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Adaptive Monte Carlo methods are very efficient techniques designed to
tune simulation estimators on-line. In this work, we present an alternative to
stochastic approximation to tune the optimal change of measure in the context
of importance sampling for normal random vectors. Unlike stochastic approx-
imation, which requires very fine tuning in practice, we propose to use sample
average approximation and deterministic optimization techniques to devise a
robust and fully automatic variance reduction methodology. The same sam-
ples are used in the sample optimization of the importance sampling parame-
ter and in the Monte Carlo computation of the expectation of interest with
the optimal measure computed in the previous step. We prove that this highly
dependent Monte Carlo estimator is convergent and satisfies a central limit
theorem with the optimal limiting variance. Numerical experiments confirm
the performance of this estimator: in comparison with the crude Monte Carlo
method, the computation time needed to achieve a given precision is divided
by a factor between 3 and 15.

Introduction. We are interested in the computation of E(f(G)), where G =
(Gl ..., G4 ) is a d-dimensional standard normal random vector and f : RY >R
is a measurable function such that f(G) is integrable. This problem is particularly
important in mathematical finance, where the calculation of the price and hedging
ratios of European options in multidimensional Black—Scholes models amounts to
the computation of E( f(G)) for a well-chosen function f. The same is true when
the underlying assets follow more complex dynamics given by stochastic differen-
tial equations, which can be discretized using the Euler scheme, for instance. We
assume that the random variable f(G) is nonzero and slightly more than square-
integrable:

(0.1) P(f(G) #0) > 0,
(0.2) Vo eR?  E(f*(G)e ) < +oo.

By Holder’s inequality, (0.2) holds provided E(|f |2+"2 (G)) < +oo for some
¢ > 0. For any measurable function #:R¢ — R either nonnegative or such that
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E|h(G)| < 400, one has
(0.3) Vo eR!  E(h(G)) =E(h(G +0)e "C7101/2),

Applying this equality to (x) = f(x) and to h(x) = f2(x)e 0*FH0P/2 one
obtains that the expectation and the variance of the random variable f(G +
9)6‘9‘6_|9|2/2 are equal to E(f(G)) and v/ (0) — Ez(f(G)), respectively, where

v/ () L E(F2(G)e 0O HIP2),

As a consequence, if (G;);>1 denotes a sequence of i.i.d. d-dimensional standard
normal random vectors, for any importance sampling parameter 6 € R,

M, @, )% def 1 Zf(G +0)e0Gim 1612/2
i=1

is an unbiased and convergent estimator of E(f(G)). Since n Var(M, (0, f)) =
v/ (0) — E%( f(G)), to improve the accuracy of the estimation for a fixed number
n of random samples, one should choose 6 minimizing v/ (9). The first section
of this paper addresses this minimization problem. First, we check that v/ is a
strongly convex funct10n going to 1nﬁn1ty at infinity, which ensures the existence
of a unique value 0* such that v/ (6] ) = infy pa v/ (6). Of course, when E( f(G))
is unknown, in general, so is the function v/ . Therefore, direct optimization of this
function is not implementable. Using a large deviations argument, Glasserman,
Heidelberger and Shahabuddin [8] suggest the use of # maximizing log| f(0)| —

\9| , where, by convention, log(0) = —oo. However, this choice is not optimal and

the numerical search for a local maximum of log | f(0)| — OF s only possible if
the function f possesses some regularity. Under (0.2), the functlon v/ is infinitely
continuously differentiable and such that

04) Vou! (0) = E((6 — G) f2(G)e *OHI/2),

At this stage, we can understand the appeal of performing the change of mea-
sure (0.3) to transform E(fz(G + 0)6—29~G—|9\2) into the above expression of vl
no smoothness assumption on the function f is required in order to differentiate
within the expectation.

Arouna [1, 2] takes advantage of the characterization of the optimal parameter
G*f as the unique solution of the equation E((6 — G)fZ(G)e_e'GHG‘z/Z) =0, in
order to approximate it by a Robbins—Monro procedure. The standard Robbins—
Monro algorithm explodes, but it can be stabilized using random truncation tech-
niques; see, for instance, [3, 4] or [12]. According to [1], the same random draw-
ings G; may be used to simultaneously estimate the optimal parameter Q*f and the
expectation of interest E( f (G)). Moreover, both estimators are strongly consistent
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and the estimator of E(f(G)) is asymptotically normal with an asymptotic vari-
ance equal to the optimal one, v/ (Q;f ) — E2(f(G)). Asymptotic normality of the
estimator of O*f is discussed in [11].

Tuning the increasing sequence of compact subsets used in randomly truncated
procedures is not easy. In [13], Lemaire and Pages note that using (0.3) in (0.4)
leads to Vgv/ (0) = e'g‘zE((29 — G)fz(G — 0)) and propose to use the charac-
terization of 6, as the unique solution of E((20 — G) f 2(G — 0)) =0 in order to
approximate it by a Robbins—Monro procedure. As soon as the function f sat-
isfies some exponential growth assumptions at infinity, the algorithm they pro-
pose is stable without resorting to random truncation techniques. Starting from the
present Gaussian framework, Lemaire and Pages [13] extend this construction of
non-exploding Robbins—Monro algorithms to a large class of families of multidi-
mensional probability distributions and even to diffusion process distributions.

In the present paper, we propose and study an alternative approach, one which
does not require the delicate tuning of the gain sequence which is still necessary to
ensure the stability of Robbins—Monro procedures. When f(G;) # 0 for some in-
dexi e{l,...,n} [by (0.1), a. s this condition is satisfied for n large enough], the
Monte Carlo approximation vj (9) def 1 " f 2(G; )e—e.G»+|9\2/ 2 of the function
v/ is also strongly convex and gomg to 1nﬁn1ty at infinity. ThlS ensures the exis-

tence of a unique parameter 9,, such that v,{ (9,, ) = infypa v,, (0). The function

v,{ is of class C* and its gradient and Hessian matrices

Voul (0) = Z(e — G fH(Gye P GHIP2,
i=1
2 fegy L - _ NFY 220 ,—0-Gi+l012/2
Vg, (0) = - Y (la+©®—G)®O—G)) f*(Gie
i=1
are easily computed if the random samples (G;)1<;<, are stored in the computer
memory. Therefore, 9,{ can be computed with high precision by a few (four or five)
steps of Newton’s optimization procedure. In fact, we calculate 9,{ as the unique
critical point of a modified function u‘,f defined in Section 3.1 and such that the
Hessian matrix Vgu,f is greater than the identity and precised in Section 3.1. In
contrast with stochastic approximation procedures, no tuning is necessary for this
optimization algorithm. This is the reason for the adjective “robust” in the title of
the paper. We propose to estimate E( f(G)) by M, (9,{ , ). In the context of con-
trol variate variance reduction techniques, Kim and Henderson [9] also propose
sample average optimization of the control variate parameters as an alternative to
stochastic approximation techniques. However, in their algorithm, the expectation
of interest is only computed in a second step involving random variables indepen-
dent of the ones used in the optimization step. In our algorithm, in order to save
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computation time, the respective approximations 0,{ and M, (9,{ , f) of the opti-
mal parameters and of the expectation of interest are computed using the same
set of random samples (G;)1<i<n. This makes the mathematical analysis of the

properties of M, (9,{ , f) more complicated: for instance, in general, M, (9,{ )
is a biased estimator of E(f(G)). So far, this idea of using the same samples
both for the optimization procedure and for the Monte Carlo computation has
mainly been investigated in the much simpler context of linear control variates;
see [7], Section 4.1 and the references therein. More precisely, for the computa-
tion of the expectation E(X) of the random variable X using 0 - Y as a control
variate, where Y is a centered d-dimensional random vector, the strong law of
large numbers and the central limit theorem enable us to deduce the asymptotic
behaviour of the estimator % > (Xi—6,-Y;), where (X;,Y;);>1 is ani.i.d. sam-
ple of the law of (X,Y) with empirical mean (X,,Y,) = % "_1(X;,Y;) and
O = (0 (Vi = Y)(Yi = Y,)") "' Y7, (X; — X,,)(Y; — Y,,) minimizes the sample
average approximation 6 % S (Xi—0-Yi— X, +6-Y,)%of Var(X — 6 - Y).

