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Abstract

This paper studies the impact of financial sector size and leverage on business cycles

and risk-free rates dynamics. We model a general equilibrium productive economy

where financial intermediaries provide costly risk mitigation to households by pooling

the idiosyncratic risks of their investment activities. We find that leverage amplifies

variations of intermediaries’ relative size, but may also mitigate the business cycle.

Moreover, it makes risk-free rates pro-cyclical. Households benefit the most when the

financial sector is neither too small, thus avoiding high consumption fluctuations and

costly mitigation, nor too big, so that fewer resources are lost after intermediation

costs. (JEL: E13, E32, E69, G12)
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1 Introduction

There is widespread agreement that financial intermediation is not only a veil between

savers and borrowers. On the contrary, it plays a fundamental role to properly characterize

business and financial cycles altogether (Adrian and Shin, 2010; Borio, 2014; Brunnermeier

and Sannikov, 2014, 2016; He et al., 2017; He and Krishnamurthy, 2011, 2013, 2019).

The focus of many recent studies that embody a financial sector in a general equilibrium

setting is on the negative externalities that come after intermediaries’ activity. Endogenous

risk - amplification of exogenous shocks - is generated by the interaction of heterogeneous

agents in presence of financial frictions. Much less has been done to develop theoretical

models showing that also positive externalities associate to financial sector’s deeds.

Broadly speaking, one could think of various channels through which the financial sector

may affect positively the real economy: its supply of payment services, its fundamental role

at pricing and allocating risks, its capacity of converting illiquid assets into cash without

undue loss of value, and many others. In this paper, we exclusively focus on two specific and

related functions of the financial sector: risk pooling and mitigation.

In a nutshell, the main contribution of our paper is to work out a dynamic general equi-

librium model of a productive economy where financial intermediaries, on the asset side, pool

idiosyncratic risky stakes in firms, pay the associated intermediation cost, and bear only their

systematic risk component. On the liability side, by issuing short-term risk-free debt (i.e.

via leverage), they provide households with risk-mitigation instruments. In equilibrium, this

mechanism originates a structural mismatch between the risk of intermediaries’ assets and li-

abilities, whose magnitude fundamentally determines the width of business cycle fluctuations

jointly with the dynamics of risk-free interest rates. In particular, we show that the extent

of intermediaries’ risk mismatch associates to their risk-pooling capacity and therefore gen-

erates: i) State-dependent mitigation of aggregate output and consumption fluctuations and

ii) Pro-cyclical risk-free interest rates that can become negative during economic downturns,

due to high demand of safe assets. Moreover, we show that iii) Households are better off

when the financial sector is neither too small, thus avoiding wide consumption fluctuations

and costly risk mitigation, nor too big, so that fewer resources are lost after intermediation
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costs.

We model our economy in continuous-time, and solve for the equilibrium joint dynamics

of capital prices and size of the financial sector. We assume that capital is either held by

equally risk averse heterogeneous households or by an aggregate financial sector. Financial

frictions are introduced by assuming restricted market participation and, in the spirit of

Diamond (1984), the financial sector has a cost advantage at pooling idiosyncratic risks.

Due to restricted market participation, each household has free access to its own specific

firm only, sustaining both systematic and idiosyncratic risks. Therefore, households are not

able to diversify idiosyncratic risks among themselves and, in order to reduce the risk of

their portfolio, they purchase a risk-free bond issued by the financial sector. The bond acts

as an instrument of risk mitigation and allows households to smooth consumption.1

The choice of risk mitigation through risk-free bonds implies that the financial sector

leverage is counter-cyclical. After a negative shock, the (relative) size of the financial sector

decreases, while its leverage increases further to keep up with households’ higher demand

for risk-free bonds. Risk-free rates may even become negative when the financial sector

becomes too small and highly leveraged.2 The opposite holds as a response to positive

shocks: the financial sector increases its size, and so does its supply of risk-free bonds, even

if its leverage reduces. This mechanism is consistent with recent empirical findings suggesting

counter-cyclical financial leverage (see He et al., 2017).3

From the macroeconomic perspective, the sensitivity of aggregate output and consump-

tion to exogenous systematic shocks also depends on financial sector size and leverage, due

to a pecuniary externality generated by the intermediation cost. On the one hand, the pecu-

1We silence both channels of firms and households leverage on purpose because our focus is on the effect
that financial sector risk pooling has on the business cycle, without the indirect effects of non-financial firms’
and households’ leverage (differently from Brunnermeier and Sannikov, 2014; Korinek and Simsek, 2016,
among others).

2This result is in line with Gourinchas and Rey (2017) who show that a weakened financial sector may
lead to persistently low, or even negative, short-term interest rates for an extended period of time.

3This stylized fact stays in stark contrast with previous evidence in Adrian et al. (2014) where leverage
is pro-cyclical. This is due to our choice of considering financial intermediaries focusing on their activity
as central dealers of idiosyncratic risky claims, and relates to the marginal value of the financial sector’s
aggregate wealth. Pro-cyclical leverage empirical evidence also features in Adrian and Shin (2010, 2013) and
has a theoretical foundation in Adrian and Boyarchenko (2012). In this stream of the literature, pro-cyclical
leverage is a consequence of pro-cyclical VaR leverage constraints. The problem of leverage cyclicality is also
discussed in Adrian et al. (2016), where they consider the difference between market and book leverage.
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niary externality produces a negative relationship between financial sector size and output

growth rate: the larger the financial sector, the more risky stakes it holds, the lower the

aggregate productivity of capital (due to high intermediation cost per unit of capital), the

lower its price, the lower the investment in new capital.4

On the other hand, the same externality positively affects the business cycle by mitigating

aggregate output fluctuations. When a negative (positive) systematic shock to capital hits

the economy, it decreases (increases) intermediaries’ relative size, it increases (decreases) cap-

ital equilibrium prices, increasing (decreasing) investments and thus dampening the fluctu-

ations of capital and output. Aggregate and households’ consumption dynamics also benefit

from the mitigation offered by the financial sector through the risk-free bond, but experience

low growth when leverage is too high because risk mitigation becomes increasingly costly.

In our model, there exists a tight relationship between financial leverage and Sharpe

ratios. On this point, we are in line with the previous intermediary asset pricing literature

(He and Krishnamurthy, 2011, 2013). However, differently from previous studies, the link

between asset prices, risk-free rates, and leverage is due to the risk pooling capacity of

the financial sector. In this regard, we show that the magnitude of the idiosyncratic risk

fundamentally contributes to risk premiums, despite the fact that they can be pooled. This

effect is tied up to the assumption of households restricted market participation as it mirrors

their demand of risk-free bonds, and does not require a crisis situation to take place (as

instead it is in He and Krishnamurthy, 2013).

In the last part of the paper, we study agents’ welfare as related to the size of the financial

sector. Overall, we find that households benefit the most when the financial sector is neither

too small (offering too little - and costly - risk mitigation) nor too big (so that households

have a lower capitalization).

Motivated by this finding, we investigate whether static leverage constraints and redis-

tributive taxation policies could improve households’ welfare. According to our model: i) A

tax that redistributes wealth from the financial sector to the households prevents the former

4This result squares nicely with the empirical evidence in Philippon and Reshef (2012) claiming that the
size of financial intermediaries relates to the remuneration of their executives; in fact, they show that the size
distribution of financial firms explains about one fifth of the premium for their executives. This is relevant
because financial services account for up to 25% of the overall increase in wage inequality since 1980. In
particular, they argue that financiers may be overpaid from a social point of view.
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from growing too large, and so to waste too many resources after intermediation costs; ii)

Leverage constraints prevent the financial sector from collecting too much capital, and so

from paying the associated intermediation costs. In turn, this fosters additional growth as

capital is allocated to the - more productive - households. However, it may negatively affect

the mitigation of output and consumption fluctuations.

All in all, our theoretical results suggest that leverage constraints and redistributive

taxation policies may be designed such that the size of the financial sector remains within

an “optimal” range to improve households’ welfare.

The paper proceeds as follows: Section 1.1 frames our results as related to the incumbent

literature. Then, Section 2 outlines the model micro-foundation (2.1) and agents’ optimiz-

ation problems (2.2). Section 3 derives the competitive equilibrium (3.1) and characterizes

it (3.2). Section 4 focuses on the link between financial sector leverage, risk-free interest

rates (4.1), and the macroeconomic dynamics (4.2). Finally, Section 5 investigates the role

of leverage constraints and redistributive taxation policies at increasing the households’ wel-

fare. Section 6 concludes.

1.1 Related Literature

This paper belongs to the body of literature describing the relationship between financial

intermediation, the macroeconomic dynamics, and its welfare implications. Also, it relates

to the literature featuring models of intermediary asset pricing.

Methodologically, we are close to the seminal work of He and Krishnamurthy (2011, 2013)

and Brunnermeier and Sannikov (2014, 2016). However, we substantially diverge in several

dimensions. He and Krishnamurthy (2011, 2013) consider general equilibrium endowment

economies and study the dynamics of asset prices as it relates to financial intermediaries

capitalization and financial crises. On the contrary, we develop a productive economy to

investigate financial intermediaries risk pooling activities as connected to real business cycle

and risk-free rates dynamics.

Brunnermeier and Sannikov (2014) build a model where more productive agents (experts)

leverage their balance sheet. On the contrary, our most productive agents, households, do

not leverage; conversely, it is the financial sector that leverages up, and sells to households
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risk-free bonds in exchange of a fraction of their firms’ risky capital (equity). What fol-

lows is that, in our model, more productive agents have extra risk exposure, and therefore

demand for mitigation instruments. Another important difference concerns the financial fric-

tion: whereas in Brunnermeier and Sannikov (2014) experts’ consumption is always positive

and households’ may be negative, in our case the friction comes out of restricted market

participation. These differences lead to substantially opposite equilibrium dynamics and a

stationary wealth-share distribution. In these terms, our model is complementary to theirs.

We also connect to Brunnermeier and Sannikov (2016), whose core contribution is to

study the value of money when offered by financial intermediaries as a risk-mitigation tool

to insure idiosyncratic risks faced by households. In both papers intermediaries are short

in risk mitigation instruments and long in firms’ risky stakes; however, the consequences

of the associated risk-mismatch mechanism are rather different.5 As in Brunnermeier and

Sannikov (2016) mitigation is provided via money: a negative aggregate shock that affects

intermediaries’ balance sheet decreases the provision of risk mitigation - generates higher

demand for money - and increases its price. The resulting deflation further depreciates

intermediaries’ liability, and fosters additional decrease in the provision of risk mitigation

(deflationary spiral). Monetary policy is the instrument to break the spiral. In our model

instead, risk mitigation is provided via short-term risk-free bonds. When a negative shock

hits, the financial sector becomes smaller, the demand for short-term risk-free bonds in-

creases, and interest rates decline. The latter positively affect the provision of idiosyncratic

risk-mitigation, leading to an increase of leverage. No spiral occurs and the natural policy

instrument is a leverage constraint, whose effect is primarily to decrease both the growth

rate drift and volatility of financial intermediaries’ wealth share (leading to a higher welfare

for households).

More specifically, we can structure our contribution along the following dimensions: the

role of exogenous (systematic and) idiosyncratic risks in a dynamic model with frictions

(IR); the role of financial sector leverage (LV ) and size in amplifying (but also mitigating)

5The source of the risk-mismatch in Brunnermeier and Sannikov (2016) is as follows: it is assumed that
there are two types of capital (both necessary to produce the consumption good) and while the equilibrium
value of money captures risks associated to the production of both types, the financial intermediary can
invest only in one type of risky firms.
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the propagation of exogenous shocks (AM ), as well as their effect over the business cycle,

consumption, and their fluctuations (BC ); how the allocation of risk and restricted market

participation relates to asset pricing (AP); the welfare implications of leverage and size of

the financial sector (W ).

An early approach connecting the allocation of risk to portfolio choices (IR) in a general

equilibrium set-up can be found in Heaton and Lucas (2004). Their analysis builds on the

observation that idiosyncratic risk is priced by the market, since agents are risk averse and

unable to diversify idiosyncratic shocks by themselves. Nevertheless, they do not consider

any financial sector.

By introducing restricted market participation, our model also relates to the body of

literature that studies incomplete markets and the role of aggregate uninsurable shocks in

equilibrium dynamics. Seminal papers in this field are Aiyagari and Gertler (1991), Huggett

(1993), as well as Aiyagari and Rao (1994).

In our paper, endogenous risk takes place as an amplification/mitigation (AM ) of exo-

genous systematic shocks. As in Brunnermeier and Sannikov (2014), our model features the

so called volatility paradox (see also Adrian and Brunnermeier, 2016), i.e. lower exogenous

risk may lead to higher endogenous volatility, especially when financial capitalisation is low.

However, our model differs in several substantial ways: first, we account for both systematic

and idiosyncratic risks as determinants of aggregate fluctuations. This feature squares with

empirical evidence suggesting a relationship between macroeconomic dynamics and the state

of the financial system (Adrian et al., 2019). Second, in our model the effect of increasing

idiosyncratic risk leads to further leverage. This is because, after restricted market particip-

ation, households increase their demand for risk-free bonds. Another relevant element of our

model is that equilibrium risk-free interest rates fluctuate over time (and may take negative

values) instead of being constant.

As for LV, our paper moves along the seminal stream accounting for financial frictions

in general equilibrium (for a general discussion see Brunnermeier et al., 2012; Moritz and

Taylor, 2012) and, more specifically, to those known as post-crisis macro models (see Haven

et al., 2016). An important feature we share with the post-crisis literature is the connection
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between financial leverage and the magnitude of economic fluctuations.6

Still concerning LV, the core difference between the aforementioned stream of literature

and our paper consists of both the source of frictions, restricted market participation in place

of an agency problem as well as of their externalities: in our model intermediaries leverage

endogenously generates a mitigation effect that may overtake the amplification of business

cycle fluctuations.7

From the asset pricing perspective (AP), our contribution has common characteristics

with the literature of general equilibrium models where financial cycles and constraints de-

termine asset prices, as for example in He and Krishnamurthy (2011, 2013).

