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Abstract computational complexity, and preserves topology. The key
idea is to measure the net outward flux of a vector field per
There has recently been significant interest in using rep- unit area, and to detect locations where a conservation-of en
resentations based on abstractions of Blum’s skeleton intoergy principle is violated. This is done in conjunction with
a graph, for qualitative shape matching. The application of a thinning process applied in a rectangular lattice. Wesillu
these techniques to large databases of shapes hinges on thgate the approach with several examples of skeletal graphs
availability of numerical algorithms for computing the me- for biological and man-made silhouettes.
dial axis. Unfortunately, this computation can be extrgmel
subtle. Approaches based on Voronoi techniques preserve?. Divergence-Based Skeletons
topology, but heuristic pruning measures are introduced to
remove unwanted edges. Methods based on Euclidean dis- Consider Blum’s grassfire flow [3]
tance functions can localize skeletal points accurataly, b ac
often at the cost of altering the object’s topology. In thés p % Q)
per we introduce a new algorithm for computing subpixel
skeletons which is robust and accurate, has low computa-acting on a 2D closed curw& such that each point on its
tional complexity, and preserves topology. The key idea isboundary is moving with unit speed in the direction of the
to measure the net outward flux of a vector field per unit inward normalV. In recent work, we have shown that
area, and to detect locations where a conservation of en- this formulation leads to a Hamilton-Jacobi equation on the
ergy principle is violated. This is done in conjunction with Euclidean distance function to the initial curve [12]. In
athinning process applied in a rectangular lattice. Weslu ~ physics, such equations are typically solved by looking at
trate the approach with several examples of skeletal graphsthe evolution of the phase space of the equivalent Hamilto-

for biological and man-made silhouettes. nian system. Since Hamiltonian systems are conservative,
the locus of skeletal points coincides with locations where
1. Introduction a conservation of energy principle is violated. This loss of

energy can be used to formulate a natural criterion for de-

In recent years there has been significant interest in using€cting singularities of the distance function.

graph-based abstractions of Blum's skeleton for qualitati  Vore specifically, letD be the Euclidean distance func-
shape recognition [10, 6, 11, 8, 14]. The application of such tion to the initial curveCo. The magnitude of its gradi-
methods to large image databases hinges on the availabilit"t | VD ||, is identical to 1 in its smooth regime. With
of robust and efficient algorithms for computing the medial 4 = (#>¥), P = (D, Dy), the Hamiltonian system is given
axis, or approximations to it. Unfortunately, this is a $ebt by

numerical problem. Methods based on Voronoi techniques OH )

preserve topology, but heuristic pruning measures are-intr P = =7 = 0,0), a= ap —(Dz,Dy), (2)
duced to remove unwanted edges. Methods based on Eu-

clidean distance functions can localize skeletal pointsiac ~ With an associated Hamiltonian functiof = 1 —
rately, but often at the cost of altering the object's togglo (D2 + D2)2 [12. It is straightforward to show that all
In this paper we introduce a new algorithm for computing Hamiltonian systems are conservative and hence divergence
subpixel skeletons which is robust and accurate, has lowfree. Conversely, when trajectories of the system intérsec



a conservation of energy principle is violated. This sutges

a natural approach for detecting the skeleton: compute the
divergence of the gradient vector fiedand detect loca-
tions where it is not zero. The divergence is defined as the
net outward flux per unit area, as the area about the point
shrinks to zero:
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Here Aa is the areaL is its bounding contour and/ is

the outward normal at each point on the contour. Via the
divergence theorem

®3)

div (q) = limAa_m

/adiv(q)daz /L <q,N >dL 4)

In other words, the integral of the divergence of the vector
field within a finite area gives the net outward flux through
the contour which bounds it. Locations where the flux is
negative, and hence energy is lost, correspond to sinks or
skeletal points of the interior. Similarly, locations whehe
flux is positive correspond to sources or skeletal points of
the exteriof:

Figure 1 illustrates the divergence-based computation on
a panther silhouette. The gradient vector field of the Eu- Figure 1: The gradient vector field of a signed distance func-
clidean distance function is shown on the top, with the total tion to the boundary of a panther shape (top), with the as-
outward flux on the bottom. Observe that the smooth regimesociated total outward flux (bottom). Whereas the smooth
of the vector field gives zero flux (medium gray), its sinks regime of the vector field gives zero flux (medium gray), its
coincide with the skeleton of the interior (dark gray), atsd i sinks correspond to the skeleton of the interior (dark gray)
sources with the skeleton of the exterior (light gray). HBNC  and its sources to the skeleton of the exterior (light gray).
a threshold on the divergence map yields a close approxi-
mation to the skeleton, as used in [12]. However, in general
it is impossible to guarantee that the result is homotopic to
the original object by simple thresholding. A high threshol
may Yield a connected set, but it is not thin and unwanted
branches are present, Figure 2 (top). A low threshold yields
a thin set, but it may be disconnected, Figure 2 (bottom).
The solution, as we shall now show, is to introduce addi-
tional constraints to ensure that the topology of the object
is preserved. The main idea is to incorporate a homotopy . 3
preserving thinning process in a rectangular lattice, wher
the removal of points is guided by their divergence values. &

3. Homotopy Preserving Skeletons

3.1. Divergence-Ordered Thinning Figure 2: Thresholding the divergence map in Figure 1. A
high threshold yields a connected set, but it is not thin, and
There is a long history of approaches to computing the nyanted branches are present (top). A low threshold yields
skeleton which are rooted thinningoperations [1]. These 5 ¢loser approximation to the desired skeleton, but the result
methods attempt to realize Blum’s grassfire formulation by s now disconnected (bottom).
peeling away layers from the object, while retaining specia

INote that the classical definition of divergence as the suitneopartial . . . . .
derivatives of the vector field in its component directiomsioot be used ~ POINts. It is possible to define erosion rules such that the

where it is singular, and these are precisely the points wéngerested in.  topology of the object is preserved, but these methods are



approximation to the skeleton unless additional congisain
are introduced [2]. In the current context, we have derived a
natural criterion for localizing skeletal points based oinp
ciples from physics. Specifically, since the total outward
flux of the gradient vector field of the Euclidean distance
function provides a continuous measure on the likelihood
of a point being a sink or skeletal point, it is naturabtder
the removal of points by thinning according to this measure.
The outline of our approachis now in place. We shall ap-
ply a homotopy preserving thinning process to the interior
of the object, where candidate points for removal will be
considered in order of decreasing divergence. We shall pre-
serve end points that asgnificant i.e., their total outward
flux is below some selected threshold, but will thin the rest
of the object until no further points can be removed. The

exploit the interpretation based on divergence developed i result will be a thin setin a rectangular lattice (a set witho
the previous section to address these latter concerns. any interior), that is homotopic to the object and by the di-
To see how topology preserving erosion rules can be de-Vergence measure will be as close as possible to the “true”
fined for a rectangular lattice |e€® be a 2D digital point ~ Skeleton.
which is contained in the object. The topology of the object
can be altered if the removal &f either disconnects the ob-
ject, or creates a hole in it. It is convenient to view this as
a graph problem. Consider the 3x3 neighborhoodpbs
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Figure 3: LEFT: A 3x3 neighborhood of a 2D digital point P
in a rectangular lattice. RIGHT: An example neighborhood
graph for which P can be removed. Note that there is no
edge between neighbors 6 and 8 (see text).
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quite sensitive to Euclidean transformations of the dath an
typically fail to localize skeletal points accurately. Weal

3.2. End Points, Curve Points and Branch Points

L . . In the continuous case, the distinction between an end
shown in Figure 3 (left), and select those neighbors which _ . ) .
point, a curve point and a branch point of the skeleton fol-

are also contained within the object. Construct a neighbor- . : :
. . . lows from the number of times a disc centered at the point
hood graph by placing edges between all pairs of neighbors