The first section of the paper is devoted to the convergence of 9,',f to G;f : al-
most sure convergence holds and a central limit theorem can be derived under

the reinforced integrability condition (1.2). Moreover, v,{ (9,{ ) converges a.s. to
vf (Q*f ). The second section addresses the asymptotic properties, as n — 0o, of

our estimator M, (0,{ , f) of the expectation of interest E( f(G)). We prove that
when f is continuous and such that for all M > 0, E(sup|9|§M | (G +0)]) <

+o0, then M, (9,{ , f) converges a.s. to E(f(G)). In dimension d = 1, this con-
tinuity assumption may be relaxed: the strong consistency of M, (9,{ , f) still
holds provided f is the sum of a continuous function (as before) and a func-
tion of finite variation satisfying some natural growth condition. When f sat-
isfies (1.2) and can be decomposed as the sum of a locally Holder continuous
function with some natural control of the growth of the Holder continuity con-
stant and of a C! function satisfying some integrability conditions, then the es-

timator M, (0,{ , f) is asymptotically normal with optimal asymptotic variance
L
v/ (0) ~EX(f(G)) :/n(M, O, /) —E(f(G) = Ni(0,v/ (60,) — EX(£(G))).
Moreover, \/n My On . H—E(S(G)) £> N1(0, 1), which enables us to construct con-
Jol @ -m26!, 1)

fidence intervals for E( f(G)). Again, in dimension d = 1, the conclusion is pre-
served if one adds a function with finite variation satisfying some natural growth
condition to the previous decomposition. In the last section, we illustrate our the-
oretical results with numerical experiments which confirm the performance of our
algorithm.

1. Convergence of the importance sampling parameters. According to our
numerical experiments, it may be optimal, in terms of the computation time needed
to achieve a given precision for the estimation of E( f(G)), to search for the best
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importance sampling parameter 6 in a subspace {AD:9 € RY} of R?, where
A € R4*d" s a matrix with rank d’ < d. When f(G) corresponds to the pay-
off of an option written on a d’-dimensional Black—Scholes model monitored on
a regular time grid, it is sensible to use the same parameter for each coordinate
G* corresponding to a time increment of a given Brownian coordinate. In Sec-
tion 3.2, the choice of the corresponding matrix A is made precise for the stan-
dard Black—Scholes model and the multidimensional Black—Scholes model in the
examples of the one-dimensional barrier option and the barrier basket option, re-
spectively. For this choice, according to our numerical experiments, the variances
obtained with and without parameter reduction are nearly the same. That is why
we introduce

def —AD- 2
vf,A(ﬁ) é E(fz(G)e AY-G+|AY| /2)

Since v/ 4 () = v/ (AD), the properties of the function v/A may be deduced
from those of v/. The case treated in the Introduction corresponds to the particular
choicesd’ =d and A = 1.

LEMMA 1.1.  Under (0.2), the function v/ is infinitely continuously differen-
tiable with, foralla = (', ..., a?) e N? and all 6 = (9, ...,0%) e RY,

8a1+"'+°‘d aal_’_m_’_ad ,
——/(0) = E(ﬁ[ﬁ(@e—”*'@' /2])-
9% ... Y al L gY

o1 o4 0! o4

Under (0.1), the function v/ is strongly convex and hence is such that
limyg|— 400 v/ (8) = +00.

PROOF. The function 6 — f 2(G)e_G‘G“Lw'z/ 2 is infinitely continuously dif-
ferentiable with 30%] F2(G)e~0CHIOP2 — £2(G) (0] — GI)e=0"CHIOP/2_ Since

—p. 2

sup |9y, f2(G)e ™ OHON/2]

lo|<M
(1.1 .,

SeMz/zfz(G)(M+(eGj +e—Gj)) n(eMGk +e—MGk),
k=1
where the right-hand side is integrable by (0.2), Lebesgue’s theorem ensures
that v/ is continuously differentiable with -v/(0) = E(f2(G)(6/ — G’) x
0J

e=0-GHIOP/ 2). Higher-order differentiability properties are obtained by simi-
lar arguments and, in particular, - i v/ () = E(1y=j; + 07 — GHE' —

dﬁf 39,‘
Gi))fZ(G)e—O-G-H@Iz/Z)'
Assumption (0.1) ensures the existence of ¢ > 0 such that P(f 2(G)>¢,|G| <
1) > 0. Since E(fX(G)e 0GH/2) > o~ Il/sHIP2p(£2(G) = €,1G| < 1),
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—6~G+|0|2/2) _

one easily deduces that limjg|— 400 E(f 2(G)e +00. As the con-

tinuous function 6 +— E( fz(G)e_e'GHG'z/ 2y does not vanish, the Hessian ma-
trix Vezvf () is uniformly bounded from below by the positive definite matrix

infy pa E(fz(G)e_e'GHG‘z/z)Id. This yields the strong convexity of the func-
tionv/. O

As a consequence, v Aisa strongly convex function going to infinity at infinity
and there exists a unique 1?,,f’A e RY such that vf’A(z?*f’A) =infy _pa v/AD).

Let (G;);>1 be a sequence of d-dimensional independent standard normal ran-
dom variables. For n large enough, f(G;) # 0 for some index i € {1,...,n} and

the approximation vn (1‘}) e f2(G )e‘Al"G"Jr“‘“W/2 of v/ 4(¥) is also
strongly convex and such that 11m|19|_>+oo vn (1‘}) +oo Hence, there exists a
unique 19f e R? such that v (19 ) inf, eRd’ vn (19) The following propo-

sition describes the asymptotic behavior of 15‘,,f as n — oo. In order to get the
central limit theorem, we need the following reinforced integrability condition:

(1.2) voeR?  E(f4G)e %) < 4o0.

PROPOSITION 1.2.  Under (0.1) and (0.2), ﬁfA and v (ﬁf ) converge
a.s. to ﬁ*f’A and vf”‘\(ﬂ,{r ) as n — oo. If, moreover, (1.2) holds, then f(z?n

z?;f’A) A Ny (0,T), where
r=[va/ 4@l

x Cov(A*(ADSA — G) f2(G)e— AN " GHAW P12y g2 fA g £ Ay~
and V2uIA(9) = E(A*(Ig + (A0 — G)(AD — G)*)Af2(G)e AV GHAIP/2)

REMARK 1.3. The Hessian matrix VZv/4(9) is positive definite under
(0.1) and (0.2). If, moreover, (1.2) holds, using the inequality |G¥| < G +
¢=G" for all 1 < k < d, one obtains that the covariance matrix Cov((Az?*f A _

1A fAR2 . .
G)fZ(G)e_Aﬁ* ‘GHADTI/2y exists and T is well defined.
To obtain some insights into the expression of this asymptotic covariance

matrix, note that if ¢ (9, x) = f2()c)e_A’9‘x+|A’9‘2/2 then by subtracting % X
V,yqb(z?f A ,Gi) from both sides of the equation Vv (19 ) =
va A(l?,,f ) and multiplying by /7, one obtains

I
/O - Y Vip(o A + (1 — ) G di/n@ [ — o]
i=1

1 n
=n (E(w&w{“‘, G) =3 Vad®, G»).
i=1
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To prove the proposition, we use the following uniform strong law of large num-
bers, which is a restatement of [14], Lemma Al. This result is also a consequence
of the strong law of large numbers in Banach spaces [10], Corollary 7.10, page 189.

LEMMA 1.4. Let (X;)i>1 be a sequence of i.i.d. R™-valued random vectors
and h:R¢ x R™ — R be a measurable function. Assume that

o as.,0eRY— h(B, X)) is continuous;,

Then, a.s., 0 € R? > % Y.i 1 h(8, X;) converges locally uniformly to the continu-
ous function 6 € R > E(h(0, X1)).

PROOF OF PROPOSITION 1.2. Since, for M > 0,

d

sup fz(G)e—a-G+|9|2/2 < eM2/2f2(G) H(eMGk _i_e—MGk)’

101=M k=1
where the right-hand side is integrable by (0.2), applying Lemma 1.4 with
(Xi)i>1=(Gy)i=1and h(0, x) = ]‘2()c)e_9"‘+|9‘2/2 ensures that a.s., v,{ converges
locally uniformly to v/. We restrict ourselves to a subset with probability one of
the original probability space on which this convergence holds. Let ¢ > 0. By the
strict convexity and the continuity of v/4,

e inf Wl A@) — v AW > 0.
99— |>e

The local uniform convergence of v‘r{ A to v/*4 ensures that
o
Ing € N*,Vn > ng, VO sit. |9 — 04 <e, [l 2®) v/ 4®)| < 3

For n > ny and ¢ such that | — ﬁ;f ’Al > ¢, we deduce, using the convexity of v,{ A

for the first inequality, that
oA @) = ol A

f.A f.A
[ I v -0 ApgfiA
S L Gl B ]
f.A 1A
Zlﬂ—ﬁ* ||:vf’A<0j’A+gl9_ﬁ*A>_vf,A(l9J‘,A)_2_ai|Zg.
€ |z9—l9*f’ | 3 3