The core difference is that our model does not need the constraints to be binding in order

to generate those effects. Moreover, we explicitly micro-found the demand for risk-free assets

and show that in certain states of the world real risk-free interest rates could be negative.

In light of the role of financial leverage and size as related to the business cycle (BC ) and

risk-free interest rates during crises (see He et al., 2010), our results relate to those papers at

the intersection between finance and macroeconomics treating systemic risk, as for example

Nuno and Rey (2017).8

Finally, we investigate the relationship between the size of the financial sector, leverage,

and welfare (W ). On this side, we are related to the work of Philippon (2010) studying

the interaction between financial and non-financial sectors and investigating whether it is

optimal to subsidize or tax the former. However, our model is largely different, and so

it is the role played by the financial sector. We also partially relate to the literature that

investigates optimal financial leverage constraints, in particular to Phelan (2016) and Pancost

and Robatto (2019).

A common element between this work and Phelan (2016) is the relationship linking

financial leverage constraints and welfare. His paper suggests that a policy of recapitalizing

banks, that mechanically decreases leverage to the optimal level, is welfare-improving. This

6The idea of the financial cycle being determinant of the business cycle is introduced in Carlstrom and
Fuerst (1997). A similar setting with adjustment costs on capital investment can be found in Kiyotaki and
Moore (1997), and it is developed in a New Keynesian setting by Bernanke et al. (1999).

7The idea that uninsurable risk associates to structural financial leverage is introduced in a theoretical
setting by Krishnamurthy (2003).

8With Nuno and Rey (2017) we share the trade-off between economic growth and stability, although our
mechanism of amplification is deeply different.
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relates to the concept of welfare maximizing size of the financial sector suggested by our

model. Nevertheless, we strongly differ with respect to several aspects: first, we introduce

restricted market participation as a friction that allows us to model the demand for risk-free

assets. Second, our model displays a smooth dynamics rather then a step-wise process of

aggregate consumption. This allows us to relate financial leverage to the economic macro-

dynamics.

Similar to our setting, Pancost and Robatto (2019) consider the role of banks in providing

risk pooling services as well as their role of supplying risk mitigation instruments through

deposits (for a similar argument, see also DeAngelo and Stulz, 2015). Although we reach

similar conclusion concerning the welfare improvement that may come to households after

imposing leverage constraints, the mechanism and focus of our papers differ substantially.

Pancost and Robatto (2019) argue for an optimal capital requirement to be imposed on a

risk neutral financial intermediary as dependent on the trade-off between good and bad-

risk taking. Conversely, this paper focuses on the relationship between financial sector

risk pooling and the macro-financial dynamics in a model where, due to restricted market

participation, the relative size of households and intermediaries matters.

In summary, the strength of our model (and of its theoretical predictions) is its ability

to jointly consider several different dimensions: the role of systematic and idiosyncratic

risks; how their allocation channels mitigation of exogenous systematic shocks; the role of

leverage constraints as related to the dynamics of the financial sector size; their effect on the

macroeconomic dynamics and, in turn, households’ welfare. The combination of all these

characteristics in a relatively manageable general equilibrium framework poses this paper to

be complementary with respect to the previous literature.

2 The Model

In this section, we first introduce the overall economic environment. Then, we discuss

agents’ optimization problems and describe the features of the return on risky assets. We

start with a narrative description of the model.

We consider a continuous-time infinite-horizon production economy with two goods:
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physical capital (such as a tree) and output (perishable good, such as apples). Each good is

produced by a specific type of firms, the perishable good acts as numéraire.

There are two types of assets: risky claims and risk-free bonds. Risky claims are writ-

ten on the profits of capital-producing firms. The risk to which they are exposed is both

systematic (economy-wide) and idiosyncratic (firm-specific). Risk-free bonds have value as

risk-mitigation instruments and are in zero-net supply.

The economy is populated by two classes of agents: financial intermediaries and house-

holds. Intermediaries are allowed to invest in all firms; accordingly, they pool idiosyncratic

risks and are exposed to systematic shocks only. The expected return on their (risky) assets

is reduced by a cost of intermediation paid for each unit of capital. Conversely, due to re-

stricted market participation, each household is allowed to invest in one capital producing

firm only. Since households do not pay the intermediation cost, they earn higher expected

returns. However, their over-exposure to idiosyncratic risk generates positive demand for

risk-mitigation instruments. As we shall see, in equilibrium, this demand will be satisfied by

the financial sector through its short position in risk-free bonds.9

The share of risky claims that is left un-pooled, i.e. that remains in the hands of house-

holds’, determines the idiosyncratic risk allocation in the economy and with it consumption,

output, risky assets, and equilibrium prices.

2.1 Technologies and Risky Claims

We consider two types of firms: Type I has the inter-temporal role of generating new

physical capital (trees) through a concave technology Φ(·) that uses the perishable good

(apples) as input. Let [0, 1] be a continuum of type I firms and let dWt ? ˜dW i
t ? ˜dW j

t

8i 6= j, {i, j} 2 [0, 1] be independent standard Brownian motions defined on the filtered

probability space (Ω,H,P), where {Ht, t > 0} is the natural filtration over the measurable

space (Ω,H). The capital stock ki
t 2 R managed by firm i 2 [0, 1] follows a bi-variate Itô

9From the households’ perspective, the restricted access to financial markets is an exceedingly relevant
topic. For instance, Davydiuka et al. (2018) provide a theoretical model that motivates the substantial
decline of small firms going public in the last 20 years (as documented in Gao et al., 2013) by the presence
of increasing financial frictions, such as IPO and regulatory-disclosure related costs.
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diffusion

T i
t :

dki
t

ki
t

=
⇥
Φ(◆it)� �

⇤
dt+ �dWt + �̃ ˜dWt

i, with Φ(◆) =
1

✓
log (1 + ✓◆), (1)

where � is the depreciation rate, ◆it is the reinvestment rate as dependent on the concavity

parameter ✓, � and �̃ are constant systematic and idiosyncratic diffusion terms, respectively.

Capital producing firms live one period. At each instant t, they are constituted by

transfers of physical capital executed by either households or intermediaries, and liquidated

at s = t+dt. Accordingly, type I firms finance their own constitution by issuing risky claims

with stochastic pay-off dRi
t over [t, s] written on their profits. The total return on firms’

risky claims is endogenous and determined in equilibrium. Firms of type I earn revenues by

renting capital to firms of type II at the instantaneous rate pt, and choose the re-investment

rate of capital ◆ to maximise the expected return on their risky claims issuances. Note that

the zero profit condition of capital producing firms’ must be consistent with the equilibrium

return on the risky claim dRi
t. This is equivalent to a non-arbitrage condition, i.e. the

return on firms’ risky issuance (their equity) is such that the present discounted value of

their revenues under the risk-neutral measure equals the current value of physical capital

stock supplied by the agents. If such condition holds, each firm breaks even for each ki
t, its

size is indeterminate, and it is willing to supply each market demand.10

Firms of type II, also a continuum, do not have an inter-temporal dimension, and produce

perishable good yit through a linear production function that has capital as input:

yit = Aki
t. (2)

The profit of each firm of type II at time t is thus simply (A � pt)k
i
t. Therefore, in

equilibrium, they always break even and their size is indeterminate.

10Type I firms’ technology is non-linear in ι; however, linearity in k is maintained through the identification
of c = ιk as expense for the perishable consumption. Details are in Appendix A.
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household ith ith Type I firm

Type II firm

Risky claim

Systematic+idiosyncratic risk

Physical capital

Perishable consumption

Physical capital

Figure 1: Micro-structure of production and risky claims for the households

2.2 Financial Sector and Households

The economy is populated by households and financial intermediaries. Households consist

of a heterogeneous continuum of unit mass H := [0, 1] indexed h 2 H. Similarly, intermedi-

aries belong to F := (1, 2] and are indexed f 2 F. Since the latter are homogeneous, they

can be accounted for as a representative financial sector.

Intermediaries and households trade physical capital in a perfectly competitive market

at the endogenous price qt. Each agent has an initial endowment ei0 6= 0 and, over each time

interval [t, t + dt), she consumes at a rate
cit
eit
. Moreover, she allocates a fraction !i

t of what

is left to risky claims, and a fraction (1� !i
t) to risk-free bonds.

All agents have log utility and discount the future at a common rate ⇢; they are infinitely

lived and chose cit and !
i
t to maximize their objective function

V i
0 := max

{cit,!i
t}2Bi

E0


ˆ 1

0

e�⇢t ln citdt

�

, i 2 {h, f} (3)

subject to

Bi
t :

deit
eit

= !i
tdR

i
t +
�
1� !i

t

�
rtdt�

cit
eit
dt, (4)

where rt is the risk-free interest rate, and the ith agent has access to a different risky portfolio

with return dRi
t.
11

11The derivation of the solution is in Appendix D.1. With a slight abuse of notation we use dRi
t to denote

the return to the agent i of firm i = h, and dR
f
t to denote the return of the aggregate portfolio that pools

risky claims issued by all firms i 2 [0, 1].
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The financial sector can invest the stock of physical capital at its disposal across all type I

firms, against the payment of an intermediation cost ⌘ per unit of capital. The intermediation

cost can be thought as a reduced form that represents the administrative costs that the

intermediaries bear for screening and monitoring each firm, which the household instead

observes, as well as for operational purposes.12

Conversely, due to restricted market participation, households cannot diversify among

firms, so that her investment opportunity set is restricted to the ith firm only. Therefore,

firms are financed by both households and intermediaries that, in our framework, provide

venture capital services. Thus, the return on agent i risky assets holdings, dRi
t, has the

following structure:

dRi
t = µi

tdt
|{z}

Expected return

� [1i=f ]
⌘

qt
dt

| {z }

Intermediation cost

+ �tdWt
| {z }

Systematic risk

+ [1i=h] �̃
˜dW i

t
| {z }

Idiosyncratic risk

, (5)

where 1i is the indicator function, and both expected return µi
t and systematic risk �t are

endogenous and determined in equilibrium as dependent on firms’ optimizing behaviour.

Note that the expected return on risky assets of households is higher than for the financial

sector, and therefore it is the associated risk.

The relationship between household i and her firm is synthetically depicted in Figure

1. Similarly, Figure 2 displays the mechanism by which the financial sector may purchase

a fraction of the households’ physical capital versus the issuance of short-term liabilities -

risk-free bonds.

It is relevant to highlight that restricted market participation, which we have assumed to

be an exogenous financial friction, may emerge in equilibrium when households face trans-

action costs. In the Online Appendix we show that, even if households and financial inter-

mediaries have full access to risk-free bonds and both, pooled and un-pooled, risky assets,

12A seminal paper that develops a theoretical framework where financial intermediation costs associate
to a net advantage due to diversification is Diamond (1984). In an economy where all the agents are risk
averse, the paper shows that financial intermediaries must have lower delegation costs than an entrepreneur
to viably provide intermediation services. This intermediaries centralized monitoring structure will mean
that there are no active markets for their pooled assets. This relates to the concept of restricted market
participation, being the aggregate financial sector the only one supplying risk-mitigation instruments. From
an empirical perspective, the side effect of risk pooling at financial institutions is treated, among the others,
in Wolf (2010) and van Oordt (2014).
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Financial sector hth household
P

Physical Capital hth

Risk-free bond

Figure 2: The financial sector and its purchase of a fraction of the households’ physical capital
versus the issuance of risk-free bonds.

restricted market participation does exist as long as intermediaries are more efficient at pool-

ing claims than households, and the transaction cost is not too large. In this sense, the

presence of capital markets is not self-sufficient to solve the monitoring problem, as long as

the transaction cost is higher for the households than for the financial sector (see Diamond,

1984).

3 The Equilibrium Dynamics

Section 3.1 derives the competitive equilibrium of this economy. Then, Section 3.2 outlines

the associated return on risky assets and characterizes the unique state variable: the relative

capitalization of the financial sector. Henceforth, we denote all the aggregate variables with

a capital letter.

3.1 Competitive Equilibrium

Informally, the equilibrium consists of maps from histories of systematic shocks to prices

(capital prices, returns on risky claims, risk-free interest rates), production choices and

consumption choices, as well as asset allocations, such that firms maximize their profits,

agents maximize their expected utility, and markets clear. The formal definition is given in

Appendix C.

An equilibrium snapshot of agents’ balance sheets at any instant of time t is in Figure 3.

The dark grey boxes depict the asset allocation of each class of agents while the light grey

boxes represent their liabilities.
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Financial Sector

LA

Bonds (!f�1)Ef

Risky claims
!fEf

Wealth Ef

hth household

LA

Risky claim !heh

Wealth eh

Bond (1� !h)eh

Figure 3: Synthetic agents’ balance sheets at time t

The financial sector holds a long (leveraged) position in the aggregate portfolio of risky

claims that is financed by both its own capital endowment
´

F
efdf = Ef plus a short position

in risk-free bonds
�
!f � 1

�
Ef . Conversely, each household allocates its wealth between a

single risky asset and risk-free bonds. Market clearing conditions imply that the risk-free

bond is in zero net supply, while financial sector capital and households’ wealth sum up to

the aggregate (value of) capital within the economy Ktqt. Accordingly, the stock of wealth

that belongs to the aggregate of households is
´

H
ehdh = Eh.

Figure 4 shows the balance sheet of the jth capital producing firm at any time t. As in

Figure 3, the dark grey box represents the value of the firm’s assets, whereas the light grey

ones depict its liabilities. Each capital producing firm is jointly financed by households’ plus

financial intermediaries’ capital stock, that is, they bear a fraction of the risk of firms’ assets.

Therefore, firms neither do leverage nor default.

In summary, each firm collects physical capital from both households’ and intermediaries’

(straight arrows) versus the issuance of risky claims written on its profits (dashed arrows). In

particular, the j firm gathers capital !heh,j from the jth household as well as from the financial

sector, that evenly finances the continuum of firms, so that
´

F
!fef,jdf =

´

J
!fef,jdj = !fEf .

