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problem also led to a very intuitive proof of the famous RH stabilityRobust Adaptive Control of a Class of Nonlinear Systems

criterion. with Unknown Backlash-Like Hysteresis
APPENDIX Chun-Yi Su, Yury Stepanenko, Jaroslav Svoboda, and T. P. Leung
PROOF OFLEMMA 2

DenoteM,, = diag(1l, Ko, Ko K3, ..., K> K5 ... K,). Itis easy to Abstract—This paper deals with adaptive control of a class of nonlinear
verify, using (1), that dynamic systems preceded by unknown backlash-like hysteresis nonlin-
earities, where the hysteresis is modeled by a differential equation. By

M, A, Ajn_‘ = exploiting solution properties of the differential equation and combining
0 1 those properties with adaptive control techniques, a robust adaptive

control algorithm is developed without constructing a hysteresis inverse.

— K K 0 1 The new control law ensures global stability of the adaptive system and

—-K;K3 01 achieves both stabilization and tracking to within a desired precision.
. Simulations performed on a nonlinear system illustrate and clarify the
approach.
B " o 0 1 Index Terms—Adaptive control, cascade systems, hysteresis, nonlinear
KK, —K, systems, robust control.
Reference [5, Th. 5] implies that the first column of the RH
array of the polynomialdet(sI — M,A,M;") is: (1,K,, |. INTRODUCTION
KoKy, Kn Koo Knso oo Ko K1 Kz ... Ky ). B, Hysteresis is a property of a wide range of physical systems and de-
det(s] — My A, Al;l) vice_s, such a_s eI_ectro-magnetic fields, mechgnical actuator_s, a_nd elec-
. tronic relay circuits. Control of a system is typically challenging in the
= det(Mn (sl = An) M, ) presence of hysteresis nonlinearities. They are nondifferentiable non-
= det(M,,) det(sI — A,) det(M, ") linearities and severely limit system performance in such manners as
= det(sI — A,) = P"(s) giving rise to undesirable inaccuracies or oscillations, which can even
lead to instability [14]. The development of control techniques to miti-
and the proof is completed. L gate effects of unknown hystereses has been studied for decades and has
recently re-attracted significant attention [1], [2], [4], [10], [12]-[15].
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Apart from the latter backlash hysteresis model, the above models
are very complicated and it is still unclear how to fuse them together
with the controller design. Focusing on backlash hysteresis, several
adaptive control schemes have recently been proposed (this includes
[14], [15], [1], and [12]) to deal with unknown backlash hysteresis. A
common feature of those schemes is that they rely on the construction
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of an inverse hysteresis to mitigate the effects of the hysteresis. ThesRemark: Other dynamic models for hystereses exist in the literaure
results, especially [14] and [15], provide a theoretic framework whidB]. Generally, modeling hysteresis noninearities is still a research topic
can serve as a base for future research. and the reader may refer to [7] for a recent review.

Inspired by the above research, this paper defines a dynamic hyswe shall now examine the solution properties of the dynamic model
teresis model to pattern a backlash-like hysteresis. Rather than c@)-and explain the corresponding switching mechanism, which is cru-
structing an inverse hysteresis nonlinearity to mitigate the effects @él for design of the controller. Equation (4) can be solved explicitly
the hysteresis, we propose a new approach for controller synthesiddnyv piecewise monotone
using the properties of the hysteresis model. A robust adaptive con-
troller is developed specifically for a class of nonlinear systems pre- w(t) =co(t) 4+ d(v) (5)
ceeded by an unknown backlash-like hysteresis. The new control Igyyn
ensures global stability of the adaptive system and achieves both stabi-
lization and strict tracking precision. Simulations performed on a non- Y
linear system illustrate and clarify the approach. We should mention 4 g ovssnt / [B1 — c:]e‘““s@“'”) d¢
that the proposed method can be thought of as a preliminary step to the vo
fusion of complicated general hysteresis models with controller desig?gi ;

d(v) = [w, — cv,le” (V7 ve)sen?

