfolio variance is explained by the first factor,
which illustrates that the variations in returns on the policy portfolio are almost exclusively
driven by equity risk.

One might wonder at this stage whether this extremely concentrated factor allocation could
be supported by the investor’s views regarding a higher reward on the equity risk factor with
respect to other factors. To see this, in the spirit of the first step in the model of Black and
Litterman (1992, 1991), we take as given the covariance matrix and compute what should be
the implicit views regarding the Sharpe ratios for the factors so as to rationalize the policy
allocation as a maximum Sharpe ratio (MSR) allocation. The result given in the last row of
the bottom panel of Table 2.4.1 shows an arguably unreasonable set of views regarding how
each factor is rewarded. Indeed, if the first one is set to 100% by convention, we see that
it implies a negative expected reward for real estate and commodity risks, and a very small
positive reward for domestic interest rate risk (9.16%). In this context, one might wonder if the
ENB diversification measure can be used as a target of a constraint in the process of designing

better diversified policy portfolios. This is the purpose of the following section.

3 Managing Portfolio Diversification - Factor Risk Parity Port-

folios

The operational definition of a well-diversified portfolio is unambiguous in modern portfolio
theory, which states that all investors aim at maximizing the risk/reward ratio. In the presence
of estimation risk, however, which road should be taken to reach the highest risk/reward is less
straightforward. In a first section, we present four popular strategies that are used in practice to
construct policy portfolios, namely the Equally Weighted (EW) portfolio, the Global Minimum
Variance (GMV) portfolio, the Equal Risk Contribution (ERC) portfolio, and the Maximum
Sharpe Ratio (MSR) portfolio. We also recall the conditions for the heuristic strategies to be
optimal in the sense of maximizing the Sharpe ratio. Then, in a second section we consider an

approach based on the maximization of the ENB measure as an additional heuristic strategy

SThe factors’ risk premiums have been normalized so that the first one is equal to 100%.
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which we call Factor Risk Parity (FRP) portfolio strategy.

3.1 Some Popular Portfolio Allocation Strategies

We first review a couple of heuristic portfolio strategies focusing on equal allocation of dollar
budgets (equally-weighted portfolio strategy) or risk budgets (equal-risk contribution strate-

gies), before turning to portfolio strategies grounded in modern portfolio theory.

3.1.1 Heuristic Portfolio Strategies

In the absence of any information on risk V', return pu parameters of portfolio constituents and
on their correlations €2, the most natural approach to portfolio diversification is the so-called
“naive” diversification approach, which suggests investing an equal amount in each constituent
of the portfolio:

1
EW
— —1y. 3.1
w N1y (3.1)

The out-of-sample performance of this naive diversification is extensively studied in DeMiguel
et al. (2009), where the authors find that it leads to higher Sharpe ratios than following an
optimal diversification of equity stocks. This heuristic portfolio strategy can also be regarded

as the solution to the simple following optimization problem”:
max ENC, (w), subject to 1yw = 1. (3.2)
w

While maximizing the ENC, the EW may lead to a concentrated risk exposure because it
disregards the differences in volatilities and correlations of the constituents. In particular, while
they are assigned equal dollar contributions, their risk contributions can be very different due
to differences in volatilities. For instance, because some constituents have higher volatilities,
they would contribute more to the total risk of an EW portfolio. The idea of the so-called
ERC method is precisely to equalize the contributions to overall risk. This approach, which is
formally analyzed in Maillard et al. (2010), is based on the following additive decomposition
for the total portfolio volatility:

N /
WS = 3wy

ow
k=1 k

The weights are then computed so as to equalize the relative contributions of each con-

stituent to the volatility:

Vw'X 1
wkm = —VvwXw, foralli=1,...,N.
8wk N

"If one wants to consider more weight constraints in the portfolio specification, such as linear constraints
(e.g., constraints on factor exposure), or quadratic constraints (e.g., tracking-error constraints), then it is simple
to add these constraints to Problem (3.2).
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While this portfolio strategy does not lead to analytical expressions for portfolio weights,
Maillard et al. (2010) show that it can be obtained from the solution to the following optimiza-

tion problem?®:

y*(c) = argmax o(y) subject to 1y In(y) > ¢, and y > Oy, (3.3)
Yy
by setting?:
grc __Y'(0)
w = (3.4)
1yy*(c)

One drawback of this otherwise intuitively appealing approach is that it disregards the fact
that large portfolios may be driven by a small number of factors. In this context, a seemingly
well-diversified portfolio, with an equal dollar or risk contribution of each constituent, may end
up being heavily exposed to a very limited number of factor exposures, thus making it a not
so well-diversified portfolio from an intuitive standpoint. This limitation of the ERC approach
can be addressed with the factor risk parity methodology. More generally, it can be shown that
the ERC portfolio verifies the duplication invariance property, which states that the allocation
should not be impacted if an asset is artificially duplicated, if the risk budgets are expressed

with respect to uncorrelated factors as opposed to correlated assets (see Roncalli (2013)).

3.1.2 Efficient Frontier Portfolio Strategies

Modern portfolio theory, starting with the seminal work of Markowitz (1952), states that all
mean-variance investors rationally seek to maximize the Sharpe ratio, subject to the constraint
that the portfolio is fully invested in the N assets. This program reads:
!/
w
max A\(w) = _wonr subject to 1yw = 1. (3.5)

w \/w’Efw7

If 1y= 71 > 0, this problem has a well-known solution'® (Merton, 1971):

MSR >

e TS L

(3.6)
In practice, to compute the MSR portfolio one thus needs to estimate the vector of expected
excess returns p, and the covariance matrix X, which are unobservable. Another efficient

frontier portfolio is the global minimum variance (GMV) portfolio, namely the portfolio strategy

8In the design of ERC strategies, one minimizes the volatility of the portfolio subject to an additional con-
straint (1y In(y) > ¢), where the target c is arbitrary. Hence, the ERC portfolio can be seen as an intermediary
portfolio between the global minimum variance (GMV) and the EW portfolios, since it is a variance-minimizing
strategy subject to a lower bound on diversification in terms of constituent weights.

9We notice that for the solution of Problem (3.3) to be well-defined, one has to consider long-only portfolios
(y > On), and we will only consider long-only ERC portfolios in the empirical study. Indeed, if long-only
constraints are not imposed, multiple solutions may exist with equal relative contributions. Imposing long-only
constraints enables pinpointing a unique solution with equal risk contributions. A similar (lack of) unicity
problem exists for the so-called factor risk parity portfolios that will be also analyzed in this paper.