3.2 Competitive Equilibrium: Characterization

In order to derive the equilibrium, we express optimal portfolios, drift, and diffusion of

the stochastic process in (6) as functions of financial sector relative capitalization  t, the

state variable of our economy, defined as follows:
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jth Type I firm

LA

Intermediaries’
capital !fef,jPhysical

capital kjq
households’
capital !heh,j

ith household

Financial sector

Risky claims

Figure 4: Synthetic balance sheet of the jth capital producing firm at time t

Definition 1. Relative Financial Capitalization Let  t be the financial sector’s share

of total capital value. Conversely, (1 �  t) represents the households’ share of aggregate

capital value:

 t :=
Ef

t

Ktqt
, 1�  t :=

Eh
t

Ktqt
.

As we shall see, all relevant equilibrium quantities can be written as a function of  t (see

Appendix E).

Next, we restrict our search to the class of dynamically simple equilibria in the state

variable  .13 Moreover, we look for equilibria where the stochastic process that drives the

price of physical capital q is an Itô diffusion.

Assumption 1. Price of Physical Capital Dynamics

The price of physical capital evolves as an Itô diffusion:

dqt := qtµ
q
tdt� qt�

q
t dWt, (6)

13The equilibrium is dynamically simple, i.e. it is time homogeneous and Markov in the state variable
and it is such that there exists an associated stationary distribution. For a formal definition see Duffie et al.
(1994)
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where µq
t and �q

t are Ht-adapted processes.

According to Assumption 1, the dynamics of capital price is not affected by idiosyncratic

shocks. Moreover, the minus sign to the diffusion term implies that positive shocks to capital

stock affect negatively the price of unit of capital in consumption good.14

It can be shown that (see Appendix A) the total return on the ith claim follows the

dynamics in equation (5) with

µi
t = µt :=

A� ◆t

qt
| {z }

Dividend Yield

+Φ(◆t)� � + µq
t � ��

q
t

| {z }

Capital Gain

, (7)

and

�t := � � �
q
t .

We now have all the ingredients to derive the dynamics of the state  in a competitive

equilibrium. Theorem 1 outlines the features of the equilibrium dynamics jointly with the

conditions such that: both classes of agents survive in the long-run and a stationary density

of the financial sector relative capitalization exists.

Theorem 1. Relative Capitalization Dynamics

Given the law of motion of q in (6), there exists a unique (Markov) competitive equilibrium

and it is characterized by the following:

1. The relative capitalization dynamics follows the diffusion process

d t =  t�
2
t

"
⇣

!
f
t � 1

⌘2

� !
f
t  t

�2
t

⌘

qt

#

| {z }

 tµψ( t,q( t))

dt+  t�t

⇣

!
f
t � 1

⌘

| {z }

 t�ψ( t,q( t))

dWt, (8)

and 8

><

>:

�q( t, q( t)) = �✏q, � ( t),

µq( t, q( t)) = Aq( t);

(9)

14This choice is fundamental, as we shall see in the proof of Theorem 1 there does not exist an equilibrium
with Covt

⇥
dkit, dqt

⇤
> 0.
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where ✏q, is the physical capital price elasticity to financial sector relative wealth share

and A is the characteristic operator.

2. As long as the intermediation cost ⌘ is positive and not too high, the left-hand side and

right hand side boundaries,  = 0 and  = 1, are never attainable,

⌘ 2
✓

0, �̃2 1 + ✓A

1 + ✓⇢+ ✓�̃2

◆

)  t 2 (0, 1) 8t 2 (0,1), P� a.s. (10)

and there exists a unique (non trivial) stationary density ⇡( ).

3. When the intermediation cost ⌘ lays outside the interval in (10), the economy drifts

either to the right-hand or to the left-hand side boundary, respectively. In particular:

(a) Full-risk-pooling economy:

⌘ = 0 ) µ ( t) > 0 ) lim
t!1

 t = 1 P� a.s.;

(b) No-risk-pooling economy:

⌘ > �̃2 1 + ✓A

1 + ✓⇢+ ✓�̃2
) µ ( t) < 0 ) lim

t!1
 t = 0 P� a.s.

Proof. The proofs of Point 1 and 2 are provided in Appendix D.2. The characteristic operator

A is defined in Øksendal (2003). Point 3 (a) is proved by setting ⌘ = 0 in the consumption

market clearing condition (48). It follows that µq
t = �

q
t = 0. By point 1, µ t > 0 and thus,

 t ! 1 when t ! 1. Point 3 (b) is proved similarly.

The core result of Theorem 1 is to characterize the joint processes describing the dynamics

of intermediaries’ relative capitalization  and physical capital price q according to the

conjecture in Assumption 1. Given this relationship, we can solve the model by finding drift

and diffusion for their law of motion numerically (details are in the Online Appendix).

Another important result is that, provided intermediation costs are neither too low nor

too high, the relative capitalization keeps floating around its long-run average where both
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classes of agents have positive relative capitalization (point 3). In this sense, heterogeneity

is persistent.15

Instead, when intermediation costs are either null or too high (depending on the size

of idiosyncratic volatility), the economy collapses in one of two “extreme” cases: the full-

risk-pooling economy and the no-risk-pooling economy (see point 3 and Appendix E for the

characterization of prices and allocations in these benchmark cases).

In the intermediate case where both classes of agents coexist, henceforth an economy

with partial risk pooling, it is interesting to outline the way exogenous systematic shocks

affect equilibrium prices and relative wealth share dynamics altogether.

To illustrate this relationship, Figure 5 plots drift (left) and diffusion (right) for the

law of motion of financial relative capitalization  (top) and capital price q( ) (bottom)

as a function of the state  2 (0, 1). Moreover, Figure 6 (left) reports the price level as a

function of the state. In red, we depict the benchmark cases of full (solid) and no-risk-pooling

(dashed).16

Concerning the capital price level, the larger the relative size of the financial sector  ,

the lower q( ). This negative relation is due to the higher incidence of intermediation costs

on the average productivity of capital when the financial sector is large. For example, in the

extreme case where the financial sector manages all the capital, the intermediation cost is

paid on all units of capital.

In general, positive exogenous systematic shocks shift the size  (and thus q) to the right

towards one, because in equilibrium, due to leverage and risk pooling, the total return on

financial sector assets is higher than the return on the households’ portfolio. The opposite

occurs for negative shocks. Importantly, the response of the relative size and capital price

dynamics to exogenous shocks is state dependent: when the financial sector capitalization

15Note that the long-run dynamics of ψt does not necessarily coincide with the associated deterministic
steady state where the drift is null. A discussion upon the relationship between steady-state and long-term
average of the stochastic process describing the equilibrium is in Klimenko et al. (2017).

16We solve the model numerically - details are in the Online Appendix - by assuming the following para-
meters: A = 0.5, δ = 0.05, σ̃ = 0.55, σ = 0.2, η = 0.05, θ = 2, and ρ = 0.05. According to Ang et al.
(2006) and Fangjian (2009), reasonable values for the annualized systematic and idiosyncratic volatilities
are approximately 20% and 55%, respectively. The remaining parametric specification is close to the one
in Brunnermeier and Sannikov (2016). To verify the model robustness, the Online Appendix discusses
the changes of equilibrium dynamics with respect to the key parameters in the model, namely the size of
systematic and idiosyncratic risk as well as intermediation costs.
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Figure 5: Top: drift (left) and diffusion (right) of the state dynamics dψ as a function of ψ 2 (0, 1).
Bottom: Drift (left) and diffusion (right) of the price dynamics dq as a function of ψ 2 (0, 1). In
red, the benchmark cases of full-risk-pooling and no-risk-pooling.

is small, its drift is positive (negative for q). When the financial sector capitalization is

big enough, instead, the drift of its relative capitalization is negative (positive for q). This

is because the benefit of leverage is reduced while the costs associated to intermediation

(proportional to ⌘/q) are higher. Overall, the relative capitalization of the financial sector

shrinks (while q increase). The left panels of Figure 5 provide an illustration.17

4 Risk-free Rates and Macro-dynamics

In this section, we describe the equilibrium dynamics of leverage, risk-free interest rates,

and macro-variables in an economy with partial risk-pooling . We shall characterise this case

as a deviation from the benchmarks of full-risk-pooling and no-risk-pooling discussed in

Appendix E.

17In the Online Appendix we show how drift and diffusion change with idiosyncratic risk σ̃ and systematic
risk σ. When the financial sector is small (high leverage) they both increase with σ̃ (the higher the risk,
the higher the demand for risk mitigation, the higher the leverage) and decrease with σ (the higher the
systematic risk, the lower the Sharpe ratio, the lower the leverage). The last result is consistent with the
volatility paradox: due to leverage, a lower systematic risk increase endogenous fluctuations.
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Figure 6: Price level q (left), financial leverage ωb (middle), and risk-free interest rate r (right)
as a function of the state ψ 2 (0, 1). In red, the benchmark cases of full-risk-pooling (solid) and
no-risk-pooling (dashed).

The discussion is structured as follows: first, Section 4.1 investigates the mechanism that

links financial sector relative capitalization to equilibrium leverage and risk-free interest

rates. Then, Section 4.2 studies how those fluctuations affect real macro-variables, such as

aggregate consumption and disposable output.

4.1 Leverage and Risk-free Rates

Having solved for the competitive equilibrium, we are able to address several questions

upon the theoretical implications of our model, namely: how does financial leverage react

to positive and negative exogenous (systematic) shocks, respectively? What is the relation-

ship connecting the financial sector relative capitalization, and thus its leverage, to risk-free

interest rates?

Figure 6 displays price level (left), financial leverage !f (middle), and risk-free interest

rate r (right) as functions of  . In red, we show the benchmark cases of the full-risk-pooling

(solid) and the no-risk-pooling (dashed) economy.

Financial leverage The financial sector leverage, !f , is a decreasing function of  because

the smaller the financial sector, the higher the demand of risk mitigation, the larger the
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leverage (Figure 6, middle). As shown in the Online Appendix, in equilibrium it holds

!
f
t =

1

 



1� µt � rt

(� � �
q
t )

2 + �̃2
(1�  t)

�

. (11)

Since in equilibrium leverage cannot be larger than 1
 
, which occurs when the financial sector

holds all risky claims, the diminished financial sector leverage reflects its risk aversion. Note

that, despite leverage is decreasing in  , the total capital holding of the financial sector

(!f ) is increasing in  , consistently with the equilibrium nature of the model.

How does leverage change with exogenous shocks? As confirmed by Theorem 1, positive

(negative) exogenous systematic shocks deteriorate the financial sector assets and move its

size towards one (zero). Stated differently, the diffusion term � contributes positively to the

size law of motion (Figure 5, top-right panel). The latter, together with the fact that !f is a

decreasing function of  , implies that negative shocks increase equilibrium leverage. This is

the result of a relatively higher demand for risk-mitigation instruments by the households.

The opposite holds as a response to positive shocks: when the financial sector increases

its relative capitalization, its leverage reduces, and so does its supply of risk-mitigation

instruments.

Overall, the size of the financial sector is pro-cyclical and financial leverage is counter-

cyclical as also suggested by the recent empirical findings in Yepez (2017) and He et al.

(2017).

Risk-free interest rates As far as the equilibrium risk-free interest rate rt is concerned

(see Figure 6, right), it is increasing in financial sector capitalization, due to a declining

demand/increasing supply of mitigation instruments, making interest rates pro-cyclical (the

stylized fact of pro-cyclical risk-free rates is documented in Fatih Guvenen, 2006, among the

others).

For low value of financial sector capitalization, r turns negative. Since both sides are

equally risk-averse, with a high demand/low supply of bonds, households are willing to pay

the financial sector to offload some of their risky claims to its balance sheet. This effect does

not require any “crisis” contingency to take place, rather it is generated by restricted market
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participation jointly with the allocation of capital (and risk) among heterogeneous classes of

agents.

As it is not the main concern of this paper, the asset pricing implications of our model

(state dependent financial assets returns and Sharpe ratios) are discussed at length in Ap-

pendix B. Nonetheless, in the light of our results, it is relevant to highlight that our theoret-

ical framework implies that: the link between financial leverage, Sharpe ratios, and risk-free

interest rates strictly relates to the pooling capacity of the financial sector - this is an inter-

mediary asset pricing model - and can be decomposed into two different components. First,

higher financial leverage corresponds to lower (even negative, depending on the parameters)

interest rates. Second, higher leverage corresponds to higher aggregate marginal productiv-

ity, and thus higher risky assets returns, since a smaller share of aggregate wealth is spent

after pooling.

The size of idiosyncratic risks fundamentally contributes to financial sector risk premi-

ums, despite the fact that they can be pooled, and therefore eliminated via diversification.

Moreover, as long as residual (un-pooled) idiosyncratic risk exists, this is accounted for in

the equilibrium risk-free rates.

Another relevant implication of the model is that there is no need of binding constraints

to link financial leverage to Sharpe ratios: in this terms, it is an inherent effect of financial

intermediation (unlike in He and Krishnamurthy, 2013).18

4.2 Consumption and the Business Cycle

The relationship between the size of the financial sector, its leverage, and the business

cycle is a long-standing issue. In particular, the nature of such a connection is explored in

several studies: In Denizer et al. (2002), for example, countries with more developed financial

18The argument that, as long as agents are able to adjust their leverage, Sharpe ratios are counter-cyclical,
i.e. assets that covary with leverage are riskier and earn a proportionally larger risk premium, can be found
in Brunnermeier and Pedersen (2008), Adrian et al. (2014), and Dell’Ariccia et al. (2014). The connection
between higher risk premiums and restricted participation models is well known (see Fatih Guvenen, 2006),
and dates back to Basak and Cuoco (1998). In the original model the limitation is extreme, since households
have access to risk-free assets only. As a result, the equilibrium interest rate adjusts such that stockholders
borrow the entire wealth owned by non-stockholders and make interest payments every period, which sustains
the consumption of the latter group. Our contribution is to implement the aforementioned mechanism in a
fully-fledged general equilibrium model of a production economy and, in particular, to draw the relationship
between financial and real macro-dynamics.
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sectors are shown to experience less fluctuations in output, consumption, and investment

growth. More recently, Beck et al. (2014) show that intermediation activities increase growth

and reduce volatility in the long-run. Nevertheless, they argue that an over-sized financial

sector could result in miss-allocation of resources. What follows is that the over-development

of auxiliary financial services may lead the financial sector to grow too large relative to

its social optimum. In the light of these empirical findings, we dispose of our theoretical

framework to highlight the mechanism that relates the size of the financial sector to the

equilibrium behaviour of real macro-variables such as aggregate consumption and disposable

output.

