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ABSTRACT. We consider an optimal investment problem proposed by Bielecki and Pliska.
The goal of the investment problem is to optimize the long term growth of expected utility of
wealth. We consider HARA utility functions with exponent —oo < 7 < 1. The problem can
be reformulated as an infinite time horizon risk sensitive control problem. Some useful ideas
and results from the theory of risk sensitive control can be used in the analysis. Especially, we
analyze the associated dynamical programming equation. Then an optimal ( or approximately
optimal) Markovian investment policy can be derived.

1. Introduction.

It is known that some optimal investment models can be reformulated as risk sensitive
stochastic control problems. The idea was explored in Fleming(1995). Using this approach,
in Fleming and Sheu(1999), we gave a detailed analysis of an investment model in which
only one risky and one riskless asset are considered and transaction costs are ignored. In
this paper, we consider a more general model proposed by Bielecki and Pliska(1999). In
the model, N securities and m economic factors are considered and the transaction costs
are ignored. The goal is to maximize the long term exponential growth rate of expected
utility of wealth. A special feature of the model is that the stochastic economic factors
explicitly affect the mean returns of the securities. In Bielecki and Pliska(1999), they
develop a mathematical theory for model that the securities and economic factors have
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independent noise. Here, we remove this condition and give a detailed analysis for the

investment problem without constraints on the portfolio chosen.

Similar models are also considered in Bielecki and Pliska(2000), Kuroda and Nagai(2000).
To compare ours with Bielecki and Pliska(2000), we can show by a suitable transformation
that the assumptions made in Bielecki and Pliska(2000) are equivalent to ours. Moreover,
they consider only the cases with negative v such that || is small. See Sect. 2 for the role
of v playing in the study.

In Kuroda and Nagai(2000), they allow the diffusion coefficient matrix of the factor
process to be degenerate. They assume that the factor process is ergodic under equivalent
minimal martingale measure. The role of equivalent minimal martingale measure playing
in the investment problem is still not clear. However, this observation seems interesting.
In their analysis, they need to assume that the interest rate of the banking account is
constant. In our study, we assume that the diffusion coefficient matrix for the factor
process is nondegenerate. This is crucial in our analysis, since we need to consider the
investment problem with constraints. There is also a difference on the results obtained. In
their paper, they give a condition ( see condition (2.30) in Kuroda and Nagai(2000)) such
that the portfolio derived from the solution of the Bellman equation ( or Ricatti equation in
the present situation ) is optimal for the investment problem for all 7. As a consequence,
the Verification Theorem can be proved for all 4. However, they do not discuss if the
Verification Theorem still holds when (2.30) in Kuroda and Nagai(2000) is not assumed.
In fact, the portfolio mentioned above may not be optimal anymore for general v. See

some discussion later in this section.

The theory of risk sensitive control has received much attention in recent years because
it provides a link between stochastic and deterministic approaches to disturbances in con-
trol systems. See Whittle(1990) for a comprehensive introduction. For the mathematical
developments, see Fleming and McEneaney(1995), McEneaney(1993) and Nagai(1996).

The dynamic programming equation (DPE for short) plays an important role in the devel-



opment of mathematical theory for risk sensitive control. Our analysis here is also based
on the study of the dynamic programming equation for the risk sensitive control problem
associated to the optimal investment problem. One fundamental difference between the
risk sensitive control problem studied here and the usual one is that the running cost here

does not have definite sign. This makes the analysis more difficult.

The organization of the paper is the following. In Section 2 we give the framework of
the problem studied here. We reformulate the problem as an infinite time horizon risk
sensitive stochastic control problem of the kind considered in Fleming and McEneaney
(1995). We consider a HARA utility function of wealth, with exponent —oo < v < 1. The

case 7 = 0 corresponds to the log utility function.

In Section 3 , we consider the case that v < 0. We show that the DPE has a unique so-
lution (A, W) such that A is the optimal exponential growth rate of the investment
problem using bounded investment policies, where W) is quadratic and nonpositive defi-
nite. We also consider the investment problem with constraint set U, = {u; |u| <}, r > 0,
which has optimal exponential rate Agﬂ). We show A = inf, < Agﬂ) = lim, Agﬂ). The
equation (2.14) with U = U, has unique solution A&”), Wﬁ“’) such that W,@)(o) = 0 and
VIV (2)| < M, for some constant M,. We also show that W,") converges to W) and
v converges to VIW () uniformly on compact sets as r — oo. Let u("(z) be the
argmin in (3.1) with U = RN, A = AW = WO, We define v\ (z) similarly with
U=U,A= Agﬂ), W =W, We know up)(-) is a Markovian optimal investment policy

for the investment problem with constraint set U,.. We can show that up) converges to u(")

uniformly on compact set as r — oo. Therefore, up),r > 0, give approximately optimal
policies for the investment problem without constraints. In general, when using u(?) as
the investment policy, the wealth can become infinite in finite time. In such cases, it can

not attain the optimal exponential growth rate. However, when || is small, u(?) attains

optimal exponential growth rate. Some more interesting results can be found in Kuroda

and Nagai(2000).



In Section 4, we consider the case that 0 < v < 1 and use bounded investment policies.
In such cases the optimal long term growth rate A(?) is not necessarily finite. However,
we show that if A" is finite, then the DPE has a solution (A, W) such that W)
is convex. We do not know if such W) satisfying W) (0) = 0 is unique. The idea is to
study the same problem with investment constraint set U, and let r — oo. Although we
expect that W) is quadratic but we can not prove it. However, when ~ is small, W) is
shown to be quadratic. The Ricatti equation (2.21) has a solution K > 0 which satisfies
the property that D) + E(™ K is semistable. This result has an interesting consequence
if we assume A is finite for all 0 < v < 1. Following from this, we show that A is
infinite for some ~ if the economic factors and the securities have independent noise. Let
denote u(")(-) the argmax in (4.1) with U = RN, A = A W = W), We do not know
if using u(?)(-) as the investment policy can attain the optimal exponential growth rate.
We show that this is true if |7y| is small.

We would like to mention that the results presented here have been reported in Fleming

and Sheu(2000). In this paper we provide the details of their proofs.

2. Problem formulation.

We consider an infinite time horizon optimal investment model, with N risky and one
riskless assets. Let V(t) be the investor’s wealth at time ¢ > 0, and u;(t) be the fraction
of wealth in the ith risky asset. Then u;(t)V(¢) is the amount in the ith risky asset and
(1-— vazl u;(t))V (t) the amount in the riskless asset. Let U C RY be the constraint set
for the investor. Then u(t) = (u1(t),...,un(t)) € U for all t. We denote by S;(t) the price
per share for the ith risky asset at time ¢ and r(¢) the riskless interest rate. Assume that
there is no transaction fee and the borrowing rate and interest rate are the same. Then
V(t) satisfies.

dS;(t)
Si(t) }

(2.1) dv(t) = V()[r)(1 - Zui(t))dt + Zui(t)

with initial wealth given by V(0) > 0. We wish to maximize the long term exponential
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growth rate of the expectation of Y~ 1V(T)” as T — oo over all investment policies for
—o0 < v < 1. The case v = 0 is to maximize the expectation of the average per unit time
of log V(T).

The following are some of the interesting choices for U. The U = R" corresponds to
no investment control constraints. The U = {(uy, ...,un);u; > 0,7 =1,..., N} corresponds
to no shortselling constraint. We may also choose U = {(uq,...,un);m; < u; < M;,i =
1,...,N} for some real m;, M;,i = 1,...,N. In this paper, we shall focus on the case
U=RN.

We now describe the dynamics for S;(t),7 = 1,..., N, which is suggested by a work of
Bielecki and Pliska (1999). We assume that there are m economic factors, z1(t), ..., m/(t),
which determine the performance of the market and evolve according to the following

dynamics,

(2.2) dx(t) = b(x(t))dt + dB(t),

where B(t) is the standard m-dim Brownian motion. We assume
(2.3) b(x) = Dx,z € R™

such that D is a stable matrix. That is,

(2.4) ZDijuiuj < —colul?

for all u = (uq, ..., uy,) € R™ for some ¢y > 0. Here | - | is the Euclidean norm.

