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Abstract
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account, and two underlying Brownian motions, so this model is incomplete. The novel feature
here is that the interest rate for the bank account is governed by Cox-Ingersoll-Ross dynamics.
This is significant for risk sensitive portfolio management because the factor process, unlike in
the Gaussian and all other cases treated in the literature, cannot be negative.
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1 Introduction

Beginning with the pioneering work by Merton [20], [21], [22] and continuing through the recent books
by Karatzas and Shreve [17] and Korn [18], some very sophisticated stochastic control methods have
been developed for portfolio management. Virtually all of these studies make use of an expected
utility criterion. But recently a new criterion has emerged from the control theory literature. Called
the risk sensitive criterion, this was originally used (see, for example, Whittle [25]) for a decision
maker seeking to maximize some (random) cash reward (or minimize some cash payment) while
simultaneously being concerned about the risk or uncertainty in the size of the reward. Essentially,
this criterion equals the expected value of the reward minus a penalty term that is proportional
to the variance of the reward. The constant of proportionality is a parameter whose value can be
chosen in order to achieve for the decision maker an appropriate trade-off between the expectation
of the reward and its variance.

Recognizing its relevance to portfolio management, Bielecki and Pliska [5] applied the risk sensi-
tive idea to a version of Merton’s [21] intertemporal capital asset pricing model. The result was an
infinite horizon criterion that they called the risk adjusted growth rate and viewed as being analogous
to the classical Markowitz single-period approach except that instead of trading off single-period cri-
teria the investor is trading off the portfolio’s long run growth rate versus its average volatility (see
Bielecki and Pliska [9] for a detailed study of various economic and mathematical properties of this
criterion). Bielecki and Pliska also showed in [5] and subsequent work (see [2], [3], [4], [6], [7], [8], and
[10]) that the resulting models usually have the virtue of being more tractable than corresponding
models which use traditional expected utility criteria. Other studies of the risk sensitive criterion
for portfolio management include Bagchi and Kumar [1], Fleming and Sheu [13], [14], [15], Kuroda
and Nagai [19], Nagai [23], and Nagai and Peng [24]. Kaise and Sheu [16] discuss the solution of a
general equation (in R™) that is related to the HJB equation in this paper.

Throughout all this work on risk sensitive portfolio management the underlying factor process,
if any, was taken to be Gaussian or, at least (see Nagai [23]), a process whose domain is all of some
Euclidean space. The aim of this paper is to provide some initial results on risk sensitive portfolio

management for a case where this kind of condition does not hold. Since interest rate processes
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are commonly taken as factor processes and since the so-called Cox-Ingersoll-Ross [11] interest rate
process (a popular one in finance literature) cannot be negative, this model of the factor process was
chosen for our object of study.

The result is a risk sensitive portfolio optimization model having a factor process whose domain
is the non-negative portion of the real line. Since this is a model of interest rates, it is more realistic
than, say, Gaussian models, but it comes with a price: the resulting analysis is exceptionally lengthy,
complex, and technical. This is true even though our model is rather simple, having just this scalar-
valued factor process, two assets (the usual bank account and a risky stock), and two underlying
Brownian motions. Consequently, this paper will study only the associated Hamilton-Jacobi-Bellman
equation, saving the verification of optimality and related issues for a separate paper.

After formulation of our model in Section 2, the main results are presented in Section 3. Chief
among these is Theorem 3.1, which asserts the HJB equation has a unique solution. Needed for its
proof and of separate interest are some results pertaining to a related, “truncated” problem: for
some fixed number M the investor is required to keep all of his or her money in the bank account
whenever the interest rate exceeds M. Existence of a unique solution to the HJB equation for this
truncated problem is established by Theorem 3.2. Intuitively, one should expect the solution of the
truncated HJB equation to converge to the solution of the original one as M — oo; this is indeed
the case, as stated in Theorem 3.3. The rest of the paper is devoted to the proofs of these three
theorems. Theorem 3.2 is proved in Section 4, whereas the other two are proved in Section 5.

2 Formulation of the Optimal Risk Sensitive Asset Manage-

ment Problem

In this section we formulate an optimal dynamic asset management problem featuring a risk sensitive
optimality criterion. Let (2, {F;}i>0,F,P) be the underlying probability space. The securities
market involves a single factor, namely, an interest rate r that is subject to the so-called Cox-
Ingersoll-Ross [11] dynamics

dry = —c(ry — 7)dt + A\/redWy, (1)

where ¢, 7, and A are three specified positive scalar parameters. In order to ensure that the interest

rate process is always strictly positive, we make the following (see Feller [12])
Assumption: 2cF > A2,

There are two assets. One is the customary bank account:

dSo(t)
So(t)

here Sy(t) represents the time ¢ amount of money in the bank account assuming none is added or

withdrawn after time 0. The other asset is a stock (or stock index) whose price process satisfies

dSi(t)
S1(t)

= pu(ry)dt + odWy + pdW;. (3)
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Here W; and W; are two independent Brownian motions, o and p are two specified scalar parameters,
and

p(r) == pa + por, (4)
where (17 and po are two specified scalar parameters. Note that with pe # 0 we can allow the level
of interest rates to affect the return properties of the stock, and with ¢ # 0 the residuals of the
interest rate process will be correlated with the residuals of the stock’s return process. For instance,
with suitable values of o and p this correlation is negative.

Trading strategies will be adapted real-valued stochastic processes that are denoted h. We shall
interpret h; as the proportion of the investor’s time-t wealth that is invested in the stock. In
general, for each time-t we allow h; to be any real number, that is, we do not impose any short
selling restrictions, etc. Additional assumptions about admissible trading strategies will be provided
below.

The investor’s time-t wealth will be denoted V;. Under the trading strategy h, the corresponding
wealth process V' will satisfy

vy
Vi

By standard results, there exists a unique, strong, and almost surely positive solution to this equa-

= [(1 — ht)’l"t + htu(Tt)]dt + ht(O'th + det) (5)

tion; it is given by

t t t
- 1
Vi = VE)@JJP(/ hiodW; + / htdet + / [_5(0-2 + pQ)h% + (1 — ht)rt + ht,u(rt)]dt) (6)
0 0 0

In this paper we consider the following family of risk sensitized optimal investment problems,
labeled as Py :

for 6 € (0,00), mazimize the risk sensitized expected growth rate
Jo(v, 3 h) == litm inf(—2/0)ttn B [e= /DI 1, = o 1y = 1] (7)
over the class of all admissible investment processes h,

where E" is the expectation with respect to P. The notation E" emphasizes that the expectation is
evaluated for the wealth process V' corresponding to the investment strategy h.

The parameter 6 here is interpreted as the measure of the investor’s attitude toward risk; the
bigger the value of 6, the more risk averse the investor. This is because the criterion can be in-
terpreted, at least approximately, as the portfolio’s exponential growth rate minus a penalty term
which equals 6/4 times the portfolio’s asymptotic variance. A comprehensive interpretation of this
risk sensitive objective for portfolio management can be found in Bielecki and Pliska [9)].

We note that the techniques used in this paper can also be used to study problems Py for negative
values of 6, corresponding to risk seeking investors. The risk null case, for § = 0, can be studied
independently or as the limit of the risk averse situation when the risk-sensitivity parameter 6 goes
to zero. However, we shall not consider the cases where 6§ < 0 in this paper.

For much of what follows we find it convenient to introduce the scalar parameter

vi=—0/2. (8)
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Since 6 is always strictly positive, the parameter v should always be regarded as strictly negative.
Moreover, the reader should keep in mind that corresponding to any appearance of the parameter

vis O =—27.

3 Analysis of the Hamilton-Jacobi-Bellman Equation

In this section we formulate our model and present our main results concerning the Hamilton-Jacobi-
Bellman equation corresponding to the investor’s portfolio optimization problem Py. We not only
establish existence and uniqueness of a solution, we also establish some important properties of this
solution. This analysis is rather involved, and so the balance of this paper is devoted to the proof
of the results in this section.