Since v,{’A(z?,{’A) < v,{’A(z?*f’A), we conclude that |ﬁ,{’A — zhf’A| < ¢ forn > n,.
Therefore, z?nf A converges a.s. to ﬁ*f 4, By combining this last result with the
local uniform convergence of v,{ A to the continuous function v/*4, we deduce that

vl A4 converges as. to v/ AW ).
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By (1.1) and (0.2), for M > 0, E(supjg|yy |V f2(G)e ™0 GHOP2]) < 400,
Similarly, E(supjg <y |V3 F2(G)e#GHPP/2)) < fo00. The central limit the-

orem governing the convergence of ﬁ,f 4 1o ﬁf A follows from [14], Theo-
rem A2. [

2. Strong law of large numbers and central limit theorem. Let
64 = A0S A and 6/ = Av]A

The convergence of our estimator M, (9,{ ’A, f) of E(f(G)) is ensured by the fol-
lowing theorem, which is a consequence of Propositions 2.6 and 2.13 below. As we
do not take advantage of the definition of «9,{ A but only use its convergence prop-
erties obtained in the previous section, these propositions deal with the asymptotic
properties of M, (9,{ ’A, g), where g:R¢ — R is an arbitrary function and

1 n
Vo eRY M0, E =3 g(Gi+6)e ¢ CiTIOF2,
n
i=1
To make the hypotheses on f precise in the case d’ = 1 of a one-dimensional
importance sampling parameter ¥, we introduce the following definition.

DEFINITION 2.1. For Ae R4, we say that a function & ‘RY > R:
e is A-nondecreasing (resp., A-nonincreasing) if
Vx € R? € R h(x + A?Y) is nondecreasing (resp., nonincreasing);

e is A-monotonic if it is either .A-nonincreasing or .A-nondecreasing;
e belongs to V4 if & may be decomposed as the sum of two .4-monotonic func-
tions g1 and g such that

@2.1) I >0,38€[0,2),VxeR  |gi(x)| <re’ fori=1,2.

When d = 1, V| consists of the functions of finite variation which satisfy the
growth assumption (2.1). Let us also give an example in a higher dimension.

EXAMPLE. The time-discretization of the one-dimensional Black—Scholes
model on the grid 0 =# <t <--- <t4 is given by ¢(G), where ¢(x) =

(e(r—UZ/z);k-m S EN UTl1) <k<q with o > 0. For the choice A = (7,
Vo —t, ..., \/ta —tq—1)*, which corresponds to the Cameron—-Martin formula
for the underlying Brownian motion, each coordinate of the function ¢ is
A-nondecreasing. Therefore, when g:R¢ — R is either nondecreasing in each
variable or nonincreasing in each variable, the function g o ¢ is A-monotonic. For
g1(y) = (ya — K)" and g2(y) = (ya — K) ™ Ljmin; y,=1}» the functions g o ¢ and
(g1 — g2) o ¢, which correspond to the down-and-out and the down-and-in barrier
call options also belong to V4. More generally, all of the barrier call and put option
payoffs belong to V4.
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THEOREM 2.2. Assume (0.1), (0.2) and that f admits a decomposition
f=hH+Lg=nyfa, with fi a continuous function such that YM > 0,
E(supjgi<p | /1(G +0)|) < +00 and fr € Va. Then, for any deterministic integer-

valued sequence (vy,), going to oo withn, My, (93:,"4, f) converges a.s. to E(f(G)).

Note that for the integrability condition on f; to hold, it is enough there exist
B €10,2), > 0 such that, for all x € R, | f;(x)| < rel!”. ‘

Under stronger assumptions on f, the convergence of M, (9,{ ’A, f) to
E(f(G)) is governed by a central limit theorem with optimal asymptotic variance

oA — E2(£(G)). Fora € (0, 1], let
My ={g:R! > Rs.t.3€[0,2), 1> 0,Vx eR?, [g(x)| < el
Vx,y e RY [g(x) — g(3)| < aeP VI x — yje,

Note that the assumptions of Theorem 2.2 are satisfied for f € H, such that (0.1)
holds and that the Holder condition in the definition of H, implies the growth
assumption for possibly larger constants A and 8.

THEOREM 2.3. Assume (0.1), (1.2) and that f admits a decomposition f =
f1+ o+ Y=y f3, with f1a C! function such that

VM =0 E(sup |fi(G+0)+ sup [Vfi(G+6)]) <-+oo,
0|<M 0|<M

fo € H with @ € (VH8L=d 1} ang fy € Vy. Then,

V(M 04, £) —E(f(G))) 5 N (0, v A @4 —E2(£(G))).

Note that —Vd/zt‘gdl_d/ is increasing with d’, equals % for d’ = 1 and converges
to 1 as d’ — 00. Theorem 2.3 follows from Propositions 2.7 and 2.14 below. With
Proposition 1.2, one obtains the following corollary which enables us to construct
confidence intervals for E( £ (G)) with our algorithm.

COROLLARY 2.4. Under the assumptions of Theorem 2.3, if Var(f(G)) > 0,
then

n

/v{*‘(ﬂ,{*‘) — M2, f)

(M (04, ) —E(f(G) 5 M (0, 1).

REMARK 2.5. When Var(f(G)) is positive, the optimal variance pfA (z?*f’A) —
Ez(f(G)) is also positive. The estimator v,{’A (z?nf’A) — M,% (GJ’A, f) converges
a.s. to this variance, but may take negative values for n small.
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EXAMPLES. The hypotheses of Theorems 2.2 and 2.3 are satisfied in the ex-
ample given after Definition 2.1. Let us give other examples, still inspired by fi-
nancial applications.

o f(x)=(K+ Zi: | Wy e’k (Mx)iy+ where the coefficients K, wy and oy, are real
numbers and M € R4*?: this class of functions belonging to 7 includes the
payoffs of call and put options written on baskets of underlyings in a multi-
dimensional Black—Scholes framework or on a discretely sampled arithmetic
average of a single Black—Scholes asset and the payoffs of exchange options on
baskets.

o f(x) = (K + max{_, wpe* MOt f(x) = (K + ming:1 wre® MO F: this
class of functions belonging to H; includes the payoffs of best-of options.

e When d = 1, the functions of bounded variation f(x) = 1jyeor>k) and f(x) =
1{4eox<k) belong to Vi and correspond, respectively, to binary call and put op-
tions in the Black—Scholes model.

e Let us consider the model

dS[:S[(O'(t, S,)dW;—l—rdt), S():S,

where (W;);>0 is a one-dimensional Brownian motion and the local volatility
function o : [0, T] x R — R is bounded and such that x — xo (¢, x) is Lipschitz
continuous uniformly for ¢ € [0, T]. When discretizing this SDE by the Euler
scheme with d steps of length &4 = T'/d on [0, T], one approximates St by

@(G), where ¢(x) = ¢a(xa, pa—1(xa-1, ..., $1(x1,5))) with ¢y (u, v) = v(l +
o((k—1)h, v)ﬁu +rh),and G = ﬁ(Wh» Won — Wi, oo, Wan — Wa—nn).

There exists C > 0 such that, forall k € {1, ..., d},
Vu,v,u' , v €R  |dy(u, v)| < Clol(1 + |ul),
|k (u, v) — i (', v") | < C((1+ (Ju| v [u'])) v — V']
+ (vl v [ Dl —u'l).
One deduces, by induction, that for x, y € R4, lp(x)] < Cd|s| ]—[f:1 1+ |xx) <
C‘1'|s|e*/;”)‘| and

d d
lo() — e < C¥s1Y e — vl [T(1+ (xj1 v 1y;D)
k=1 j=1
J#k

< C¥s|Vded VIV | x —y).

Hence, the functions f(x) = (¢(x) — K)T and f(x) = (K — ¢(x))™ corre-
sponding to the call and put payoffs in the discretized model belong to H.

We are now going to study the convergence properties of M, (9,{ ’A, g) in the
multidimensional framework d’ > 1 before obtaining stronger results in the case
d’ =1 of a one-dimensional importance sampling parameter.
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2.1. The general case.

PROPOSITION 2.6. Let (6,),>1 be a sequence of d-dimensional random vec-
tors converging almost surely to some random vector O, and g : R? — R be a con-
tinuous function such thatNM > 0, E(sup|9|§M |g(G+0)]) < oo. Then, M,,(6,, g)
converges a.s. to E(g(G)).