The dynamics for r(t), S;(t),i =1, ..., N, are given by

(2.5) = pi(z())dt + ot - dB(t) + o\ - dB(t),

(@) (9

B(t) is a m~dim Brownian motion and is independent of B(-),o 5,0} are m-dim, m-dim
constant vectors. We assume

r(t) = po(z(t))
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and
(2.6) pi(z) =AY g 4+a;,i=0,1,2,...,N,

where A® is a m-dim vector and a; € R is a constant.

We may consider a more general model, for example, to allow the noise intensity to
depend on the factors or to allow the coefficients to be nonlinearly dependent on the factors.
Such generalization may be necessary when discussing a practical problem. However, the
mathematics for such general model will be much more involved and it will not be discussed
here.

From (2.1), (2.5),

dv (t) =V (&) [(o(z(t)) + Z wi ()i (x(t)))dt

—I—ZuZ ) -dB(t —I—Zuz ) -dB(t)],
where

(2.7) i(z) = pi(x) — po(x) = A9 -z 4 a,,
A(Z) = A(z) — A(O), ai = a; — ap.

By Ito’s rule,

dlog V (t) = +Zuz fii(z ——\Zuz )o?)d
—I—Zuz ) -dB(t —|—Zu@ ) -dB(t),

where
E) i)
(2) _ m+m
I
Therefore,

(2.9)  E[V(T)"] = V(0) 7Eexp/ 'yZuz 9 aB(t )—f—’yZuz() (). dB(t)



where
(2.10) D) = =51 = w7+ 3 (o) + (o)
and
dr®(t) = b (¢, 2" (1)) dt + dB(t),
(2.11) b (t, ) = b(x) +72ui(t)a§)>

The last step in (2.9) follows from Girsanov Theorem by changing probability measures.
This is valid under some conditions, for example, if u(t) is bounded or if u(t) = u(t, z*(t))
when u(t, z) is Lipschitz. However, this formal calculation suggests to study the stochastic
control problem with exponential cost given by the right side of (2.9) ( we may take
V(0) = 1 which we assume in the following). The state dynamics is given by (2.11). For
0 < v < 1, we maximize the cost and for —oo < 7 < 0, we minimize the cost. The control
process u(t) is assumed to be U valued, F; progressive measurable for a filtration {F;}
such that B(t) is a Brownian motion with respect to {F;}. See Fleming and Soner(1992).

To continue, we fix v with 0 < v < 1. For each finite T', we consider the problem of

choosing u(t) on 0 <t < T to maximize the right hand side of (2.9). Let

T
(2.12) W(T,z) = logsgp Ex[exp(’y/0 6(7)(3:“(t),u(t))dt)],

where 2% (t) satisfies (2.11) with 2%(0) = x. We anticipate that, under suitable conditions,
T—W (T, z) tends to a limit A as T' — oo. See Fleming and McEneaney(1995). Then A
can be interpreted as the optimal long term growth rate of expected utility of wealth.

As in Fleming and McEneaney(1995), we use the heuristic
W(T,z) ~ AT +W(x), T — oc.
Then A and W (z) satisfy the following dynamic programming equation
(2.13) A= %AW(SL‘) + l\VVV(:L‘)|2 +b(x) - VW (2)

oy =)
+r51§5<'yzuz (@) + 70O (, w)],



Similarly, for the HARA parameter 7, v < 0, we consider W(T, z) defined as in (2.12)
but change sup to inf and use the heuristic W(T, x) ~ AT+ W (z) as T — oo. The dynamic

programming equation is

(2.14) A= SAW (@) + L[V (@) + b(a) - VIV (2)

uelU

+ min[y Z uiag) VW () + 3£ (2, u)],
For v = 0, we consider

W (T, 2) = sup .| / £0) (2 (2, u(t)) dt],

and W(T,z) ~ AT + W (z), T — oo. The dynamic programming equation is

(2.15) A= %AW(SL‘) +b(x) - VW (z) + sgg[é(o)(x, w)].

For each case, if W(-) is known, a candidate for the optimal investment policy u*(z)
can be obtained by taking argmax (or argmin) over U in the equation. However, it is
not always easy to see if u*(z) gives an “admissible policy”. Moreover, we need to prove
a Verification Theorem which ensures that A is the optimal long term growth rate.

If U is a compact, convex set, then these questions can be settled by the argument in
[Fleming and McEneaney(1995), Sec. 7]. For this particular case, each equation has a
unique solution in the viscosity sense (up to a constant) with bounded first order deriva-
tives; u*(z) gives an optimal policy. In the following, we shall mainly consider U = RY.
We shall give some answer to these questions under various assumptions.

We define
@) . 50G)

gij =0 .9 = (Gij),

x -y is the inner product. We assume that

(2.16) g is invertible.



Denote by ¢,0(P) and A the matrices,
(2.17) 0. = (ag))j, Ay = flg ), g is the square root of g.

For U = RY, (2.13) and (2.14) reduce to the following equation,

(2.18) A= SAW (@) +b(z) - VIV (z) + 5|V (2)P
+ 5T lo ™ (@) + o P IW @) + po(a),

where fi(x) = (p1(z), -+, in(x)). The equation (2.15) reduces to

1 [ 2
(2.19) A= iAW(fL‘) + b(x) - VIV (z) + §|g (x)|* + po(x).
In (2.18), we seek a solution W (x) which is quadratic, i.e.,

1

(2.20) W(x)zin-x—f—e-x
with K a m X m symmetric matrix, then
(2.21) D'K + KD+ K? + %(A’ + KoP)g2(A+ocPIK) =0,
which can be rewritten as

(2.22) KDY + DK + KEWK + Q™ =0

with

D =D+ L(,(D)'g—zg,
1 g

(2.23) EM = 920D

Q(v) — %A/gﬁg,
-7
where D’ is the transpose of D, etc.

(DY + KEM)e 4+ —— 1 — (A" + KoP) g 2a 4+ yA® =0,
(2.24) T
A= §trK+ 51—\9 Y@+ oPe)|? + ~ao.
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Lemma 2.1. We have

o™ g2 < 1.

Here |M| = max{|Mzx|;|z| = 1} for a matrix M, |z| is the length of a vector z. In

particular, E) is positive for all —oo < v < 1.

Equation (2.22) is a Riccati equation which has appeared in linear control theory. We

recall an interesting theorem on the solutions of (2.22). For the details see Willems(1971).

Theorem 2.2. The equation (2.22) has a solution if and only if
H(s) = EM™ _ (—si _p& ) 1@(7)( D(V)) 1>

for all real s. Here i = /—1.
If this condition holds, then there are unique solutions K—, Kt such that the real
part of the eigenvalues of D) + EM K~ (resp. DO + EOVK*) are nonpositive ( resp.

nonnegative). Moreover, every solution satisfies K~ < K < K.

Proof of Lemma 2.1. Let 2 € RN. Consider

oP) g2y g = g7 26Dz . 5Dy,
It is enough to prove
(2.25) g 20Pg . oDy < |22
Let
oPr=y, gly=nz
Then
(2.26) g 20P g . oPlp = 2. g% = Z zizjo® . o)

= \Z%U(i)!2-
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On the other hand,
(2.27) =Y 2ol @

Here # = (z,0) € R™*™. The above is equal to >, z,0() - Z which has absolute value

smaller than
1> zio Dz =1 zi0W]a.

This and (2.26) ~ (2.27) imply (2.25). This completes the proof.