In view of our risk sensitive objective, we are interested in computing the expectation of quantities

like V7 for some v < 0. Since by equation (6)

t t t
- 1
v :vgexp(y/ htJthJr*y/ htdetJr/ 7[75(02+p2)hf+(1—ht)rt+htu(rt)]dt), (9)
0 0 0

we recognize that it is convenient to make a Girsanov-type change of probability measure. In
particular, it is straightforward to show for each trading strategy h and T > 0 that

EV])]=E [VOVemp(7 /OT L(ry, ht)dt>] , (10)

where we have introduced the notation E for expectation under the new probability measure and

the additional functions
SRS 2., 2\ 2 -
L(r,u) :== 2(1 Y)(o® + p2)u” + p(r)u +r, (11)

and
f(r) = pu(r) — 7. (12)
Moreover, under this new probability measure the dynamics for the interest rate process r are given
by
dry = (—c(re — F) + Yo M/rehe)dt + A\/rdWy, (13)

where W denotes a (scalar valued) Brownian motion under this new probability measure.

Using standard methods of risk sensitive control theory (see, for example, [8], [14], and [19]), it is
now straightforward to specify the Hamilton-Jacobi-Bellman dynamic programming equation. This
is

1., d*® do 12 (dfb)2+
e TN

We seek a solution in terms of the scalar A and the bias function ® such that A is the optimal risk

dd
inf — L . 14
{ulgR} ha)\\/;u dr +Lru) (14)

adjusted growth rate in problem Py and such that the minimal selector identifies an optimal (or, at
least, an e-optimal) trading strategy.
It is convenient to transform this equation into a simpler form. Since the stock proportion h; is

unrestricted, we see that the minimizing value of u in the HJB equation must satisfy the first order
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condition Yo Ay/T®" + y[—(1 — v)(0? + p?)u + ji(r)] = 0. In other words, our candidate h* for the
optimal trading strategy will satisfy the expression h} = u*(r;), where

11
S 1-yo?tp?

w(r) : (ﬂ(r) + O—A\/F%‘f). (15)

Substituting this value of u in the HJB equation, introducing the function
g:= ar’
and doing a little algebra enables one to see that the original HJB equation is equivalent to

2

1 dg 1 ¥
A= 2y (1 0 ) 249 d 16
oL+ g (L 2 g )t g + ), (16)
where we have introduced for convenience the functions
_ 04 oA _
b = —¢(r — _r == 1
(r) = =elr = 1) + 2 T V() (a7)
and ) )
Y - 2
d(r) i= = —— . 1
() = 57 s A (18)

Here is our main result about the HJB equation:

Theorem 3.1 The HJB equation (16) has a unique solution (A*,g*) satisfying the following two

properties:
. 1 1 v
lim g* :—[A*——— } 19
o9 (r) cF 21 —~v02+p? (19)
and either
g (r) v 0 N1 [y 1 v o pp—l
1 :—(1 ) ,/ 20
e NG +1—702+p2 A 1—702—|—p2+1—’ya2—|—p2 A (20)
for us # 1 or

2 (1 2 2 3
. 0 o c c vy 5y o
lim g* :—(1 77) — - ——2—(1 77) 21
e (r) +1—702—|—p2 ()\2 ()\4 A2 +1—702+p2 1)
for uo = 1. Moreover, A* is characterized as the smallest A such that the HJB equation has a

solution defined for all r.

In order to study problem Py, as well as to investigate a related problem of separate interest,
consider exactly the same problem except that now, for some arbitrary positive number M, we
impose the trading strategy constraint that hy = 0 if r;, > M. Analogous to the unconstrained

problem, the dynamic programming equation for this constrained, truncated problem is

L, dg 1., §

v
L—vya?+p?

)o? +b(r)g +d(r), <M, (22)
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1o dg 1., _
Ay = 5)\ T + 5)\ rg° —c(r—r)g+vr, r>M. (23)
In addition, our candidate for the optimal trading strategy is now given by
. 1 1 _
up(r) = ﬁm(ﬂ(ﬂ‘i‘ff}\\ﬁ“g(ﬂ)a r <M, (24)

uyy(r) =0, r > M.
Moreover, for this constrained problem we have the following important result:

Theorem 3.2 The HJB equation (22), (23) for the constrained problem has a unique solution
(A%, g3r) satisfying the following two properties:

21 —vyo2+ p?

. . c 2 2y
dm gy (r) =5 —\/y3 2 (26)

As our next main result indicates, the solutions of the two kinds of investment problems are

. 1 1y
lim g3 =— {A* }
S gm(r) o LM

(25)

and

related in an intuitive manner.

Theorem 3.3 The following hold:
Jim g, (r) = 97(r) (27)
and
N}inoo Ay = A" (28)

Remark. For the equation (16), there is a smallest A such that (16) has a smooth solution W. This
follows from the argument in [16]. We can show that A* in Theorem 3.1 is the smallest A mentioned
above. See 5.3 . The argument in [16] is applicable to the equations in multidimensional spaces,
and therefore, can be applied to a model with several assets and multiple factor processes. However,
there is difficulty to obtain W* and to understand its behavior.

These three theorems are proved in the following two sections. We now conclude this section by
suggesting a procedure for computing the solution (A*, g*) of (16). Suppose for any number A we
can solve for the function g satisfying (16) and (19). It turns out that A* is characterized as the
smallest A such that this solution ¢ is finite for all » > 0. Therefore, if some value A gives a finite
solution then A* < A. On the other hand, if some value A does not correspond to a finite g, then
A < A*. Hence a suitable iterative procedure should converge to (A*, g*).

4 Proof of Theorem 3.2

We begin by making a transformation of the constrained HJB equation (22). Denoting

o2

Y
Am14 L T
+1—702+p2’
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A= AA,
d(r) == Ad(r),
and
g:= Ay, (29)
we see by simple substitution that (22) is equivalent to
A= %y g L g +dir), v <M. (30)

We would like to know that this equation has a (possibly unique) solution g for an arbitrary A, but
establishing this is not so easy because the second term on the right hand side is nonlinear and the
coefficient of the first derivative term is degenerate at » = 0. Our approach will be to address these

issues by studying the function

where

o 2 2vo " a(s)
e(r):==r exp( )\2T+(1—’y))\(02+p2)/0 \/§d3>

This is because g satisfies equation (30) if and only if § satisfies

W 5 = A= do)] (31

and this latter differential equation will be easier to analyse.
Lemma 4.1 If the differential equation (31) has a solution g on (0,r9] for some ro > 0, then

g(r)—0asr — 0.

Proof. We first prove that for any ¢; > 0 there are r,,,n = 1,2, ---, which tend to 0 as n tends to
infinity and which satisfy g(r,,) > —c¢1. If not, there is 1 > 0 such that g(r) < —c¢; forall 0 < r < ry.

Since
dg 1 9 - )
oy = ——e(r —d(r
92 + 6(7“) N A2 ( )[A d( )]§2(T)
we have . , - " o 1

For small r > 0, the first term on the right-hand side is bounded above by —czr_%ﬂ for some
¢a > 0 and the second term is bounded above by ¢35/ c% for some c3 > 0. From this, the right hand
side converges to —oco as r — 0, in which case g(r) — 0 as r — 0, a contradiction.

By this result we can take a sufficiently small 7y > 0 such that g(r;) > —c;. Next we show that

g(r) > —cy, r <ryq. (33)
To see this, suppose this is not true. Then there is some ro < r; such that §(r2) = —c; and

g(r) > —c1, ro<r<r.
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By (31)

dg 1, 2 - =

= R —_— A—d 0.
dr (7’2) 6(7’2)01 + )\27"2 6(7’2)[ (TQ)] <
This contradicts the specified property of ¢;.

Finally, it suffices to show that for any ¢; > 0 there is some 3 > 0 such that
g(r) <eci, r<rs, (34)
because it is easy to see that our lemma follows from (33) and (34). To prove (34), suppose there is
r4 > 0 such that g(r4) > ¢1. Then

dg I 5 2 A_d
—=(rg) < —mﬁ + )\Tme(u)[/\ —d(re)] <0.