In equilibrium, the aggregate output Yt can be decomposed as the sum of consumption

Ct, investments It, and what is spent as intermediation costs due to pooling, Gt. We denote

as disposable output Ỹt the fraction of total output that is either consumed or invested to

generate new capital, Ỹt = Ct + It, or, equivalently, Ỹt = Yt � Gt. Ỹt is the share of output

that contributes at generating welfare. The dynamics of total output is

dYt = AdKt = dCt + dIt
| {z }

dỸt

+dGt,

where Gt = ⌘Kh
t , It = ◆tKt and thus Ct = (A� ◆t)Kt � ⌘Kf

t (note that Kf
t represents the

financial sector’s physical capital holdings in equilibrium, i.e. Kf
t := !

f
t E

f
t ).

19

Disposable output In Figure 7, we plot the drift (left) and the normalized diffusion (right)

of the (aggregate) disposable output growth process dỸ

Ỹ
. In red, we depict the benchmark

cases of the full-risk-pooling (solid) and the no-risk-pooling (dashed) economy.

Both drift and diffusion depend on financial sector relative capitalization and they always

remain within the bounds set by the two benchmarks. In particular, µỸ is decreasing in  

(increasing in financial leverage), whereas the (normalized) diffusion term �Ỹ

�
is a convex

function of  . Therefore, the size of the financial sector fundamentally affects the dynamics

of the business cycle, and it does so in a highly non-linear fashion.

19For the purpose of our analysis, we focus on consumption and disposable output only. In the Online
Appendix, we show that the dynamics of disposable output and consumption growth rates evolve as Itô’s
processes whose drifts and diffusions are function of both state ψ and prices q(ψ).
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In our model, the output drift is decreasing in  due to a pecuniary externality : the larger

the financial sector capitalization, the more risky assets it holds, the lower the productivity

of capital (due to high absolute intermediation costs). In equilibrium, less productive capital

associates to lower prices qt and, in turn, lower investments ◆tKt. This last result implies

that, due to financial leverage, capital stock and prices react in the opposite way to exogenous

systematic shocks.

In a nutshell, the mechanism reads as follows: when negative (positive) systematic shocks

decrease (increase) the aggregate capital stock K, they also decrease (increase) - more than

proportionally - the fraction of idiosyncratic risks that are pooled by the financial sector !b .

Due to the intermediation costs ⌘, lower (higher) capital under intermediaries’ management

increases (reduces) aggregate productivity, positively (negatively) affecting prices q and,

in turn, mitigating the effect of each shock over capital and thus output. All in all, the

magnitude of the compensation between capital stock and price variation is state dependent

and fundamentally relates the relative size of the financial sector. This result is summarised

in the following:

Lemma 1. Mitigation The diffusion terms of disposable output growth can be written as

mitigation with respect to the exogenous systematic shocks volatility �. In particular

�Ỹ
t ( t) = �

2

6
6
6
4
1� ⌘

�

@ 

⇣

 t!
f
t

⌘

A� ⌘ t!
f
t

 t�
 
t

| {z }

Mitigation

3

7
7
7
5
. (12)

Figure 7 (right panel) shows that the mitigation is a concave function of intermediaries’

size. Indeed, the negative correlation between (A � ⌘ !f ) and K implies mitigation to be

maximal when the state volatility � is high, i.e. for relative small values of the financial

sector size.

The mitigation of disposable output volatility is in line with the empirical findings in

Beck et al. (2014) suggesting that, in the long-run, intermediation-based services negatively

associate with growth volatility.20

20Conversely, non-intermediation services increase the output volatility of high income countries. Never-
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Figure 7: Diffusion (left) and normalized diffusion (right) of the (aggregate) disposable output

growth rate dỸ

Ỹ
. In red, the benchmark cases of the full-risk-pooling (solid) and the no-risk-pooling

(dashed) economy.

Figure 8: Top: Drift (left) and normalized diffusion (right) of the equilibrium aggregate consump-
tion growth rate dC

C
as a function of ψ. Middle: Drift (left) and normalized volatility (right) of the

financial sector consumption growth rate dcf

cf
/ def

ef
as a function of ψ. Bottom: Drift (left) and

normalized volatility (right) of the households’ consumption growth rate dch

ch
/ deh

eh
as a function

of ψ. In red, the benchmark cases of the full-risk-pooling (solid) and the no-risk-pooling (dashed)
economy.
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Consumption To understand the connection between financial relative capitalization and

the consumption dynamics, the top panels of Figure 8 plot drift (left) and normalized diffu-

sion (right) of the aggregate consumption growth rate dCt

C
as functions of the state  2 (0, 1).

In red, we depict the benchmark cases of the full-risk-pooling (solid) and the no-risk-pooling

(dashed) economy.

In the aggregate, financial sector relative capitalization affects the drift of consumption

growth µC in a highly non-linear fashion: it is increasing for relatively small sized financial

sector, decreasing otherwise. Moreover, as long as  is small enough, the consumption drift

lays above the upper benchmark ( = 0, Figure 8, top left panel). Once again, this result is

due to the pecuniary externality of intermediaries’ activity.

As far as consumption volatility is concerned, it features both an amplification and a

mitigation term. However, the mitigation term always dominates in magnitude. Thus,

similar to disposable output, consumption volatility exhibits a U-shape pattern, although

its fluctuations are narrower than those of Ỹ . This result is summarised in the following

Lemma:

Lemma 2. Amplification and Mitigation The diffusion terms of aggregate consumption

growth can be written with respect to the exogenous systematic shocks volatility � as sum of

an amplification plus a mitigation term. In particular

�C
t ( t) = �

2

6
6
6
4
1 +

�
q
t

�

qt
✓

1

A� ◆t � ⌘ t!
f
t

| {z }

Amplification

� ⌘

�

@ 

⇣

 t!
f
t

⌘

 t�
 
t

A� ◆t � ⌘ t!
f
t

| {z }

Mitigation

3

7
7
7
5
. (13)

Within the framework of our model, the mitigation term always overtakes the amplifica-

tion counterpart (Equation 8, top panel, right). This result is consistent with Denizer et al.

(2002), whose empirical findings suggest that risk management services provided by financial

intermediaries may be particularly important in reducing consumption volatility.

The remaining panels of Figure 8 consider separately the growth rates of financial sector

(centre) and households’ consumption (bottom). Both drift and volatility of financial sector

theless, the role that intermediation and non-intermediation financial activities play in the growth process
of countries is not yet fully disentangled.
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consumption growth decline with its size. A somehow similar effect occurs for the house-

holds’ consumption growth rate volatility. Here, however, idiosyncratic risks play a big role:

the larger the financial sector, the higher the share of pooled idiosyncratic risk, the lower

households’ consumption growth rate volatility. The drift, instead, is first sharply declining

in the financial sector size, reflecting the shape of households’ wealth drift when the financial

sector is small, and the slowly increasing when the financial sector is too large.

5 Welfare, Leverage Constraints, and Redistributive

Taxation

This section studies the relationship between financial sector relative capitalization, lever-

age, and welfare. The aim is to investigate whether there exists a “welfare optimal” size of

the financial sector for the households.

First, Section 5.1 characterise the welfare of both households and intermediaries as a

function of financial sector relative capitalization. Second, Section 5.2 explores the effect of

a static leverage constraint on the equilibrium dynamics and welfare. Finally, Section 5.3

investigates the role of a redistributive taxation policy.

5.1 Welfare Analysis

When analysing the impact of financial sector size and leverage on the economy, one

should first characterise the agents’ welfare as the expected value of the discounted utility of

their future consumption, that is, their value function V i (see Equation 3). In this regard,

it is possible to show that the welfare of agents i 2 {h, f} in our model, henceforth denoted

W i( ), can be solely expressed as a function of relative financial sector capitalization  

(details are in Appendix D.3).21 This result is summarised in the following:

Proposition 1. Welfare (Value) Function

21Since the model is scale invariant in aggregate capital stock, we set K = 1.
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The welfare function of sector i, for unitary capital, can be expressed as

W i( ) = V i( ) / ln ⇢q( )vi( ) +H( )i, i 2 {h, f} , (14)

where vi( ) is the class i relative share of total wealth, that is, vf ( ) =  and vh( ) = 1� ,
and H i solves agents’ i HJBE.

The welfare (value) function outlined in (14) is the sum of two components. The former

is static, and accounts for the current benefit due to the ownership of a certain share of the

aggregate capital v( )i valued q( ). The latter is dynamic, and summarizes the expected

discounted benefit of future consumption conditional on an initial state  .

In the left panel of Figure 9, we show the welfare of households’ as a function of the

financial sector relative capitalization  (blue). In red, we display the benchmark case

 = 0.22 What stands out is that the households’ conditional welfare W h is an inverted U-

shaped function of the financial relative capitalization  . For low level of  , W h is increasing:

the larger the financial relative capitalization, the higher the equilibrium risk-free interest

rate (see Figure 6, bottom right), the more risk mitigation of aggregate output fluctuations

is provided (see Figure 7, right), the higher households’ welfare. Conversely, W h turns

decreasing when the financial sector grows large, mainly because households are relatively

poorer and capital is less valuable. Moreover, even if in those states the supply of risk

mitigation is quite large, the small relative size of households affects the growth rate of

consumption negatively (see also Figure 8, bottom panel), since a greater share of wealth is

spent after the payment of intermediation costs. This result suggests that, from households’

perspective, there exists a “welfare optimal” size of the financial sector.

In the right panel of Figure 9 we repeat the same exercise with respect to financial sector

welfare W f : in blue, we plot W f contingent to the relative financial capitalization  , in

red, we display the benchmark case when  = 1. Overall, the financial sector conditional

welfare is increasing in its own relative capitalization, and it is maximal when  approaches

one. This is mainly the result of intermediaries growing share of aggregate wealth stock that

22We compute the value of the function H numerically by Monte Carlo simulations (see also Appendix
D.3). In particular, we simulate N = 4, 000 paths of ψt for t = 400 periods over a equally spanned grid of
initial values ψ0. We then interpolate the results over the solution grid by means of a cubic function.
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Figure 9: Welfare of households (left) and intermediaries (right) as a function of financial sector
relative capitalization ψ. In red, the benchmark cases ψ = 0 (dashed) and ψ = 1 (solid).

fundamentally dominates the negative effect of intermediaries’ size on capital price.

5.2 The Equilibrium with Leverage Constraints

The analysis of Section 5.1 suggests that controlling the size of the financial sector may

improve households’ welfare. When leverage is counter-cyclical, as captured by our model,

this can be achieved by imposing a static leverage constraint. Our contribution is to provide

theoretical evidence of the role that such constraints may have at determining the fluctuation

of disposable output, consumption and, in turn, households’ welfare.

Hereafter, we solve the model assuming a constraint to financial sector leverage. Then,

we discuss the effect of such a constraint over the equilibrium dynamics. The financial sector

optimization problem is now written to take into account the constraint !f
t  LC. Finally,

we compute the welfare in presence of a static Leverage Constraint (LC).

With a static LC, the HJBE of the financial sector becomes

⇢Vt = max
{!f

t ,ct}

⇢

ln cft +
1

dt
Et [dVt]� �t

⇣

!
f
t � LC

⌘�

,

with transversality condition lims!1 Ete
�⇢sVs = 0, where �t is the Lagrangian multiplier.

The problem is solved in Appendix D.4. It is relevant to highlight that, since agents are
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risk averse, the LC is not always binding. It follows that the motion through which the

equilibrium shifts in and out the constrained area is state contingent: both its drift and

volatility depend on how restrictive the LC is.

Constrained dynamics In Figure 10 (top), we show the drift (left) and diffusion (right) of

the (constrained) equilibrium relative wealth share process. We consider bounded (LC = 4,

green) and unbounded (blue) leverage constraints. In red (solid), we plot the benchmark

case of the full risk pooling economy. What stands out is that, when LC binds, it reduces

both drift and diffusion of the state dynamics. This result is intuitive since, when the

financial sector leverage is capped by the prudential policy (intermediaries capitalization is

small), then their capacity to growth faster than households is hindered. Likewise, binding

constraints also downsize the sensitivity of intermediaries balance sheet to exogenous shocks,

and therefore the magnitude of � .

Another relevant aspect of the constrained dynamics of  that is important to stress is

its relationship to the equilibrium allocation of risk (and capital). In this regard, Figure

10 (bottom) shows intermediaries’ leverage !f (left) and households portfolio share in risky

claims !h (right). Complementary to what we observe for the financial sector, binding con-

straints associate to a higher share of households’ wealth allocated in risky assets. Therefore,

their relative share of total wealth grows faster than how it would be with no constraints to

intermediaries’ leverage.

To better visualize these effects over the long-run equilibrium dynamics, Figure 11 de-

picts the stationary density of relative financial sector capitalization ⇡( ) for unbounded

(blue) and bounded (LC = 4, green) constraints. As expected, limiting the maximal finan-

cial leverage makes the transition through “lower” states more persistent; accordingly, the

stationary density of ⇡( ) shifts mass from the body to its left-hand tail.

Disposable output If we look at the effect of leverage constraints through the lenses of

the business cycle (see Figure 12) we find that a mild LC to the financial sector slightly

increases the drift µỸ (left) of disposable output growth. This is because, in our model, the

productivity of households is higher than the financial sector’s (due to intermediation costs).

On the other hand, the constraint also impairs intermediaries’ mitigation of aggregate output
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Figure 10: Top: Drift (left) and diffusion (right) of the process dψt for bounded (LC = 4, green)
and unbounded (blue) constraints. Bottom: Equilibrium financial sector’s (right) and households’
(left) portfolio shares for bounded (LC = 4, green) and unbounded (blue) constraints. In red, the
benchmark case of the full-risk-pooling economy.

volatility �Ỹ (Figure 12, right).