3. Negative HARA parameters.

In this section, we consider the cases of negative HARA parameter v. We shall study the
solutions of the corresponding dynamic programming equations. In particular, for the case
of no constraint ( U = RY ), we show that the Ricatti equation (2.22) has a unique K ()
such that K is nonpositive definite. The matrix DO + KM EM is stable. From this, a
solution (W), A of the dynamic programming equation, such that W) is quadratic,
can be derived. We shall show A is the optimal growth rate in the sense that

A — min A
r>0

where Aﬁﬂ) is the optimal growth rate for the portfolio problem with constraint U = {u €

RY:|u| <r}. A candidate for the Markovian optimal investment policy is given by

WD (@) = =g (la) + o PTWO @),

which is equal to the argmin in (2.14) with U = RV, A = A®) and W = W), We note

that (7 (x) is linear. For —y(> 0) small enough, it is not difficult to show that this gives

an optimal investment policy, u(M*(¢t) = v (2(t)). However, it is not known if this is
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still true in general. See the study in Fleming and Sheu (1999) for how the difficulty may
occur.

Our main interest is the case U = RY. We shall start with the cases U = U, = {u €
RN Jul <7}

The dynamic programming equation associated to the investment problem is given by

(see (2.14))

(3.1) A =g AW () + [ VW (@) + b(z) - VW (2)

+ min[y Z uiag) VW (x) + 79 (2, u)].

uelU

Theorem 3.1. Letvy<0,U =U,,0 <r < oo. Then there is a unique (AS”), TM) such
that (A, W) = (Aq(y), W,W) satisfies (3.1) in classical sense, WTM(O) = 0 and ]VW;V)(Q:)\
is a bounded function. Moreover,

AD) = inf J(u)

where inf is taken over all the process u which is progressive measurable w.r.t. a filtration

{F:}, |u(t)| < r for any t > 0,

dz®(t) = (b(z"(t)) +7 > wi(t)os) )dt + dB(2),
x¥(-) is adapted to {F;}, B(-) is an Fy-Brownian motion and

J(u) = liminf % log E[exp(/o Al (2 (8), u(t))dt)].

T—0o0

Proof. This follows from the arguments in Fleming and McEneaney(1995). Uniqueness

of Wp) is proved in Fleming and James(1995).

Let U = RY. Then (3.1) becomes

(3.2) A= %AW(QZ) + %\VW(x)\Q +b(x) - VW (z)

I v

o1 lo T @) + o PIVW @) + ().
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Lemma 3.2. Assume (A, W) is a solution of (3.2) such that W (-) is concave and
VW (z)| < c(1+ |z|) forall z€ R™

for some ¢ > 0. Let x*(t) be the diffusion satisfying

(3.3) dx*(t) = b"(z*(t))dt + dB(t),

where

b () = b(a) + - . 7a<D>’ 9 2f(z) + EOVW (2)

(see (2.23) for notations). Then x*(t) is ergodic. Moreover, there are o > 0,c¢ > 0 such

that

(3.4) E[|lz*()]?] < ¢(|z*e”* 4 1).

Proof.  Using (3.2) and applying Ito’s rule to W (z*(t)),
AW (a* (1)) =(A + g VW (a* (1)) - EOVIV (2 (1)) — %ﬁrg-luu*aw
= ypo(z* (1)) dt + VW (" (t)) - dB(t).

Let o > 0, to be determined later. We consider e**W (z*(t)). The above implies,

(3.5) B, /0 et (aW (27 (1)) + A + %VW(x*(t)) EOVW (2" (1))

— STl ) (e ()

— B, [W (2" (T))]e™ — W (a).

On the other hand, we apply Ito’s rule to |z*(t)|?,

o (O =(2bla” (1) - (1) + 79~ " () -~ 0 P (1)

+2EYW (2*(t)) - 2 (t) +m)dt + 22*(t) - dB(t).
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Then considering e“|z*(t)|?, we have

(3.6) E[la*(T)[")e™” — ||

=Bl el (OF +mo+ 2(a”(0) 2" ()

+2ﬁg Vi(a* (1)) - g Yo Pa* (8) + 2BV (2*(1)) - 27 (1)) di]
T

SB[ (2 + @ O + e ol (O
ter(h- 1—19 B () + 5 VI (1) - BEOVW (1)

— Yo(z™(1))))dt]
R /0 e ((—co + )|z (B)]2 = c1aW (2" (1)) + ¢2)d]

+ e1(Ex[W (2(T))]e*” — W(a)).

Here

2 2
co =m+ c1|A| + e1y|ao| + 3—017 \A(O)]2,
6 _
(D) 2 ()
c] = — + ||E
1 CO(Hg " — IEY])

choose « such that a1l + %ccl) < ¢p, where c is the constant such that
VW ()] < e(1 + [z]).
(3.6) implies

(3.7) T B,[|z*(T)2 — el W (z*(T))] < e5¢°T + c1|W ()]

< ca(lzf® + ).
Concavity of W(-) implies that there is ¢ such that

W(z) < &1+ |z)).

This and (3.7) imply (3.4). This also implies the ergodicity of x*(-).

skii(1980), Chapter IV, Sec. 4].

See [Khasmin-



We now consider a solution (A, W) of (3.2) such that W is quadratic. Let

1
(3.8) W(zx) = §K:1:~x+e-a:,

K is a symmetric m x m matrix and e € R™. Then A, K, e satisfy (2.22) and (2.24).

15

The following result is a consequence of Wonham(1968). The uniqueness follows from

the same argument as in the proof of Lemma 3.2. For the convenience of the reader, we

still provide an argument for it.

Lemma 3.3. Let~y < 0. Then (2.22) has a unique solution K such that K is nonpositive

definite. For such K,
D L EMEK

is a stable matrix.

Proof.  Assume that K is nonegative definite and is a solution of (2.22). Let ¢ be the

solution of a6(t)
t
/2 =D*(t
D* =D 4+ EWEK,

with ¢(0) arbitrary. Then

(3.9) LRty - $(t) = 2K6(t) - (DD (1) + EVK (1))

dt
= K¢(t) - ENVKo(t) — QM o(t) - 6(t).

Here we use (2.22).

On the other hand, we have

L16(1)P = 2D"6(1) - 6(0)
= 2D6(1) - 9(0) + 22— g0 P9(t) - T A0(1) + EVK (1) - o1
< =2¢0l0(8)]* + col¢() + (=@ (t) - o(t) + Ko(t) - EV K (1))

= —co|d(t)|* + c(—QM(t) - p(t) + Ko(t) - EMK(1)).
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Here

2 —Y 1=
= —(||EW™ — g tA|?).
=GB+ 1=lgAl)

Let @ > 0 and will be determined later. Considering e®|¢(t)|?, using the above relation

and (3.9), we have

(77" — [6(0)]* < /OT *T((=co+a)|g()]? + e(=o(t) - QW o(t)
+ Ko¢(t) - EQOK¢(t))dt
= /OT e ((—co + @)[d(t)|* — cag(t) - Ko(t))dt
+e(o(T) - Ko(T)e™ — K¢(0) - ¢(0)).
Take a small such that a(1 + ¢||K||) < ¢o. By the above relation and the condition that

K is nonpositive definite,
[(T)Pe™™ < [6(0)* — cK(0) - ¢(0)
< (1+ || K[DIg(0)[*.
Since a > 0, this implies D* is a stable matrix.
Now we prove the uniqueness of K. Assume K is another solution of (2.22) which is
nonpositive definite. We substract the relations (2.22) for K and K to get
(K — K)D*+ D" (K - K)— (K —K)EO(K - K)=0
D* =D L EW K.
Let ¢(t) be defined by
d
—o(t) = D*¢(1).
S0(t) = D9(1)
Then J
(K = R)o(t) - olt) = 2(K — K)o(t) - D"6(1)
= (K = K)¢(t) - EV(K — K)(t) > 0.
ie.,

(K — K)o(T) - ¢(T) > (K — K)$(0) - $(0)
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for all T > 0. Let T' — oo, the left side tends to 0 by the fact that D* is stable proved

earlier. Therefore,

(K — K)$(0) - (0) <0,

hence

(K—K)z-2<0 forall z

since ¢(0) is arbitrary.
Similarly, we have

(K—K)z-2<0 forall z

Therefore, K = K , which completes the proof of the uniqueness of the solution.
The existence of a nonpositive definite solution for (2.22) follows from the argument in

the proof of Theorem 1, Section 2.3, Brockett(1970). This completes the proof.