Therefore, §(r) is decreasing at r4. This argument also shows that § is decreasing on the set
{g(r) > ¢1}. Then we must have § > ¢; on (0,74]. This leads to a contradiction since using (32)
with 71 = r4 and small r we have the right hand side tending to —oo while the left hand side is

bounded. This completes the proof of the Lemma. O

Theorem 4.1 If § is a solution of (30) defined on (0,r] for some ro > 0, then either

2cr

or )
NS U | v M1
limg(r) = (A= 370 505, (36)
Remark. Note that (36) is equivalent to (25).
Proof. By (31) we have
dg 2 - =
A i A—
d?” — )\2Te(r)[ d(?”)],
so by Lemma 4.1 we have
T 2 _ _
i) < [ Sape(s)d = d(s)las

Substituting for e(s) and so forth, it is apparent this implies for some number ¢; > 0 that

2cT

g(r) <ar>r, 0<r<rg. (37)

The next main step is to show for some number co > 0 that

g(r) > —027"2;2;71, 0<r<rg. (38)

We consider two cases, depending upon whether or not

Ay
AT e (39)

First we suppose inequality (39) is true, in which case A — d(r) > 0 for all positive r in some

neighborhood of zero. We have one of the following two possibilities: there are infinitely many
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rn > 0,m=1,2--- which tend to 0 as n tends to infinity and are such that g(r,) < 0; or there is
r1 > 0 such that g(r) > 0 for 0 <r < ry.

We consider the first possibility. Then there is sufficiently small 1 such that g(ri1) < 0. It is
easy to see by (31) that g(r) < 0 for all » < r;. The conditions (39) and (31) imply

4a
@ s ,L
g = e(r)

in which case 1
g(r) /

that is,

507 < /

g(r)

It follows that for some constants ¢, ¢1, we have

—§(r) > erag !, (40)

(| 207
/ ——ds < 017*72“.
roels)

since

By (31) again we have

1 1 L | L) - - 1
= — = = —/r @ds—i—/r Ee(s)[/\—d(s)] ——ds. (41)

g(r)  g(r1) 9%(s)
We use this to study the limiting behavior of g(r). For the first term on the right hand side we have

by L’Hospital’s rule

s /’“0 1 1
lim 732 ——ds = 5—.
r—0 r 6(8) % —1
For the second term on the right hand side of (41) we have

/T EG(S)[A_d(S)]TdSSC/T S 20 < or 3F+2,

Here we use (40). So by (41) we have

g(r) 2cr
Zer ] :—V‘f'l (42)

T X

lim

r—

Hence for the first possibility ( i.e, g(r1) < 0 for some small r; > 0) and when (39) holds, we have
proved (38) and (35).
Now we consider the second possibility: there is 7 > 0 such that g(r) > 0 for all » < r;. Since
i) = — [ s+ [ el - dls)ld (43)
ry=— [ —g°(s)ds ——e(s)[A — d(s)]ds
’ 0 )’ 0 X ’

then it follows by L'Hospital’s rule and (37) that

g(r) 1@_ v )

1
21—~ 024 p2
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This with the relation g(r) = g(r)e(r) and the definition of e(-) imply (36).

We summarize what we have shown. Assuming the condition (39), we have (42) or (44). They
are equivalent to (35) and (36), respectively. They also imply (38).

For the remainder of this proof we consider the opposite case, namely, where inequality (39) does

not hold. We choose r; > 0 such that A —d(r) < 0 for 0 < r < 7. Now (41) and the definition of
e(-) imply

1 1 noq Caer
TORETVER AR CLERE
for some number c¢3 > 0. The second inequality holds for » > 0 small. By (43), g(r) < 0 for
0 <r <ry if v is small. In particular, g(r;) < 0. So by the above inequality we can prove (38).
We now assert that

2eF _ 5 1

—g(ry) > 2

for some small 1 > 0 and some positive § with § < % implies

2cr —(5—l
2

—g(?“)>7“)\2 ) TST]_.
If not, we can find 0 < ro < 1 such that
fir)y <0, ro<r<mr

and f(rg) =0, where

Since
df  dg 2cF I\ 2er 5.3 g*(r) 2 - - 2cr I\ 2 5 8
v=atGroomg) =~ Tt drletr) + (57 =0-3)r ’

it is easy to see this is strictly positive at r = ry by using f(re) = 0. This contradicts the property
of 9, and so the assertion is established.

Let 0 < § < 1/2 and 71 > 0 be small, and consider two situations, depending upon whether
o< <. (45)

For the first situation, assume (45) does not hold for infinitely many r; which tend to 0. Then by

the preceding assertion there is ro > 0 such that

—g(r) < pAEHTL <y

)

Note that we have already established the property g(r) < 0 for r small. From these, by (31) we
have

T ~2 ) B B . , .
g(r) = _/ QG(S) ds +/ ;g? A — d(s)]ds > —cyr X142 _ ) BF 5 o BF 142
0 0

since § < 1/2. That is,
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Continuing in an iterative fashion one obtains

—§(r) < e 3 T,

if m is such that 20 < 1, where ¢; may depend on m and §. Especially, this holds for m = my,
2mo§ < 1 < 2motl§ Apply this same procedure once more to obtain

§(r) Z *ClTQAc;71+2S _ CQT% Z *CTZACZF7 (46)

where § = 2™0§. The last step is due to 26 > 1. We shall now show (44) by the following calculation.
In view of (37) and (38) we have

lim r— 3F /TQL(S)[A_CZ@)]CZSZ (A~ %AL " ). (47)

r—0 A2s cr

In addtion, by (37) and (46) we have

.oz M1 g
lim AZ/ ——g(s)7ds = 0.
o

r—0

This with (47) and (43) imply (44), which is equivalent to (36).
Now we consider the opposite situation, namely, there is 0 < § < 1/2 such that (45) does hold

for some r1. Then

1 1 S g
% - e —/T @d‘s—i—/r Ee(s)[A—d(s)]QZ(s)ds.

Corresponding to the two terms on the right hand side we have

cr 1 1 ].
lim riﬁ?*l/ ——ds = 5=
r—0 r 6(8) <1

)\2
and
i 351 [ (o)A (5] s = 0
r—0 r A%s g (s)
Hence 3(r) Py
. gr) _  2cr
11_1% T T +1, (48)

so by the definition of e(-) and the relationship between § and § we see that (35) holds. This
completes the proof of this theorem. O

From now on we shall focus on solutions of (30) that satisfy (36) rather than (35). The reason
will become apparent below. In particular, see Corollary 4.1 which gives special properties of the
solution satisfying (36). In the proof of Theorem 3.1 it will be seen that the smallest A such that
(30) has a finite solution for all » < M corresponds to a g which satisfies (36). See 5.3.

Suppose a solution g of (30) and (36) exists, and consider the corresponding solution § of (31),
so that g also satisfies (43). Denote

100 = [ 5l - dlds
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and

Then

Since (36) implies

for r small, we have,

Moreover,

§(r) = O (r) - / 59 + 50(5)]Q$d5

a0 — [ 502 gs — o [ 5O ()60 (s)——ds — [ i (s)?——ds
300 = [ 302 s =2 [ 50 @ae s — [ a2 s

Continuing this procedure, we may define §™ (1) recursively by

G+ () — 50 () — tiN(n)szs.
§"00) =300 - [ a2

We can show by induction that the following holds :

§(r) = §™(r) + O(rNF ), (49)
This gives an asymptotic expansion of g(r) for small r > 0.

Lemma 4.2 Fiz A. For small enough ro > 0 there exists a unique § satisfying for all r € (0,7
both (31) and (43). It also satisfies

cr

G| < eir>, r <, (50)

for a positive number c1, as well as (44)(this is equivalent to (36) if we take g(r) = g(r)/e(r)). In
addition, we have (49) and

g(r) < /OT %e(s)[A —d(s)]ds, r < 7. (51)

Remark. Since there is a one to one correspondence between solutions of (22) satisfying (25) and
solutions of (31) satisfying (36) (see the beginning of this section), it follows from Lemma 4.2 that

there exists a solution g of (22) satisfying (25), at least a solution in some neighborhood of r = 0.