PROOF. We apply Lemma 1.4 with (X;);>1 = (G;);>1 and h(0,x) = g(x +
0)e 0~ —10P/2 The continuity assumption follows from the continuity of g. Con-
cerning the integrability condition, we deduce from (0.3) and the inequality

d
sup (Ig(G +6)le 2 < sup |g(G +6)| [] (€S + e MG
\

01<M ol<M el

that

E( sup (12(G +0)le 07 12)) < o257 E( sup [g(G+6+p))
O|<M pe{—M, M} Ol<M

<21eCPE( sup (G +0)]).
101<(1+d)M

Therefore, a.s., 8 — M, (g, ) converges locally uniformly to the constant function
0 — Eh@, G)) =E(g(G)). We easily conclude with the a.s. convergence of 6,
to 0. [

PROPOSITION 2.7. Assume that g:R?¢ — R is such that E(g*(G + O*f’A) X

A
e=20x"GY < 100 and admits a decomposition g = g1 + go, with g1 of class Cland

satisfying

22) ¥M=>0 E(sup |2i(0+G)l+ sup [Vgi(0+G)l) <o,
61=M 61<M

and gy € Hy for a € (—deffd—d , 11. Then, under (0.1) and (1.2),
- f.A f.A
V(M (04, 8) — E(2(G))) 5 N1 (0, Var(g(G + 6 A)e=04-G=1071/2))
By the central limit theorem, /(M (6%, 2) —E(g(G))) 5 N (0, Var(g(G +

f.A frA2 .. .
G*f’A)e_e* G612y As a consequence, it is enough to check that for i €

{1, 2}, V/n(M, (G,f’A, gi)—M, (Q*f’A, gi)) g 0. The next lemma deals with the case
i=1.

LEMMA 2.8. Let g:RY — R be a C! function satisfying (2.2). Then, under
(0.1) and (1.2), (M 6], g) — Mu(0]" 8)) = 0.
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Since, for ¢ > 0,
P(/n| M, (04, g2) — M, (6)4, 82)] > €)
<P@®|9) A — o)A > 1)

+P( sup VAIMa(AD, g2) — My(ADS A, 20| 2 ¢),
=4 <1/

choosing 8 € (d'/2a(d’ + 2a), 1/2), which is possible since o > —detf‘d—d , the
case | = 2 follows from the central limit theorem governing the convergence of

z?nf 4 to 15‘,{ A (see Proposition 1.2) combined with the following result.

PROPOSITION 2.9. Letting A € R¥* and g € Hy for a € (0, 1],
d/

> —— V9 eRY
20(d’ + 2)

P
sup /1| My (AD, g) — M, (Adg, )| — 0.
[9—99|<1/nd

REMARK 2.10. By the argument given in the case i =2, if g € H, for o >
2 !

V(M 054, ) — E(2(G))) 5 N (0, Var(g(G + 0/4)e=0"G-100" /2

for any deterministic integer-valued sequence (v,), such that 31 > 0,3y >
_d__ * v
a(d,+2a),VneN , Uy > An?.

PROOF OF LEMMA 2.8. The function 6 — M, (-, g) is of class C! and it is
easy to check that Vg M,, (0, g) = M, (0, g) with g(x) = Vg(x) — g(x)x. The mean
value theorem gives f(M (9 FA o) — M, 087, 9)) = An@i? — ol .
M”(Q_,‘L ,g), with Gn € (9 ,O*f’A). Since, by Proposition 1.2, ﬁ(ﬂ,{’A -
ﬁ*f ’A) converges in law to a normal random variable, it is enough to prove that
M, (5,{ ’A, g) 3; 0. The a.s. convergence of 19,{ A to z?f A implies the a.s. conver-

Sf.A fA
gence of 6;;"" to 6" Since

d
sup [(G+6)g(G +0)| < (Z(eGk+eGk)+M> sup |g(G +0)I,
01=M k=1 01<M

(2.2) combined with the reasoning used at the beginning of the proof of Proposi-
tion 2.6 yields

23) VM >0 ( sup |(G+60)g(G+6)|+ sup |Vg(G+9)|> < +00.
|0|<M 0l<M
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Proposition 2.6 then implies that M, (67", g) = E(z(G)). By (2.3) and the rea-
soning used at the beginning of the proof of Proposition 2.6,

VM > 0 IE( sup 12(G + 9)|e—9'G—'9'2/2) < +o0.
l<M
Hence, Lebesgue’s theorem implies that VyE(g(G + 9)6‘9'G_|9‘2/2) =E(g(G+
Q)e*G'G*w'z/ 2). Since the left-hand side is equal to 0, one deduces for 8 = 0 that
E(g(G))=0. U

REMARK 2.11. Let g:R? — R be a C? function, g(x) = Vg(x) — g(x)x and
g(x) def V2g(x) — g(x) Iy —xV*g(x) — Vg(x)x* + g(x)xx*. Assume that

f.A
(2.4) E((1g@)* + G)? + 180 + G)|P)e ™" 0) < 400,

VM >0 IE( sup |g(6 + G)|
Ol<M
2.5)

+ sup |Vg(@+ G)|+ sup |V2g(9+G)|) < Q.
lo1<M 01=M

Let (v,), be a deterministic integer-valued sequence such that 3o > 0, Vn € N*,
vy > As/n. Then, using the decomposition

V(M (014, 8) — Ma (0], )

1 _
= WﬁMn(ef*A, 8) - Vom0t — ol
n
V1 rmelA — oty ([ 04+ (1 -00/4,8)d
+\)_ Ul’l( Vy - Ux ) 0( _t)Ml’l(t Vn +( _t) * 9g) !
n

X o 04 — 0],
one obtains that under (0.1) and (1.2), the left-hand side converges in probabil-
ity to 0. As a consequence, ﬁ(Mn(Q,f:A, g) — E(g(G))) ﬁ) N71(0, Var(g(G +

1. 1
GJ’A)e*G* *-G-10d A|2/2)). More generally, if g is of class C* and satisfies moment
assumptions like (2.4) and (2.5) involving its derivatives up to order kK — 1 and &,
respectively, this result is preserved if 1 > 0, Vn € N*, v, > anl/k,

In order to prove Proposition 2.9, we need the following lemma.

LEMMA 2.12. If g € Hy for a € (0, 1], then
VM >0,3C > 0,V0,0" € B(0, M), Vn € N*

Clo —0'|
E((My (0, g) — My (@', ))%) < 02—
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PROOF. Let M > 0. Since, by (0.3),
E(3(G +6)e 902 — ¢(G + 0" ' 50"/2) =,
it is enough to check that
3C > 0,Y6,60" € B(0, M)
E((3(G +0)e G112 _ o(G +0")e 0" C101/2)%) < Clo — 02,

One has

E((g(G + 6’)e*"'G*|9|2/2 —8(G+ 9/)e*9/'G*‘9/|2/2)2)

< 2E((8(G +6) — g(G + )% 2P
+ 2]E(g2(G + 9/)(8—9-G—|9|2/2 . e—a/-c—|9/|2/z)2).

Let A > 0 and 8 € [0, 2) be such that

(2.6) VieR?!  |g(x)| < rel,

@.7) Y,y eRE g0 — g < x| —ype,
One has

(2.8) forc=26"D"Va,b>0  (a+b)f <c(af +bP).

Since, for 6 € B(0, M), |Vge #C~12| = |(G+0)e~ 0~/ < (|G| +M)eMIF],
one deduces that, for 8,8’ € B(0, M),

/ 72
E((9(G +0)e™ 072 — g(G 4 0)e=0 O/
< 2A2e2CMﬁE((|0 . 0/|2a L0 — 0’|2(|G| + M)2)62M|G|+2c|G|’3)
<Clo—0'**. O
PROOF OF PROPOSITION 2.9. Lete > 0.

P( sup M, (AD, g) — My(ADo, )] > ¢)
|9 —9|<1/n?

<nP(|G| > ,/2d logn)

+P( sup  VuIM,(AD, g) — M, (AP0, g)| > £,

[9—90|<1/nb
1rga£xn |Gi| < ,/2d10gn>.
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Since

P(|G| > /2d logn)
d
(2.9) <Y P(G*| > \/2logn)
k=1

2d s
=2dP(G! 21 <2 ~W2logny/2
( > \/E) = 210gn€

the second term of the right-hand side tends to 0 as n goes to infinity. Now, let us
focus on the first term.