10This condition implies that the expected excess return of the GMV is greater than the risk-free interest rate.
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that minimizes the portfolio variance o?(w) = w'Sw:
mino?(w), subject to Vyw = 1. (3.7)
w
a program which admits the following closed-form solution:

GMV 1y

T S S TN

(3.8)

One often advocated advantage of the use of the GMV is that it does not require any
estimate for expected returns, and as such is well-suited in any situation where such estimates
are unreliable. However, it tends to overweight low-volatility constituents, and as a result to
lead to highly concentrated portfolios.!! In this context, DeMiguel et al. (2009) proposes to
introduce a constraint on the minimum ENC, and show that the introduction of this constraint,
which can be seen as an extension of the shrinkage approach (Jagannathan and Ma (2003),
Ledoit and Wolf (2003, 2004)), leads to a substantial improvement in out-of-sample Sharpe
ratios. Relationships exist between heuristic portfolios and the maximum Sharpe ratio portfolio.
In particular, it is straightforward to show that (i) the MSR portfolio coincides with the EW
portfolio if expected excess returns, volatilities, and pair of correlations are assumed to be
equal, (ii) the MSR portfolio coincides with the ERC portfolio if all portfolio constituents have
the same Sharpe ratio, and if all pairs of correlation are identical; and (iii) the MSR portfolio

coincides with the GMV portfolio if expected excess returns are all identical.

3.2 Introducing FRP Portfolios

In this section, we adopt the portfolio variance decomposition suggested by the ENB measure
definition. In other words, we decompose the total variance as the sum of contributions of
each risk factor and not as the sum of contributions of each constituent. The factor weights
obtained with FRP portfolios are therefore defined so as to equalize the relative contribution

of each factor to the total portfolio variance'?:

1 1
S (opwp,)? = wa’E'w, forall k=1,...,N.

This implies that each factor weight wr, can be written as :l:% for k =1,..., N where ~
k

1By “concentrated portfolios”, we mean here concentrated in terms of dollar allocation, not in terms of risk
allocation. In fact, as argued before, overweighting low volatility components would be consistent with having
a more balanced portfolio in terms of risk contributions.

2Roncalli and Weisang (2012) explore the construction of FRP-like portfolios with a number of correlated
factors less than the number of constituents. To build FRP portfolios with a fully arbitrary number of factors,
correlated or uncorrelated, the reader could use the framework developed in Meucci et al. (2013).
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is a constant. In matrix form, this leads to the following multiple solutions:

+1

+1

We immediately notice that the FRP portfolio strategy is not uniquely defined. Indeed,
there are 2V weight vectors wp that lead to equal contributions of each factor. The number
of solutions depends on the choice of the sign for each of the NV entries of the vector of ones.
In order to go back to the original constituent weight vectors we use the following identity
w = Awp. Then, adding the budget constraint 1yw = 1 finally leads to the following closed-

form expression for the FRP portfolios:

+1
-1
AX >
+1
w™ = (3.9)
+1
1
1 AS,2
+1

Note that we are left with 2V~! solutions for the constituents’ weights.'®> Moreover, we
see from the expression of the solutions that flipping the sign of the k™ entry of vector wp
together with the sign of the k' column of matrix A has no impact on the weight vector w.
Since changing the sign of the k™ column of matrix A is equivalent to changing the sign of the
k'™ factor, and since the choice of the factor signs is arbitrary, we can choose the vector wp
with all positive entries and span the FRP solutions by flipping the signs of the uncorrelated
factors in matrix A. It is straightforward to see that the FRP portfolios given in Equation

(3.9) are all solutions to the following optimization problem:
max ENB, (w), subject to 1yw = 1. (3.10)
w

The FRP portfolios with positive signs coincide with the ERC portfolios of Maillard et al.
(2010) when the constituents are uncorrelated and the factors are chosen to be the original
constituents. The following proposition gives the conditions on the constituents’ expected
excess returns and covariance structures for the FRP portfolios to be seen as the result of a
MSR strategy.

Proposition 1 Consider the set of FRP portfolios that are solutions to the optimization prob-

lem (3.10). We arbitrarily pick a sequence of signs for the vector of ones and call this vector

’
3 There are 2V different vectors wp, but the final solution in (3.9) is normalized by INA# giving a total of

N
27 solutions since both wr and —wpF lead to the same solution.
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(resp. the corresponding FRP portfolio) 13\, (resp. wiP7),

An MSR portfolio that coincides with wf I exists if the estimates for the uncorrelated

factors’ expected excess returns are assumed to be equal to'*:
j 3 13
— 2
pp = kX5 1y,

implying the following estimates for the assets’ expected excess returns:'

Proof. See Appendix A.1. =

Hence, an FRP portfolio can be seen as the proper starting point if one has access to
information about the volatility and the correlation structure of the constituents, and if one
uses the agnostic prior that all factors have the same Sharpe ratio in absolute value. In practice,
one needs to address the issue raised by the multiplicity of FRP portfolios that are solutions
to (3.10). In this context, a natural way to select one FRP portfolio amongst the 2V~! FRP
portfolios consists in selecting the FRP that has the highest Sharpe ratio among all the FRP
solutions to (3.10). The following proposition gives an explicit expression for the weights of this
particular FRP portfolio, which we call the FRP-MSR portfolio (for factor risk parity portfolio

with maximum Sharpe ratio).

Proposition 2 Consider the set of all FRP portfolios that are solutions to the optimization
problem (3.10). Define one of the FRP as follows:

_1
wFRP—MSR — AEFQ:I{]A\?SR (311)
1 AX 2158

MSR
1y

where the sign of each entry of vector is the same as the sign of its corresponding factor’s

Sharpe ratio:
1M58 — sign (Ap) = sign (A'p).
_1
o If IQVAEFZI%ISR > 0, then wFfEP-MSE s the highest Sharpe ratio among all FRP
solutions to (3.10).

N
FRP-MSR) _ =1 |

e [In that case, its Sharpe ratio is equal to: A ('w N

Proof. See Appendix A.2. =
One key insight is that to estimate the MSR portfolio subject to ENB = N, one only needs

to know the sign of excess returns on factors. This stands in contrast with the MSR, portfolio

“This condition implies that the factors’ Sharpe ratios are all equal in absolute value, but the reverse does
not hold. _
15The choice of the sign of the multiplicative factor & is such that the MSR exists, i.e., such that 153X u? > 0.