Proof. For some suitable positive numbers rg and ¢; (to be decided later), consider the operator T'
defined for f € F.,, where

TF(r) = — /0 f2(s)$ds n /0 %e(s)[/‘x — d(s)|ds
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and

2cT

Fo, ={f:1f(")| <cr>x,0<r <rg}.

In order to show that T'f € F., we need to estimate |Tf(r)|. The first term in the definition of T
is bounded by

iy /OT s%ds = cleor® ™,
where ¢ := 27 and 1/e(s) < &57°, c3 = &3/(1 + 6). The second term is bounded by
ci(M)es /OT s97 s = ¢y (A)esr®,
where c3 = ¢3/8 and e(r) < é3r° for r small, and where

- 2
er(A) = max |15

[A —d(r)]].
Therefore
ITf(r)] < [C%CQT + cl(/_\)cs}r‘s < [c%cy‘o + cl(/_\)C3}r5

if 7 < rg. It now follows by taking c¢; = 2¢1(A)cs and 79 = 1/[4caczer (A)] that

2cr

ITf(r)| < c1rF,

andso T :F. — F,.
On the other hand, for r < rg

" 1
T fi(r) =T fa(r)] S/ |f1(s) + f2(s)][ f1(s) —f2(3)\@d5
0
LY | _
§\|f1—f2||261/ RS ds < 2c16am0l|f1 — foll, T <o,
0 e(s)
where || - || denotes the supnorm on [0, o] and
B 1 2
Co := max Az,
r<1 e(r)

Hence by taking ry small enough so that 2c;éarg < 1 we see that T will be a contraction mapping
from F., into F.,. Hence T has a unique fixed point, say g, which means that § satisfies (43) and
thus (31).

If we define g(r) = g(r)/e(r), then g is a solution of (30) defined on (0,rg]. Therefore, in view
of Theorem 4.1, either one of (35) or (36) holds. Since g is in F.,, we have (50). Then (35) cannot
be true. Since (36) is equivalent to (44), (44) holds. Finally, (51) is a consequence of (43). This

completes the proof of the Lemma. a

Lemma 4.3 Let §; and §o be the two solutions of (31) (equivalently, (43)) corresponding to Ay and
Ao, respectively, as defined in Lemma 4.2. If Ay < Ay then §1 < Go.



16 Risk Sensitive/CIR Portfolio Management

Proof. Since §; and §, both satisfy equation (31) (with their respective values of A) we can subtract
one equation from the other to obtain

%(91 —g2) + %[ﬁ + 32]lg1 — G2] = %e(r)[ﬂl — A

We thus have

g1(r) — go(r) = /OT 2)6\52) Uh - AQ] exp(f /ST Wdu) ds.

This is strictly negative if A; < Ao, so Lemma 4.3 is established. g

Corollary 4.1 For each A, (31) has only one solution satisfying (36). For fized A, assume go
defined on (0,79] is a solution of (31) satisfying (36). Let y < go(ro), and suppose § is the solution
of (31) such that g(ro) =vy. Then g(r) exists for r € (0,r9] and g satisfies (35).

Remark. While uniqueness of this solution is true for general r(, existence of a solution has only
been established for small enough rg > 0.

We note that if g(rg) is finite, then g is well defined for r > r¢, up to a (possibly infinite) point
denoted r(A) where lim, 3y §(r) = —oo (If g explodes, then by (51) it explodes in the negative

direction). For each M > 0 we now define
A (M) := inf{A : the corresponding solution § of (31) satisfying (36) is finite for all 7 < M},

and note solutions of (31) satisfying (36) are given by (43). The preceding results now imply the

following:

Corollary 4.2 Fiz arbitrary 0 < M < oco. Then A.(M) < oo and, for each A > A.(M), the
corresponding solution § of (43) is finite for all ¥ < M. Moreover, (M) — oo as A — oo and
G(M) — —00 as A — —oo0.

Remark. Recall that a solution g of (30) is well defined if and only if a solution g of (43) is well
defined. Since g = Ag, the preceding corollaries tell us when the constrained dynamical programming
equation (22) has a unique solution for » < M. In particular, since g(r) = g(r)/A and A = AA, we
see that (36) implies (25). Also, note that in Lemma 5.2 below we prove that A, (M) > —oo.

Proof. We prove A, (M) < co. The rest is a consequence of either Lemma 4.3 or a similar argument.
We first take a ro small enough and a finite Ay, and

_ "2 - 1,
go(r)z/o Ee(s)(Ao—d(s))dS—/o mgo(s)ds, r <rp.

We know that go(r) is finite for r € [0, ro]. Now for 8 > 0 we consider

i T 9 - . T,
gg(r):/o Ee(s)(Ao—l—H—d(s))ds—/O @gg(s)ds, r < rp.
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This has solution gg(-) in a neighborhood of 0 as given in Lemma 4.2 with A = Ag + 6. We know
that go(r) is finite for r € [0,79] and that

go(r) > go(r), r < ro.

Let us fix 0 <7y < 7o, alarge K > 0, K > ||go|l{r, ,ro]» the maximum of |go(r)[,r € [r1,70]. There
is a 0y such that for 6 > 6y, gg(-) is increasing for m < r < rg, if |go(r)| < K. This is due to the

following calculation:

d 2 _ _ 1,
3r0) = 57e)(Ro 0 —d(r)) ~ 2533 (r)

- 1
|l o)} = Il =5 s rol K2 > 0,

inf {6(7‘)(1‘0 + 6y — 6( )

= A2rg [r1,m0]

where the last inequality holds if 6, is large enough.
From this, for a fixed K, we must have gg(rg) > K if 6 is large enough. Suppose not. Then using

the fact that go(r) > go(r), 11 < r < 1o and the above monotonicity result we can conclude that
Go(r)| < K, 1 <7 < 70.

Thus p ) .
iy > (—— inf Ao + 60— ||d| —l— K?
390 2 (5 it o) Ro +0 = [l )} = 5 el K°)

is larger than a given number (say L) for r1 <r < rg if 8 is large enough. For such 6,

0o
dolro) = go(r) + [ S gu(rdr = o) + Lro = r0),
and this is larger than K if L is large enough. This gives a contradiction.
Next, for a fixed K > 0 if 0 is large enough, then gg(rq) > K implies go(r) > K, 1o <r < M.

This follows by using the properties that

1 1
inf  —e(r)>0, sup — <00

ro<r<M T ro<r<M 6(7“)
and the estimate
d 2 1 - - 1
—5 > 2 - _ | 2
dTQQ(T) =2 TOSIEQM{TS(T)(AO + 00 ||d||[ro,M])} || 6(7") ||[7‘0,M]K >0

for a rqg <r < M satisfying gg(r) = K if 0 is large enough.

We conclude from the above analysis that for a K > [|gol|[r, r,], there is a 0 sufficiently large
such that gg(M) > K. This implies A.(M) < Ag + 6 < co. As a consequence of this argument, we
also have that gy(M) tends to co as 6 tends to co. This ends the proof. O

We now turn to the study of the solution of the constrained dynamical programming equation
for r > M, that is, equation (23). But the solution of this differential equation must satisfy the
boundary condition at » = M that has g(M) taking the value that comes from the solution of (22)
and (25) for r < M.
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Lemma 4.4 Given a specified value of g(M), equation (23) has a unique solution g on [M,r1),
where r1 :=sup{r > M : g(r) > —oco}. Also, there exists some K < oo , which does not depend on
r1, such that g(r) < K on [M,r1) (but may depend on g(M)).