Let M = |99 + 1 and M = |A|M. For ©',9 € B0, M), using (2.7), (2.8)
and (2.6) for the second inequality, one obtains

|M, (AY', g) — My (AY, )|

1 n / . ’
< Y 18(Gi + AV) = g(Gi + AWl A G2

i=I

1 . — .G — 72 _ e 2
+;Z|g(Gi+Aﬁ)|}e AV-Gi—AVE/2 _ (= AD-Gi—AD/2|
i=1

A o 19/ _ 19 a n - ~ - ~
< M Z€C(|Gi|ﬁ+Mﬂ)+M|Gi|(1 + (ZM)I_a(M + |G1|))

n i=1

Hence, when maxi<;<, |G;| < +/2d logn, there exists a constant y not depending

on n such that if v def ﬁTVI,

Vo', 9 € B(O, M)
(2.10) )
My (AD, 8) — My (AD, g)] < y [0 — /|7 (8",
We can cover B(9y, n]—s) with K = C|'(yl/o‘n1/(2"‘)*36(7’/"‘)(1‘%”)”/81/“)d/'| balls of
radius (m)l/ “ where C is a geometrical constant not depending on #.
For k € {1, ..., K}, let By denote the kth ball and ¥ its center. By (2.10), when

maxi<i<n |G| < +/2dlogn,
€
Vkell,...,K} sup |M, (A, g) — M, (A, g)| < ——=.
9By 2yn
Using Lemma 2.12 for the fourth inequality, one deduces that

IP( sup ﬁan(Aﬂ,g)—Mn(Aﬁo,g)|>8,1n§nia§xn|Gi|§,/2dlogn)

|9 —do|<1/n’

< P(ak < K : [ My(AV. g) — My(AD, 9|
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- _ sup |M,(AD, g) — M, (A, g)l,

\/_1 % eBk
<[ <n g )

(max|M (A, g) — M, (Avo, g)| >

f>

4
g_ZE((Mn (AV, g) — M, (Ady, g))z)

»
>

-

20
Q1) < 4”C|19 V™ <Cn d'/(2e)—(d'+2a)3 ,d'y [a(logn)”
B g2 n

»
EN

=

Since 8 <2 and § > m v<land £ — (@' +20)8 < 0. Therefore, the
upper bound in equation (2.11) converges to 0 as # increases to infinity. [

2.2. The case of a one-dimensional importance sampling parameter. In the
present section, dedicated to the case d’ = 1 of a one-dimensional importance sam-
pling parameter, we obtain convergence results under weaker assumptions on the
function g.

PROPOSITION 2.13. Let A € RY. Assume that g:R? — R admits a de-
composition g = g1 + g2 with g1 a continuous function such that YM > 0,
E(Sup\me |g1(G + 0)|) < +o00 and gr € V 4. Then, for any sequence (9,), of
real-valued random variables converging a.s. to some deterministic limit ¥, € R,
M, (AV,,, g) converges a.s. to E(g(G)).

PROOF. By Proposition 2.6, it is enough to deal with the situation where g =
g+ + g, with g4 (resp., g|) being an A-nondecreasing (resp., .A-nonincreasing)
function satisfying (2.1). One has g = grlg,>0) + g11ig, <0y + 841(g,>0) +

¢1{8¢<0}’ where the functions ng{gPO} and g¢1{g¢<0} (resp., g¢1{g¢>o} and
gT1{8¢<0}) are nonnegative, .A-nondecreasing (resp., .A-nonincreasing) and
satisfy (2.1). As a consequence, it is enough to deal with the case where g
is nonnegative, A-monotonic and satisfies (2.1). Choosing ' > ¢ when g is
A-nondecreasing and © > 9’ when g is A-nonincreasing, one has, for all x € R?,

§(x + AD ) AVIAVEIZ g1 pg)em AT ATE2
1 72
(2.12) > (g(x + .Aﬂ/)(e_“‘w X—|A® P2 e—Aﬁw—IAﬁIZ/Z))
V (g (x + AD) (e~ AV XAV P2 = AD = |ADP2))

From now on, we suppose that g is nonnegative, .A-nondecreasing and satisfies
(2.1): a symmetric argument applies to the nonincreasing case. Let ¢ > 0, n €
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(0, 1]. For m € N*,
P(3n = m, [E(g(G)) — M, (AY,, )| =€)

< P(an > m, [E(g(G)) — My(AD,. )| = %)
+P@En >m, |9, — 0| >n)

—HP’(Vn >m, |9, — v <nand

= m, | M (ABy, g) — My(AD, )] = %)

By the strong law of large numbers and the a.s. convergence of @, to ¥, the first
two terms on the right-hand side both converge to 0 as m — +o00. Let us check
that the third one also converges to 0. Let M = |v,| + 1, K > 0. For —M < ¢ <
¥’ < M, one has, using (2.12) for the first inequality, then (2.1) and (2.8), that

M, (AY', g) — M, (A, g)

n

1
> == 3 (18(Gi + AV A Ig(Gi + AD)))

i=1

—AY-Gi—| AV P2 —A9-Gi—|AD /2
x e ATGITATE2 — om AVGEIAIER 6, <)

! ; / 72
a _2 :(|g(Gi + ./419/)|e_"4151 Gi— A" /2
n

i=1

_ . _ 2
+18(Gi 4+ Ap)|e~ AV Gim 2y ok

C 1B ,
> —yk (@' =) - - ;6’0'6" AN 6,15 k).
where yg = ALAJeCKPFMIADD) (p1) Al + K)eMKIAl and € = 21 MIAD When
|9, — ¥«| <1, choosing ¥ = ¥, and ¥ = ¥, + n then ¥ =¥, — n and ¥ = ¥,
one deduces that M, (Ad,, g) — M, (A, g) is bounded from below and above,
respectively, by

M, (AV,, g — Mn(A(ﬁ* +1n), g) — Yk (W +1n =)

C < el AllG
ilP+M i
_;Zed [P+M|A| |1{|G,~|>K}
i=1
and
Mn(-Al?*,g)_Mn(A(ﬂ*_n)»g)"i_yK(ﬁn+77_19*)

c oG 1B
G114+ MG
+—D e 1G,|>K)-
i=1
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Choosing K such that E(eC|Gi|ﬂ+M|A”Gi|1{|Gi|>K}) < % and then n such that
2ykn < £, we deduce that

P(Vn >, B — O] <1 and 3n > m, |My(ADs, ) — My(AD, )] = g)

1 & 8 £
<Pl3n>=m,-) ecIGIITHMIAlGHY o > —
= ( =& HGil>K} = 4~

+B(3n 2 m My (AD.. 9) = My (A + 7). 8) <~

&
+B(3n 2 m My (AD.. 0) = Mo (AL = 1. 9) = 5 ).
By the strong law of large numbers M, (Av,, g) — M,, (A0« + 1), g) and M, (0.,
g) — M, (AW, — n), g) both converge a.s. to 0 and %2?21 eCIGiIP+MIANGH o
1{G,|> k) to some limit not greater than %. One concludes that each term on the
right-hand side converges to 0 as m — oco. [J

PROPOSITION 2.14. Assume that g : R — R is such that E(gz(G + Q*f’A) X

f.A
e 207Gy < 4 00 and admits a decomposition g = g1 + g2 + 1g'=1,83, with gi

of class C' satisfying (2.2), g2 € Hy for a € (7”‘1/228‘1,7”1/, 1] and g3 € V4. Then,
under (0.1) and (1.2),

ﬁ(Mn (Qr{-’A’ ) — E(g(G))) _% N (0, Var(g(G + QJ',A)e_g;ﬁA.G—wj»A|2/2)).

As in Proposition 2.7, this statement is proved by combining the usual cen-

tral limit theorem governing the convergence of /n(M, (Gf ’A, g) — E(g(G))),
Lemma 2.8, Proposition 2.9, the decomposition of functions in V4 given at the
beginning of the proof of Proposition 2.13 and the next result.

PROPOSITION 2.15.  Let A € R¢ and g :RY — R be an A-monotonic function
with constant sign satisfying (2.1),

V8 > 1/4,V90 € R, sup M (AD, g) — My (ABo, g)| =5 0.
ve[vgE1/n]

REMARK 2.16. Assume that d’ = 1. Let g € V4, and (v,), be a deterministic
integer-valued sequence such that
EI)\>O,EIy>%,VneN*, v, > An?.