. _1
Notice that & is therefore of the same sign as the normalization factor of w7 i.e. 1yAX 21,
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with no constraints on ENB, for which the absolute value of expected return on factors are also
needed. Since the factors’ volatilities are positive, we have sign (Ap) = sign (up). In practice,
one should distinguish between two different contexts. In case factors can be easily interpreted,
one may have a direct view on the sign of each factor’s expected excess return, and the FRP-
MSR portfolio can be obtained with additional information about the covariance matrix. In
case factors are statistical factors, then one can try and use views on assets’ expected excess
returns p to derive information on factors’s expected excess returns using urp = A’'u. While
this approach requires some views on the assets’ expected excess returns, only the signs of up
are eventually used to implement the FRP-MSR. In the empirical illustration, we will use a
somewhat agnostic approach for the estimation of the sign of factors by assuming that all asset
classes have the same Sharpe ratios, which will allow us to obtain estimates for the sign of the
excess expected return on the factors as explained above.!6

In the absence of any view on assets’ expected excess returns, then one may instead select
the FRP portfolio with the lowest volatility, as opposed to highest Sharpe ratio. The following
proposition provides an explicit characterization for this portfolio, which we call the FRP-MV

(for factor risk parity portfolio with minimum variance).

Proposition 3 Consider the set of all FRP portfolios that are solutions to the optimization
problem (3.10). Define one of the FRP as follows:

A 21GMV
,wFRP—MV F 1N ’ (3'12)
A 2" GMV
1/N F2 1N

where the sign of each entry of vector 1]€,M V'is the same as the sign of its corresponding entry
m AllN.'
15MY = sign (A'1y).

o Then wiBF-MV phas the lowest volatility among all FRP solutions to (3.10).

o [ts wvolatility is equal to: o (wFRP'MV) = #
1, AZ 2 1GMV
Proof. The proof of this proposition directly follows from the proof of Proposition 2. m
Note that in this case the choice of the sign of the position in factor £ depends on the sign
of all the elements of column k& of matrix A. This means that the sign of the position in a
given factor is the same as the sign of the total exposure to underlying asset classes needed to
replicate that factor k. In other words, if factor k is globally long (respectively, short) in the

asset classes, then its sign in the FRP-MV portfolio will be positive (respectively, negative).

3.3 Portfolio Strategies under ENB Constraints

Another way to take into account our operational measure of diversification in a portfolio opti-

mization procedure consists in using it as a constraint, as opposed to using it as a target. Hence,

16The same assumption will be maintained for the construction of the MSR portfolio without any restriction
on the ENB.

16



one could perform mean-variance analysis (e.g., GMV or MSR) with a given target/constraint
on the portfolio ENB. This approach is somewhat similar to portfolio optimization with “norm”
(or ENC) constraints studied in DeMiguel et al. (2009), except that the FRP portfolio as op-
posed to the EW portfolio is now used as a anchor point for naive diversification. We therefore
consider the following program:

mino?(w) subject to 1yw = 1, and ENB,(w) > ENB*, (3.13)

w

where ENB* is a minimal target effective number of bets. This generalizes program (3.7),
which is the special case where ENB* = 1. In the following, we will focus on the L?-norm for
the definition of the ENB measure in (2.4)'7. The following proposition shows that we can
interpret the ENBy-constrained GMV portfolios as GMV portfolios that result from shrinking

the elements of the sample covariance matrix 3.

Proposition 4 If the ENBy-constrained GMV problem (3.13) has a solution, then it is also
solution to the unconstrained GMYV problem (3.7) where the sample covariance matriz X is

replaced by the matriz:
S=S4v(a) ' MA (3.14)

Here v > 0 is the Lagrange multiplier for the ENBy constraint at the solution to the ENBs-
constrained GMYV problem and M = [mij]1<z‘j>N is a target matriz that depends on the factor

weights that are solutions to the ENBsy-constrained GMYV problem:

2 92 .o .
my; = (ENB* — 1) w%ia%i otherwise

Proof. See Appendix A.3. =

This proposition illustrates that the solution to the ENBg-constrained GMV problem (3.13)
can be seen as a GMV portfolio for which each element of the factors’ covariance matrix have
been shrunk towards M. Note that the diagonal is always positively shrunk while the shrinkage
of the other entries depends on the signs of the factors’ weights. This result is very similar to
Proposition 6 of DeMiguel et al. (2009) which looks at GMV portfolios under ENC constraints.
In particular, we show that mean-variance analysis with constraints on the effective number of
independent bets is equivalent to a form of shrinkage of the shortsale-unconstrained sample-
based minimum variance portfolio towards a target portfolio that minimizes the norm of the
factor exposure, namely the FRP-MV portfolio, versus a portfolio that maximizes the norm of

the weight vector, namely the EW portfolio.

7Tf we had considered the L'-norm, the constraint would have translated into a redundant constraint on
portfolio variance. Alternatively, one could have used the L'-norm with a number of factors lower than the
number of constituents.
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4 Empirical Analysis

In this section, we run backtests of the portfolio strategies described in Section 3 and compare
the out-of-sample risk-adjusted performance of these strategies. In particular, we implement
the EW, ERC, GMV, MSR portfolios as well as the two FRP portfolios that are defined in
Propositions 2 and 3. The calibration period for the computation of the sample covariance
matrix in our empirical study is two years (104 weekly returns), and the rebalancing of the
portfolios occurs every quarter (we apply a buy-and-hold allocation between two consecutive
rebalancing dates). For the implementation of FRP portfolios without look-ahead bias, we use
the N uncorrelated factors resulting from the PCA (see Section 2.4.2 for more details) applied
to the sample covariance matrix estimated over rolling windows of the two previous years of

weekly data.