Proof. It is sufficient to prove the existence of K. The existence of r; follows from the theory of
ordinary differential equations.
First note that (23) can be rewritten as
dg 2c

T 2
%_ﬁ[l_;]g'f'gQ:E[AM—WL r =M. (52)

It suffices to show that if a solution is such that g(rg) < ¢z, then g(r) < ¢y for all r > 7o, where
ro and ¢y here are large. Suppose, on the contrary, there is some r; > ro such that g(r) < ¢y for
ro < r <1y and g(r1) = ca. Then by differential equation (52) we must have %(rl) < 0. But this

is a contradiction, so Lemma 4.4 is established. O

For fixed M and any A > A,(M)/A we know by Corollary 4.2 that (22) with Ap; = A has a
solution g on (0, M] with g(M) finite. So corresponding to each such A we can, as in the following
lemma, consider the solution g of (23) on [M,r1) that takes this corresponding value of g(M) at
r = M. In other words, for each A > A, (M) /A we have a solution of (22) and (23) that is continuous

on [0,71) for some r; > M.

Lemma 4.5 Let g1 and g2 be two solutions of (22) and (23) corresponding to A1 and Ay, respec-
tively, where Ay, Ay > A (M)/A. Then Ay < Ay implies g1 (r) < go(r) if g1 is defined at r.

Proof. First consider two differential equations (52), one satisfied by (g1, Ay = A1) and the other
by (g2, Ay = As). Subtracting one from the other gives

d 2¢ 2

(2= 9) + [-550=7/r) + o+ 0](e2 —91) = 33

Aoy — A
dT’ [ 2 1]7

in which case

g2lr) = (1) = exp (= [ (=350 7/9) + 02(6) + 02(5))ds) la(01) = g1 (1)

+/1\; %(AQ — Al)exp(— /:(—/2\2(1 —7/u) + g1(u) + gz(U))du)dS.
Since go(M) — g1 (M) > 0, Lemma 4.5 follows from this. 0
For each M > 0, we now define
A%, = inf{Aps : the corresponding solution g of (22), (23) satisfying (25) is finite for all » > 0},
and we observe that A%, > A.(M)/A. The preceding results imply the following:

Corollary 4.3 For each fized number M < oo we have A}; < oo.
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Proof. We need to prove the existence of a Ay such that g(r) is finite for all > 0, where g is the
solution for (22), (23) and (25). By (52), if g(M) > 0 and Aps > 0, then g(r) > 0 for all r > M.
We can show by the argument in the proof of Lemma 4.5 that g(M) > 0 if Ay, is sufficiently large.
This completes the proof. O

By Corollary 4.3 we know for Ap; > A}, that there exists a solution of (22), (23) and (25). We
now investigate the limiting behavior of this solution g as r — oco.

Theorem 4.2 Fiz M < oo and arbitrary Ay > A%, and consider the solution g = g of (22),
(23) satisfying (25). Then exactly one of the following two conditions will hold, that is, either

. c 2 2y
Jm o) =35 =30~ e 9
i c 2 2y
Tll)rgog(r):ﬁ-i-\lﬂ—ﬁ. (54)
c 2y
¥ Vx
c

22 2y

or

Proof. Denote
o

and note that « is negative and satisfies

Next, define!
g(r) =g(r) — o,

and note that, in view of (23), we must have

dg 2 2y 2cF1N\_ 20 2cF N1
— 2= - = —7> :( - — )*7 M. 55
ot ()it SRR UL (55)
We now claim there is ¢y large enough such that
g(r) > —c1/r, r> M. (56)

If not, then not only is there some rq > M such that g(ro) < —c1 /79, but there is some rq > M
such that
g(r) < —c1/r, T >710. (57)

To see this, suppose g(rg) < —c1/ro but (57) is false. Then there is some r; such that §(r1) = —c¢1 /1
and g(r) < —ey/r for ro < r < ry. It then follows from (55) that
dg

. (r1) < [—201

2 2y <2AM 2cr )} 1

et el

This implies %(rl) < 0, where f(r) := g(r) + ¢1/r. But this is a contradiction, so we see that if

(56) is false, then there exists some rg > M such that (57) is true.

IThe g used in this proof must not be confused with the g that is the solution of differential equation (30).
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Using (55) and (57) one can show that

dg 1.,
— 4+ =g 0 > 7rg.
dT—|—2g< , =T

This, in turn, implies

1 1

1

—— + — +=(r—m9) <0, r>m.
g(r) ~ g(ro) 2

But this cannot be true for all r > rg, so (56) must be true.

We now consider two cases, depending upon whether or not

2A s 2cr

If (58) is true and g(rg) > 0 for some ¢ > M, then g(r) > 0 for all r > ry. From this, we conclude
that one of the following two possibilities holds: either there is 79 > M such that

g(r) > Oa r2> To, (59)
or there is rg > M such that

g(r) <0, r>ro. (60)

We have the same conclusion if the opposite of (58) holds, so it suffices to consider (59) and (60)
separately. First we assume (60). This together with (56) implies

lim g(r) = 0.
In other words,
lim g(r) = o, (61)

which is equivalent to (53) in this case.
For the rest of this proof we shall assume (59) and show that for small ¢; > 0 and some r; > M
then either

_ 2 2y 2l

w25 ) > e rEn (62)
or

B 2 2y 21

g(']") —+ (72 F — ﬁ —+ v;) —C1, T 2 r1. (63)

Indeed, it is easy to see that in order to prove this assertion it suffices to show that if

2 2y 2 1) (64)
= —e

i+ (25wt
holds for some ¢; > 0 and for r = rg > 0, then (64) in fact holds for all r > rg.

To prove this last statement, assume the contrary: there is some r; > rg such that (64) holds for
ro <r < ry; and equality holds in (64) for » = r1. In this case

a
dr

2 2y 271 20 2cF N1 2c7 1
SRS T IR T OENE
()= —er(er =255 -5+ 5 " U VAL PR VI
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where we have defined

_ 2 2y 271
f) =900+ (=255 - 55+ 5o y)

But this is a contradiction, so (64) must be true for all r > rg.

Our next step is to show (63) cannot hold. This is because it and (55) would imply

dg > G+ (QAM 2cr )1 >
—>c — = —a)—, r>r
ar - YT AT T ey TET

since g(r) > 0, in which case

T r2A 2c¢r \ 1
g(r) > exp{e1(r —ro)}g(re) + / ( /\;V[ — va)g exp{c1(r — s)}ds.
ro
But this contradicts Lemma 4.4, so we conclude that if g(r) > 0 for all » > ry (i.e., if (59) holds),
then (62) holds for any ¢; > 0 provided 7 is large enough.

Having established (62), we now prove that for a fixed large r1 there is a ¢y large enough such
that

_ 2 2y 271 c
g(r) + (—2 M F—FV;) < 725 > (65)

To prove this, we consider the function
_ [z 2y 2cr1
f(r)=g(r)+ (72 N + 5V ;)

flr) <co/r (66)

for r = rg. Our next objective in this proof is to show that this implies (66) is true for all r > ro.

We choose ¢y such that

Otherwise, there is some 11 > rg such that (66) is true for 7o < r < 7 and equality holds in (66)
for r = r1. By (55) again it is easy to see that

a
dr

2A 2cr 1 1
(7"1)4—02/7“% :g(rl)(—CQ/Tl)-i-( )\21\/[ —VOZ)H'FCQE <0

if ¢ is large enough. But this is another contradiction, so (66) must be true for all r > rg.
Now (62) and (65) imply

lim f(r) =0.
T—00
This is equivalent to (54). This together with (61) completes the proof of Theorem 4.2. O

It turns out that the limit (53) is the one we want; (54) will now be ignored. See Lemma 4.7. Here
again we are interested in the smallest Ap; such that (22), (23), and (25) have a solution for all r.
The following lemma says there is at most one value of Ay giving a solution of (22), (23), and (25)
that also satisfies (53).

Lemma 4.6 Suppose g1 and go are two solutions of (22), (23), and (25) corresponding to Ay =
A1, Ao, respectively. If both g1 and go satisfy (53), then g1 = g2 and Ay = As.
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Proof. Subtracting the equation for g, from the equation for g; gives

d 2¢  2crl 2
5(92 —g1) + (_ﬁ te, to +g2)(92 —q1) = E(Az —Ap).
By (53) we then have
2
o2 900)elr) = [ - (he — Aujels)ds, (67)

where we have introduced the function
r 2 2cr 1
e(r) := exp{/m (—)\—2 + %g + g1(s) +gz(s))ds}.