Remark 3.4. In Brockett(1970), Section 2.3, it shows that Lemma 3.3. holds if the
controllability and observability of the system are assumed. In our case, the controllability

means

[VEM, DYVE®M, . (DOYm=1/EM)]

is of full rank, and the observability means
g A
g *ADO)

g1 A(DO)"
Under such conditions, K is negative definite. Here, we have controllability condition. But
observability condition may fail to hold. Under such situation, the proof of Thm 1, Sec.

2.3, Brockett(1970) gives the existence of K. But the stability of D) + E™ K does not

follow immediately from the results in Brockett(1970).
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Lemma 3.3 follows from the results in Wonham(1968). It assumes the stability and

detectability of the system. In our case, the stability means the existence of Ky such that

DY —\/EMK,

is a stable matrix, and the detectability means the existence of K such that

D — A,

is a stable matrix. Under such conditions, K is nonpositive definite, but may not be

negative definite.

We now summarize the results obtained above.
Theorem 3.5. The equation (3.2) has a unique solution (A, W) satisfying the following

properties

1
(3.10) W(z) = §K:1:~x+e-a:,

K is nonpositive definite, e, A are given by (2.24). Moreover, DY) + EO K is stable.

Remark 3.6. If (A, W) is a solution with W given by (3.10), then b*(x) defined in Lemma
3.2 is linear

b*(x) = D*x + €*

where D* = DO + EM K is stable.

Our aim in the rest is to prove that

A — min A
r>0

and the convergence of WT(V) to W) as r tends to infinity, where (AS”, Wﬁ)) is the unique
solution of (3.1) such that v is bounded.
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Theorem 3.7. The solution (A, W) of (3.2) satisfying the following properties is unique:
W(0) =0, W (z) is concave and
VW (x)| < e(1 4+ |z|), Vore R™

for some ¢ > 0.

Proof.  Assume (A, W), (A, /V[\;) are solutions of (3.2) satisfying the above properties.

Subtract the equations for (A, W) and (A, W/) to get

A= SAW(@) +5°(2) - VIV (@) + VIV (2) - BV (),
W(z) = W(z) — W(a),
A=A—A

b*(+) is given in Lemma 3.2, i.e.,

b*(z) = b(z) + —— o ¢~ 2fi(z) + EMVW ().
Let 2*(t) be the diffusion process defined by
dz*(t) = b*(a*(t))dt + dB(t).
By Ito’s rule,
dW@ﬁﬂﬁ#A—§VWuﬂﬂyEWVWWﬁ@Dﬁ+VW%ﬁ@ydB@.

Then

(3.11) AT =E, [/T %VW(m*(t)) - EOVW (2*(t))dt]
0

+ By [W(2™(T))] — W ().
Dividing this relation by 7" and letting T" — oo, we get

A > 0.
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Here we use the estimate in Lemma 3.2. Similarly we have A < 0. Therefore A = 0.

Dividing (3.11) by T" again and letting " — oo, we now have
1 _
/ §VW(33) - EOVW (2)p*(z)dz = 0,

p*(z) is the invariant density for z*(¢). This implies VW (z) = 0 a.e. with respect to dx.
Then W(m) — W(x) is a constant which is equal to /V[\;(O) — W (0) = 0. This completes the

proof.

Here we shall mention some results given in Bensoussan and Frehse(1992) and Na-
gai(1996) which relate to Theorem 3.7. These works discuss the similar problem under a

general framwork. In order to apply their result, we need to assume the condition that

V(@) = =5 sle™ @) — mo(@)

tends to oo as |z| tends to co. If this holds, then Lemma 3.2 in Nagai(1996), or Theorem
4.1 in Bensoussan and Frehse(1992), implies the uniqueness of the solution satisfying the
condition that —W (z) — oo as |z| — 0o. We see without suitable assumption these results
can not be directly applied to our case.

Let AS” be the minimal long term growth rate for the investment problem with con-
straint |u| < r. By Theorem 3.1, there is a unique W such that W, (0) =0, |VW7~(W)(."IJ)|
is bounded and (A, W) = (Aﬁf’),WT(”) is a classical solution of (3.1) with U = U,.. Let
(A, W) be the solution of (3.2) given in Theorem 3.5. In the following, we shall show

that (Aq(y), WTM) converges to (A, W), We need the following lemmas.

Lemma 3.8. Let (Agﬂ), W;V))(A(V), W) be defined as above. Then W = W —w )

is convex for any r > 0.

Proof. Denote A = Aq(ﬁ) — AW = Wﬁ“’) — W) . Then the equation of (A&”, WP))



can be rewritten as follows,
1 - - 1 _
AD) =5 AW + WO (2) 4+ b(z) - V(W + W)(z) + S|V + W) (z))?

lu|<r

+ inf {y Z uiag) VW + W) (@) + 4D (2, u)}

Z%Av‘v@:) + (b(z) + VW) (2) - VWV (z) + %!W‘V(w)?

1 1,
+ A0 — 5%\9 Ya(z) + o PIVW D (2))]2 — ypo(x)
+ inf (3wl VOV £ W) (@) +300 (2, w).
That is, (A, W) satisfies,
- | - 1.- _
(3.12) A= SAW () + b (z) - VIV () + W (@) EDVW ()

+ H.(ji(z) + o POV WD) £ W)(z))

Here

b (z) = b(z) + o PV g7 2i(z) + EOVWO) (2),

1—v
E™ is given in (2.23) and

1 v _ . 1
Hr(p) = =579 pl® + Jnf fyu-p—3v(1- Nlgul?)
I
= inf [—=—1—|g7'p— (1 — 2.
@?gr[ 21_7\9 p— (1 —=7)gul’]

Then H,(p) is convex. Denote L,(v) the convex conjugate of H,.(p). Then

(3.13) L.(v) = sgp{v p—H,(p)}

1 v _
=sup sup {v-p+ 51—|g 'p— (1- 7)9U|2}
P lul<r -7

11—+ 1
= sup {5 lo(v ~ 7u)* + 37(1—)lguf*)

[u|<r
11—~
= —s——|gv[*+ (1 =) sup gv - gu
2 Y Jul<r
11—~

T
=—-——|gv]*+ (1 —7)|gv]*—.
2 |v]

21
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The following relation holds

Hy(p) = sup{v-p — Ly(v)}.
Therefore,
(3.14) H,(ja(z) + o P (VWD (z) + VIV (2))) = Slip{a(D)/v VW (2) + Ly (z,0)},
Ly(z,0) = v+ (a(x) + o PVW D (2)) — Ly (v).

Write also

1 1

From (3.12), (3.14) and (3.15), the equation (3.12) is the dynamic programming equation

for the following stochastic control problem: Let (&(t),v(t),u(t)) be a process satisfying
(3.16) di(t) = (b(2(1)) + o™V u(t) + u(t))dt + dB(¢),

such that &(¢), v(t), u(t) are progressively measurable w.r.t. a filtration {F;} and B(t) is a

m-dim F;-Brownian motion. Let

(3.17) v, u) = mTW%E[/O LG (t), v(t), u(t))dt],

1
= - (a(z) + o VW (2)) — L, (v) — Ju EM~Ly,

The goal is to maximize .J(v,u) over all bounded processes (v,u). We shall prove that

AD) — A = A where

~ A

(3.18) A =sup J(v,u).