4.1 FRP Strategies in the Absence of Shortsale Constraints

Table 4 provides all the descriptive statistics for the two popular portfolios GMV and MSR,
together with the two FRP portfolios defined in Proposition 2 and 3. The EW and ERC
portfolios, which give positive weights, will be discussed in the next Section. The construction
of the MSR and the FRP-MSR portfolio requires the estimation of expected excess returns.
Here we use the arbitrary agnostic prior that all assets have the same Sharpe ratios, leading to
expected excess returns that are proportional to the assets’ volatilities.!®

From Table 4, we see that the FRP-MSR portfolio defined in Proposition 2 exhibits a higher
Sharpe ratio than the FRP-MYV portfolio defined in Proposition 3. This out-of-sample result
supports the result of Proposition 2 which states that the FRP-MSR portfolio is, amongst all
FRP portfolios that are solutions to Problem 3.10, the one with the highest ex-ante Sharpe
ratio. On the other hand, the FRP-MV portfolio shows a lower volatility than the FRP-MSR
portfolio which also supports the findings of Proposition 3 stating that the FRP-MV portfolio
should have the lowest ex-ante volatility among all FRP portfolios. The difference of average
return (7.92% for the FRP-MSR versus 6.36% for the FRP-MV), of volatility (5.88% for the
FRP-MSR versus 5.33% for the FRP-MV), and of Sharpe ratio levels (0.81 for the FRP-
MSR versus 0.60 for the FRP-MV) shows that the characteristics of two FRP portfolios can
be significantly different, hence enlightening robustness issues in the implementation of FRP
strategies. We also check that both portfolios have an effective number of bets equal to the
N=T.

Comparing the Sharpe ratio obtained by the FRP-MSR and MSR portfolios, we see that
forcing the effective number of bets to be maximal (equal to the number of asset classes V)
leads to a slight decrease in out-of-sample Sharpe ratio (0.83 for the MSR, and 0.81 for the
FRP-MSR). On the other hand, the FRP-MSR portfolio has a much higher average ENB
measure compared to the unconstrained MSR portfolio (7 for the FRP-MSR portfolio versus

8Note that the FRP-MSR uses the expected excess returns to compute the signs of factors’ expected excess
returns, while the MSR portfolios uses the assets’ expected excess returns directly.
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3.77 for the unconstrained MSR portfolio). A competing approach to the selection of the FRP
strategy is to implement the FRP-MV portfolio. The advantage of this approach is that it does
not rely on p since the choice of the sign in the closed-form expression of the FRP-MV is simply
obtained by setting l%v = sign(A’1y). As a result, this strategy is less subject to estimation
risk since it does not require any estimate for the signs of the Sharpe ratios since only the
(observable) sign of the global position in the asset classes is needed to obtain the sign of the
factor weights. The risk-adjusted performance of the FRP-MV portfolio is less attractive than
that of the FRP-MSR, portfolio, but still remains reasonably close to that of the unconstrained
GMYV portfolio.

4.2 FRP Strategies in the Presence of Shortsale Constraints

In this section, we analyze the same four strategies as in Section 4.1, except that each portfolio
allocation is now implemented with short-selling constraints applied at the underlying asset
class level. We also consider other strategies that have been introduced in Section 3 that
satisfy the no shortsale constraint, namely the EW and ERC portfolio strategies. Finally,
we also simulate the performance of the current allocation of the pension fund regarded as a
fixed-mix strategy. Table 5 provides all the descriptive statistics for the portfolio optimization
strategies introduced in Section 3 together with the ad-hoc pension fund policy allocation
described in Section 2.4.2 (denoted by ”fund” in Table 5). To generate the FRP portfolios,
we use the following procedure. We first solve the maximum FRP objective under shortsale
constraints, in order to know the maximal effective number of bets, ENB"®*, that can be
attained in the presence of shortsale constraints. Then, the implementation of the FRP-MSR
portfolio consists in numerically maximizing the Sharpe ratio among all the FRP portfolios that
achieve an effective number of bets equal to ENB"**. In the same spirit, the implementation of
the FRP-MV relies on a numerical minimization of the variance among all the FRP portfolios
that achieve an effective number of bets equal to ENB*#*.

We find that the current policy portfolio, as well as the EW strategy, exhibit high average
returns together with significantly higher volatilities, as well as extremely large drawdown
levels, which result in relatively low Sharpe ratios for both strategies. We also notice that
the out-of-sample minimum volatility is equal to 4.13% and is attained by the GMV strategy,
suggesting that this strategy has achieved its stated objective despite the presence of estimation
risk. We also find that the highest out-of-sample Sharpe ratio is now obtained by the FRP
portfolios (0.90 for the FRP-MV portfolio and 0.86 for the FRP-MSR portfolio, versus a Sharpe
ratio of 0.83 for the MSR portfolio). While firm general conclusions cannot be drawn on the
basis of a single sample and a single universe of assets, this result illustrates the fact that
introducing ENB constraints can be an effective approach to generating higher risk-adjusted
performance in the presence of estimation errors on risk and return parameters, with expected
return parameter estimates being known to be the more noisy estimates (see Merton (1980)).
Moreover, we also notice that the ERC portfolio, which does not rely on any expected return

estimate, achieves the same out-of-sample Sharpe ratio as the MSR portfolio.
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It is interesting to note that adding the shortsale constraints seems to have narrowed down
the number of portfolios that have the highest ENB measure. In particular, the FRP-MV and
the FRP-MSR portfolios now appear to be very similar (they have a correlation of 99.51%).
If we look at the top panel of Figure 4, it seems that they even strictly coincide until 2011,
and then they show a slight discrepancy that has been beneficial to the FRP-MV in terms of
expected return and Sharpe ratio. Concerning the other statistics that are provided in Table
5, we see that the average ENB is equal to 5.30 for both the FRP-MSR and the FRP-MV
portfolios since the addition of short-selling constraints prevents the allocation from achieving
its highest ENB equal to N = 7. On the other hand, the average ENB is much lower for ad-hoc
strategies (1.20 for the fund allocation policy and 1.43 for the EW strategy), which confirms
again that deconcentrating a portfolio is not equivalent to generating a well-balanced exposure
to underlying risk factors. The other portfolio optimization approaches, namely the GMV,
MSR, and ERC portfolios, exhibit average ENB levels that lie between those of the EW and
FRP strategies.