Here rg > M is fixed. The integral on the right hand side of (67) is finite by (53). Moreover, (67)
implies go — g1 > 0 if Ay — Ay < 0. But we also have go — g1 < 0 if Ao — A; < 0. Therefore A; = Ay
and g1 = g9, that is, the proof of Lemma 4.6 is completed. O

It remains to prove the solution ¢g* corresponding to Ay = A}, satisfies (53). In other words,
with Lemma 4.6 establishing uniqueness, it remains to establish existence. This is a consequence of
the following lemma, because if for Ay = A the corresponding limit is (54), then for all Aj; < A in
some neighborhood of A the corresponding limits also satisfy (54). Hence if there exists a solution
for Apr = A3}, (the infimum of Ay, for which there exists a solution; A3}, is finite by Corollary 4.2
above and Lemma 5.2 below, and the infimum is attained by the same kind of argument used below
in the proof of Theorem 5.1), this solution must satisfy the other limit, namely (53).

Lemma 4.7 If Ay = A is such that the corresponding solution of (22), (23) satisfies (25) and (54),
then there exists some § > 0 such that for any Ay; > A — 8 the solution of (22), (23) exists for all r.

Proof. Let g be the solution corresponding to f\, SO

dg 2c Ty .
Y Ra-Dgeg =), r> M

With ¢ being the solution of (22) and (23) corresponding to A, write

g:=9g—4

SO
dg dg 2c oo 9 2
A = " (A —r).
2t (= )@+ )+ (9 +9)7 = 5 (A —g7)
This implies
@+(%(1—i)+2A)’+’2——2 (A —A) (68)
dr T2V T TSI = e, '

We now seek the solution of (68) such that ||g|| < d;, where
1] := sup |g(r)].
r>M

Here 6, will be chosen later in a manner which depends on &, where |A — A| < §. Note that (68) can

be rewritten as

Qi
—~
3
N—
Il
QJ
=S
N~—
\ —
|
\i
‘ ol
—
%)
N—
Q|

2(s)ds + = (A — A) / GRS

A2 Mmer)s
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where we introduced the function
_ "2 _ R
e(r) == exp{/ (——(1 —7/s) + 29(5))ds}.
M\ A2
We use again the fixed-point argument to get a solution g. Denote
F:={f:[M,00) = R, [[f|| <01, f(M) = g(M)},

where g(M) = g(M) — g(M), and where g is the solution of (22) corresponding to Ay = A. We
denote for f € F

Tf(r) 1= 5(0M) o5 /M 8 psyas + 5=y [ S as

We know g(M) — 0 if A — A. We consider

) o 1
A=Al <0, 5= [g(M) | mas

where § is small. Then take §; > 0 satisfying
"e(s) "e(s)

- 26 1
§? su —~<ds+ 6+ — su —<—ds} < 47.
L S ) 22 Q}Z{ v &) <o

Note for ¢ small enough we can take

< 26 "e(s) 1
01 =200+ = ——=—ds}).
1 ( + )\2 f;]laf{ o é(?") S S})
Then it is not difficult to show that the operator T : F — F. Moreover, for arbitrary fi1, fo € F we
have

T, — T ol < 26, sup _i/ e(s)ds||fy — foll = K|l fr — .
7-2M€(7") M

By taking 6; small enough one has the number K < 1. Then T is a contraction with a unique fixed

point in F, which is the unique solution of (23). This completes the proof of Lemma 4.7. O

5 Proofs of Theorems 3.1 and 3.3

Our first result shows that the solutions of Theorem 3.2 converge as M — oo to a solution of the
HJB equation (16) that also satisfies conditions (19) and (20)(if p2 # 1, (21) if ua = 1). Later in this
section we will show uniqueness, thereby completing the proofs of both Theorems 3.1 and Theorem
3.3.

Theorem 5.1 Let A%, and g},(r) be as in Theorem 3.2. Then A}, — A and g} (r) — g(r) as
M — oo, where A and g(r) satisfy (16) and g(r) also satisfies (19) and either (20) (in the case
po # 1) or (21) (in the case pg =1).
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To prove Theorem 5.1 we need the following four lemmas. The first two of these are based upon

the following equation:

1 dg 1 2
A= 2x2% a
2)\Tdr+2)\r(+

0
1—7y02+4p?

)92 +b(r)g +d(r), r < Ry + 1. (69)

Here Ry > 0, and note this equation is essentially the same as (22), which is part of the dynamical

programming equation in Theorem 3.2.

Lemma 5.1 Let rg < Ry be arbitrary. Then there is K > 0, depending on ro, Ry, and A, such that
if (69) has a solution g, then
lg(r)| < K, ro <7 < Ry.

Moreover, K can be chosen to be increasing in A. Therefore, for ro, Ro, A fized, the set {|g(r)| : ro <
r < Ro;g satisfies (69)} is bounded.

Remark. If the value of the ODE solution g is specified at ry < Ry , say, then the values of g for
all » will be determined. The most interesting part of this lemma is the conclusion that regardless
of the initial value we choose for g at rg, if g(r) is finite in (0, Ry + 1], then |g(r)| < K for all
ro < r < Ry, where K is independent of g, although it may depend on Ry. Consequently, in order
to have a solution of (68) we cannot arbitrarily assign a value of g at 9. Regarding the dependence
of K on A, an expression for K is provided after (71) below. This dependence will be used in the
proof of Theorem 5.1.

Proof. Let g satisfy (69). Take ¢ : [0,00) — [0, 1] smooth such that

¢(T): 17 TOSTSR(%
= 0,0<r<3, Ro+1<r

Without loss of generality, we can take ¢ such that it satisfies the following property:

1 d¢(r)|
¢(r) dr

Here K is some number that may depend on rg and Rg. To see this, we denote h(r) by

Lot o
mdr720,

T

\/M:1+2/ h(u)du, r > Ry.

Ro
We then choose h(-) such that h(-) is bounded and

Ro+1
2/ h(u)du = —1.
Ro

1-

h(r) =

SO

Moreover, we choose h(r) = 0,7 > Ry + 1. The derivatives of h of any order at Ry and Ry + 1 are 0.
Thus ¢ satisfies the required property on [Rg, 00). We can apply a similar argument for r € (0, 7).
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Consider )

1) = 5080,

Then f(r) takes a maximum at some r; satisfying r¢/2 < r; < Rg + 1. Denote

X2 =2f(ry) = 2max f(r).

Then af
T ry=o,
that is,
Br)glr) 2 () = — 562 () (). ()

We multiply (69) at » = 1 by ¢(r1)g(r1) and use (71) to get

Ag(r)g(r) = —3N2rig?(r) 92 (r) + 102 (1 + 12 25 )6(r1)g? ()
+b(r1)p(r1)g*(r1) + d(r1)d(r1)g(r1).

Assume g(r1) # 0. Then divide the above relation by g(r1) to obtain

Ap(r1) = —iNrig(r) 92 (r1) + $A%r (1 + 2 702+p 2)o(r1)g%(r1)
+b(r1)é(r1)g(r1) +d(r1)e(ry).
Then
X%+ 20X =33, (72)
where 5 1 ¢
a=a(r)= ——(b(r1)Vo(r1) — 1)),
)\Zrl( + 1_,}, o212 ) \/ ’I"1 d?"
2
B =pB(r)= ——(=d(r1)¢(r1) + Ad(r1)).
)\27"1(1 + 1 P 0’2+p )

From (72),

X =—-ata?+p,
in which case

| X| < |a|+ Va? + 8.
We see | X| < K, where

K = max{|a(r)| + a2 + B(r), %0 <r<Ro+1}
so that K depends on rg, Ry, and A. Since
2 o y2

max, l9(r)]” < X7,

the result follows. O

The next lemma says that the set of all A such that (69) has a solution is bounded below.