Consumption Similar to what we observed for the dynamics of aggregate (disposable)

output, in Figure 13 (top panel) we plot the drift and diffusion of aggregate consumption

for bounded (LC = 4, green) and unbounded (blue) constraints.

As for aggregate output, what stands out is that LCs contribute at increasing consump-

tion growth rate, while dampening the mitigation that comes after intermediaries’ activity.

In particular, the mitigation may be compromised to the point amplification dominates (see

Lemma 2).

Instead, a rather different picture emerges if we look at the dynamics of intermediaries’

and households’ consumption apart from each other. From the perspective of the financial

sector, biding constraints reduce the growth rate of its consumption as well as of its volatility,

due to the limited leverage. Conversely, the growth rate of households’ consumption is higher,

due to the price effect of a greater share of risky capital in their portfolio (Figure 13, middle

panel, left). At the same time, households suffer a scarce supply of risk-free bonds when
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Figure 11: Stationary density of the financial sector relative capitalization π as a function of the
state for unbounded (blue) and bounded (LC = 4, green) constraints.

they are needed the most; when financial capitalization is scarce (the constraint is binding)

they sustain an extra exposure to idiosyncratic risks (bottom panel, right).

In summary, the most relevant pattern is that imposing limits to leverage hinders the

mitigation of aggregate consumption fluctuations by the financial sector, as it reduces the

volatility of relative wealth share. However, at the same time, it increases the aggregate

consumption growth due to a higher share of capital allocated to - more productive - house-

holds.

In a similar fashion, the LCs contribute at reducing the mitigation of disposable output

fluctuations, since the constraint limits the externality due to the financial sector activity.

Moreover, a restrictive policy hinders the optimal allocation of risk by setting an upper

bound to the equilibrium supply of risk-mitigation instruments.

Leverage constraints and welfare When computing whether leverage constraints may be

beneficial in a model with heterogeneous classes of agents and state dependent equilibrium

aggregates, two issues arise. First, one should account, in principle, for the welfare of all

agents jointly (here households and intermediaries). However, to do so, each class of agents

must be weighted at the moment of aggregation. In this regard, the choice of proper weights

may be critical, and undoubtedly complicates the analysis.
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Figure 12: Diffusion (left) and normalized diffusion (right) of the (aggregate) disposable output

growth rate dỸ

Ỹ
for unbounded (blue) and bounded (LC = 4, green) constraints. In red, the

benchmark cases of the full-risk-pooling (solid) and the no-risk-pooling (dashed) economy.

Figure 13: Consumption growth dynamics for bounded (LC = 4, green) and unbounded (blue)
constraints. Top: Drift (left) and normalized diffusion (right) of the equilibrium aggregate con-
sumption growth rate dC

C
as a function of ψ. Middle: Drift (left) and normalized volatility (right)

of the financial sector consumption growth rate dcf

cf
as a function of ψ. Bottom: Drift (left) and

normalized volatility (right) of the households’ consumption growth rate dch

ch
as a function of ψ. In

red, the benchmark cases of the full-risk-pooling (solid) and the no-risk-pooling (dashed) economy.
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To address this issue, we remind that, in our model, imposing exogenous limits to in-

termediaries’ leverage confines them in states of low capitalization for longer periods (see

Figure 11), and that in those states their leverage would be suboptimal, for intermediaries,

due to the binding constraint. As a consequence, being the welfare (value) of intermediaries

strictly increasing in their own aggregate capitalization  (see Figure 9, right panel), im-

posing leverage constraints would mechanically decrease their welfare. On the contrary, the

same constraints may improve households’ welfare because, by slowing down intermediaries’

growth, it prompts the complementary growth rate of households. Nevertheless, a too tight

constraint may also harm households because it limits intermediaries’ provision of risk mit-

igation in phases of low capitalization. In this paper, we concentrate on the exploration of

this trade-off and evaluate the effect of leverage on households’ welfare solely.

The second issue relates, instead, to the fact that households’ welfare measure W h( )

depends on the initial state  . To neutrally evaluate the effect of leverage constraints, we

should define a welfare measure that is “ex-ante”, that is, it does not depend on the initial

state  . We address this second issue by weighting households’ value function W h( ) (14)

for the associated stationary density ⇡( ) over the interval  2 (0, 1):

EW i =

ˆ 1

0

W i( )⇡( )d . (15)

Now that we have defined a suitable measure of welfare, the next step is to use our frame-

work to address the following question: since LCs may be beneficial, how does households’

welfare change for different levels of constraint?23

To answer this question, Figure 14 (left) shows households’ welfare (value) as a function

of  before (blue) and after LCs are introduced (LC = 4, green). In red, we display the

benchmark cases  = 0 (dashed) and  = 1 (solid). The same Figure (right) also depicts

households’ welfare “ex-ante”, that is, integrated over the stationary distribution ⇡( ), as a

function of the LC.24

23For completeness, in the Online Appendix we study the aggregate welfare of the economy by jointly
considering households and intermediaries ex-ante welfare and different weighting functions. We show that,
when the weight of the intermediaries sector equals 1, then LC = 4 reduces their welfare. A similar result
holds when we provide equal and constant weights to both intermediaries and households as well as when
their welfare is weighted by their own relative share of wealth ψ and 1� ψ, respectively.

24The welfare is approximated numerically with T = 300, and N = 4, 000 over a evenly 8-spaced grid over
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Figure 14: Left: Households’ welfare function for bounded (LC = 4, green) and unbounded (blue)
constraints. In red, the benchmark case of the no-risk-pooling (dashed) and the full-risk-pooling

(solid) economy. Right: “ex-ante” households’ welfare as a function of the leverage constraint.

When looking at households’ welfare (value) as a function of  , what stands out is that

LCs may be beneficial when the financial sector is either under or over-capitalized. Quite

the opposite, households’ welfare reduces for intermediate values of  . If we instead consider

the “ex-ante” measure of households’ welfare (Figure 14, right panel), we see that, on the

one hand, a mild constraint to financial leverage may improve welfare. Conversely, when too

high, leverage constraints may hinder the equilibrium supply of risk mitigation instruments

to the economy. Moreover, they weaken the positive effect of the pecuniary externality on

output mitigation (Figure 12, right). This indicates that there exists an optimal level of

leverage constraint that may improve the average household welfare.

The fact that leverage constraints could be useful has been already highlighted in the

literature (see Blum and Hellwig, 1995; Blum, 2008; Myerson, 2014; DeAngelo and Stulz,

2015, among the others). However, the arguments considered for a lower leverage are mostly

based on either partial equilibrium models or focusing on information asymmetries. To our

knowledge, our paper, together with the contemporaneous paper by Pancost and Robatto

(2019), is the first stressing the connection between leverage and the real as well as financial

macro-dynamics, while explicitly highlighting the mechanism that links the agents’ welfare to

the size of the financial sector in a general, although extremely stylized, equilibrium model.

LC 2 [2, 8]. We then interpolate the obtained points by a cubic function (blue, solid).
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5.3 Redistributive Taxation and Welfare

Having established the way leverage constraints may affect the households’ welfare, we

conclude by addressing the following complementary question: what is the role of a redis-

tributive taxation that aims at reducing the relative capitalization of the financial sector?

This is relevant because, being the LC related to the minimal size of the financial sector

only, it does not prevent it from growing too large when the constraint is slack. In this term,

the role of a redistributive taxation is to reduce the relative financial capitalization, and so

the stock of resources intermediaries spend after the payment of intermediation costs.

Let ⌧ be the constant (tax) rate over intermediaries’ aggregate capital Eb
t . We assume

that, over the time interval [t, t+ dt), the value ⌧Eb
tdt is instantaneously collected from the

financial sector and evenly redistributed across households. In other words, the tax transfers

net wealth from intermediaries to households. It is possible to show that, accounting for the

taxation policy, the dynamics of  evolves as follows:

d ⌧t
 ⌧t

=
d t

 t

� ⌧
 t

1�  t

dt,

where the term d t

 t
evolves as in (8) (details on the derivation are in the Online Appendix).

For our purposes, we investigate the effect of different tax rates ⌧ on the stationary state

density and households’ ex-ante measure of welfare. To do so, Figure 15 (left) shows the

stationary density ⇡( )⌧ for no (⌧ = 0, blue) and positive tax rate (⌧ = 0.007, green). The

right panel of the same Figure depicts instead households’ ex-ante welfare EW h(⌧) as a

function of the tax rate ⌧ .

According to our numerical results, the redistributive policy shifts the stationary density

to the left, where the financial sector has a lower relative capitalization. In general, the

higher  , the more effective the policy (the redistribution is hyperbolically increasing in the

state). This is mainly because the absolute redistribution is directly proportional to the

wealth stock of the financial sector.25

As far as the households’ welfare is concerned, our numerical results suggest that the

redistributive taxation may be welfare improving for a moderate rate ⌧ . This is because the

25Note that, at the boundaries: limψ→1
∂
∂ψ

⇣

τ ψt

1−ψt

⌘

= 1, while limψ→0
∂
∂ψ

⇣

τ ψt

1−ψt

⌘

= τ .
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Figure 15: Left: Stationary state density π(ψ)⌧ before (blue) and after (green) a redistributive
taxation policy. Right: Ex households’ welfare as a function of the tax rate τ .

financial capitalization is more likely to float through states where the positive (mitigation)

effect of the pecuniary externality is maximal, and fewer resources are spent after interme-

diation costs. Conversely, when ⌧ is too high, the tax is welfare detrimental because the

financial sector is hindered from growing big enough, and so from supplying - cheap - risk

mitigation to the economy.

6 Conclusions

This paper develops a general equilibrium model with financial intermediaries in order

to study the interlink between size (and leverage) of the financial sector, the business cycle,

and the risk-free interest rate.

We show that, by pooling idiosyncratic risks, financial intermediaries not only amplify

the variations of relative wealth between sectors but also dampen business cycle fluctuations

(mitigation).

In our model this effect takes place as a pecuniary externality: when a negative (positive)

systematic shock decreases (increases) the aggregate stock of capital, it also decreases (in-

creases) intermediaries capitalization. Lower (higher) capital under intermediaries’ manage-

38

Electronic copy available at: https://ssrn.com/abstract=3560852



ment increases (decreases) aggregate productivity due to the intermediation costs, positively

(negatively) affecting prices and, in turn, mitigating the effect of each shock over capital and

thus output. The magnitude of the compensation between capital stock and price variations

is state dependent and fundamentally relates to the size of the financial sector.

By providing the households with instruments of risk mitigation, intermediaries’ size and

leverage also associate to the cost of risk-pooling itself. Thus, higher intermediaries’ capital-

ization (bigger size, lower leverage) originates lower, possibly negative, risk-free interest rates.

As households and financial intermediaries do not internalize the effect of their choices over

the equilibrium outcomes, regulating financial leverage and redistributive taxation policy

may improve households’ welfare.

Our theoretical results suggest that mild leverage constraints to the financial sector may

be beneficial, as there exists a trade-off between the welfare gain from aggregate consumption

growth and the cost of its fluctuations, as well as of risk mitigation instruments. On the other

hand, a moderate redistributive taxation preventing the financial sector from growing too

large, and so to destroy too many resources after intermediation costs, may also be welfare

improving.

Appendix

A Micro-foundation

The micro-foundation structure proposed in this section is the continuous-time equivalent

of the one proposed in Ljungqvist and Sargent (2012), Chapter 12.

Output producing firms There exists a continuum of unitary mass of output producing

firms (henceforth, type II). Those firms produce output at a rate A. At each instant of time

t, the ith productive firm chooses the physical capital ki
t in order to solve a static problem

max
kit�0

�
yit � ptk

i
t

 
,
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s.t.

yit  Aki
t, (16)

where pt is the rental rate of physical capital. Given linearity, the above has an interior

solution only when the following zero-profit condition is satisfied:

pt = A. (17)

If (17) holds, the size of the ith firm is indeterminate, and it is willing to supply any market

demand.

Capital producing firms There exists a continuum of unitary mass of capital producing

firms (henceforth, type I). Those firms transform output into capital, store capital, and earn

revenues by renting capital to type II firms at the equilibrium rate pt = A. At each instant

of time t, the ith productive firm chooses how much value of capital ki
tqt to store in order to

earn stochastic returns dRi
t per unitary capital, and how much numéraire ◆itk

i
t to purchase to

generate new capital Φ(◆it)k
i
t. Firm i finances itself by issuing state-contingent debt to the

agent who supplies the capital stock. Thus, between t and s, the ith firm solves the following

problem

max
{kit,◆it}

8

><

>:

E
Qi

t

h

vse
�
´ s
t
rsdu
i

| {z }

Discounted ”Net” Revenues

� ki
tqt
|{z}

Cost of Capital

9

>=

>;

,

s.t.

T i :
d (ki

tqt)

ki
tqt

=
�
Φ(◆it)� � + µq

t � �
q
t�
�
dt+ (� � �

q
t ) dWt + �̃ ˜dW i

t , (18)

where Qi is the risk neutral measure. The revenues vs are ”net” the cost of purchasing the

“input”, i.e. e�
´ s
t

ιiu
qu

du for unit of capital. By Equation (18), we know that

vs = ki
tqte

´ s
t (Φ(◆iu)��+µ

q
u��

q
u�)du� 1

2
kΣi

tk
2du+

´ s
t
Σi

tdWt

| {z }

ksqs

e
´ s
t

pu�ιiu
qu

du,
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where Σ
i
t =

h

�t [1i=p] �̃
i

and dWt =

2

4
dWt

˜dWt

3

5. The FOC on ◆it requires that

Φ
0(◆iu) =

1

qu
, 8u 2 (t, s) .