When looking at the maximum drawdown and VaR levels, we find that the ERC portfolio
is the most exposed to extreme risks amongst all optimized strategies. In particular, the GMV
has an extremely low maximum drawdown (less than 6%), while the MSR and FRP strategies
have similar extreme risk statistics (maximum drawdown around 12%). However, these levels
of extreme risks are substantially lower compared to the maximum drawdown resulting from
the use of the fund allocation (close to 50%) or the EW strategy (around 45%). Overall, the
FRP strategies display lower extreme risk levels, with reasonably strong performance, resulting
in attractive Sharpe ratios. On the other hand, the fund allocation or the EW strategy, which
have the highest ENC measures, are by far the most exposed to extreme risk, since their
resulting position is essentially loaded on a single factor driving the equity risk. In the top
panel of Figure 4, we show the cumulative wealth of each strategy and notice that the wealth
generated by the EW portfolio is by much more volatile than the wealth generated by optimized
portfolios. As expected, the GMV portfolio leads to the lowest cumulative wealth, but the least
volatile one.

The descriptive statistics in Table 5 provide global measures for portfolio allocations over
the whole out-of-sample period. In order to better understand the time-series properties of
diversification levels, we plot the evolution of the ENB measure through time in the bottom
panel of Figure 4. We notice that at each point in time, the two FRP portfolios have the highest
ENB measure (the two curves actually coincide since they relate to two FRP portfolios, that
is two portfolios with the maximum effective number of bets), while the EW has the lowest
one. Other optimized strategies have ENB measures that remain somewhere between these
two extremes. In Figures 5 and 6, we analyze for each strategy the evolution over time of the
weight in each asset class, the intrinsic contribution of each asset class position to the overall
volatility and finally the contribution of each factor exposure to the overall variance. The first
row of tables in Figure 5 gives us the results for the EW strategy. In particular, we find that

while the maximal diversification is attained in terms of effective number of constituents, this
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does not translate into a diversification in terms of risk loadings with a portfolio that is mostly
exposed to the first factor, which has been interpreted as equity risk. Moving to the second
row of figures, showing the results for the ERC strategy, we notice that this portfolio shows (by
construction) a perfect diversification in terms of intrinsic risk contribution from each asset,
but this does not translate into a well-diversified risk exposure either. In Figure 6, we show the
results for the GMV, MSR and both FRP portfolios. In particular, we note that both GMV
and MSR portfolios lead to overweighting the Treasury and corporate bond indices. This makes
perfect sense since the volatilities of these two classes are the lowest, and their Sharpe ratios
are higher than those of the other asset classes. If we look at the second and fourth rows, which
relate to the two FRP portfolios, we find very similar patterns as explained above. The most
important observation is that the ENB is strictly lower than the number of asset classes due
to the presence of long-only constraints.

An analysis of the weight profile for the FRP portfolios shows a relative under-weighting
of equity indices and a related over-weighting of bond indices. It also shows a high turnover
related in particular to the relative allocation to the two bond indices. Intuitively, this comes
from the high correlation between the two asset classes, which leads to a lack of robustness
in the extraction of uncorrelated factors via PCA. In this context, it would be desirable to
analyze whether more robust results could be obtained with other competing statistical methods
that could be used to turn correlated asset returns into uncorrelated factor returns (see the

Conclusion for a further discussion of this question).?

4.3 Minimum Variance Strategies under ENB and Shortsale Constraints

In this section, we analyze the results of MV portfolios under ENC or ENB constraints. In
the presence of estimation errors, adding structure to the optimization problem can indeed
lead to improved out-of-sample risk-adjusted performance, as explained in Section 3.3. Table
6 shows the results of GMV portfolios under two types of ENC constraints: ENCy > 3 and
ENCs > 4; and two types of ENB constraints: ENB; > 3 and ENB; > 4. First of all, we notice
that higher Sharpe ratios are obtained for ENB-constrained portfolios (0.88 for the MV-ENB3
portfolio and 0.92 for the MV-ENB4 portfolio), compared to what was obtained for the GMV
portfolio with long-only constraints, but no constraints on ENB (0.83). Interestingly, we notice
that the levels of maximum drawdown are lower for the MV-ENB3 (5.86%) portfolio compared
to the GMV itself (5.93%). Overall, this illustration suggests that the combination of ENB
constraints and GMV objectives may lead to portfolios with more attractive characteristics
(higher Sharpe ratios, lower maximum drawdowns) than the GMV or the FRP-MV portfolios
alone. Moreover the level of turnover for ENB-constrained MV portfolios is significantly lower
than those obtained in Table 5 for FRP-MV or FRP-MSR portfolios. On the other hand,

the addition of ENC constraints to an MV objective results in portfolios with lower Sharpe

9Tn unreported results, we have found that imposing a constant mix allocation within the fixed-income
universe would generate a strong reduction in turnover with little impact on risk-adjusted performance and
effective number of bets.

21



ratios and higher maximum drawdown than the GMV portfolio. This is because the ENC
constraints shrinks the GMV portfolio towards the EW portfolio, which implies in general a
high opportunity cost in terms of Sharpe ratio.

If we now observe the impact of such constraints on the weight evolution in Figure 8, we
see that, as expected, imposing ENC constraints leads to positions that are closer to the EW
portfolios. In particular we see that the allocations between treasury and corporate bonds
are very similar, and the allocation to equities increases compared to the GMV. On the other
hand, if we look at the weight profile of ENB-constrained portfolios, they tend to be closer to
that of the FRP-GMYV portfolio, which is somewhat similar to the weight profile of the GMV
portfolio except that the exposure to the uncorrelated factors is more evenly spread out. In
particular, we see that the equity risk is more represented towards the end of the backtest
for ENB-constrained portfolios than it is for the GMV, but is not dominating as observed for
ENC-constrained portfolios.

5 Conclusion

The ability to construct well-diversified portfolios is a challenge of critical importance in the con-
text of designing good proxies for performance-seeking portfolios. A seemingly well-diversified
allocation (e.g., EW, GMV, MSR or ERC) to asset classes may well result in a portfolio that
is heavily concentrated in terms of factor exposures. In this context, it is of high relevance to
measure and manage the effective number of bets in a portfolio. The analysis conducted in
this paper suggests that these questions can be addressed within a comprehensive framework
by designing portfolio strategies that maximize the effective number of bets, or that minimize
risk subject to a target level in terms of minimum effective number of bets.