Let apply Ito’s rule to W (#(t)) for #(t) satisfying (3.16) and use (3.12)(3.14),

AW (&(t)) :(%AW(i(t)) + (0 (@(t) + PV v(t) + u(t)) - VW (@(t)))dt
+ VW (2(t)) - dB(t)

<((AD) — A — L(&(t), v(t), u(t)))dt + VW (&(t)) - dB(t).
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Then it is easily seen
ie.,

Since j(O, 0) = 0, we have

0< A < Ap) YNGR
On the other hand, for each 7 > 0, we consider the same control problem with constraint
5(t)| < 7. Then we can show the existence of (A, Wr) solving the equation

A 1 A A / A A~
(3.19) Ar = 5AW;($) + 0 (z) - VWr(z) + sup {(c'Pv+u) - VWi(z) + L(z,v,u)}

[v|<7u

such that |VWy| is bounded, Wx(0) = 0. Moreover, W; is convex. This can be proved
by approximating the control problem using associated discounted control problem with
discount factor p — 0. Here the properties that the running cost L(x,v,u) is linear in x
and the dynamics is linear in x, v, u are used to prove the convexity of the value function
VAVf(’J ) () for the discounted control problem. Then Wy is the limit of VAVf(’J ) (x) — VAVf(’J )(O)
as p — 0. See Fleming and McEneaney(1995) or Fleming and Sheu(1999) for the details
of this argument.

By (3.19)

N . 1_ . .
Ar =5 AWr () + b (z) - VIWr(z) + 5 VWi(z) - EOVW;(z)

+ sup [P v - VIV (@) + Lr(2,0)]
lv|<7

A

~ 1 ~ ~
>_AWx(x) + b (x) - VIVR(z) + 5 VWe(z) - EOVWx(z).

N =

The convexity of Wi(z) and

(3.20) A <A <A — A = A,
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imply VVAV;(Q:), 7 > 0, is bounded on bounded sets of x. Then we can take a subsequence
r =, — oo such that an converges to W uniformly on compact set and /A\fn converges
to A as n — o0o. The equation (3.12) holds for (A, W) = (A, W) and W is convex. Since
(A, W) = (Aﬁﬂ) — A W) is also a solution for (3.12), we expect W = W which will be
proved below.
Denote W = W + WO, A=A+AD. Then
K= SAW(@) + b(a) - VT () + 5[V (@) + G (o, VIV (1)),

G.(x,p) = inf | Zua p A+l ()}

|u|<7‘

Note, this is the same as (3.1) with U = U,.. Since (AS«”), Wﬁ)) satisfies the same equation,

we substract these two relations. Then

~ 1~ N
(3.21) A— AL =5 AW - WO (z) + b(z) - V(W — W) (2)
N 1
+ VW (@) - V(W = W)(z) + 5[V (W = W)(@)]?
+ Gy (z, VW (2)) — Gr(z, VW) (2)).
Since G,.(x,p) is Lipschitz in p, there is a bounded vector field v(x),
v(x) - (VW(QU) — VW) (z)) = G, (, VW(QU)) — G, (z, VWO (2)).

Define

b(x) = b(z) + VIV (2) 4+ v(z).
Let z(t) be the diffusion process satisfying

dz(t) = b(Z(t))dt + dB(t).
Apply Tto’s rule to W (Z(t)) — W (z(t)),

A — W) @E (1) =(— 2 V(T — W) @0 + K& — AD)de
(3.22) 2

+ V(W = W) (E(t)) - dB(2).
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Since VW,Q)(Q:), v(z) are bounded functions, Z(¢) can be shown to satisfy
(3.23) Ezt)]?] < cle ®|z|* +1) forall 2 and t> 0.

Here ¢, « are some positive constants. This implies Z(t) is ergodic with invariant density
p(-). Integrating (3.22) over t € [0, 7], taking expectation, dividing both sides by 7', then

letting T" — oo and by using an ergodic theorem, we get
N~ ~ ~
(3.24) /(—i\V(W CWOYR() + A — AD)j(a)dz = 0.

Here we use (3.23) and \W(a:)\ < ¢(1+|z|). By (3.20), we have A — AY) < 0. Then (3.24)
implies A — AY =0 and V(W — Wﬁ)) = 0. Therefore, W — W is constant and is equal
to W(O) — Wp)(()) = 0. ie. W =W\, This implies (3.18) and W = W, therefore, is

convex. This completes the proof.
Lemma 3.9. Let (AY, W) be as in Theorem 3.1. Then W\") is concave.

Proof. Let fix v < 0,7 > 0. By the argument in Fleming McEneaney(1995)(Thm 7.1)
and Fleming and James ( Thm 3.1), for each p > 0 there is a unique W) in C?(R™) such

that

pW P (1) :%AW(’))(QZ) + %]VW(’)) ()2 + b(z) - VW) (z)

: QN (p) ()
+ qfrenUnThZUZUD VW (x) 4+~ (z,u)]

and |[VW )| is bounded. Moreover, pWW (?)(0) converges to AD) and W) (z) — WP (0)
converges to Wﬁ)(af;) uniformly for z in compact sets as p tends to 0. Therefore, it is
enough to prove that W) is concave for each p. In the following, we write W for W),
Our strategy to prove the concavity of W is to express W as the value function of a
discounted stochastic control problem with special feature: the dynamics is linear, the

running cost is concave in the state and control variables. This implies the concavity of

W by a standard argument.
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We rewrite the above equation as follows,

(3.25)  pW(x) :%AW(J:) +b(z) - VW (z) + %VW(QU) - EDVW ()

2o g ) - VW) + 5l @)+ pola)
STl @) + e PIW (@)
+ inf (i) + o PIVW () 0= 5y(1 = 7)lguf?

= SAW (@) + 50 (2) - VW (2) + S VIV () - BOVIW ()
1

+ 51—\9 La(@)? + ypo(x) + Hy(i(x) + o PV (2)),
b (z) = b(z) + T ,yff(D)'g *[i(x)
Here
H,.(p) = |11L]|f1<fr{———lg p—(1—7)gul*}.
Define
L.(v) = Sup{v -p—H,.(p)}
1 1— )
=—3 =T 1gul2 + sup {(1 — 7)gv - gu}
Y lu|<r
11— _
= —5 ool + L)

See (3.13). L,.(v) = sup|,|<,1(1 —7)gv- gu} is convex. Then H,(p) = sup{v-p — L, (v); v}.

ST lo )+ () + 0P VW (@)

21—
—%1—19 ) + sup{(i(x) + 0 PV TW (2)) v+ %%W - Lo}
=sup{o™ v VIV (@) = L, (0) + 5 lo~ o) + ~—Lgof*)

From this, (3.25) becomes,

pwu):%AW(beW ) VW () + ;VW( ). EOVW(2) + 0 (x)

/ _ ]_ _
+sup{o v VW (z) — L(v) + =———|g~ lx) + —Lgv[?}
) 2(1 - ’7)
(3.26) .

:%AW(QU) +b(x) - VIV (2) + 2V (2) - EOVIV(2) + ()

, _ 1—
+sup{o® v VW (z) — L,.(v — %gw 7)) + —|gv| }
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Denote L,(x,v) = L,(v — ﬁgdﬂ(a:)) — %1_77]91)]2. Thus, (3.26) is the dynamic pro-
gramming equation for the following stochastic control problem: Let (Z(t),v(t), u(t)) be a

process satisfying
(3.27) dz(t) = (b(z(t)) + PV u(t) + u(t))dt + dB(t)

such that Z(t),v(t),u(t) are progressive measurable w.r.t. a filtration {F;}, B(t) is an

m~dim F;-Brownian motion. Define

J(v,u) = E[/OOO e " (ypo(@(1)) — L (2(t), v(t)) — %U(t) B u(t))dt).

The goal is to maximize J(v,u) over all processes (v,u) such that u and v are bounded.
Since VW is bounded and b(+) is stable, we can prove by a standard argument that W is
the value function of this control problem. Since the drift of the dynamics is linear and the
running cost is concave in (z,v,u), W is concave. See Fleming and Rishel(1975), p.196.

This completes the proof.
Now we can state our main result of this section.

Theorem 3.10. Let (Agﬂ), 757)), (A W) be as in Lemma 3.8. Then A converges

to A, W,W converges to W) uniformly on compact sets as r — oc.