By Type II firms optimality condition in (17), the FOC on ki
t implies the zero-profit

condition

E
Qi

t

h

e
´ s
t (µu�

1
2
kΣi

tk
2�ru)du+

´ s
t
Σi

udWu

i

= 1. 8i, (19)

Note that the zero profit condition is consistent with the equilibrium return on the ith risky

claim dRi
t where

µt :=
Et [dR

i
t]

dt
=

A� ◆it
qt

+ Φ(◆it) + µq
t � � � �

q
t�,

k Σt k2= (� � �
q
t )

2 + �̃2 =
Vart [dR

i
t]

dt
=) �t := � � �

q
t .

Condition (19) is equivalent to a non-arbitrage condition so that the return on risky claims

issued by type I firms (equity) is such that their present discounted value equals the current

value of physical capital stock ki
tqt supplied by the agents. If such condition holds, the firm

breaks even for each ki
t, its size is indeterminate, and it is willing to supply each market

demand.

To grant the existence (and uniqueness) of the competitive equilibrium, condition (19)

must be consistent with the no-arbitrage condition for the aggregate portfolio held by the

financial sector. The result is summarised in the following proposition:

Proposition 2. Risk Neutral Measure

Given the zero-profit condition in (19) and the no arbitrage condition for the aggregate port-

folio, the market price of systematic risk equals ⇠t =
µ
f
t �rt
�t

. The latter implies that there exists

a unique Qi such that the price kernel is well defined.26 Moreover, the price of idiosyncratic

26When the intermediation costs are null η = 0, it follows that ξ̃t = 0 and, in turn, Qi = Qf . This case is
consistent with the benchmark where markets are complete.
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risk ⇠̃t equals

⇠̃t =
µh
t � µf

t

�̃
� 0 () ⌘ � 0.

Proof. Given the zero-profit condition in (19), by Girsanov Theorem III (see Øksendal,

2003), the correspondent Radon-Nykodym derivative equals

dQi

dP
= exp

⇢

�
ˆ s

t

⇠udWu �
ˆ s

t

⇠̃u ˜dWu �
1

2

ˆ s

t

⇣

⇠2u + ⇠̃2u

⌘

du

�

.

where P is the real probability measure, while ⇠t and ⇠̃t represent the market prices of

systematic and idiosyncratic risk respectively. Given the no-arbitrage condition for the

aggregate portfolio:

E
Qf

t

h

e
´ s
t (µ

f
u�

1
2
�2
u�ru)du+

´ s
t
�2
udWu

i

= 1,

it follows that

dQf

dP
= exp

⇢

�
ˆ s

t

⇠tdu� 1

2

ˆ s

t

⇠2t dWu

�

() ⇠t =
µf
t � rt
�t

.

The latter implies that the martingale measure for the ith firm Qi satisfies

dWQi

t =

2

4
⇠t

⇠̃t

3

5 dt+ dWt.

where ⇠̃t =
µh
t �µ

f
t

�̃
= 1

�̃

⌘

qt
and, thus

ki
sqse

�
´ s
t (ru�

A�ιu
qu

)du = ki
tqte

�
´ t
t (ru�

A�ιu
qu

)du +

ˆ s

t

Σ
0

tdW
Qi

t .

By taking the expected value under the probability measure Qi, it follows that

E
Qi

t

h

ki
sqse

�
´ s
t (ru�

A�ιu
qu

)du
i

= ki
tqt + E

Qi

t


ˆ s

t

ΣtdW
Qi

t

�

| {z }
0

,

is a martingale under Qi.
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B Asset Pricing

To study how financial leverage relates to asset pricing in our theoretical framework,

Figure 16 plots the financial sector risky assets expected returns 1
dt
E
⇥
dRf

⇤
= µf (bottom,

left) and volatility 1
dt

p

Var [dRf ] = �f (bottom, right) as a function of !f . In the same

Figure (top, right) we plot the Sharpe ratios of the financial sector ⇠f (blue, solid) and

of the households’ ⇠h (blue, dashed) as a function of !f . What stands out is that Sharpe

ratios are increasing with financial leverage. According to what we discussed in Section

4.1, there exists a negative relationship between the financial sector relative wealth share

and its leverage, since financial leverage is counter-cyclical, so is the corresponding Sharpe

ratio. This is because, as long as the financial sector is free to adjust its leverage, its

assets covary with leverage, they are riskier, and thus earn a larger risk premium. The plot

also clarifies that Sharpe ratios faced by the household (and including idiosyncratic risk)

are lower than those faced by the financial sector, consistently with the opposite position

that they have in the bond market. Accordingly, risk-free interest rates being decreasing

in !f (Figure 16, top, right), are pro-cyclical. This is because, in our model, high leverage

corresponds to scarce financial capitalization, and so a scarce supply of risk-free bonds. In

this term, the link between financial leverage Sharpe ratios, and interest rates strictly relates

to the pooling capacity of the financial sector, and can be decomposed into two different

components. First, higher financial leverage corresponds to lower (even negative, depending

on the parameters) interest rates. Second, higher leverage corresponds to higher aggregate

marginal productivity, decreasing expected price level, and thus lower risky assets returns for

the financial sector. Note that the size of idiosyncratic risks contribute also to the financial

sector risk premiums despite the fact they can be pooled, and therefore eliminated via

diversification. This is due to the assumption of restricted market participation as well as to

agents’ risk aversion. In fact, the households’ exposure to idiosyncratic risk, jointly with their

share of the aggregate wealth, determines the aggregate demand of risk-free bonds, and so

the equilibrium financial leverage. As long as there exists residual (un-pooled) idiosyncratic

risk, this is accounted for in the equilibrium risk-free rates.
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Figure 16: Top left: Sharpe ratios (left) financial sector ξf (blue, solid) and of the households’
ξh (blue, dashed). Top right: Risk-free interest rate (right) as a function of financial leverage ωf .
Bottom: Financial risky assets expected return µf (left) and diffusion σf (right) as a function of
financial leverage ωf . Baseline parameters: A = 0.5, δ = 0.05, σ̃ = 0.6, σ = 0.2, η = 0.05, θ = 2,
and ρ = 0.05.
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C Competitive Equilibrium

The formal definition of the competitive equilibrium reads as follows:

Definition 2. Competitive Equilibrium: Definition

Conditional on an initial allocation of capital among the agents, an equilibrium is an adapted

stochastic process that maps histories of systematic shocks {dWt} to prices {qt}, returns on

risky claims
n

dRh
t , dR

f
t ;h 2 H

o

, risk-free rates {rt}, production choices {ki
t, ◆

i
t; i 2 [0, 1]},

consumption choices
n

Ch
t , C

f
t ;h 2 H

o

, and asset allocations
n

!h
t ,!

f
t ;h 2 H

o

such that:

1. Firms maximise their profits:

(a) Firms of type I

�
ki
t, ◆

i
t

 
2 arg max

{kit,◆it}2T i

⇢

E
Qi

t



ki
sqse

´ s
t

pu�ιiu
qu

�rudu

�

� ki
tqt

�

, 8i 2 [0, 1]; (20)

(b) Firms of type II

ki
t 2 argmax

kit�0

�
(A� pt) k

i
t

 
, 8i 2 [0, 1]. (21)

2. Agents maximise their utility:

�
cit,!

i
t

 
2 arg max

{cit,!i
t}2Bi

E0


ˆ 1

0

e�⇢t ln citdt

�

, 8i 2 H [ F.

3. All markets clear:

(a) Risky asset
ˆ

F

!
f
t e

f
t df +

ˆ

H

!h
t e

h
t dh = Ktqt; (22)

(b) Bond
ˆ

F

(1� !
f
t )e

f
t df +

ˆ

H

�
1� !h

t

�
eht dh = 0; (23)

(c) Consumption

ˆ

F

⇣

A� ◆
f
t � ⌘

⌘

kf
t df +

ˆ

H

�
A� ◆ht

�
kh
t dh = Cf

t + Ch
t ; (24)
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(d) Capital
ˆ

F

kf
t df +

ˆ

H

kh
t dh = Kt. (25)

D Mathematical Appendix - Proofs

D.1 The Agents’ Problem

Given the agents’ problem, the Hamiltonian reads as (we omit the up-scripts for sake of

clear notation)

⇢Vt = max
{!,c}

⇢

log ct +
1

dt
Et [dVt]

�

,

subjected to the terminal condition limt!1 e�⇢tV (eit) = 0. Given the generic motion of

wealth stock of agent i,

deit
eit

=



rt + !t

�
µi
t � rt

�
� ct

et

�

dt+ !tΣ
0

tdWt,

when dynamics of a generic state vector  is described by a diffusion as

d t

 t

= µ t dt+ Ω
 
t dWt,

we have that

⇢Vt = log ⇢et + @ V  tµ
 
t + @eV etµ

e
t + @ eV et Σ

0

tΣ
 
t +

1

2
@  Vt t

�
�
�Σ

 
t

�
�
�+

1

2
@eeV e2t kΣtk .

By considering an ansatz of the value function in the form

Vt := Ht( ) +
1

⇢
log et,

then, the FOCs on {!, c} imply
ct
et

= ⇢, (26)

!t =
µt � rt
p

kΣk
. (27)
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and, under the optimal strategy {!, c}, the HJB holds as

⇢H( t) = log ⇢+
1

⇢

✓

µe
t �

1

2
kΣtk

◆

+H  µ
 +

1

2
H   

�
�
�Σ

 
t

�
�
� . (28)

the By Feynman-Kač Theorem (see Huyên, 2009), the solution to (28) equals

H( 0) =
1

⇢
E0

ˆ 1

0

e�⇢t
✓

µe
t �

1

2
kΣtk

◆

dt� log ⇢

⇢
.

D.2 Proof of Theorem 1

Given the state

 t :=
Ef

t

Ktqt
,

by Itô’s lemma,

d t =
@ t

@Ef
t

dEf
t +

@ t

@Ktqt
dKtqt +

1

2

@2 t

@
⇣

Ef
t

⌘2

⇣

dEf
t

⌘2

+

+
1

2

@2 t

@ (Ktqt)
2d (Ktqt)

2 +
@2 t

@ (Ktqt) @E
f
t

dKtqtdE
f
t .

By substituting the optimal portfolio in the budget constraint of the financial sector we

have
dEf

t

Ef
t

=
⇣

1� !
f
t

⌘

rtdt� ⇢dt+ µf
t !

f
t dt+ !

f
t �tdWt, (29)

while the aggregate wealth evolves as

dKtqt
Ktqt

= µf
t dt+ !

f
t  t

⌘

qt
dt+ �tdWt � ⇢dt. (30)

Given Equations (29) and (30) it follows that

d t =  t

dEf
t

Ef
t

�  t

dKtqt
Ktqt

+  t�
2
t dt�  t�

2
t!

f
t dt.
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By considering Proposition 3 and rearranging,

d t

 t

= �2
t



1 + !
f
t

⇣

!
f
t � 2

⌘

� !
f
t

 t

�2
t

⌘

qt

�

| {z }

µ
ψ
t

dt+ �t

⇣

!
f
t � 1

⌘

| {z }

�
ψ
t

dWt.

The second part of point 1 can be proven by looking for a Markov equilibrium in the

state variable  t. Similarly to Haven et al. (2016), if such an equilibrium exists, one must

be able to express both drifts and diffusion in Equation (6) as a function of  t only. By Itô’s

lemma,

dqt = @ q( t) tµ
 
t dt+

1

2
@2  q( t) 

2
t

⇣

�
 
t

⌘2

dt� @ q( t) t�
 
t dWt. (31)

By matching drifts and diffusions of the dynamic Equations (31) and (6) we obtain the

system in (9).

Persistent heterogeneity In the neighbourhood of the right-hand side boundary, lim !1� �
q
t =

0 implies, by continuity, that

lim
 !1�

!
f
t = 1 ) lim

 !1�
�
 
t = 0.

By the latter,

lim
 !1�

µ t = �
✓

⌘ (1 + ✓⇢)

1 + ✓(A� ⌘)

◆

< 0 () ⌘ > 0. (32)

Similarly, in the neighbourhood of the left-hand side boundary, lim t!0+ �
q
t = 0. The latter

implies that

lim
 !0+

µ t = ∆
2, lim

 !0+
�
 
t = ∆,

where, by (51),

∆ = �̃2 �
✓

⌘ (1 + ✓⇢)

1 + ✓(A� ⌘)

◆

| {z }
η

q̄

is a positive constant. It follows that, in the surroundings of the left-hand side boundary,
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the dynamics of  t behaves as a geometric Brownian motion with positive drift:

 ✏t = ✏ exp

⇢✓
1

2
∆

2

◆

t+∆Wt

�

, (33)

where ✏ is a positive number arbitrary close to 0. Hence, the process never reaches the

absorbing state  = 0.

Given the Markov equilibrium in Theorem 1, and conditions (32) and (33), we know that

state drift µ t is positive at the left-hand side boundary whereas it is negative sign at the

right-hand side one. It suffices to prove its derivative negative along the whole domain to

grant a unique  ̂ 2 (0, 1) such that µ t ( ̂) = 0. In this fashion

@

@ t

µ t < 0, 8 t 2 (0, 1), (34)

which leads to,

2
⇣

!
f
t

⌘0

(� � �
q
t )

2
⇣

!
f
t � 1

⌘

| {z }

A

�2
⇣

!
f
t

⌘2

(� � �
q
t ) (�

q
t )

0 +

� ⌘
�
⇢+ 1

✓

�

1
✓
+ ⌘ t + A

�  t

⌘2
�
⇢+ 1

✓

�

⇥
1
✓
+ ⌘ t + A

⇤2

| {z }

B

+

� 2 (� � �
q
t ) (�

q
t )

0 + 4 (� � �
q
t ) (�

q
t )

0
!
f
t < 0.

and, after some algebra,

(�q
t )

0 (� � �
q
t )
⇣

!
f
t � 1

⌘2

>
A+B

2
. (35)

Provided that we assume (and numerically check) (!f
t )

0 < 0, � > �
q
t > 0 and (�q

t )
0 � 0,

condition (35) is always satisfied, since A,B < 0 and !
f
t > 1. Moreover, by Theorem 1

�
 
t / �

q
t , it follows that �

q
t > 0 ) �

 
t > 0.