constant andv(v,) = wo. Analyzing (5), we see that it is com-

posed of a line with the slope together with a termd(v). Ford(v),

it can be easily shown that if (v; v,, w, ) is the solution of (5) with
The controlled system consists of a nonlinear plant preceded byndial values(v,, w, ), then, ifo > 0 (¢ < 0)andv — +oo (—00),

backlash-like hysteresis actuator, that is, the hysteresis is present agranhas

input of the nonlinear plant. It is a challenging task of major practical

interests to develop a control scheme for unknown backlash-like hys- lim d(v) = lim [w(v;ve,we) — f(v)] =

teresis. The development of such a control scheme will now be pursued. , “~ ™ R O‘B
Abacklash-like hysteresis nonlinearity can be denoted as an operator< lim d(v) = lim [w(v;ve, we) — f(v)] = ¢ _a 1) . (7

w(t) = P(u(t) (1)

Il. PROBLEM STATEMENT

N )

It should be noted that the above convergence is exponential at the
with v(¢) as input andv(t) as output. The operatdr(v(t)) will be  rate ofa. Solution (5) and properties (6) and (7) show thét) eventu-
discussed in detail in the forthcoming section. The nonlinear dynamifly satisfies the first and second conditions of (3). Furthermore, setting
system being preceded by the above hysteresis is described inhe 0 results iy = 0 which satisfies the last condition of (3). This
canonical form implies that the dynamic equation (4) can be used to model a class of

r i backlash-like hystereses and is an approximation of backlash hysteresis
:c(")(t) + Z a;Y; (zn(z‘), 2(t),..., x("_l)(t)> =bw(t) (2 (@3).
=1 Let us use an example for specified initial data to show the switching
whereY; are known continuous, linear, or nonlinear functions. Pararmechanism for the dynamic model (4) whemhanges direction. We
etersa; and control gairb are unknown but constant. It is a commornote that wherd > 0 onw(0) = 0 andv(0) = 0, (5) gives
assumption that the sign bfs known. From this point onward, without

losing generality, we shall assurhe> 0. It should be noted that more w(t) =cu(t) — c= B (1 _ e—uv(t))
general classes of nonlinear systems can be transformed into this struc- o .
ture [5). forv(¢) > 0 andv > 0. (8)

The control objective is to design a control law in (1), to . . )
force the plant strjlte vector,= [« Jg ‘T(n—l)]’[ toﬁzf)gtll)ow é s)pec- Letvs be a positive value of and consider now a specimen such that
ffied desired trajectoryr. _ [ ’,i; U ,’B(nfl)]f' ie x — x,as IS increasing along the initial curve (8) until a time at which v
PR ’ Ce T ' reaches the level,. Suppose now that from the timg, the signab is

' decreased. In this case,is given by
Ill. BACKLASH-LIKE HYSTERESISMODEL AND ITS PROPERTIES c— B

w(t) =co(t) + : [1 - (’_)efcws — 672&US) eav(t)]

Traditionally, a backlash hysteresis nonlinearity can be described by .
for &© < 0 9)
w(t) = P(v(t))
c(v(t) — B), ifo(t) > 0andw(t) = c(v(t) — B) wherev < wv,. Equations (8) and (9) indeed show thatswitches
=< c(v(t)+ B), if o(t) < 0andw(t) = c(v(t) + B) exponentially from the linev(t) — ((¢ — B1)/«) to co(t) + ((¢ —
w(t), otherwise Bj)/«) to generate backlash-like hysteresis curves.
/ ®) To confirm the above analysis, the solutions of (4) can be obtained by
numerical integration with as the independent variable. Fig. 1 shows
wherec > 0 is the slope of the lines anB > 0 is the backlash that model (4) indeed generates backlash-like hysteresis curves, which
distance. This model is itself discontinuous and may not be amenabtmfirms the above analysis. The details are described in the section of
to controller design for the nonlinear systems (2). simulation studies. It should be mentioned that the parametister-
Instead of using the above model, in this paper we define a canines the rate at whick(¢) switches betweer ((c¢ — B;)/«) and
tinuous-time dynamic model to describe a class of backlash-like hyge — B1)/«a). The larger the parameteris, the faster the transition in

teresis, as given by w(t) is going to be. However, the backlash distance is determined by
, , ((¢ — B1)/«) and the parameter must satisfy> B;. Therefore, the
dw dv dv )
o5 =7 (cv —w)+ By e (4) parameterx cannot be chosen freely. A compromise should be made
a s

in choosing a suitable parameter $et ¢, B; } to model the required
wherew, ¢, andB; are constants, satisfying> B;. shape of backlash-like hysteresis. If the values of the backlash slope
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A5)  The desired trajectorg, = [24.da,.... 25~ "]T is con-
tinuous and available. Furthermoifec} . (1" € Q4 C
R™! with Q, a compact set.