Our analysis can be extended in a number of ways. In particular, it should be noted that
PCA is only one among many possible approaches to extracting factors, and not necessarily
the one leading to the most stable results, nor the one leading to the best ease of interpreta-
tion. In a companion paper (Meucci et al. (2013)), we explore a competing approach, known
as minimal torsion approach, for extracting uncorrelated factors from correlated asset returns,
which is shown to alleviate the aforementioned concerns raised by the use of PCA. This frame-
work can be applied in contexts where the underlying constituents can be securities (as in the
traditional approaches), but also exogenously specified fully general, and possibly correlated,
factors. Another useful extension would consider the use of these techniques for the construc-
tion of efficient asset class benchmarks, as opposed to asset allocation benchmarks. Finally,
that the risk parity approach inevitably leads to a substantial overweighting of bonds versus
equities might be a concern in a high-bond-price-low-bond-yield environment. In this context,
it would be useful to explore paper more conditional risk parity strategies, explicitly designed
to optimally respond to changes in market conditions. We leave these questions for further

research.
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A Proofs of Propositions

A.1 Proof of Proposition 1

We start from the MSR expression given in Equation (3.6) where we replace the vector g with

the expression given in Proposition 1. Then, the MSR is proportional to:
1, 1 ANl 3 1]
X =kX (A) Yily
1.
—r (A'Z) 221 (A1)
From the expression of 3y = A’ A, it is easy to see that A’S = XA~ leading to:
(a's)' = axn;l
Then, we use the above identity in Equation (A.1) and obtain:
. 1 .
S = kAR
=K AE;% lg\,,

which concludes the proof since it is proportional to the FRP expression given in Equation
(3.9).

A.2 Proof of Proposition 2
Let us consider any FRP portfolio w!RFJ that is solution to Problem (3.10). Its Sharpe ratio
is given by:

A (wPRey — el

\/(,wFRP,j)’ S wFRP.j '

We first start with the computation of the variance. Using the following identity 3 =
(A '2pA~! we can show that:

1

_1 .
(1;VA2F213V>
1 N\
- —— (1§V) 17,
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N

N
_1 .
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Second, we compute the expected excess return of the FRP portfolio:

u/'wFRP’j = v — X M'Ail;ﬁélg\,

1,AZ 21

_ % X (A’u)lill;%lgv
1VAS 21,

L s
1VAS 21,

S Y TS
1, A2 1),

Therefore, we finally obtain a Sharpe ratio equal to:

) 1y _ i Pl

VN VN

From the Sharpe ratio expression given in Equation (A.2), we see that if we choose the

. 1
A (w7 = sign <1'NAZ)F2 13\/) (A.2)

signs of vector 13\, such that they coincide with the signs of vector Ap, then we have:
FRP-MSR / 1 wisk) ket R
A (w"HYR) = sign ( 1y AD 21y =h= b (A.3)

VN

_1
Equation (A.3) and inequality (A.2) show that if 1y AN, 21NR > 0, then w!RP-MSR
Zil1 Pr |

achieves the highest Sharpe ratio. It is then equal to: N

A.3 Proof of Proposition 4

First, we rewrite the ENBy-constrained GMV problem (3.13) with respect to an optimization

over the weights in the factors:

minwypXpwr  subject to 1y Awr = 1, and ENBy(w) > ENB*, (A.4)
wp
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where the ENB-constraint can be made explicit in the factors’ weights as:

_ (S wnony)

N
ENBy(w) > ENB* & p'p < ENB* & (wpop)' <
k=1

ENB*
ENB* — 1 o 2
— 4 2 92 92 9
< WZ(U}FM&) - meFinjUFiaFj <0
k=1 i#]
N
< (ENB* -1 Z kaUFk)4 — 2210%10%},0%0%}, <0,
=1 i#]

where the last equivalence holds since ENB* > 1 > 0. Now, if we define matrix M as:

_ 2 2 ey
mij = —WFRWF;0F, 0, ifi#y
mi; = (ENB* — 1) w}, 0%, otherwise

then we see that
ENBy(w) > ENB* & wipMwpr <0,

To conclude, it is enough to notice that, at the solution to problem (A.4), a Lagrange

multiplier v > 0 exists such that the solution to this problem coincides with the solution to:
minwy (Ef +vM)wp subject to 1y Awp = 1.
wp

Using the following identity X = (A’ )_1 S rA~! the above optimization problem can be
written as an optimization over the weights in the asset classes:

min w’ (A’)_1 (Zp+vM) A 'w  subject to 1yw = 1,

w

which completes the proof.
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B Tables and Figures

Table 1: Descriptive Statistics of Asset Classes

(a) Risk and Performance Statistics

Tr. Bonds Co. Bonds US Eq. Ex-US Eq. Private Eq. Real Est. Commo.
Av. Ret. (%) 6.33 7.11 8.04 5.58 9.31 10.29 3.37
Volatility (%) 4.63 5.20 17.36 18.25 20.39 22.27 21.55
Sharpe Ratio 0.69 0.76 0.28 0.13 0.30 0.32 0.01
VaRso, (%) 0.98 1.05 3.78 3.77 4.53 4.17 4.64
VaR ¢ (%) 1.60 1.70 6.74 7.54 8.48 9.27 9.02
(b) Correlation in %

Tr. Bonds Co. Bonds US Eq. Ex-US Eq. Private Eq. Real Est. Commo.
Tr. Bonds 100.00 84.05 -17.87 -18.69 -24.54 -15.88 -9.01
Co. Bonds 84.05 100.00 2.68 5.26 -4.33 1.54 0.83
US Eq. -17.87 2.68 100.00 73.27 86.49 64.19 22.72
Ex-US Eq. -18.69 5.26 73.27 100.00 69.40 52.80 34.45
Private Eq. -24.54 -4.33 86.49 69.40 100.00 73.21 26.06
Real Est. -15.88 1.54 64.19 52.80 73.21 100.00 18.19
Commo. -9.01 0.83 22.72 34.45 26.06 18.19 100.00

The top table displays various statistics on the asset classes that are used in the empirical
analysis. The average return and volatility are annualized, while both VaR computations are
done with weekly returns. The risk-free return for the Sharpe ratio computation is the US
T-bill with a 3-month maturity. The bottom table displays correlations between each asset
class. All these statistics are computed over a data set that uses 1,069 weekly returns from
January 1992 to the end of June 2012.
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Figure 1: Volatilities of Asset Classes
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This figure displays the volatilities of the different asset classes estimated over rolling windows
of 104 weekly returns (i.e. two years of data) from January 1994 to the end of June 2012.
The top panel gives volatilities contribution in values (%) whereas the bottom panel gives the
volatilities contribution as a percentage of the total volatility.
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Table 2: Factors’ Exposures in %