By considering the dynamics of d t in Theorem 1, a unique stationary distribution ⇡( )

exists as long as the first two moments of  t exist and are finite. A rigorous discussion of the

sufficient conditions of existence of the stationary for Ito’s Processes is in Zhenzhong and
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Chen (2013). Although we cannot derive a closed-form solution for  t, its first moment can

be determined as

d
⇣

e�
´ t
0 µ

ψ
s ds t

⌘

= �e�
´ t
0 µ

ψ
s dsµ s  tdt+ e�

´ t
0 µ

ψ
s dsd t = e�

´ t
0 µ

ψ
s ds t�

 
t dWt.

If we integrate both sides and take expected value, we have

E0 [ t] =  0E0

h

e
´ t
0 µ

ψ
s ds
i

+ E0



e
´ t
0 µ

ψ
s ds

ˆ t

0

e�
´ s
0 µ

ψ
udu s�

 
s dWs

�

.

Since the term in dWs is an Itô integral, its expected value equals zero and thus

E0 [ t] =  0E0

h

e
´ t
0 µ

ψ
s ds
i

(36)

where  0 is an arbitrary starting point. Thus, the first moment of the distribution is defined

as long as E0

h

e
´ t
0 µ

ψ
s ds
i

< 1. We prove it numerically by simulation. Similarly we can derive

the variance as

Var0 [ t] = E0

⇥
 2
t

⇤
� E0 [ t]

2 . (37)

The first term of (37) can be found by solving

d(x2) = 2xdx+ 2dx2

where x = e�
´ t
0 µ

ψ
s ds t, which leads to

d
⇣

e�2
´ t
0 µ

ψ
s ds 2

t

⌘

= 2e�
´ t
0 µ

ψ
s ds te

�
´ t
0 µ

ψ
s ds t�

 
t dWt + e�2

´ t
0 µ

ψ
s ds
⇣

 t�
 
t

⌘2

dt.

It follows that

E0

⇥
 2
t

⇤
=  2

0E0

h

e2
´ t
0 µ

ψ
s ds
i

+ E0E



e2
´ t
0 µ

ψ
s ds

ˆ t

0

e�2
´ t
0 µ

ψ
s ds
�
 s�

 
s

�2
ds

�

and thus

Var0 [ t] = 2E0



e2
´ t
0 µ

ψ
s ds

ˆ t

0

e�2
´ s
0 µ

ψ
udu
�
 s�

 
s

�2
ds

�

.
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Therefore, the second (central) moment of the distribution is defined as long as Var0 [ t] <

1. We prove it numerically by simulation.

Stationary density The details on how to obtain the stationary density ⇡( ) are in the

Online Appendix.

D.3 Proof of Proposition 1

Given the results summarised in Appendix (D.1), it is straightforward that, for a unitary

aggregate capital Kt = 1, considering agents of the class h

W h( t) =
ln ⇢qt(1�  t)

⇢
+

1

⇢
Hh( t).

where

H( t)
h =

1

⇢
E0

2

6
6
4

ˆ 1

0

e�⇢s µe,h
s � 1

2

�
!h
s

�2 �
�2
s + �̃2

�

| {z }

f( s)

ds

3

7
7
5
. (38)

We compute the value of (38) conditional on the state  0 by numerical simulation.

D.4 Constrained Portfolios

By considering the constrained version of the problem in Appendix D.1, by standard

dynamic programming the HJBE satisfies

⇢Vt = max
{!t,ct}

⇢

ln ct +
1

dt
Et [dVt]� �t(!t � LC)

�

where �t is the Lagrangian multiplier associated to the constraint

!t  LC.
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By taking FOCs and considering complementary slackness, given the dynamics of Vt, the

optimal portfolio share !C
t satisfies the following system:

8

>>>>>>>><

>>>>>>>>:

!U
t � !C

t = �t
⇢�2

t
,

�t
�
!C
t � LC

�
= 0,

�t � 0,

!C
t � LC  0,

(39)

where !U
t is the unconstrained solution. The possible couples

�
!C
t ,�t

 
that satisfy (39) are:

8

><

>:

!C
t = !U

t ,�t = 0 !U
t < LC

!C
t = LC,�t = ⇢�2

t

�
!U
t � LC

�
!U
t � LC.

E The Benchmarks

In this Appendix, we describe the two extreme cases that act as the benchmarks of

our analysis. The former is the no-risk-pooling economy, where the households hold all the

capital and restricted market participation plays a big role. The latter is the full-risk-pooling

economy, where the financial sector holds the whole stock of physical capital and restricted

market participation plays no role.

No-risk-pooling The equilibrium at the left-hand side boundary ( = 0) implies a constant

price of physical capital q(0) (in fact µq(0) = �q(0) = 0), investment ◆(0), risk-free interest

rates r(0), risky claim return µh(0), and their Sharpe ratio ⇠h(0). In particular,

q (0) =
1 + ✓A

1 + ✓⇢
, ◆(0) =

q(0)� 1

✓
=

A� ⇢

1 + ✓⇢
, r (0) = ⇢+ Φ(◆(0))� � � �2 � �̃2,

µh(0) =
A� ◆(0)

q(0)
+ Φ(◆(0))� �, ⇠h(0) =

A�◆(0)
q(0)

+ �2 + �̃2 � ⇢
p
�2 + �̃2

.

In this economy markets are utterly restricted. Financial intermediaries do not supply any
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risk-mitigation instrument to the economy and each household has full exposure to its idio-

syncratic shocks. The equilibrium interest rate is lower than how it would be with a financial

sector, and it is such that, in absence of risk mitigation assets, agents are happy to invest

their wealth in risky claims only. High value of q decrease the dividend yield (but increases

the capital gain due to higher investment) and decreases also the Sharpe ratio. The latter

also depends on systematic and idiosyncratic risk. Although both increase risk, they also

decrease the risk-free rate and thus, overall, increase the equilibrium Sharpe ratio. In this

benchmark, the capital stock Kt follows a Geometric Brownian Motion (GBM). The same

holds for aggregate output (due to the linearity of type II technology) and for aggregate

consumption:

dKt

Kt

�
�
�
�
 =0

=
dCt

Ct

�
�
�
�
 =0

=
dYt

Yt

�
�
�
�
 =0

= [Φ(◆(0))� �] dt+ �dWt.

Although aggregate output and consumption are moved only by the systematic shocks, each

household’s individual consumption bears its uninsured idiosyncratic risk leading to a low

welfare.

Full-risk-pooling The full-risk-pooling economy is reachable when the cost of intermedi-

ation equals zero, unless the obvious case when the financial sector is endowed with the

whole aggregate wealth at t = 0 so that  0 = 1. Also this equilibrium implies a constant

price of physical capital q (1), investment ◆(1), risk-free interest rates r(1), risky claim return

µh(1), and their Sharpe ratio ⇠h(1).27 In particular:

q(1) =
1 + ✓ (A� ⌘)

1 + ✓⇢
, ◆(1) =

A� ⇢� ⌘

1 + ✓⇢
, r (1) = ⇢+ Φ(◆(1))� � � �2,

µf (1) =
A� ◆(1)� ⌘

q(1)
+ Φ(◆(1))� �, ⇠f (1) =

A�◆(1)�⌘
q(1)

+ �2 � ⇢

�
.

Note that when ⌘ > 0 capital prices and investment are lower: q(1) < q(0) implies ◆(1) < ◆(0).

Interest rates are higher, r(1) > r(0), due to the fact that the financial sector can diversify all

27Also this equilibrium is a special case of Cox et al. (1985).
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the idiosyncratic risk and thus has a zero demand/supply of risk mitigation for higher rates

than when households are alone. Positive intermediation costs imply instead that capital is

less productive (some resources are lost in the intermediation process) and its equilibrium

price is lower. Lower prices imply also lower investment and thus lower drift, a pecuniary

externality of the high intermediation costs. Risk premiums, and so Sharpe ratios, are also

a function of capital prices. A low capital price implies a higher dividend yield and a lower

capital gain (lower investment). The Sharpe ratio is also lower due to higher interest rates.

Also in this benchmark the capital stock follows a GBM, the same process followed by total

consumption and output:

dKt

Kt

�
�
�
�
 =1

=
dCt

Ct

�
�
�
�
 =1

=
dYt

Yt

�
�
�
�
 =1

= [Φ(◆(1))� �] dt+ �dWt.

With positive intermediation cost, ⌘ > 0, the growth rate of output, capital, and consumption

is lower in the full-risk-pooling economy than in the no-risk-pooling case. Nevertheless, in

both cases the aggregate volatility is state independent and equals �. The same process is

followed also by the disposable output Ỹ , defined as the output net of intermediation costs:

Ỹt = Yt � ⌘Kt = (A� ⌘)Kt.
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- Online Appendix -

Restricted Participation and Transaction Costs

In this appendix we consider the generalisation of the competitive equilibrium in Section

3 where both classes of agents, households and financial intermediaries respectively, have full

access to risk-free bonds and pooled (p) as well as un-pooled (n) risky claims. In particular

we assume that, in order to pool risky claims from different firms, households have to pay a

transaction cost ". We show that restricted market participation arises naturally when the

transaction cost is big enough with respect to the financial intermediation cost ⌘.

Given problem (3), the optimal pooled and un-pooled portfolio choices of both classes of

agents satisfy the following:

!
i,n
t =

µt � rt
�2
t + �̃2

, i := {h, f} ; (40)

!
f,p
t =

µt � ⌘

qt
� rt

�2
t

, !
h,p
t =

µt � "
qt
� rt

�2
t

. (41)

In equilibrium, the whole amount of wealth invested in risky claims, whether it is pooled

or not, must equal the aggregate amount of physical capital, whereas the risk-free bonds

must be in zero net supply. By market clearing conditions

⇣

!
h,n
t + !

h,p
t

⌘

(1�  t) +
⇣

!
f,p
t + !

f,n
t

⌘

 t = 1, (42)

⇣

1� !
h,n
t � !

h,p
t

⌘

(1�  t) +
⇣

1� !
f,p
t � !

f,n
t

⌘

 t = 0. (43)

By matching equations (40) and (41), the market clearing conditions (42) and (43), it

follows that

!
f
t = !

f,n
t + !

f,p
t = 1 +

"� ⌘

qt

1 +  t
�̃2

�2
t

2�2
t + �̃2

, (44)

and

!h
t = !

h,p
t + !

h,n
t = 1�

"�⌘
qt

�2
t

 t. (45)
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We now look for those parametric conditions such that there exists restricted market

participation, i.e. the financial sector always leverages its balance sheet by issuing risk-free

bonds in every state. On the contrary, households smooth consumption by allocating their

wealth into both risky and risk-free claims in positive amounts whatever share of total wealth.

The aforementioned conditions are satisfied if the following holds:

8

>>>>><

>>>>>:

!
f
t = !

f,p
t + !

f,n
t > 1

!h
t = !

h,p
t + !

h,n
t > 0,

!h
t = !

h,p
t + !

h,n
t < 1.

(46)

By matching equations (44) and (45) with system (46), we find that the following condi-

tions must hold

" > ⌘ ) !h
t < 1,!f

t > 1,

while

" < ⌘ + �2
t

qt
 t

) !h
t > 0.

Is summary, the transition cost for households " is required to be bounded:

⌘ < " < ⌘ +min
 t

⇢

�2
t ( t)

qt( t)

 t

�

.

The lower bound grants a comparative advantage to the financial sector at pooling risk,

whereas the upper bound prevents the households to short the un-pooled security in equi-

librium.

Equilibrium Portfolios, Leverage, and Prices

According to Definition 1, the market clearing conditions for physical capital and risk-free

bonds in Equations (22) and (23) can be written in terms of relative wealth share as:

!
f
t E

f
t + !h

t E
h
t = Ktqt () !h

t (1�  t) + !
f
t  t = 1,
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Ef
t (1� !

f
t ) + Eh

t (1� !h
t )

Ktqt
= 0 ()

�
1� !h

t

�
(1�  t) = (!f

t � 1) t. (47)

Accordingly, the market clearing for consumption good (24) equals:

(A� ◆t)
⇣

Kh
t +Kf

t

⌘

� ⌘Kf
t = ⇢

⇣

Eh
t + Ef

t

⌘

. (48)

By matching the market clearing condition on capital (47) and the optimal portfolios

policy, we obtain

!
f
t =

1

 t

� µt � rt
�2
t

(1�  t)

 t

. (49)

Moreover, by (5) we know that the relationship between intermediaries and households

returns on risky claims holds as:

EtdR
h
t = EtdR

f
t +

⌘

qt
dt.

Thus, (49) can be written as

!
f
t =

1

 t

�
⌘

qt

�2
t + �̃2

(1�  t)

 t

� (1�  t)

 t

⇣

µf
t � rt

⌘

�2
t

| {z }

!
f
t

�2
t

�2
t + �̃2

.

Rearranging we find that

!
f
t =

�2
t + �̃2 � ⌘

qt
(1�  t)

 t�̃2 + �2
t

. (50)

By substituting (50) into the market clearing for the risk-free bond (47), it is straightforward

to find !h
t . Similarly, the equilibrium interest rate rt can be obtained from the optimal

portfolio policy. The results are summarized in the following Proposition:

Proposition 3. Equilibrium Portfolios and Interest Rate

Equilibrium portfolio shares !f
t , !

h
t and the interest rate rt depend on relative wealth share

 t only:

!
f
t =

�̃2 + �2
t � ⌘

qt
(1�  t)

 t�̃2 + �2
t

, !h
t = 1�

⇣

!
f
t � 1

⌘  t

1�  t

.
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rt = ⇢+
⇣

 t!
f
t � 1

⌘ ⌘

qt
+ Φ(◆t) + µq

t � ��
q
t � � � �2

t!
f
t .