Combining Propositions 1.2 and 2.15, one obtains that under (0.1) and (1.2), /1 x
L _gh A gfA
(M (67, ) — E(g(G))) 5 N7 (0, Var(g(G + 6 My 8 G107 F/2y),



ROBUST ADAPTIVE IMPORTANCE SAMPLING 1705

PROOF OF PROPOSITION 2.15. Up to a multiplication by —1, we may as-
sume that g is nonnegative. Moreover, we only deal with the case where g is
A-nondecreasing, the nonincreasing case being obtained by a symmetric argu-
ment. By (2.12), for ¢’ < ¢” and ¢ € [¢/, 9],

NP 72
M, (AY', g)——Z|g(G + AD)||e A Cim JAD2/2 _ = AY-Gi—|AV| 2|
i=1

< M,(AY, g)
<M, (Az?” h)

+- Zlg(G +./419)||€ AD-Gi— |~A19| /2 ‘Aﬂ//'Gi*|AZ7//|2/2|.
l 1

With (2.1) and (2.8), one deduces that if —M < ' <®” <M, then
sup  |M,(AV, g) — M, (Ao, g)I

Pe[d,9"]
< max(|M,(AY', g) — My (Ao, &I, M (A", g) — M, (Ado, 2)I)
C 19// _ 19/ n
@13)  + SE TS G MG (411.4) 4G,
n

i=1
Let v = % and M = |Jp| + 1. When maxi<;<, |G;| < +/2dlogn, the second
term on the right-hand side is smaller than ye? 108" (9" — "), where the con-
stant  does not depend on n. Let ¢ > 0. We set K = [2yn!/2=8¢rogm" /¢7 and
O = 99+ ke/2ye?108M" fork e (—K, ..., K}. Applying (2.13) with ¥’ = ¥ and
¥ = ¥k41, one obtains that when max; <<, |G;| < «/2d logn,

sup  |M,(AD, g) — M, (Ady, g)|
U E[Vk, Up+1]

7+max(|M n (A, 8) — M, (AVo, 8)I,

| My (ADit1, 8) — My (ADo, ).

Therefore,

&
P( sup M, (AV, g) — M, (Ado, g)| > —)
BelPgt1/n] NG

< P(lrglai(” |Gi| > ,/2dlogn>
P Gi|<,/2d1
+?( oy 161 < 2dogn.

M, (A, M, (AD >
lgllgl (A, g) — M, (ADy, g)| > 7

i)
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By (2.9), the first term on the right-hand side tends to 0 as n — co. Reasoning as
we did at the end of the proof of Proposition 2.9, with the next lemma replacing
Lemma 2.12, we conclude that the second term also tends to 0. [

LEMMA 2.17. When A€ R? and g:R? — R is a A-monotonic function with
constant sign satisfying (2.1), we have

VM > 0,3C > 0,V9, 9 € [-M, M],Vn e N*
Cly — |
<

E((Ma(AD, 8) = Ma(AY' 9))?) < ——

PROOF. Choosing ' > ¥ if g is nonnegative and .A-nondecreasing, or non-
positive and A-nonincreasing, and © > ¥’ otherwise, one has

E((8(G + A9)e A7 G2 _ o(G 4 Ap')em AP G-IAVT/2)2)
_ E(gZ(G)e—Az?G—I—IAz}‘\z/Z) n E(gz(G)e—Aﬁ/~G+|Aﬂ/|2/2)
—2E(3(G)g(G + AW’ — ﬂ))e—Aﬁ’-G—i-Az?-Az‘/"—\Az?/|2/2)
< E(gz(G)(e—AﬂGHAmz/z +e—A19/~G+|A19’|2/2
_ 26—A0’~G+A19-Az?/—lAﬂ/lz/Z)).

The conclusion is then a consequence of the following inequality: for 6,6’ € RY
with |0| v 0| < |A|M,

E(gz(G)(e—9~G+|0\2/2 + 879/~G+\9/|2/2 _ 26—9/-G+9~0/7|0/|2/2))
< CE(6|G|2/4(|e—9~G+|G|2/2 _ e—9’~G+|9’|2/2}
+ 26—9/-G—|9’|2/2|e|9/|2 . eM/]))
1
< C<|9 —0/|f e3'ﬁ(’)|z/2/ |9 (1) —xle_|x+2ﬁ(’)|2/4dx dt
o 0 R4
+ Ze|9’|2/2}e|e’|2 - 69'9,|

_ 72
p lx426'| /4dx)
R

<Clo -0 O

3. Practical implementation and applications. Option pricing in local or
stochastic volatility models eventually boils down to the computation of an ex-
pectation E( f(G)), where G is a d-dimensional standard normal random vector.
In a financial context, there is no restriction in assuming that the payoff func-
tion f satisfies both (0.1) and (0.2). In most cases, this expectation will be com-
puted using Monte Carlo simulations because closed formulas are barely available.
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Algorithm 1 Reduced Robust Importance Sampling (RRIS)
1. Generate G, ...,G,,n i.i.‘d. samples following the law of G.

2. Compute the minimizer 19,{ A of
1< CA8.C 2
U{,A(ﬁ) = Zfz(Gi)e AD-Gi+|AVP /2.
i=1
3. Compute the expectation E( f(G)) by Monte Carlo

1 & A s aefAR
Mn(Aﬁr{’A,f)z;Zf((;i_FAﬁr{’A)e Ao Gi—1av] P2
i=1

The question of reducing the variance arises quite naturally in this context. Rely-
ing on equation (0.3), we have chosen the importance sampling point of view to
tackle the delicate problem of variance reduction. Practitioners’ desires with vari-
ance reduction is to have an automatic toolbox at hand, which is precisely what
we are devising here. As explained in the Introduction, we advise to compute the
minimizer z?,,f A of v,{ A and then to use this value in a Monte Carlo procedure, as
described in Algorithm 1. Note that the same samples are used to compute 15‘,,f A
and the Monte Carlo estimator M,, (A 19,{ ’A, f). Even though the terms involved in
M,{ (Az?,{ ’A, f) are not independent, according to Corollary 2.4, it is as easy to
construct confidence intervals, as for a crude Monte Carlo computation.

REMARK 3.1. In the name (“Reduced Robust Importance Sampling”) of Al-
gorithm 1, the term “Reduced” emphasizes that the optimal importance sampling
parameter is searched for in a subspace of the set of all parameters. When the ma-
trix A = Iy, the algorithm is simply denoted RIS because there is no longer any
dimension reduction.

In this section, we first explain how z?,{ A can be computed using Newton’s
optimization procedure. We then illustrate the efficiency of this robust variance
reduction technique, both in the multidimensional Black—Scholes framework and
in more general local volatility frameworks.

3.1. Solving the minimization problem. We already know, from Proposi-
tion 1.1, that the function v,{’A is strongly convex and infinitely continuously
differentiable. Hence, we can approximate 19,{ A using Newton’s algorithm, for
instance. The Hessian matrix V?, v,{’A(ﬁ) can be written as the sum of a scalar
matrix and a positive semidefinite matrix. Hence, it is quite obvious that the small-

est eigenvalue of Vl% v,{ ’A(ﬁ) is larger than the smallest eigenvalue of A*A times
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1 T S 2(G)e AVGi +A91%/2 This last term can be arbitrarily small, depend-
1ng on the function f. Therefore a straightforward application of Newton’s algo-
rithm can be particularly inefficient in some cases. It would be much better to have

an alternative representation of ﬁ,,f 4 as the minimizer of a function, the smallest
eigenvalue of whose Hessian matrix does not depend on f. We advise to rewrite

Vs v,, (19) as

VﬁU’{’A(ﬁ) A*Al? Zf (G ) —AD- G,+|A79| /2
i=1

_ _ZA Gf2(Gi)e AP Ci +HA9>/2.
i=1
Hence, 19,{ A can be seen as the root of
_1 A*Gi f2(Gi)e MY
Zl_l [2(Gje=A»Gi 7

with uf () = 422 L log(S7_ £2(Gi)e=A?"Cr). The Hessian matrix of ;" is
given by

Voul A () = A*AY —

_ | A*GGFAf*(G)e AVGi

i:l fZ(Gl)e—Aﬁ -Gi
(L ATG G MO (DI G f2(Ge 47O
(i) f2(Gi)em A“)z

Using the Cauchy—Schwarz inequality, it is clear that V2 ’ (19) A*A is a pos-

ViulA () = A¥A +

itive semidefinite matrix. Hence, the smallest eigenvalue of Vﬁun (19) is always
larger than the smallest one of A*A, whatever the values taken by f are. This
advocates the use of u‘,{’A, rather than v;{ ’A, to compute 15‘,{ A

Using this new expression, we implement Algorithm 2 to construct an approx-

_— A o A .
imation xfl of 19,{ . Since u,{ is strongly convex, for any fixed n, x,kl converges

to ﬁnf 4 when k goes to infinity. The direction of descent d,’; at step k should be
computed as the solution of a linear system. There is no point in computing the

inverse of Vgu ,{ 4 (xy’f), which would be computationally much more expensive.

REMARKS ON THE IMPLEMENTATION. From a practical point of view, ¢
should be chosen reasonably small, ¢ ~ 107%. This algorithm converges very
quickly and, in most cases, less than five iterations are enough to get a very ac-
curate estimate of 19,{ ’A, actually within the e-error. Since the points at which the
payoft function f is evaluated remain constant through the iterations of Newton’s
algorithm, the values f%(G;) fori =1, ..., n should be computed before starting
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the optimization algorithm, something which considerably speeds up the whole
process. The Hessian matrix of our problem is easily tractable, so there is no point
in using quasi-Newton’s methods.