Proof. By Lemma 3.8 and equation (3.12), VWT(V) is bounded in r uniformly on compact
sets. Therefore, we may consider a limit of WTM through a sequence r = r,, — 0o, denoted
as (A, W). By Lemma 3.9, W is concave and (A, W) is a solution of (3.2). By Theorem
3.7, (A, W) = (A, W), This completes the proof.

Remark 3.11. By the convexity of WTM — W and the convergence of WTM — WO as

r — 00, it is not difficult to show that VWT(W) — VWO converges to 0 uniformly on compact

sets as 7 — 0o. Let denote u(") (x) the argmin in (3.1) with U = RN, A = A, W = W),

Similarly, up)(x) is the argmin in (3.1) with U = U,., A = A W =W Using the
()

above result, we can also show that u,’’ converges to u(?) uniformly on compact sets as

r — OQ.



28

Theorem 3.12. Ify < 0 and —v is small, then the Markovian investment policy u(?)(x)
defined by
1

u(z) = ﬁ9—2(;1(917) + o PV (2))

attains the optimal exponential growth rate AY).

Proof. The following idea has been used in Fleming and Sheu (1999). Denote z*(t) =
z%(t) defined by (2.11) with u(t) = u()(z*(t)). Since A = AW = W) satisfy (3.2)

which is equivalent to (3.1) with U = R”, the equation can be rewritten as

1 1
A ZQAW(V)(J;) + §|VW(7)(J;)‘2 + b(x) - VW(V)(x)

+ Z u (2)o D YWD () + 70 (2,0 (2)).
By applying Ito’s differential rule to W) (2*(¢)) and using the above equation, we have

T
/ 0O (2, 1) (2 (£))) it

(3.28) =ADIT — WO (2*(T)) + W (2*(0)) + / ' VW) (z*(t)) - dB(t)
0

1 T
-5 /0 VW) (2% (£))|?dt.

Let V(t) be the investor’s wealth at time ¢ using the investment policy u(V)(-). Then, by
(2.9) and (3.28),

E[V(T)"] =exp(ADT + W (&) Ex[exp(-W ™ (2*(T)))
1

expl / VWO (2 (1)) - dB(E) ~ / T (a2 (1)) ).

Now change the probability measures from P to P, where on Fr

. . i
Z—i = exp(/o VW(’Y)(Q?*(t» -dB(t) — %/0 ‘VW(W)(QJ*(t))Pdt).

Denote E[- - -] the expectation under P. Then

(3.29) E[V(T)"] = exp(ADT + W (2)) Ey[exp(—W ) (*(T)))].
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Under P, 2*(t) satisfies the equation
dz*(t) = b*(z* (t))dt 4+ dB(t),

where B(t) is a Brownian motion under P. See Lemma 3.2 with W = W), We shall

prove later that
(3.30) 0<—KY <¢y|I

for some ¢ > 0 and small |y|, where I is the identity matrix. Using this and the argument
in the proof of Lemma 3.2, we can show that there is ¢; > 0, independent of v if |y] is

small, and for all & > 0 there is ¢, > 0 such that we have

A

Eglexp(ci|a™(T)*)] < c2 + exp(—aT) exp(c|z[*).
Using this and (3.30), we can deduce the following,

lim %log Bylexp(—WO (2(T)))] = 0.

T—o0

By (3.29), this shows that A is the exponential growth rate using the policy u(¥)(-) .
The proof is complete.

We now show (3.30). Recall that K = K() satisfies (2.22). We use the following

relation. For any C, a m x m matrix, we have
KOEMKO > _C/(E(W))—lc +C'KY KW,

Take

C= —LU(D)g_%ZL
L=y

Then (2.20) implies
KD+ D'K —C'(EO)™'C+ Q™ <o.

Let ¢(t) be the solution of
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Then

& < Ko(1),6(t) ><< (C'(BD)7'C ~ @)alt), 6(1) >

That is,
T
<K¢(T),¢(T) > — < Kz,x >< / < (C"(EO)TIC — QM)g(t), o(t) > dt.
0

Let T — oo, and use the property that |¢(T)| < |z|exp(—coT) which is a consequence of
(2.4). Then

— < Kz,z >< /OO < (C"(E)71C = QU)p(t), o(t) > dt.
0

Since we have |C| < c|v|, |Q™| < ¢|y| for some ¢ > 0, then (3.30) follows easily.

Remark 3.13. In the proof of Theorem 3.12, the diffusion z*(¢) is Gaussian and has the

invariant measure which is Gaussian with covariance matrix V,

00
(v) () () (v) ) g () y/
V:/ e(D +EY K )te(D +E\V K )tdt.
0

We note that V also satisfies the equation
(D(’Y) + E(’Y)K(’Y))V + V(D(V) + E(’Y)K(’Y))’ - _T.
It is not difficult to show that

lim %log Byexp(—WO (2(T)))] = 0

T—o0

if and only if
_KO < V1

It is very interesting to see when this holds. See Kuroda and Nagai(2000) for some inter-

esting ideas relating to this.

4. Positive HARA Parameter.
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In this section, we consider v, 0 < v < 1. We continue to study the equation (2.18)
for such v and its relation to the optimal growth rate of the corresponding long term
investment problem. Let denote Aq(ﬁ) the optimal growth rate for long term investment
problem with constraint U = U,.. Then AS” is finite for each v > 0 and there is a unique

) such that (A, W) = (Agﬂ), P)) satisfies

(A1) A= SAW(2) + 3 [VW (@) + blx) - VW (2)

+ max [y Z uiag) VW () + 3£ (2, u)],

lu|<r

and WTM( 0)=0,|VIW; 7)\ is bounded. Here

(D (w,u) = =5 (1= D Juioc VP + ) wifi(w) + po(x).

For the notations, see Section 2. We define

A = sup A,
r>0 "

and call it the optimal growth rate of the long term investment problem.

Theorem 4.1.  Assume A is finite. Then (2.18) has a solution (A, W) such that
A =AY and W(z) is convex.

Proof.  As in Theorem 3.1, for each v > 0 there is unique W,") in C2(R™) such that
(A W) = (Aq(y), T(W)) satisfies (4.1), the properties that Wp)(()) = 0 and VI is
bounded. Equation (4.1) is the dynamic programming equation for an average unit time

control problem with state dynamics

dz(t) = )+ ui(t)o)y +v(t))dt + dB(t),

and the cost criterion

T
T, v) = Tim sup %E[ /0 (VO (E(8), u(t)) — %yv(m?)dﬂ.

T—o0
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Since the dynamics is linear in x,u,v and the running cost is convex in x, by a routine
argument, we can show that WTM is convex.

By the equation (4.1) and convexity of WTM, we can prove that v is bounded on
compact sets uniformly in r. We can take a subsequence r = r, — oo such that W,gz )
converges uniformly on compact sets to W as n — oo. Then (A, W), A = A®) satisfies

(2.18) and W is convex. This completes the proof.

Let A®) < 0o and (A, W) be the solution of (2.18) in Theorem 4.1. We can rewrite the

equation (2.18) as

A :%AW(:I:) + 0 (z) - VW (z) + %VW(Q;) - EYVW (2)

(4.2) oy
+ §ﬁ|g ()" + yro(z),
where
b (z) = b(z) + - V50 g=2() = DDy 4 o)

with

DM =D+ T 5DV 424

11—~ ’
o = oD g2

Lemma 4.2. Let 0 <~y < 1. Assume AW < co. Then D) is a stable matrix.
Proof.  Let z(t) be the diffusion process defined by
dz(t) = b (2(t))dt + dB(t).
It is enough to prove that there are ¢, « > 0 such that
(4.3) Eu[l2(t)] < cfjz[Pe™ +1]

for all x € R™,t > 0.
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Let (A, W) be the solution of (4.2) given in Theorem 4.1. By Ito’s rule,

AW (:(8)) =(8 = 3 7=l P (0) = o)

1
-5 VW ((t) EYVW (2(t))dt + VW (2(t)) - dB(t).
Then considering W (z(t))e** for a > 0 to be determined later, we have

(44) BW DT W)+ Bl | e(0 = 57217 a0)F = (1)

_ %VW(z(t)) L EOVW (2(t)) + aW (2(1)))dt].