Remark: Assumption Al) is common for the nonlinear system de-
scribed by (2) [11]. Assumption A2) assumes the slope range of a back-
lash hysteresis nonlinearity, which is reasonable. In Assumption A3),
a new parameter vectérhas been defined for the convenience of fur-
ther development. Basically, Assumption A3) implies that the ranges
of the plant parameterg;,i = 1...r, are known in advance. Thisis a
reasonable assumption concerning the prior knowledge of the system.
Assumption A4) requires knowledge in regards to the upper bound of
the hysteresis loop, which is again quite reasonable and practical. As-
sumption A5) poses a restriction on the types of reference signals which
may be used.

In presenting the developed robust adaptive control law, the
following definitions are required:

X=X — Xy G=0—0¢ ’/:J)_(’b (12)

where

v(t) % represents the tracking error vector,

 is an estimate of as defined in Assumption A2), and
(,) is an estimate of, which is defined ag 2 (be) 2.

A filtered tracking error is defined as

Fig. 1. Hysteresis curves given by (4) or (31) with= 1, ¢ = 3.1635, and
B, = 0.345 for v(t) = k sin(2.3¢t) with k = 2.5, 3.5, 4.5, 5.5, and 6.5.

#t) withA > 0 13)

and distance are not known implicitly, then adaptations will be used to d (n—1)
estimate them. This topic will be clarified shortly. s(t) = < )

IV. ADAPTIVE CONTROLLER DESIGN ) . - T 1
which can be rewritten ag(t) = ATx(#) with AT = [AX(*=D (n —

From the solution structure (5) of the model (4) we see that thg\("—2) 1].
signalw(t) is expressed as a linear function of input signa) plusa  Remark: It has been shown in [11] that the definition (13) has the
bounded term. In this case, the currently available robust adaptive c@fllowing properties: i) the equation(t) = 0 defines a time-varying
trol techniques can be utilized for the controller design. In this sectioflyperplane inR™ on which the tracking error vectst(¢) decays ex-
we shall propose an adaptive controller for plants of the form describggnentially to zero; ii) if%(0) = 0 and|s(t)| < ¢, wheree is a con-
by (2), preceded by the hysteresis described in (4). The proposed C98nt, therk(t) € Q. A (x(H)||%:] < 2N ""ei = 1,....n) for
troIIgryviII lead to global stability and yields tracking to within a desired, , > 0; and iii) if X(0) # 0 and|s(t)| < e, thenk(t) will converge to
precision. . , Q. within a time-constantrn — 1)/\.

Using the solution expression (5), (2) becomes Rather than driving the adaptive law with the filtered err6r), we

prefer to introduce a tuning errox,, as follows:

2+ a Vi) i), TV (1) .

i=1 S5c = s — esat (—) (14)
= bev(t) + bd(v(t)) (10) €
wheree is an arbitrary positive constant ardt(-) is the saturation
fgnction.
Nd Remark: The tuning errors. disappears when the filtered errer
is less thare. This shall be the equivalent of creating an adaptation
deadband.

1)l < p- (11) Given the plant and hysteresis models subject to the assumption de-

For the development of a control law, the following assumptions r8g:r|bed above, the following control and adaptation laws are presented:

garding the plant and hysteresis are made.

which results in a linear relation to the input signdk). It is very
important to note that (6) or (7) imply that there exists a uniform bou
p such that

~ , ~ . S

Al) There exist known constants,i, andb.... such that the o(t) = = kas(t) + Supa(t) + Y (x)6 — k Sﬂt(;) (15)

control gainb in (2) satisfied € [bmin, bmax]. (n) Ty
i ’ wpa(t) =2 (1) — AL x(t 16
A2)  There exist known constants.i» and cmax such that the usal ) T ( ) X(®) (16)
slopec in (3) satisfies: € [cumin, Cimax]- § =Proj (9, —vY(X)se) (17)