Fy by F3 Ey E3 Fg E;
Tr. Bonds -2.94  -0.02 1.30 4.59 48.41 -42.89 76.06
Co. Bonds 0.11 0.28 -0.66 8.77 56.13 -50.69 -64.83
US Eq. 43.61 -11.95 -32.73 -33.27 53.74  53.75 0.36
Ex-US Eq. 42.20 6.67 -53.73 70.82 -14.43 -7.23 3.39
Private Eq. 53.63 -14.13 -13.14 -53.25 -36.96 -50.59  0.51
Real Est. 52.78 -26.89 T74.24 29.41 5.42 9.17 0.71
Commo. 25.62 9429 18.86 -8.84 3.68 2.50 0.29
Total Position (%) 21491 4823 -5.86 1823 11599 -85.98 16.49
Variance (%) 0.24 0.08  0.04 0.02 0.01 0.01 0.00
Percent Explained (%) | 60.84 20.46 9.43  4.94 2.37 1.81 0.15
Cumulative (%) 60.84 81.30 90.73 95.67 98.04 99.85 100.00
Sharpe Ratio 0.29 -0.15 0.12 -0.06 0.60 -0.55 0.02

This table displays the exposures (in %) with respect to asset classes of each factor obtained
from running a PCA on the covariance matrix estimated with 1,069 weekly returns from January
1992 to the end of June 2012.
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Figure 2: Volatilities of Factors
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This figure displays the volatilities of the different factors obtained from running a PCA on
the covariance matrix estimated over rolling windows of 104 weekly returns (i.e. two years of
data) from January 1994 to the end of June 2012. The top panel gives volatilities contribution
in values (%) whereas the bottom panel gives the volatilities contribution as a percentage of
the total volatility.
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Table 3: Allocation and Exposure of the Policy Portfolio

(a) Allocation

‘ Tr. Bonds Co. Bonds US Eq. Ex-US Eq. Private Eq. Real Est. Commo.

Weight | 4% 16% 25% 25% 13% 13% 4%

(b) Exposure and Contribution

Fy Fy F3 Fy F5 Fg F7
Exposure: wg 36.20% -2.84% -12.97% 7.52% 16.79% -3.48% -6.22%
Variance Contribution: p | 96.69% 0.20%  1.92%  0.34% 0.81% 0.03%  0.01%
Implied Risk Premiums 100%  -4.55% -14.11% 5.92% 9.16% -1.66% -0.85%

The top table displays the allocation of a portfolio representing the policy of a large US state
pension fund. The bottom table displays the exposure of the policy portfolio to each factor,
together with the variance contribution of each factor. The last line of the table corresponds
to implicit views regarding the Sharpe ratios for the factors so as to rationalize the allocation
of the policy portfolio displayed in the top table.
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Figure 3: Performance of Strategies without Short-Selling Constraints
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This figure displays the performances of the following strategies: global minimum variance
(GMV), factor risk parity with minimum variance (FRP-MV) defined in Proposition 3, max-
imum Sharpe ratio (MSR) with expected excess-return proportional to the assets volatilities,
and factor risk parity with maximum Sharpe ratio (FRP-MSR) defined in Propositions 2. The
top panel represents the evolution of wealth between January 1994 to the end of June 2012,
while the bottom panel displays the effective number of bets over the same period.
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Table 4: Descriptive Statistics of Strategies Without Short-Selling Constraints

(a) Risk and Performance Statistics

GMV FRP-MV MSR FRP-MSR
Average Return (%) | 6.03 6.36 7.14 7.92
Volatility (%) 4.22 5.33 4.83 5.88
Sharpe Ratio 0.68 0.60 0.83 0.81
Max Drawdown (%) | 6.37 9.52 9.44 11.48
VaRse, (%) 0.78 0.93 0.91 1.07
VaRi9 (%) 1.47 1.74 1.67 2.11
Average ENCsy 0.86 0.47 1.62 0.43
Average ENB; 3.40 7.00 3.77 7.00

(b) Correlation in %
‘ GMV FRP-MV MSR FRP-MSR

GMV 100.00 78.25 75.22 62.16
FRP-MV 78.25 100.00 74.92 67.90
MSR 75.22 74.92 100.00 75.74

FRP-MSR | 62.16 67.90 75.74 100.00

The top table displays various statistics on the following strategies: global minimum variance
(GMV), factor risk parity with minimum variance (FRP-MV) defined in Proposition 3, max-
imum Sharpe ratio (MSR) with expected excess-return proportional to the assets volatilities,
and factor risk parity with maximum Sharpe ratio (FRP-MSR) defined in Propositions 2. The
average return and volatility are annualized, while both VaR computations are done with weekly
returns. The risk-free return for the Sharpe ratio computation is the US T-bill with a 3-month
maturity. Both the ENC and ENB are averaged over the period starting in January 1994 until
the end of June 2012. The bottom panel represents the correlations estimated over the same
period of time.
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Figure 4: Performance of Strategies with Short-Selling Constraints
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This figure displays the performances of the following strategies: equally weighted (EW), equal
risk contribution (ERC), global minimum variance (GMV), factor risk parity with minimum
variance (FRP-MV), maximum Sharpe ratio (MSR) with expected excess-return proportional
to the assets volatilities, and factor risk parity with maximum Sharpe ratio (FRP-MSR). To
obtain portfolios FRP-MV and FRP-MSR, we compute the maximal ENB}"'**, and then numer-
ically solve both the MV and MSR objectives under the constraint that ENB;(w) = ENB}***.
The top panel represents the evolution of wealth between January 1994 to the end of June
2012, while the bottom panel displays the effective number of bets over the same period.
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Table 5: Descriptive Statistics of Strategies With Short-Selling Constraints

(a) Risk and Performance Statistics

Fund EW ERC GMV FRP-MV MSR FRP-MSR
Average Return (%) | 7.81  7.87 7.56  6.57 7.66 7.21 7.49
Volatility (%) 13.32 11.20 5.31 4.13 5.04 4.91 5.03
Sharpe Ratio 035 042 083 0.83 0.90 0.83 0.86
Max Drawdown (%) | 49.53 44.59 17.32 5.93 12.00 11.58 12.00
VaRsy, (%) 271 229 1.0l 078 096 091 0.96
VaRyo, (%) 576 448 174 1.38 1.60  1.57 1.69
Turnover (%) 7.98 10.00 11.57 25.60 88.37 33.92 87.71
Average ENC, 590 700 439 1.56 1.82 2.64 1.83
Average ENB; 1.20 143 3.02 3.36 5.30 3.60 5.30