Also

2(t) - P g2 a(2(t)) + m)dt + 22(t) - dB(t),

T
(4.5)  Eu[|=(T)Ple™” <|zf* + Ex[/o e ((—2¢c0 + a)|2(1)

1 Y r_ 1
+ colz(t)|” + a(ﬁyﬂff(m 97 P lg™ a(z(0) 12 + m)dt].

Here we use (2.4) and

1 Y I 5
<colz(t)]* + a(ﬁ)QW(D) 97 2u(z(1)?

1 ol ro_ 1
<colz()* + —(z==)% e g~ P19 Al(@) .
Co 1-— Y

Taking o < cg, ¢ = 2%%“0@)/9—1”2 and using (4.4) (4.5),

(46) BT + W TN <(Jaf + W @) + ol | e (5ol

—cypo(z(t)) + caW(2(t)) +m + cA)dt]
<(Jz]* + W (x)) + e,
if o is small enough . Here we use, [W(z)| < ¢;1(1+ |z[?) by (4.2). The convexity of W (z)

implies,

W(z) > —ca(1+ |x]).
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These properties and (4.6) imply (4.3). This completes the proof.

In Section 2, we have seen that if W is quadratic,

1
W(a:):ﬁKa:m%—e-a:,

then K satisfies (2.21), i.e.,

(4.7) D'K+ KD+ K? + %(A’ + Ko g 2(A+ oD EK) =0

holds. Although, we expect W to be quadratic for the solution (A, W) of (4.2) in Theorem
4.1, we could not prove this here. However, we shall prove that (4.7) has a solution K

which is nonnegative.

Lemma 4.3. Assume 0 < v < 1 and A" is finite. Then (4.7) has a unique solution

KO such that K is nonnegative definite and D) + EO K ) is semistable.
Proof.  Let (A, W) be the solution of (2.18) in Theorem 4.1. For A > 0, consider

Wa(e) = 35 W ().

Since VW (x)| < ¢(1 + |z|), then
- 1
[VWa(2)] < ex (1 + |Az]).

Therefore, Wy (-), A > 1, is a compact family of functions. We choose a sequence \,, — oo
such that W), converges uniformly on compact sets as n — oo, and we denote W(-) for

the limit. Then W (-) has the following properties:
(i) W is convex;
(4.8) (i) [VW(2)| < eilal;

(iii) 0 < W(z) < colx|*.
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Moreover, W is a viscosity solution of the following equation:

= 1o+ - 1 _
(4.9) DOz YW (2) + VW () - EOVW (2) + 57— . - g~ Azf? = 0.

That is, for any z € R™,T > 0,

T
@10) W) =swnd [ (GrleT A = 5ot EO o)+ Wo(T)),
where ¢ satisfies

(4.11) % = DD (t) +0(t), p(0) =z

and
T
/ lv(t)|?dt < oco.
0
See McEneaney(1995). Clearly, (4.10) implies a dissipation inequality which has appeared

in systems theory,

T
/o éﬁ!glw(m? — () B ()i < W(a) ~ W(H(T))

for ¢ satisfying (4.11). Then results in Willems(1971) can be applied to assert the existence

of a quadratic solution W (z) of (4.9),

1
(4.12) W (z) = QK(V):L‘ -z,
K® >0 and
(4.13) DM = pO L EO KO

is a semistable matrix (i.e. the real part of the eigenvalues are nonpositive). See Lemma

5, Theorem 7 in Willems(1971). This completes the proof.

Remark 4.4. In Theorem 4.8, we show that W is equal to W7 given in (4.12). It is also
important to know if D(* in (4.13) is a stable matrix. We shall prove these later if v is

small.
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Theorem 4.5. Let 0 < v < 1. Assume (4.7) has a solution K > 0 such that D)’
defined in (4.13) is a stable matrix. Define e"), A®") by (2.24) with K = K) and

1
W(V)(:L‘) - iK(V)x cx4+e g

Then the optimal growth rate for the investment problem is finite and is equal to A,
Moreover, (A, W) is the solution of (2.18) given in Theorem 4.1. In particular, we

have WT(V) converges to W) uniformly on compact sets as r — oo.

Proof. First, we show that Aq(y) < AM) for each r > 0, therefore, A < A®) with A being
the optimal growth rate. Then by Theorem 4.1, there exists W, a convex function, such

that (A, W) satisfies (2.18) and
VW ()] < e(1+ |2]).

As mentioned in the beginning of this section, there is unique Wﬁ) such that (4.1)

holds. Then by a standard argument (see Fleming and McEneaney(1995) that

AD) = sup J(u, v)

u,v
where the sup is taken through stochastic processes u(-),v(-) such that they are progres-

sively measurable with respect to a filtration {F;} and |u(t)| < r, v(¢) is bounded, where

Tucw) = timsup B [ (e @ (0).utt) = lo(o))at]

di(t) = (b((1)) +7 Y ui(t)oy +uv(t))dt + dB(1),

Z(+) is progressively measurable with respect to {F;} and B(-) is a Brownian motion with
respect to {F;}.

Since (A, W) also satisfies (2.18), we have

1 1
(4.14) AD) EEAWW (2) +b(z) - VW (z) +v- VWD (2) — 5‘”‘2

+ Z uiag) VW () + 40D (2, w)
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for all x,u and v. Let u(-), v(-) be progressively measurable with respect to {F;} such that
lu(t)] < r, v(t) is bounded and Z(-) satisfy the above equation. Then by Ito’s rule and the
relation (4.14),

AW (1) <(AD A0 (@ (t), u(t)) + 3 |o(0) )t

+ VIWO(Z(t)) - dB(t).

Therefore,
/OTWM(W% u(t)) — %!v(t)P)dt <AOT 4+ /OT YW (z(t)) - dB(t)
+ WO (3(0) = WO(a(T)),
then
(4.15) Eal /0 O a(e), ) - S o(0) )

<AIT 4 B, [-W(Z(T)]+ WD) ().

Since u,v are bounded, by using the condition (2.4), it is routine to prove that there

are «, 3, ¢ > 0, such that
Eylexp(Blz(0))] < e 4 c.

Together with (4.15) we can prove AL < A®) | hence A < AD).
Now we prove A = A and W = W), We substract the equations for (A, W)

and (A, W),

1
(4.16) A A :iA(W(V) — W)+ (b(v) + E(’Y)VW(’Y)) . V(W(V) —W)

1
_ iv(mf(v) —W)- EOvw® —w).
Let x*(t) be the diffusion defined by

dz* (t) = (b + EOVW ) (z*(t))dt + dB(t).
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By the condition that D(* is stable, z* (t) is ergodic and has unique invariant probability

density p*(z). Then (4.16) implies
() 1 () () () (o) —
A — A+ §V(W - W)(y) - EVVWY — W) (y)p*(y) = 0.

Therefore, A(Y) — A =0 and V(W — W) = 0 a.e. Then W) — W is a constant and is
identical to W) (0) — W (0) = 0. This completes the proof.

Theorem 4.6. If0 < v < 1 and « is small enough, then (4.7) has a unique solution
KW) satisfying
0< KD < eyl

for some ¢ > 0, where I is the identity matrix. Therefore, D")* defined in (4.13) is a
stable matrix. A©) defined by (2.24) with K = K is the optimal growth rate for the

investment problem.