A3)  Defined 2 [(a1/bc),. .., 1 /be)]t € R, then : .
) o /be), ., (ar b)) 6 =Proj (6. —uas. ) (18)
9 S £20 é {9 Binﬁn S 97 S 9':"1?13(7 Vl € {1771}}

where Y/ 2 W....v,]" € R AT = [0.A"Y (n -
wheref; min andé; max are some known real numbers. DAM=2 L (n—1))]; k* is acontrol gain, satisfying® > p/cmin,

A4)  The bound for the relation||d(v)|| < p is known. whereby,p is defined in (11). In addition, the parameterandn are
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positive constants determining the rates of adaptationsPaojl-,-)  Using the control law (15)—(20), the above equation can be rewritten as

is a projection operator, which is formulated as follows:

T

() = —ugpa(t) = Y aiVi(x(t))

{Proj(d, =Y 's)}: s e s
0, if ;= 61 max ANY(Ys,); < 0 +be [=has() + Gura(t) + Y7 (00 — st (2 )]
—’)/(YF.S’C){,, if [Hz'min < éz < eimax] +bd(7') (22)
- Or [fi = Bimax andy(Ys.); > 0] (19)
or [f; = 8; min andy(Ys.); < 0] To_establish global boundedness, we define a Lyapunov function
o candidate
07 |f ei = eilnin andw(yy'se)z > 0
(A . . N T . 2
Proj(o, —nuyase) ) V()= 1 [l s2 4 1 (y - 9) (9 - y) 41 (¢ _ ¢) } . (23)
0, if 6; = Guax aNdnusas. < 0 2 [be g U

—NUfdSe, if [@min < (g < q)maﬂ(]
(,b = (,bvﬂa,.\' and/]]ql’fds(: Z 0] (20)

: Since the discontinuity d&| = e is of the first kind and since. = 0
or
Or [¢ = Gumin aNdyu sas. < 0]

when|s| < e, it follows that the derivativd” exists for alls, which is

0, f & = Gmin andnu rasc > 0. V(t)=0  when|s| <e. (24)

When|« , using (22) and the fagt.s. = s.5, one has
Remarks: Isl > e 9(22) ol 5es
1) In the above control law, two projection operators have beenin- - .. 1 . 1/~ NT5 1/- 2
troduced. It can be easily proved that the projection operator for V) = be °<° + ~ (9 9) b+ n ((’) (’)) ¢
¢ has the following properties: §t) € Qy if 6(0) € Qy; — hssts | TrnNg gk S
.. . k s ; =—kascs + sc|oupa(t) + Y (x)8 — k™ sat{ —
i) [[Proj(p,y)|| < llyll; and iii) —(p — p*)" A Proj(p,y) > [ ! (6)}

—(p—p*)Y Ay, whereA is a positive definite symmetric matrix. 1 -
Note that those three properties are also valid for the projection T3 5 —uya(t) = Z a;Yi(x(t)) + bd(“)}
operator defined fop. The omission of these equations are in 1. _— llzi .
the interest of space saving. + - ((7’ - (9) L (g’o - <,)> ¢
2) The projection operators require knowledge of the parameters " . g o .
i min @Ndf; max . These represent the upper and lower bounds of =—kgscs+ s [gﬁu,fd(t) +Y"(x)0 — k* sat (;)]
d;, respectively. Assumption A3) is fundental to this end. How- "
ever, it should be noted that these parameters are only used to + s [“bufd(ﬂ —Yo+ d(/U)/C]
specify the range of parameter changes for the projection oper- 1 /4 T: 1. NG
ator. With regards to this paper, such a range is not restricted as + 5 (9 - 9) o+ 0 (‘D - ¢> ¢- (25)
long as the estimated parameters are bounded (required for the
stability proof); hence, one can always choose suitéble. and  The above equation can be simplified, by the choice. ofs
#: max, although such a choice may be conservative.
3) Theterm%™ sat(s/¢) actually represents the compensation com- . 9 - TN A s
ponent for the bounded functiof(v). It should be noted that V(1) < —kasc + 5. [m”fd(t) +Y 7 (x)f — k Sat(z)]
if €is chpsen too _smal‘l‘, such that the linear region (_)f function + s [_d)uﬂ(t) _vTh4 d(’v)/c]
sat(s/e) is excessively “thin,” the controller runs the risk of ex-
citing high frequency dynamics. As— 0, the functionsat(s/¢) 41 (9 _ g)T iyl ((D _ Q) é. (26)
eventually becomes discontinuous. In such a case, the controller Y Ul