3.2. Numerical examples. In this subsection, we present numerical results ob-
tained by combining Algorithms 1 and 2 for different pricing problems. For each
example, we have computed the reference price using a crude Monte Carlo esti-
mator with a huge number of samples, such that the width of the 95% confidence
interval is 1073, In the columns “price MC,” “price RIS” and “price RRIS” of the
tables, we give, respectively, the crude Monte Carlo estimator, the RIS estimator
and the RRIS estimator of the price computed with the same, smaller, number
n of samples. The variances for the RRIS algorithm (resp., the RIS algorithm)
given in the tables below are computed along a single run of the algorithm us-
ing the estimator v (@) — M2@] . f) [resp., vi @) — M2@®], £)] which
converges almost surely to v/ (9[ )y —E%( f(G)) under the assumptions of Theo-
rem 2.2. The variances of the crude Monte Carlo methods (denoted ‘Var MC’ in the
tables) are estimated by 1 Y| f2(G;) — (1 Y7_| £(G;))?. All of the histograms
presented hereafter are centered around their empirical means and renormalized
by the empirical variances. When no further indications are given, the matrix A is

chosen as the identity, which implies that d = d’ and 9,{ A nf ’A.

3.2.1. Black—Scholes framework. First, we consider an /-dimensional Black—
Scholes model in which the dynamics under the risk-neutral measure of each asset
S* is supposed to be given by

s =Si(rdt +o'dW}),  So=(S3,.... 5.

where W = (W', ..., W!). Each component W' is a standard Brownian motion.
For the numerical experiments, the covariance structure of W will be assumed
to be given by (Wi, Wj)t = ptlyi+jy + t1j;=;;. We suppose that p € (—,—il, 1),
which ensures that the matrix C = (p1y;«j) + 1{i=j))1<i, j<s is positive definite.
Let L denote the lower-triangular matrix involved in the Cholesky decomposition

Algorithm 2 Newton’s algorithm

Choose an initial value x? € RY.

k=1

while |Vyu;* (x5)| > & do
1. Compute d* such that (V2u7* (xk))dk = —Vyul* (x*).
2oxkHl =xkpdk k=k+1.

end while
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C = LL*. To simulate W on the time-grid 0 <] <t <--- < ty, we need d =
I x N independent standard normal variables and set

Wi, JHL 0 0 0
Wi, VL Jh—tL 0 0
=] : G,
Wiy, : N Y) 0
Wiy VhL Jo—tL ... Jin-1i—in—2L Jin —in—iL
where G is a normal random vector in R’*¥ . The vector (¢!, ..., o0?) is the vec-

tor of volatilities and r > 0 is the instantaneous interest rate. We will denote the
maturity time by 7.

Basket option. 'We consider options with payoffs of the form (Zle o' S? —K)y,
where (»!, ..., w%) is a vector of algebraic weights. The strike value K can be
taken to be negative, to deal with put-like options. All of these payoffs belong to
‘H1, so Theorem 2.3 applies, as Figures 1 and 2 illustrate. These histograms have
been obtained with 5000 independent runs of the RIS algorithm. The case of such
basket options is definitely a crucial issue because there is no closed formula as
soon as d > 2, and the variance of a crude Monte Carlo approach can be dramati-
cally large. We can see in the examples of the basket options treated in Table 1 that
the Robust Importance Sampling method does reduce the variance by at least 10.
The results are obtained within 4.5 CPU seconds, compared to the 1.5 CPU sec-
onds needed for the crude Monte Carlo computation. The same number of samples
are used in both methods, which brings an overall gain of 3.3 in favor of the RIS
algorithm. In the case p = 0.2 and K = 50, which is the option used for the his-
tograms, the empirical variance is 1.76, whereas the on-line estimated variance is
1.74. This illustrates the conclusion of Corollary 2.4. The improvement brought
by the RIS algorithm is very encouraging, not only because it definitely reduces

041
| C AN
,Zi N
031 N
7 Al
021
0.1
O =54 0 1 73 4

FI1G. 1. Limiting distribution 0f0,{ for the option of Table 1 with p = 0.2 and K = 50.
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FI1G. 2. Limiting distribution of My (9,{, f) (RIS) for the option of Table 1 with p = 0.2 and
K =50.

the variance, but, above all, because it is fully automatic. Unlike most adaptive im-
portance sampling strategies developed so far and, in particular, the ones based on
stochastic approximations, the one we propose here does not require any parameter
tuning.

We have also tested our algorithm on a 10-dimensional exchange option with
randomly chosen spots and volatilities. The numerical results of Table 2 show that
the RIS algorithm performs well for a wide variety of basket options. In any case,
the variance is divided by at least 7, whereas it increases twice the CPU time. This
leads to an overall gain of 3.5 in the worst case.

One-dimensional digital option. We consider an option with payoff 1(s,-1),
where L > 0. We choose T =1, Sy =100, 0 =0.2, r =0.05 and L = 140. We fix
the number of samples at 100,000. A crude Monte Carlo computation gives a price
of 0.05952 with a variance of 0.053, whereas the exact price is 0.05968. On each
run of the algorithm, we can compute the on-line estimator of the variance and
use it to construct a confidence interval. We have run the RIS algorithm 100,000

TABLE 1 ) ) )
Basket option in dimension d = 40 withr =0.05, T =1, S(l) =50,0' =02, 0" = %for all
i=1,...,d and n =10,000

P K Price Price MC Variance MC Price RIS Variance RIS
0.1 45 7.210 7.216 12.12 7.209 1.04
55 0.561 0.567 1.90 0.559 0.14
0.2 50 3.298 3.304 13.56 3.296 1.74
0.5 45 7.662 7.678 42.2 7.650 5.06
55 1.906 1.879 14.46 1.906 1.25
0.9 45 8.215 8.154 69.47 8.211 7.89

55 2.823 2.823 30.08 2.819 2.58
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TABLE 2
Basket option in dimensiond =10 withr =0.05,T =1, K = O‘, p = 0.2. The spots are chosen
uniformly in [70, 130] and the volatilities in [0.1,0.3]. ' = %fari =1,....d/2
and o' =—éf0ri =d/2+1,...,d and n = 100,000

Price Variance MC Variance RIS
3.58 21.66 2.97
0.129 0.511 0.016

7.4 34.04 5.02

1.08 5.24 0.52

times independently and, on each run, we have constructed the confidence inter-
val of level 95% using the on-line estimated variance v,{’A(z?,{ ’A) — M,% (9,{ ’A, .
The true price falls outside the confidence interval in 5104 cases out of 100,000,
which gives a level of 94.9%. This little experiment illustrates how Corollary 2.4
can be used to construct confidence intervals.

One dimensional barrier option. This time, we only focus on one asset and
we want to price a call option with a discrete barrier on this asset. A discrete
barrier means that we only check if the asset has crossed the barrier at fixed

dates t1,...,t;5 = T, usually one per month. We assume that the grid defined
by t1,...,t7 is regular with step size §t = T /d. The payoff can be written as
St —K )+1{v1§,~§d,5,i >} for a down-and-out call option with barrier L. The price
of such an option can be written as E(f(G', ..., G%)) with
_ —rT (r—c2/)T+o/51 Y0, x;
flxr, ... xq) =e " (Soe =Y —K)
x 1 i .
W<i<d.Soe! 0Pt gy

In this particular case, if we consider the RIS algorithm developed before, the
importance sampling parameter 6 lies in R?. Hence, the optimization problem
becomes harder to solve as the number of time steps increases.