Proof. By Theorem 4.5, it is enough to show the existence of K(¥) satisfying the required
properties. We first show that there is ¢ > 0 such that Wy(z) = cy|x|? satisfies

T
@i [ Gl AP - o) - B (o) < Wila) — Wo(o(T)

if ¢ satisfies (4.11) and $(0) = 2. In fact, by (4.11),
IO =2D0(0) - 6(6) + 2770 72 A0(0) - 9(8) + 20(8) 00
Then using Dz - © < —co|z|2, we have
SO < (o — el + (o)
< —5elo® + —lo(t)?

if co — 1y > %co, ie. gy < %co. Therefore, for some ¢y > 0,

Tl ~ _ T
| ol Aste) Pt <ewy [ Io(0)de
0 - 0

202 1

<—7(—
Co Co

/0 w(B)[2dt + [(0)]2 — |S(T)[2).
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| Gilala sl - Ju(o)- BV u(e)d < Wale)  Wo(o(D))
0 Y

if v small enough and Wy(z) = c¢y|z|? with ¢ = 20% By Theorem 7 in Willems(1971),
+ L
V (x)zaKva:-x,
for some K > 0 satisfying (4.7), where

Vi@ =sw [ Grla AR - 5ot) - B )t

where the sup is taken over ¢(t) satisfying (4.11) such that ¢(t) — 0 as t — co. By (4.17),
V*t(x) < Wy(z). Therefore,

0< K9 <enl,
This completes the proof.

Let fix v > 0 and assume that A() is finite. We recall K(¥) a particular solution of
(4.7) defined in Lemma, 4.3. For each r > 0, A1), W is the solution of (4.1) mentioned

before.

Lemma 4.7. For eachr >0, WT(V) (z) — %K(V)a} - x is a concave function. In particular,

W(z) — %K(V)x -x Is a concave function, where W is given in Theorem 4.1.

Proof. 'The argument is similar to that used in the proof of Lemma 3.8. We shall sketch
it.
Fix v and 7 > 0 and denote W (z) = W) () — KWz - 2. Then

1 - 1 - 1 -
A =5 W() + 5trKW +b(x) - (VW (2) + KDVz) + S| VW () + KW g2

+ sup {yo P u - (VW (z) + KD z) + ~0) (2, u)}
|lz|<r

1_- 1 - 1 -
=5 Wi(x) + 5trKW + (b(z) + KDz) - VW (z) + §|VW(x)|2

+ sup {yo ) u - VW (z) + L(z,u)},
|lz|<r
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where
_ 1 U 1A s o @ KON 4 ~a
L(z,u) = 27(1 ¥)|gu 1 7g (A4 "W K x|* +va - u+ yuo(x).

In the derivation, we use the equation (4.7) for K = K(7). Therefore, we can interpret the
above equation as the DPE for a control problem which the running cost L(z,u) — 3|v|?
is concave in (x,u,v) and the dynamics is linear. Then a standard argument gives the

concavity of W. The proof is complete.

Theorem 4.8. Let W be the function given in Theorem 4.1. Then W (Az)/\? converges
to 3 KWz - x uniformly on compact sets as A — oo. Also, VW (Az)/X converges to KWz

uniformly on compact sets as A\ — o0.

Proof.  As in the proof of Lemma 4.3, denote W a limit of W (\z)/A\? along a sequence
A=\, and A, — oco. Then (4.10) holds. It implies 2 KMz - 2 < W (z) since

3K =sunl [ (5l AGO — o) - Eule)ir)

where ¢(t) satisfies (4.11). The sup is taken over all v(-) such that ¢(t) — 0 as t — oo.
On the other hand, Lemma 4.7 implies W (z) < 2 KMz -« for all z. Therefore, W (z) =

%K(V)a}-x for all z. Thus, we have proved that %K(V)a}-x is the unique limit of W (\z)/A\?,

A — oo. This implies that W (Az)/A? converges to $ KMz -z as A — oo. The convergence

of VIW(Az)/A to KMz follows from this and the concavity of W(Az)/A — 2 KMz 2. See

Remark 3.11. This completes the proof.
In the rest, for 0 < v < 1, the optimal growth rate is denoted by A if it is finite.

Theorem 4.9. Assume A < oo for all0 < v < 1. Then there is a nonnegative definite

matrix K1) such that

A= oD KO,
(4.18)
D'KW + KW D + (KW)2 <o.
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Proof. For 0 < v < 1, by Lemma 4.3, (4.7) has a solution K such that K() > 0 and

D* defined by (4.13) is semistable. See also Theorem 2.2. From (4.7),
(4.19) D'KW 4+ KD+ (KM)? <.

This implies
KO < 2[|D].
We can take a sequence 7, — 1 such that K(») — K1) asn — co.

Again, from (4.7),

(A" + K(W)U(D)/)Q—Q(A + U(D)K(v)) — —1_—7(D’K(7) + K9YD+ (K(v))2)‘
Y

The quantity on the right hand side tends to 0 as ¥ — 1 by the boundedness of K(¥). In

particular, taking v = v, and letting n — oo, we get
A+ P KM =0,
Also, in (4.19), letting v = 7,, and n — oo, we have
D'KW 4+ KOD 4+ (KM)2 <o

The proof is complete.

Remark 4.10. Assume (4.7) has a solution K(") > 0 such that (4.13) is a stable matrix
for each 0 < v < 1. Define A, W) as in Theorem 4.5. Assume A is bounded in

0 <y < 1. Then by (2.18)
(4.20) i(z) + o PN EDz+e) -0 as y— 1

and KWz +e) is bounded in 7 for z in bounded sets. Therefore, we may take v = 7,, — 1

as n — oo such that

Kon) — KO elm) oM 49 n — 0.
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Then (4.20) implies
i(z) + o P KWz + M) =0,

ie.,
A=—cP g

a=—ocPlel),
Conversely, under additional conditions we can show the boundedness of A1) as given in

the following theorem.

Theorem 4.11. Assume that there are K, a positive definite matrix, and e, a vector,

such that

cPK+A=0
(4.21)

cPle+a=0,
and

—-Q=D'K+KD+ K?

is negative definite. Then A" is finite for each 0 < v < 1. Moreover, A1), 0 < v < 1 is

bounded.

Proof. Let x*(t) be a process satisfying (2.11) with |u(¢)| bounded by r. Denote

1
W(x)zQKx-x—f—e-x.

By Tto’s rule,
AW (2 (1)) =(GAW (1)) +b(a" (1) - VW (2" (1)
+9 Y ui(t)ol) - VW (a(1)))dt + VW (" (t)) - dB(t)
:(%trK b D (1) - (K™ (1) + ) + 7o u(t) - (K™ (1) + ))dt
VW (1)) - dB(#)
1

=(GtrK - %|muu)\2 _ %Qx“(t) C2U(8) + Dt (t) - e

—ult) - p(a™(£))dt + VIV (2" (1)) - dB(2).
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Here we use (4.21) in the last step. Then
3 [ e e ar
:%trKT + /0 (—%Qx“(t) cxt(t) + Kz“(t) - e + %|e|2 + Dx"(t) - e)dt
T 1 (T
+/0 VW (z“(t)) - dB(t) — 5/0 VW (z*(t))|?dt — W (z“(T)) + W (z“(0)).

We have

(4.22) E,[exp( / YO (2 (8), u(t)) )]

T

1 _ 1
—exp(3 (trK + o) + W) Exlexp(-W (D) + [ (~57(1=)lgu(0)
0
1
— SQu () () + (D (1) + Ka™(1)) - e)ab)].
Here E,[ --] is the expectation with respect to the probability measure P,

D T T
Pl — el [ VW @) 0) - dBO) ~ 5 [ VW)@ @),

Under P,
dz"(t) = (b(z"(£)) + VW (2" (t)) + 7 Y wi(t)o))dt + dB(1),

B(t) is a Brownian motion. Since K is positive definite, there is ¢ > 0 such that —W (y) < ¢

for all y, and
1 1
—57(1=lgul® = 5Qy -y + (Dy + Ky)-e <c.

From (4.22), we have

T
Bulexp(| 200" (0), u(®)dt)] < exple-+ W(a) exp((c-+ 5K + ).

This implies,
1
AD) < e+ Stk + le|?)

for all » > 0. Therefore,

1
A < e+ §(trK + lel?)
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for all v. This completes the proof.
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