becomes a typical variable structure control scheme [16], which
may lead to chattering phenomena. This suggests that a tradddffusing adaptive laws (17), (18), and the properties
must be made between the value ahd the trajectory-following
requirements. % (6 —8)" Proj(f,—1Ys) < — (8 —8)" Vs,
The stability of the closed-loop system described by (2), (4), ang,y '
(15)—(20) is established in the following theorem. ’ i ’
Theorem: For the plant in (2) with the hysteresis (4) at the input " (¢ — &) Proj(o, —nurasc) < — (¢ = @)uyase
subject to Assumptions A1)-A5), the robust adaptive controller speci-
fied by (15)—(20) ensures thatdft,) € Q2 andé(te) € Q4, allthe  one obtains
closed-loop signals are bounded and the state vec¢tgrconverges to
Q= {x()||%:] < 27N "¢, i = 1,...,n} forVt > to.
Proof: Using the expression (10), the time derivative of the fil-
tered error (13) can be written as:

—

V(t) < —kgs® + se [qg'zz,f-d(t) + Y'T(x)«‘; — k" sat (E)]
o, . T
ts [—gsufd(t) —vle4 d(v)/c] - (9 - 9) Y.

; - (é - G')) Ufdse

5() = —upa(t) = > aiVi(x(t)) + bev(t) + bd(v). (21) s — ks, Sm(f) n
€

=1

d(v)

c

Se- (27)
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Since|sc| = scsat(s/e) for |s| > ¢, the above becomes L
V() < —kas? — k"5 + 22 5. 08 [t
A ]
< —kags? — ks |+ 2 |s.|
Cmin 0.6 [
< —kgs? Y|s| > e (28) L
5 [
Equations (24) and (28) imply thaf is a Lyapunov function which 504 -
leads to global boundednesssof (6 — §), and(¢ — ¢). From the defi- 2 [
nition of s.., s(#) is bounded. Itis easily shown thatéf0) isbounded, — §o, [ .. @ . o Lot
thenx(¢) is also bounded for afl, and sincex,(t) is bounded by de- (=
sign,x(#) must also be bounded. To complete the proof and establist - \; SR B o
asymptotic convergence of the tracking error, it is necessary to shov ¢ [ u/ oy /f ey /f ™ /' \ /'\\K > oA i\,\{ ~/>J A
thats. — 0 ast — oo. This is accomplished by applying Barbalat's ) s S A i
lemma [9] to the continuous, nonnegative function L : : : : :
-0.2 |-
i, ,
Vi(t)=V({t) — Vv kas: 1 . ! , , ! ; . : !
1() () /(J((T)+ lb(T))(T _0_4Auuluu\‘...l....lu.Iy...l..,.l....l.u‘}.‘
with

0 2 4 6 8 10 12 14 16 18 20
VA(t) = —kas2(t). (29) t (sec)
It can easily be shown that every term in (22) is bounded, hénceFig' 2. Tracking error of the state with backlash hysteresis.
ands. are bounded. This implies thii (¢) is a uniformly continuous
function of time. Sincé’; is bounded below by 0, anﬁl(f) < 0 for 15
all ¢, use of Barbalat's lemma proves tHat(t#) — 0. Therefore, from !
(29) it can be demonstrated thatt) — 0 as¢ — oo. The remark '
following (13) indicates thak(t) will converge tof2.. oOoO : : : : : : : : ;

Remark: It is important to note that the backlash-like hysteresis 1O |~ i) v pT T « o /’ ’
model described by (4) can be extended for the general hysteresis no I : /\\ : ,/\ /

|

1

linearities. However, the goal of this paper is to show the controller de-
sign strategy using a dynamic hysteresis model in a simple setting the
reveals its essential features. This is the motivation for simply usinc
backlash-like hysteresis model.