(not including P) that are 4-adjacent or 8-adjacent to one !ntersects the skeleton, Figure .4' Spgcmcally: 1?] i&n

another. If any of the 3-tuplef2, 3,4}, {4, 5,6}, {6,7, 8} mtgrval (0, a] such thgt for any in that interval a disc of
or {8, 1 '2} are nodes of the grép’h r,em(’)v’e th'e cz)r;eséond-rad'use centered af intersects the skeleton once, then
ing d’iaéon'al edgef2, 4}, {4, 6} {6,8} or {8, 2}, respec- is an end point, 2) il an interval(0, a] such that for any

. . . e in that interval a disc of radiuscentered af intersects
tively. This ensures that there are no degenerate cycles N e skeleton twice. thel is a curve point, and 3) & an

the neighborhood graph (cycles of length 3). Now, ObserVeinterval (0,a] such that for any in that interval a disc of

that if the removal ofP disconnects the object, or intro- : .
: . radiuse centered af intersects the skeleton three or more
duces a hole, the neighborhood graph will not be connected,. . :
times, thenP is a branch point.

or will have a cycle, respectively. Conversely, a connected o i ) ]
For a digital skeleton in a rectangular lattice, i.e., a 4-

graph that has no cycles is a tree. Hence, we have a simple : ! <
criterion to decide whether or nét can be removed: connected or 8-connected 1 pixel thick curve, a very similar

characterization applies. The smallestisc is now the or-
Proposition 1 A 2D digital pointP can be removed if and  dered set of neighboid, 2, 3,4, 5,6, 7,8}, and one simply
only if its 3x3 neighborhood graph, with cycles of length 3 has to count the number of times the path through these
removed, is a tree. neighbors intersects the digital skeleton. It is also easy t
see that in the course of thinning, a candidate end point of a
4-connected or 8-connected digital curve may be character-
ized as follows:

A straightforward way of determining whether or not a
graph is a tree is to check that its Euler characteristic
|V| — |E| (the number of vertices minus the number of
edges) is identical to 1. Note that this check only has to be

performed locally, in the 3x3 neighborhood Bf Figure 3
(right) shows an example neighborhood graph for which
can be removed.

Proposition 2 A pointP could be an end point of a 1 pixel
thick digital curve if, in a 3x3 neighborhood, it has a sin-
gle neighbor, or it has two neighbors, both of which are

The above proposition allows us to guarantee that a thin-4-adjacent to one another.
ning process on a rectangular lattice preserves topology.
However, the end result depends entirely on the order inWe now have criteria to identify end points as the object
which points are removed, so its relationship to the skaleto is being thinned and also to detect branch points, once no
is unclear. In fact, most thinning methods give only a coarse more digital points can be removed.



Figure 4: An end pointe, a curve point c and a branch pointb
can each be distinguished from one another by determining
the number of times a disc with infinitesimal radius centered
at the point intersects the skeleton (see text). Figure 5: The digital skeleton of the panther silhouette
obtained by divergence-ordered thinning. The skeleton is
shown in light gray, with its end points and branch points
shown in black. Compare with Figures 1 and 2.

3.3. The Algorithm

The thinning process can be made very efficient by ob-

serving that a point within the object which does not have at . . o
. : . . operations, where is the total number of points in the 2D
least one background point as an immediate neighbor can- . o
) ) array. The worst case complexity of the thinning process
not be removed, since this would create a hole. Therefore,. . S .
: . is O(klog(k)), wherek is the number of points in the in-
the only potentially removable points are on the border of [~ © . L .
. o : . terior of the object. The reasoning is as follows. A point
the object. Once a border point is removed, only its neigh- . ; ) .
can be inserted into the heap only when one of its neighbors

bors may become removable. This suggests the |mplemeni-S removed, and this can happen at most 8 times. Hence,

tation of 'Fhe thinning process using a heap. We now presentthe while loop may go through all points of the object at
the algorithm. ) . 2 .
most 8 times. At each iteration, insertion into a heap as well