(b) Correlation in %

EW ERC GMV FRP-MV MSR FRP-MSR
EW 100.00  80.60  38.61 56.93 69.27 58.88
ERC 80.60 100.00 79.84 84.62 95.59 85.32
GMV 38.61  79.84 100.00 82.47 83.67 82.70
FRP-MV 56.93  84.62  82.47 100.00 86.65 99.51
MSR 69.27  95.59  83.67 86.65 100.00 87.13
FRP-MSR | 58.88  85.32  82.70 99.51 87.13 100.00

The top table displays various statistics on the following strategies: equally weighted (EW),
equal risk contribution (ERC), global minimum variance (GMV), factor risk parity with mini-
mum variance (FRP-MV), maximum Sharpe ratio (MSR) with expected excess-return propor-
tional to the assets volatilities, and factor risk parity with maximum Sharpe ratio (FRP-MSR).
To obtain portfolios FRP-MV and FRP-MSR, we compute the maximal ENB}"'®*, and then
numerically solve both the MV and MSR objectives under the constraint that ENB;(w) =
ENBT'**. The average return and volatility are annualized, while both VaR computations are
done with weekly returns. The risk-free return for the Sharpe ratio computation is the US
T-bill with a 3-month maturity. The turnover is an annual one-way measure, and both the
ENC and ENB are averaged over the period starting in January 1994 until the end of June
2012. The bottom panel represents the correlations estimated over the same period of time.
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Figure 5: Weights and Risk Decompositions of EW and ERC Strategies with Short-Selling
Constraints
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This figure displays the weights in each asset class (left panels) together with the risk contribu-
tion of each asset class (middle panels), and the risk contribution of each factor (right panels),
both expressed in percentage of the total portfolio variance. The portfolio strategies considered
are: equally weighted (EW) and equal risk contribution (ERC).
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Figure 6: Weights and Risk Decompositions of GMV, MSR and FRP Strategies with
Short-Selling Constraints
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This figure displays the weights in each asset class (left panels) together with the risk contribu-
tion of each asset class (middle panels), and the risk contribution of factor (right panels), both
expressed in percentage of the total portfolio variance. The portfolio strategies considered are:
global minimum variance (GMYV), factor risk parity with minimum variance (FRP-MV), max-
imum Sharpe ratio (MSR) with expected excess-return proportional to the assets volatilities,
and factor risk parity with maximum Sharpe ratio (FRP-MSR). To obtain portfolios FRP-MV
and FRP-MSR, we compute the maximal ENB"®*, and then numerically solve both the MV
and MSR objectives under the constraint that ENB; (w) = ENB***.
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Figure 7: Performance of MV Strategies with Short-Selling Constraints and Either ENC
or ENB Constraints
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This figure displays the performances of the following strategies: equally weighted (EW), global
minimum variance (GMV), minimum variance with ENCy > 3 and ENCy; > 4 constraints
(denoted respectively MV-ENC3 and MV-ENC4), and minimum variance with ENB; > 3
and ENB; > 4 constraints (denoted respectively MV-ENB3 and MV-ENB4). The top panel
represents the evolution of wealth between January 1994 to the end of June 2012, while the
bottom panel displays the effective number of bets over the same period.
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Table 6: Descriptive Statistics of MV Strategies with Short-Selling Constraints and Either
ENC or ENB Constraints

(a) Risk and Performance Statistics

EW GMV MV-ENC3 MV-ENC4 MV-ENB3 MV-ENB4

Average Return (%)

Volatility (%)
Sharpe Ratio

Max Drawdown (%)

VaR5% (%)
VaRqq, (%)
Turnover (%)
Average ENCy
Average ENB;

7.87  6.97
11.20 4.13
0.42 0.83
44.59  5.93
229  0.78
4.48  1.38
10.00 25.60
7.00 1.56
143  3.36

7.02
4.52
0.86
13.54
0.84
1.39
17.62
3.00
3.40

7.32
5.50
0.76
22.22
1.08
1.88
13.59
4.00
3.26

(b) Correlation in %

6.78 7.09
4.13 4.28
0.88 0.92
5.86 6.05
0.77 0.80
1.38 1.46
30.41 44.76
1.60 1.67
3.50 4.08

EW  GMV MV-ENC3 MV-ENC4 MV-ENB3 MV-ENB4
EW 100.00  38.61 63.90 85.38 40.07 45.46
GMV 38.61  100.00 92.22 76.23 99.67 97.06
MV-ENC3 | 63.90 92.22 100.00 93.67 92.46 92.23
MV-ENC4 | 85.38  76.23 93.67 100.00 77.19 79.91
MV-ENB3 | 40.07  99.67 92.46 77.19 100.00 97.73
MV-ENB4 | 45.46  97.06 92.23 79.91 97.73 100.00

The top table displays various statistics on the following strategies: equally weighted (EW),
global minimum variance (GMV), minimum variance with ENCy > 3 and ENC; > 4 constraints
(denoted respectively MV-ENC3 and MV-ENC4), and minimum variance with ENB; > 3 and
ENB; > 4 constraints (denoted respectively MV-ENB3 and MV-ENB4). The average return
and volatility are annualized, while both VaR computations are done with weekly returns. The
risk-free return for the Sharpe ratio computation is the US T-bill with a 3-month maturity.
The turnover is an annual one-way measure, and both the ENC and ENB are averaged over
the period starting in January 1994 until the end of June 2012. The bottom panel represents
the correlations estimated over the same period of time.
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Figure 8: Weights and Risk Decompositions of MV Strategies with Short-Selling Con-
straints and Either ENC or ENB Constraints
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This figure displays the weights in each asset class (left panels) together with the risk contribu-
tion of each asset class (middle panels), and the risk contribution of factor (right panels), both
expressed in percentage of the total portfolio variance. The portfolio strategies considered are:
minimum variance with ENCy > 3 and ENCy > 4 constraints (denoted respectively MV-ENC3
and MV-ENC4), and minimum variance with ENB; > 3 and ENB; > 4 constraints (denoted
respectively MV-ENB3 and MV-ENB4).
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