Lemma 5.2 For a fized Ry, there is a A(Ry) such that if (69) has a solution g, then A > A(Ry).
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Proof. We take 0 < 7y < Rg and a smooth function ¢ as in (70). We can define b(r) for all 7 > 0

such that
b(r) = b(r), r < Ry

and such that the diffusion process defined by
dr(t) = b(7(t))dt + A\\/7(t)dB(t)

has an invariant density that we denote by p(r).

Denote ,
0 o
®(r) = exp((1 + mm) (1),
where .
W(r) = / g(u)du
70
Then
La(r) = Ad(r) — d(r)(r), r < Ry,
where R ,
A=(1+ ﬁ(ﬂ“fw)m
d(r) = (1+ 125 755)d(r),
Lf(ry = IN2rLL(r) +b(r) L (r).
We have

/ Lo(r)p(r)p(r)dr = / R®(r)$(r)p(r)dr — / A(r)®(r)(r)p(r)dr.

The equation for the invariant density p is:

1 d? . d ;.
5@()\27’19(7")) - g(b(T)p(T)) =0
In one dimension, we have
1d -
S (\2ri(r)) = b(r)p(r) = 0.
From this and the integration by parts formula we then have

/ LO(r)p(r)p(r)dr = —% / A%%(r)%(r)p(r)dr.

Consequently,

By Lemma 5.1 there is some number K, which depends on A, such that

+ < O(r) <K,

i et = [dnemempear -5 [0 L0

(73)
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for 7o < r < Rp. From this and (73), we have

w/ (r)dr < K (1] + YRl 521).

Al [omptar

From these, |A| has an upper bound depending only on Ry. This completes the proof. a

The left hand side is larger than

For the following lemma and subsequent use we shall make us of a quantity that was defined in
Section 4, namely,

Ay i=inf{Ap 0 (22) and (23) has a solution satisfying (25)}.

Lemma 5.3 For each My > 0, the set {A%;; M > My} is bounded above.

Proof. It is enough to show that there is A such that (22)-(23) has a solution g = gps satisfying
(25) such that g(r) > 0 for all r, for Ay = A with M > My, since this will imply A%, < A by the
definition of Aj,.

We take A large enough such that (22) has a solution g satisfying

. 1 v 1
1 =—A-——— .
rl_r%g(r) cf( 2(1 —v) o2 +p2) >0

By (22), it is easy to see that g(r) > 0 for 0 < r < M, since in 0 < r < M, g is increasing at the
zeros of g. This argument also applies to M < r. That is, g(r) cannot be —oo for finite r. Therefore,
we get a unique solution of (22)-(23) satisfying (25). O

Lemma 5.4 Let g = gp be a solution of (22) and (23) satisfying (25) with A = Ay > A%, Then
there is some My > 0 such that for M > My,

g(r) <0, r> M.

Proof. By (53), g(r) will be negative if r is large enough. From equation (23) and the fact that A is
bounded below (see Lemma 5.2), it is easy to see that g(r) < 0 for r > M if M is large enough, since
g(r) for r > M is increasing at zeros of g. This argument also applies to My < r < M. Therefore,
g(r) <0 for r > My if M is large enough. This completes the proof. O

Armed with these lemmas, we can now prove Theorem 5.1.
Proof of Theorem 5.1

By Lemmas 5.2 and 5.3, for a fixed My > 0, {A};, M > My} is bounded above and below. We
can take a sequence M,, — oo as n — oo such that A}, converges to some A. Boundedness of
{A}, } also implies the uniform boundedness of {

g, (1)} on compact sets by Lemma 5.1. This

-‘7Mn

further implies the uniform boundedness of {|—7(7)[} on compact sets, by using (22) and (23).
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Therefore, we can take a subsequence of {M,,} (still denoted by {M,,}), such that g3, (r) converges
to g(r) uniformly on compact sets.

We know A, g satisfy (16) and g satisfies (19). In fact, we only need to rule out the possibility
that g satisfies (35). But since the gy, (r) satisfy (50) for ¢; and 7o independent of n (see the proof
of Lemma 4.2), it follows that (35) cannot hold for g.

It remains to prove that (20) or (21) (depending on the case) holds for g, because then (A*, g*) =
(A, g) satisfies the properties in Theorem 3.1 (see also 5.3 below). From this it follows that the limit
of (A%, 9%) as M — oo is unique, and so Theorem 5.1 will be proved.

We now prove that (20) holds for g when ps # 1. By Lemma 5.4, there is My such that

g(r) <0, r = Mo. (74)

We need to know the behaviors of the solutions of (16) as r — oco. This will be given in Theorem 5.2.
Now g given above is a solution of (16). Define g = Ag, A = 1+~0%/(1 —~)(0? + p?). According to
this theorem, either (75) or (76) holds. From (80), we can conclude the following. If (75) holds, then
g(r) < 0 for r large. If (76) holds, then g(r) > 0 for r large. Since (74) holds, we must have (75).
This in turn implies (20) by a simple calculation. The case ug = 1 is treated in a similar manner.
This completes the proof. O

Theorem 5.2 Let (A, g) be a solution of (16) for 0 < r < co. Then exactly one of the following
relations holds:

either
lim (g(r) — go(r) = —= (1 - 2 (L)} —Z (75)
e ’ 8 AT =97 /o2 + p2
or )
.1 _ 7y 1 2 |pg — 1
lim — — —2(— 1
Jim —=(g(r) = go(7)) ( lwgﬂ,z) N # 1, (76)
Ly vy o’ :
tim (a(r) = an(r) =2( 57~ 25 (14 2 %)) = (77)
Here 1
, 1
o) = 20 204 ) b
o) == A2r A2 42 ’

while b(-),d(-), and g(-) are defined by (17), (18), and (29), respectively.

In order to prove Theorem 5.2 we need three more lemmas. For these we consider a function
g(r) that is finite for all  and satisfies (16) and (19). Using this and go(r) as specified in Theorem
5.2, we then define

Na)Y
I
QI
|
QI

S

Since gg satisfies
1 _
5)\27’570(7”)2 +b(r)go(r) + d(r) =0,
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it follows that
where

and

w\»—A

~ 1 —
b(r) :=b(r) + Xrgo(r) = =X*r( = =57 + 3y75) " = — (= 24%rd(r) +b(r)*) .
Notice this equation can be rewritten as
dg 2b(r) . 2L(r)
hac = . 78
dr s a2 7 A2r (78)
In order to investigate the asymptotic properties of (78) we calculate
2d(r)  b(r)? 2y ( v o? 11 .,
S ] |
A%r +A47“2 A2r +1—702+p2 21—702+p2ﬂ(r) +r
1 _ vy 2
+W(7C(ri7ﬁ)+ 1-— 702—1—/) e G ))
.\ vy 1 vy o2 1 v \2 o? 1
= —_— 1 — —_—
Alr) ( 17702+p2( + 17702+p2))\2r + (lf'y> (024 p?)2 N2r
oA 1 ror 1 o ST PR R o’ )
Mooz +p? v r A2 A2 vy 0?4 p?
v 1 1 5 ecoN 1 r—7F 1 _ 02(1"—77)2 o o?
= - ) R N S i - 14—
17702+p2)\2ru(7a) A o2+ p2 r \/FM(T)+A4 r2 )\2( +17702+p)
Since - -
2b(r) 2d(r)  b(r)?\z
= —2 — ) s
A2y < A2y + Adr2
it follows when ps # 1 that
2%(r) . v 1 \Hlme-
A2 __2(_1—702+p2) Al VrO@) as oo )
Moreover
o) 2 Ty~ ) — (e Y e 1V O as 7 — . (80)
r=-————"——F—-=7 — - = — .
g0 AL—yo2+p2 12 1—vy024p% A2
On the other hand, if ps = 1 then
26(7“) ~_9 i_zl(l_;'_ii) ;_;'_O(l) as T — 0o (81)
A2r A4 A2 1—v02+p? NG

and
2

_ . C c? ¥ o o z 1
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From this we see that if us # 1 then

[A| — 1 T Ay o 1
L(r) 1 (1—702+p2) +|/\|1—702—|—p2 |12 1|\/;+O(ﬁ) as r—oo, (82)

1

whereas if o = 1 then
1

Jr

We are now ready for the first of the three lemmas that will be used in the proof of Theorem 5.2.