)
I

V. SIMULATION STUDIES

Input signal v(t)
(=]
T
\____‘:\

- "1
[ \ | | Dl
In this section, we illustrate the above methodology onasimplenon g [ . oo f AAAAAA Lo \ AAAAAA SR e \ 4
linear system described as i '\/ ',\ | ! \ / \ | : Il !
) i I\\J : "\:/ : \,/ : "/ I‘J/ A \{/z
j:a—i—;iﬂf(t)—i—bw(” (30) 10 |-~ \}&\\J
wherew(t) represents an output of hysteresis. The actual paramete 15 R T T T T
values aré = 1 ande = 1. Without control, i.e.w(t) = 0, (30) is 0 2 4 6 8 10 12 14 16 18 20
unstable, because= (1 — ¢="" /1 4+ ¢~ ") > 0forx > 0, and t (sec)
b= (1-e*W/14e*) < 0forz < 0. The objective is to
control the system stateto follow a desired trajectory,, which will Fig. 3. Control signab(t) acting as the input of backlash hysteresis.
be specified later.

The backlash-like hysteresis is described by

In the simulations, the robust adaptive control law (15)-(20) was
[cv — w] + @ B 31) used, takingt; = 10. Since the backlash distance is around 2.5, we
’ ’ at can choose the upper boupdn (11) asp = 4 and we also choose

cmin = 3, Which results ink* = 4/3. In the adaptation laws, we
with parametersx = 1, ¢ = 3.1635, andB; = 0.345. Using input choosey = 0.5 ands = 0.5 and the initial parametets= 1.2/3 and

signalv(t) = ksin(2.3t) with k = 2.5, 3.5, 4.5, 5.5, 6.5, the response® = ().8/3. The initial state is chosen a$0)) = 1.05 and sample time

of this dynamic equation with the initial conditian(0) = 0 are shown is 0.005. In the simulation the initial value(0), is required, which is

in Fig. 1. We should mention that when using a variety of values feelected as(0) = 0.

both initial valuesw(0) and frequencies, simulation studies show hys- Choosing the desired trajectary(¢) = 12.5sin(2.3t), simulation
teresis shapes similar to those in Fig. 1. This confirms again that the dgsults are shown in Figs. 2—4. Fig. 2 shows the tracking error for the
namic model (31) can be used to describe the backlash-like hysteredésired trajectory and Fig. 3 shows the input control sigial. The

It also shows that the required shape of backlash hysteresis is deggralw(¢) is shown in Fig. 4. We see from Fig. 2 that the proposed
dent solely on the selection of a suitable parametef@set, B }. robust controller clearly demonstrates excellent tracking performance.

du _ |
dt — | dt
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Fig. 4. Signake(t) acting as the output of backlash hysteresis. Abstract—n many physical problems, equilibrium stabilization is not

possible and the controlled system is in a limit cycle. If the size of the limit

. . . cycle depends on some of the control parameters, then a reasonable objec-
We should mention that it is desirable to compare the control perfaize would be to tune this parameter to minimize the size of the limit cycle.

mance with and without considering the effects of hysteresis. Unfdr-this paper, we propose a method for achieving this. This method is an
tunately, this comparison is not possible in this case as the control I{ension of our earlier result [13] on extremum seeking for equilibria. We

(15)(20) is designed for the entire cascade system illustrate the method with a Van der Pol oscillator example and present
9 Yy ’ analysis for it using averaging and singular perturbations.

Index Terms—Averaging, extremum seeking, limit cycles, singular per-
VI. CONCLUSION turbations.

In this paper, a robust adaptive control architecture is proposed for
a class of continuous-time nonlinear dynamic systems preceded by a . INTRODUCTION
backlash-like hysteresis, where the backlash-like hysteresis is mod-. . . _ .
eled by a dynamic equation. By showing the properties of the hys_L|m|t cyc!es. occur in numerous areas of application. In pa.rtlcular,
teresis model, a robust adaptive control scheme is developed WithEYﬁtemS exist in which feedback COT‘"F" can only r(_educ_g the size of the
constructing the hysteresis inverse. The new adaptive control law |H1_|t_cy.cle, but cannot F:omplett_al_y gllmlnate_l_t. The inability to remove
sures global stability of the adaptive system and achieves both ste{B?— limit cycle and achieve equilibrium stabilization may be associated

lization and tracking with excellent precision. Simulations performe‘é‘Ith gctuator constraints, Ilke_magnltqde and rate saturatlc?‘n. In thlsf,
on a simple nonlinear system illustrate and clarify the approach. situation, the best control requirement is to enforce a stable, “smallest

limit cycle.
The method of “extremum seeking” has traditionally been used for
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