One idea is to restrict the parameter 6 to the subspace {Av : 9 € R}, where
the vector A is defined by A = (\/11, ..., /Ta — ts—1)*. In this case, the optimal
parameter is always real-valued d’ = 1, whatever the number of time steps we con-
sider. This alternative approach—referred to as RRIS (Reduced Robust Importance
Sampling)—corresponds to adding a linear drift to the Brownian motion. These
two approaches are compared in Table 3 for the case of a down-and-out call option
and it turns out that the optimal variances obtained in both cases are very close to
each other. When the underlying asset is of dimension one, the computation time
gained by using the RRIS algorithm instead of the RIS one is not that important,
but it will become a crucial issue for multidimensional barrier options. The effi-
ciency of the two algorithms on the down-and-out call option is very impressive.
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TABLE 3
Down-and-out call option with 0 =0.2,r =0.05, T =2, S(l) =100, K =110 and n = 10,000

L Price Price MC  Variance MC  Variance RIS  Price RRIS  Variance RRIS

70 11.445 11.472 401.51 34.10 11.454 34.33
80 11.244 11.240 401.04 35.68 11.261 36.11
90 9.689 9.672 383.93 42.54 9.705 45.37
95 7.564 7.518 342.05 42.01 7.557 49.84

As in the previous example, the variance is reduced by a factor between 8 and 11.
The use of the RRIS algorithm compared to a crude Monte Carlo method doubles
the computation time, which means that the gain is at least 4. Figures 3 and 4 il-
lustrate the asymptotic behavior of the RIS algorithm. They have been obtained by
running the RIS algorithm 5000 times independently. The histogram of Figure 3
represents the limiting distribution of the first component of 9,,f computed with the
RIS algorithm and fits the density of the standard normal distribution (plain line)
rather well, which illustrates Proposition 1.2. Although the hypotheses of Theo-
rems 2.2 and 2.3 are not satisfied for the payoff at hand in the RIS framework,
Figure 4 shows that our estimator is still convergent and asymptotically normal.
This numerical convergence is emphasized by the matching of the empirical vari-
ance of the histogram and the on-line variance computed on a single run of the
RIS algorithm; for these two quantities, we find, respectively, 34.70 and 35.68.
Since the payoff belongs to V4, the convergence and the asymptotic normality of
the RRIS estimator are, in return, ensured by Theorems 2.2 and 2.3.

Barrier basket option. 'We consider basket options in dimension / with a discrete
barrier on each asset. For instance, if we consider a down-and-out call option,

0.4

0.2

0.1

AREN L NEENEE .
0—4 -3 -2 -1 1 2 3 4

F1G. 3. Limiting distribution of the first component of 9,{ (RIS) for the option of Table 3 with
L = 80.
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FI1G. 4. Limiting distribution of My, (9,{, f) (RIS) for the option of Table 3 with L = 80.

the payoff can be written as (Zi]:l a)’S% — K)o Vi<N.Si =L} where o =
<IVj=N.S; =

(a)l, el a)l) is a vector of positive weights, L = (Ll, ...,L’) is the vector of
barriers, K > 0 the strike value and ¢y = T. Once again, we consider one time step
per month, which means that for an option with maturity time 7" = 2 as in Table 4,
the number of time steps is N = 24. From now on, we fix / = 5. Hence, in the RIS
algorithm, the parameter 6 is of dimension d = 120. Even though this is not that
huge, it requires much more computational time, as the numerical experiments
show. For the option of Table 4, a standard Monte Carlo computation takes 4.3
CPU seconds and the RRIS algorithm takes 8.7 CPU seconds, whereas the RIS
algorithm needs 22.5 CPU seconds. The RIS algorithm is three times slower than
the RRIS algorithm, in which the parameter 6 lies in the subspace {A® : 9 € R?)
of dimension d’' = I =5 with A(j—1)1+i,i = 4/Tj —tj—1 (convention fy = 0) for
j=1,...,Nandi=1,..., 1, all the other coefficients of A being zero.
Path-dependent basket options are a prime example of pricing problems in
which the use of one importance sampling parameter per time step dramatically
slows down the computation. Restricting the importance sampling parameter space
to a subspace of dimension d’ = I =5, as in the RRIS algorithm, divides the com-
putational time by 3, whereas the optimal variance of the RRIS algorithm is very
close to that of the RIS algorithm. Hence, there is no point in using one importance

TABLE 4
Down-and-out call option in dimension I =5 with 0 =0.2, Sy = (50, 40, 60, 30, 20),
L = (40, 30,45,20,10), p=0.3,r=0.05,T =2, v =(0.2,0.2,0.2, 0.2, 0.2) and n = 100,000

K Price Price MC Var MC Var RIS Price RRIS Var RRIS
45 2.371 2.348 22.46 2.58 2.378 2.62
50 1.175 1.178 10.97 0.78 1.179 0.79

55 0.515 0.513 4.72 0.19 0.517 0.19
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FI1G. 5. Limiting distribution of the first component of 19,{ A (RRIS) for the option of Table 4 with
K =50.

sampling parameter per time step. The improvement factor in terms of variance
provided by the RRIS algorithm varies between 10 and 20. Because the RRIS al-
gorithm is twice as slow as a standard Monte Carlo computation, the overall gain
factor varies between 5 and 10.

The payoff does not satisfy the assumptions of Theorems 2.2 and 2.3, neither
in the RIS nor in the RRIS framework. Nevertheless, it seems rather clear from
Figure 6 that the RRIS estimator is convergent and asymptotically normal. Besides,
for K = 50, the variance computed on a single run of the RRIS algorithm perfectly
matches the empirical variance of the histogram. Figure 5 illustrates the asymptotic
normality of Or{c 4 Which is still ensures by Proposition 1.2 in this example. These
histograms have been constructed from 100,000 independent runs of the RRIS
algorithm.

3.2.2. Dupire’s framework. We consider an [-dimensional local volatility
model in which the dynamics under the risk-neutral measure of each asset S* is

04 A
L N
M1y
031 7/ x
i i \
02
0.1
ol RN NEEAEANEEREEY L1
4 3 2 - 0 1 2 3 4

FIG. 6. Limiting distribution of My, (th’A, ) (RRIS) for the option of Table 4 with K = 50.
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supposed to be given by

dSt=Si(rdt +o(,S)dW}), So=(S5:---. 5§,

where W = (W1, ..., W!)is defined and generated as in the Black—Scholes frame-
work. The local volatility function o we have chosen is of the form

3.1) ot x) =0.6(1.2 — ¢~ 011~ 0001(xe" =)%) , 0,05

with s > 0. We know that there exists a duality between the variables (¢, x) and
(T, K) in Dupire’s framework. Hence, for the formula (3.1) to make sense, one
should choose s equal to the spot price of the underlying asset so that the bottom
of the smile is located at the forward money. We refer to Figure 7 for an overview
of the smile.

Best-of option. 'We consider options with payoffs (max<; <y w; S; — K) 4, where
K >0and (o', ..., ®") is a vector of positive weights. The payoffs belong to ;.
To discretize the dynamics, we use an Euler scheme with N = 100 time steps per
year. The results of Table 5 are encouraging. The RRIS algorithm with A defined

TABLE 5 ' '
Best-of option in dimension 12 with p = 0.5, r =0.05, T = 1, n = 50,000 and o' =1, S(’) =50 for
alli=1,...,1
K Price Price MC Var MC Price RRIS Var RRIS
70 3.260 3.236 137 3.299 24.50
80 1.901 1.917 94.23 1.905 14.09

90 1.220 1.253 67.70 1.227 9.41
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as in the barrier basket option case reduces the variance by 6, whereas it only
increases the computational time by 2, which leads to a gain of 6/2. We do not
present any results for the RIS algorithm because the extra computational time it
requires makes it noncompetitive.

Conclusion. We propose a fully automatic adaptive importance sampling
technique for the computation of E(f(G)), where f ‘RY > R and G is a stan-
dard d-dimensional normal random vector. For a large class of functions f, in-
cluding many financial payoffs, we prove that our estimator is convergent and
asymptotically normal with optimal limiting variance. Note that all of the conver-
gence results stated in Theorems 2.2, 2.3, Corollary 2.4, Propositions 2.7, 2.14,
Lemma 2.8 and Remarks 2.10, 2.11, 2.16 still hold if M, (0, g) is defined as
%Z?:l g(G; + 9)6‘9'61‘_|9|2/2 for any sequence (é,-),-zl of i.i.d. d-dimensional
standard normal random vectors and, in particular, when this sequence is inde-
pendent from the one, (G;);>1, used to compute (15‘,{r ’A)nzl. Our numerical exper-
iments confirm the effectiveness of our estimator: in comparison with the crude
Monte Carlo method, the computation time needed to achieve a given precision is
divided by a factor between 3 and 15. Moreover, they suggest that the convergence
and asymptotic normality of the estimator still hold under weaker assumptions on
the function f. In view of these numerical results and the definition of 1y, it would
be natural to investigate the class of functions f such that, for some constants A > 0
and S8 € [0, 2),

Vo :R? - R? C® and vanishing outside B(0, M),

\ [,V e
Rd

Unfortunately, we have thus far not been able to derive the asymptotic properties of
our estimator for such functions. In this work, we have focused on importance sam-
pling. A natural extension would be to investigate the coupling with stratification
techniques in the spirit of [8]. In particular, it would be interesting to combine the
present importance sampling algorithm with the adaptive stratified sampling meth-
ods recently proposed in [6] (adaptive optimization of the proportions of random
drawings made in the different strata) and [5] (adaptive optimization of the strati-
fication direction e € R? for a standard normal random vector when the strata are
given by {x eR%:e-x € [yi—1, yi)} with —co=ypg <y < yp <:-- < y; = 400).

B
< 2™ 0]l co-
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