MM%A+O(

) as 1 — OQ.

Lemma 5.5 There exist positive numbers ¢y and r1 such that

g(r) > ——, all 27 (83)

Proof. This proof is by contradiction. Suppose it is false. Then for any ¢; > 0 and ro > 0 there

exists some 7y > ro such that
g(To) S —01/7“0.

From this we shall prove that

g(r) < —C—l, all r>rg. (84)
r
But if this is not true, then without loss of generality there is some r1 > rg such that §(r1) = —¢1 /71

and
g(r) < —er/fr, ro<r<ri.

Denoting f(r) := g(r) + ¢1/r, we then see that

Lffl;l) = —g(r)* +

L(ry)  2b(ry)

1
§(r1) — c1—5 < 0
A2ry A1 g(m) —a r?

if we take ¢y large enough. This is a contradiction; (84) must be true if this lemma is false.
By (84) and (78), we have

g .o
— 0.
ar +g° <
Then
dag
4 +1<0,
g
which implies
1 1
— ——— 4+ (r—m9) <0
30) 5y T

for all » > rg. This cannot be true for all r > rg, so (84) leads to a contradiction. The proof is

complete. O

Lemma 5.6 Suppose for some large ro > 0 that with r = ry we have

2b(r) o

—<g(7“)<—)\2r -

If co is large, then this inequality also holds for all v > rq.
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Proof. By (78) and (82), § — co/r is increasing at r > ro such that § — co/r = 0. Therefore,

& < g(r), r>ro.
r

Denote

2b(r) N cz}

ry = inf {r >rg:g(r) > — 2y .

We have shown §(r) > co/r for ro < r < ry, so it suffices to show we have r; = oco.

Assume not. Then §(r1) = —2b(r1)/(X2r1) + ¢p/r1 and

. 2b(r) o
g(r) < — \2r +?, ro <1 <71y
We now consider ~
R 2b(r) ¢
f(T) = g(T)+ A2 _7

and show that % f(r1) <0, which leads to a contradiction. We have

$100= ot + £ (%)) - 3

2L 2b 2b
- a4 (%) -5

From this and (79),(82) we can show < f(r;) < 0. This completes the proof.
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Lemma 5.7 Let ¢y > 0 be small. With rg,co as in the preceding lemma such that co is large enough,

there exists some r1 > ro such that R
2b(r)
A2r

g(r) + >

forallr > ry.

Proof. We first show that there is some r; > r( satisfying

N 25(7‘1)
g(ri) + Ny > —cy.
Otherwise, y
2b
g(r) + /\gr) 1, all r>mrg
By (78), we have
4G 5 g+ 20 5 s> 9y
ar = VYT Ty 9T =99

if ¢y is large enough. Then
o c A
§0) 2 exp{ 2 = o) }g(ro)
But this contradicts (85).

With r{ as above, we now show that

2b
(r) > —cy, all r>ry.

i)+ o >
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Otherwise, there is some ro > r; such that g(re) + 2/(\;5:22) = —¢; and
2b
g(r) + Ag:) > —cy, all T <r<mr.
In this case we consider _
_ 2b(r)

and thus
R L e - e 2 T

By (79) and (82), it is easy to see that the right hand side is positive. But this is another contra-
O

diction, so this proof is complete.

We are now ready for the proof of Theorem 5.2. Recall that § := g — go.

Proof of Theorem 5.2
By Lemmas 5.5-5.7, for positive numbers ro and c¢;, ¢a ( ¢ small, ¢o large) either

—cof/r < —g(r) < cafr, T =70

or B
. 2b(r)
c < g(r) + AQT

We first suppose that (86) holds. Denote

so that we have for r > rq

/\2 7“)

(79) and L’Hospital’s Rule we then have

By
) T  L(s) 1 Ao/ =y \2 1 3
lim —— - (1-29
rir&er)/r Nz Cl)ds 8( |>\|(1—7> (02+p2> )
and -
r
lim — [ §(s)? —0.
Jim. e(r)/r g(s)%e(s)ds =0

This implies (75).
On the other hand, suppose (87) holds. Our next step is to show that

1. 2b(r)
_02; < g(r)+ 2,
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We do this by first showing that there is some number r; > r( satisfying (88) for r = ry. This is
true, for if not then

2b 1
gr) + Xg? <—cs r>xm.
Then (78) implies
dj 1. 2L(r) _cal,
s el > 2=
ar =PIt ey T

where ¢ is given in (87). Integrating this we obtain

§(r) > glro) exp( 5 Inr/ro) = olro) ().

But this contradicts the assertion that g(r) + 2)1\;5;) < —cg/r for all ¥ > rg, so we know (88) holds for

some 1 > 19.

For the final step, we use an argument by contradiction, as at the beginning of this proof, to
show that the inequalities in (88) hold for all > ry. This also implies (88) by choosing a large ca,
if necessary. Finally, (76) follows directly from (88), so this proof is completed. a

We now have fully established Theorem 5.1. Thus to complete the proofs of Theorems 3.1 and
3.3 it only remains to establish uniqueness of the solution of the HJB equation. This is accomplished

by the following lemma.

Lemma 5.8 Let g1 and g be solutions of (16) satisfying (19) corresponding to Ay and Az, respec-
tively. Let g1 = g1 — go and go = Go — go with go defined as in Theorem 5.2, and suppose g1 and §o
both satisfy limit (75). Then g1 = g2 and Ay = As.

Proof. Denote

2 2
. 5y o . 5y o
AM=14+———=)A, o =1+ —————)As.

1= +17702+p2) b Az = +17702+p2) ?

We subtract the equation for g» from the equation for g;, thereby obtaining

d n “ 26(7’) R N “ “ - ]\2 — Al
dr(92 —01) + ( 2r + 41 +92)(92 —G1) = 2y

Denote -

N " r2b(s . .
et = esp ([ (B a0+ n(o) s ).

Then J [

. . ~ 2 — A\
—((320) = (r)e(r) ) = =5=re),
and so

. . . A=Ay
(32l - aa()er) = = [ 225 hes)as.
Without loss of generality, suppose As — A; > 0, in which case ga2(r) — g1(r) < 0. But Lemma 4.3
implies Go(r) — G1(r) > 0. Therefore, G2(r) = G1(r), A2 = A1, and this proof is completed. O

Ramark. The following result, not crucial for the proofs of Theorems 3.1 or 3.3, says that A* is
the smallest number such that (16) has a solution defined on [0, 00). For A = A*, (16) has a unique

solution. A more general result of this kind is given in the paper by Kaise and Sheu [16].
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Theorem 5.3 Let A* be given in Theorem 3.1. Then there is only one solution for (16) on [0, 00)
with A = A*.
If (16) has a solution on [0,00), then A > A*.

Proof. We consider only ps # 1. The argument for the case us = 1 is similar. Assume A = A*
and g is a solution of (16) on [0,00). Assume g # ¢* given in Theorem 3.1. Then (35) holds for
g. Since g* satisfies (36), a simple comparison argument for ODE shows that g(r) < g*(r) for all r.
But g satisfies either one of (75) or (76). Since g* satisfies (75), therefore g < ¢g* implies that g also
satisfies (75). Now by Lemma 5.8, we conclude g = g*, a contradiction.

We now consider A such that (16) has a solution gy defined on [0,00). Then (16) must have a
solution g defined on [0, 00) satisfying (36). If go also satisfies (36), then g = go. See Corollary 4.1.
If go satisfies (35), then we have g(r) > go(r) for small r > 0, and hence for all . This implies g is
also defined for all » > 0. Now if A < A*, then g(r) < g*(r) for all r by Lemma 4.3. By Theorem
5.2, g either satisfies (75) or (76). We know ¢* satisfies (75). Together with g < ¢g*, we conclude
that ¢ satisfies (75). By Lemma 5.8, we have g = ¢*, A = A*, a contradiction. This completes the
proof. O
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