We assumed both classes of agents have the same preferences. It follows that the portfolio

share of the financial sector must be greater than or equal to 1. This is because, since the

risk-free bond is in zero net supply, a positive portfolio share in bonds by the financial sector

must be supplied by households. In equilibrium, this is not possible due to households assets

exposure to idiosyncratic risk. Under the assumption that the idiosyncratic volatility �̃2 is

greater than the intermediation cost rate ⌘

qt
, the financial sector portfolio share !f

t is strictly

greater than 1. The result is summarised in the following Corollary of Proposition 3 :

Corollary 1. Financial Leverage

When the idiosyncratic volatility is greater than the intermediation cost rate, the financial

sector holds a leveraged position, while the households hold positive portfolio shares in both

risky and risk-free claims:

�̃2 >
⌘

qt
, ) !

f
t > 1, !h

t 2 (0, 1),

Proof. The result comes after solving !f
t > 1.

Under the assumption of log investment function Φ(◆t) =
ln(✓◆t+1)

✓
, where the parameter

✓ represents the cost of technical illiquidity between physical capital and consumption good,

rate of re-investment ◆t is an affine transform of the state  t, whereas q( t) is affine in the

equilibrium physical capital holdings of the financial sector !f
t  t. In fact, by matching the

consumption market clearing condition in (48), it follows that:

q( t) =
1 + ✓

⇣

A� ⌘ t!
f
t

⌘

1 + ✓⇢
, ◆( t) =

q( t)� 1

✓
. (51)

Macro-dynamics

The aggregate consumption equals Ct = (A� ◆t)Kt�⌘Kf
t . To characterize the dynamics

of aggregate consumption, it may be useful to define an auxiliary variable that summarises
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the fraction of total capital allocated to the financial sector Kf
t . Let  be

( t) :=
Kf

t

Kt

,

with dynamics
dt
t

= µt dt+ �t dWt,

whose drift and diffusion might be pinned down as

µt t = @ t tµ
 
t +

1

2
@  t

⇣

 t�
 
t

⌘2

,

and

�t t = @ t t�
 
t .

Therefore, it follows that

Ct = (A� ◆t � ⌘t)K,

and, by Itô’s lemma,

dCt = (A� ◆t � ⌘t) dK �Kd◆t �K⌘dt � Covt [dKt, d◆t]� Covt [dKt, dt] .

By considering the stochastic processes dKt and d t and

d◆t =
1

✓
(qtµ

q
t � qt�

q
t dWt) ,

we obtain, by substitution and rearranging

dCt

Ct

= [Φ(◆t)� �] dt�
qt
✓
µq
t + ⌘t � �

✓
�
q
t + t�


t �

A� ◆t � ⌘t
dt+

+ �



1 +
�
q
t

�

qt
✓

1

A� ◆t � ⌘t
� 1

�

⌘t�

t

A� ◆t � ⌘t

�

dWt.

By Itô’s lemma, the dynamics of aggregate investment It = ◆tKt is given by

dIt = d (◆tKt) = Ktd◆t + ◆tdKt + Cov [d◆tdKt] ,
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and, after substituting and rearranging,

dIt
It

=



Φ(◆t)� � +
qt
✓◆t

(µq
t � �

q
t�)

�

+ �

✓

1� 1

✓

�
q
t

�

qt
◆t

◆

dWt.

Similarly, the dynamics of aggregate intermediation costs Gt = ⌘tKt is given by

dGt

Gt

= [Φ(◆t)� � + µt dt+ �t �] dt+ (� + �t ) dWt.

Accordingly,

dỸt

Ỹt

=



Φ(◆t)� � � ⌘t
µt + ��t
A� ⌘t

�

dt+ �

✓

1� ⌘

�

t�

t

A� ⌘t

◆

dWt.

Stationary Density

The Fokker-Plank equation for the stationary density satisfies

@

@t
⇡( , t) = � @

@ 

⇢

 µ ⇡ ( , t)� 1

2

@

@ 



 2
⇣

�
 
t

⌘2

⇡ ( , t)

��

= 0. (52)

By integrating over (0, ) and rearranging, we can write (52) as the following ODE

d lnh ( ) = 2
µ 

 (� )2
,

where

h ( ) = ⇡ ( ) 2
�
� 
�2

.

By integrating one more time, given a boundary condition h(0) = h0, we obtain the density

function of  t as

⇡ ( ) =
h0e

´ ψ

0
2µψ(s)

s(σψ(s))
2 ds

 2 (� )2
,

where h0 is such that
´ 1

0
⇡( )d = 1.
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Numerical Solution

Consider the equilibrium outcomes summarised in Theorem 1:

qt�
q
t = @ qt t�

 
t , (53)

�
 
t = !

f
t (� � �

q
t ), (54)

jointly with the equilibrium price of physical capital as given in Equation (51)

q( t) =
1 + ✓

⇣

A� ⌘ t!
f
t

⌘

1 + ✓⇢
. (55)

Let the auxiliary function ( t) denote the capital holdings of the financial sector !f
t  t.

As we shall see, the auxiliary function  is useful to solve the model for its competitive

equilibrium as it has a compact support and a well defined boundary condition when  = 0.

By matching (53) and (54), it is straightforward to pin down the volatility of physical

capital price (see also Brunnermeier and Sannikov, 2014) as

�q( t) = ��
@ qt

 t

qt
(t �  t)

1� @ q
 t

qt
(t �  t)

. (56)

Considering (56) jointly with (50) one can obtain the following bi-variate ODE:

t

 t

�2

 

1�
@ q

t� t

qt

1 + @ q
t� t

qt

!

+
⌘

qt
=

2

4�2

 

1�
@ q

t� t

qt

1 + @ q
t� t

qt

!2

+ �̃2

3

5
1� t

1�  t

. (57)

By taking the first derivative of (55), matching it to (57) and rearranging, we obtain the

following - fully implicit - system of ODEs

8

>><

>>:

⇣
t
 t

� 1�t
1� t

⌘

�2
⇣

1 + @ qt
t� t

qt

⌘�2
�

+ ⌘

qt
� �̃2 1�t

1� t
= 0;

@q + ✓⌘

1+✓⇢
@ = 0,

that can be solved numerically given suitable boundary conditions. We solve it by Matlab
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ode15i by setting q(0) = 1+✓A
1+✓⇢

and (0) = 0.

Once we have the solution vector {q,} 2(0,1), we compute all the equilibrium quantities

so that !f
t = t

 t
, where we approximate the first and second derivatives of physical capital

prices as @ q( ) ⇡ q( +∆)�q( )
∆

and @  q( ) ⇡ q( +∆)+q( �∆)�2q( )
2∆2 , respectively, over the

solution grid. Similarly, @ ( ) ⇡ ( +∆)�( )
∆

and @  ( ) ⇡ ( +∆)+( �∆)�2( )
2∆2 .

Comparative Statics

In this Appendix, we discuss the changes of equilibrium dynamics with respect to the

key parameters in the model, namely the size of systematic and idiosyncratic risk as well as

intermediation costs.

Figure 17 shows the drift (left) and diffusion (right) of the process d t as a function of

the state  2 (0, 1) for different values of systematic diffusion �. In Figure 18, we perform

the same comparative statics for equilibrium portfolio shares !f and !h.

With reference to Figure 17, when the financial sector is arbitrary well capitalised ( is

high), decreasing systematic risk � has the effect of reducing � : the lower the risk, the lower

both state drift and diffusion. When instead  approaches the left side boundary  = 0,

a lower � is associated to higher leverage and less risky households’ portfolio (Figure 18).

Indeed, higher leverage is associated to a sharper drift µ . This phenomenon is associated to

the so-called volatility paradox (Adrian and Boyarchenko, 2012; Brunnermeier and Sannikov,

2014; Phelan, 2016).

Figure 19 displays a similar exercise by plotting equilibrium portfolio choices over  2
(0, 1) with respect to different values of idiosyncratic diffusion �̃. What stands out is that the

lower the idiosyncratic risk the lower the equilibrium leverage of the financial sector. This

pattern is the consequence of a reduced advantage of the financial sector due to pooling: when

idiosyncratic risk is relatively lower, the demand for mitigation is also reduced, households

keep a wider fraction of their wealth allocated in risky claims, and equilibrium risk-free rate

is higher.

Finally, in Figure 20 (top) we repeat the same analysis for different values of intermedi-

ation costs ⌘. In the bottom graphs, we consider two sections of the upper ones for null (blue)
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Figure 17: Drift (left) and diffusion (right) of the process dψt for different values of systematic
volatility σ. Baseline parameters: A = 0.5, δ = 0.05, σ̃ = 0.6, η = 0.05, θ = 2, and ρ = 0.05.

Figure 18: Equilibrium portfolio shares ωf (left) and ωh (right) for different values of systematic
diffusion σ. A = 0.5, δ = 0.05, σ̃ = 0.6, η = 0.05, θ = 2, and ρ = 0.05.
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Figure 19: Equilibrium portfolio shares ωf (left) and ωh (right) for different values of idiosyncratic
diffusion σ̃. Baseline parameters: A = 0.5, δ = 0.05, σ = 0.4, η = 0.1, θ = 2, and ρ = 0.05.

Figure 20: Drift (left) and diffusion (right) of the process dψt for different intermediation costs η.
Baseline parameters: A = 0.5, δ = 0.05, σ̃ = 0.6, σ = 0.2, θ = 2, and ρ = 0.05.
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and positive (green) intermediation costs ⌘. From Figure 20 we notice that, when there are

no intermediation costs, the drift µ t is positive for each  . In the long-run the financial

sector dominates and thus it drains the whole wealth in the economy. Moreover, positive

intermediation costs (green) mainly affect the right-hand side of the state space, when  ap-

proaches 1. Higher costs progressively sharpen the negative drift, when the financial sector

is relatively well capitalised, making the recovery of households’ wealth faster.

Redistributive Taxation

In this appendix, we describe the equilibrium dynamics of the relative financial capital-

ization  when an exogenous taxation evenly redistributes resources at a rate ⌧ from the

financial sector to the households. In this setting, we consider the case where the taxation

is constant and equals ⌧ for every value of the state  2 (0, 1).

Since all the agents have log preferences and the tax transfer is proportional to their

whole stock of wealth, it does not directly affect their portfolio and consumption choices. It

does instead affect their conditional and unconditional welfare.

Let the dynamic budget constraint of the households’ and of the financial sector evolve

as

dEh
t = Eh

t

⇣

µe,h
t dt+ �

e,h
t dWt

⌘

+ ⌧Ef
t dt

| {z }

(Positive) Tax

, (58)

dEf
t = Ef

t

⇣

µe,f
t dt+ �

e,f
t dWt

⌘

� ⌧Ef
t dt

| {z }

(Negative) Tax

, (59)

respectively, where the drift and diffusion terms µe,i
t , �e,i

t i 2 {h, f} are defined in Equation

(4). The tax terms in Equations (58) and (59) represent the redistribution effect of wealth

between sectors by mean of the taxation policy. Note that the absolute value of the tax, ⌧Ef
t ,

is directly proportional to the financial sector stock of wealth Ef
t ; as such it proportionally

enters the households’ dynamic budget constraint.
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By Itô’s Lemma, the level of relative financial capitalization evolves as

d

✓
Eb

t

Eb
t + Eh

t

◆

=
Eh

t
�
Eb

t + Eh
t

�2dE
b
t �

Eb
t

�
Eb

t + Eh
t

�2dE
h
t +

+
@ 

@Eh@Eb
dEh

t dE
b
t +

1

2

@2 

@2Eh

�
dEh

t

�2
+

1

2

@2 

@2Eb

�
dEb

t

�2
,

where the dynamics of wealth follow the processes in (58) and (59). By substituting, re-

arranging, and considering:
Eh

t

E
f
t

:= 1
 t

� 1:

d ⌧t
 ⌧t

=
d t

 t

� ⌧
 t

1�  t

dt,

where the process d t

 t
is defined as in (8).

F Aggregate Welfare Analysis

To the purpose of analysing the economy total welfare while account for both households

and intermediaries, we shall build an aggregate measure that weights both classes of agents

by a proper function. Accordingly, we defined aggregate welfare as follows:

W Γ

LC =
X

i

E0

⇥
W i | !f  LC

⇤
Γ( )i, (60)

where Γ( )i represents the weight attribute to class i in the state  .

Table 1 reports the constrained (LC = 4) and unconstrained (LC = 1) aggregate

welfare (60) for different weighting functions Γi.28 We start by focusing on the households’

and intermediaries’ welfare apart from each other, that is, by considering the extreme weights

Γ
h = 1,Γf = 0 and Γ

f = 1,Γh = 0, respectively.

When looking solely at the welfare of households, we find that constraints may be welfare

improving (Γh = 1 and Γ
f = 0, Table 1, first row). Quite the opposite, when only the

financial sector is taken into consideration, we find LCs to be welfare detrimental (Γf = 1

28We compute (60) numerically. In particular, we approximate the welfare conditional on state ψ over an
evenly spaced grid [0, 0.2, 0.4, 0.6, 0.8, 1] and interpolate it by using a cubic polinomial. Then, we integrate
by trapezoid method W i over the an evenly matched stationary density π(ψ) weighted by Γ(ψ)i.
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W Γ

LC

Weights, Γ( )i LC Unbounded LC Bounded (4) % Gain
Γ( )h = 1;Γ( )f = 0 -0.2847 -0.2188 +0.3
Γ( )f = 1;Γ( )h = 0 -0.4143 -0.5838 -0.29
Γ( )h = Γ( )f = 0.5 -0.3495 -0.4012 -0.13
Γ( )h = 1�  ;Γ( )f =  -0.0252 -0.0400 -0.25

Table 1: Aggregate welfare for different weighting functions Γ.

and Γ
h = 0, Table 1, second row).

Finally, the last two rows of Table 1 report aggregate welfare when the weighting function

Γ is either constant and even (third row), or proportional to each class relative wealth share

(fourth row). In either cases, LCs are welfare detrimental. In the former case this means that,

at this level of leverage constraint, the welfare gain of the households less than compensate

intermediaries’ losses. Not surprisingly, the same result holds when the weighting function

is proportional to agents’ relative share of wealth.

Of course, the result of leverage constraints being detrimental when jointly consider-

ing households and intermediaries is fundamentally tied up to the arbitrary choice of the

weighting function Γ.
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