as the extraction of its minimum, are bafi{log(l)) oper-
ations, done no more than 8 times. Héigs the number of
elements in the heap. There cannot be more khalements
in the heap, because we only have a totat gbints in the
object. The worst case complexity for thinning is therefore
O8k8(log(k)) = Oklog(k). Hence, the complexity of the
entire method iD(n) + O(klog(k)). The algorithm con-
verges when the heap is empty, at which stage the set of
points which remain comprise the skeleton. The end points
have been labelled, and the branch points and interiorpoint
can be detected via the procedure described in Section 3.2.

Figure 5 illustrates the output of the algorithm on the
panther silhouette, with the digital skeleton shown intigh
gray and the end points and branch points shown in black.
Observe that the skeleton corresponds closely to the sink
points in the divergence map of Figure 1. However, in
contrast to the earlier results obtained by thresholding (F
ure 2), the result is now 1 pixel thin (without an interiorgan
is homotopic to the object. In fact, this property is ensured
by Propositions 1 and 2.

Algorithm 1 The divergence-ordered thinning algorithm
Part I: Total Outward Flux
Compute the signed distance transform of the ohj&ft].
Compute the gradient vector fieldD.
Compute the net outward flux & D using Eqg. 4
For each poinf in the interior of the object
Flug(P) =¥} | < N;,VD(P)) >,
whereP; is an 8-neighbor o andN; is the
outward normal aP?; of the unit disc centered &.
Part Il: Homotopy Preserving Thinning
For each border poirf®
if (P is removable)
insert®, Heap) withFlux(P)
as the sorting key for insertion
While (Heap.size> 0)
P = HeapExtractMax(Heap)
if (P is removable)
if (P is not an end point) orflux(P) > Thresh)
RemoveP
for all neighbors) of P
if (@ is removable)
insert(, Heap)
else markP as a skeletal (end) point

3.4. A Subpixel Skeletal Graph

Itis straightforward to interpret the digital skeletonthwi

enegd'{f it} end points and branch points labelled, as a graph. Let the set
{ " } of end points and branch points comprise the vertices, with
end{ while }

2The one exception is the case of a 2x2 square block, whichazan i

; ; ; there are branches at each of its corners. In order to peeigsisymmetry,
The complexity of the algorithm can be determined as when we abstract the skeleton into a graph, each lattice pbithe 2x2

f0||0WS- The CompUtation of the distance transform [4], the sq,are will be stored with its corresponding branch, ancebranch point
gradient vector field and the total outward flux area(h) will be placed in the middle.



an edge representing the ordered list of digital points con-the earlier digital skeleton in Figure 5. Branch points axe d

necting two vertices. The digital points can be ordered by picted with empty circles and end points with filled circles.

applying a depth-first-search algorithm, starting at aesert  Figure 6 (bottom) shows the object reconstructed as the en-

where one pixel follows another if the two are 4-adjacent or velope of the maximal inscribed discs associated with each

8-adjacent, but do not neighbor the same branch point. Theskeletal point. Figure 7 depicts subpixel skeletal graphs f

search terminates when another vertex is reached. a wide variety of 2D shapes representing a range of ob-
ject categories. The results demonstrate the robustness of
the framework under Euclidean transformations, as well as
changes in scale.

5. Discussion and Related Work

We have introduced a novel algorithm for computing
subpixel skeletal graphs which is robust, accurate, compu-
tationally efficient, invariant to Euclidean transfornues,
and homotopy preserving. The essential idea is to combine
a divergence computation on the gradient vector field of the

- Euclidean distance function, which we introduced in earlie
) T . work [12], with a thinning process that preserves topology.
g \ The identification of end points and branch points allows
/ o the result to be interpreted as a graph. The digital skeleton
\(\_/ s N g is then shifted to be within arbitrary precision of the “tftue
L Y skeleton. We have illustrated the approach on a variety of
- 2D shapes. It should be clear that framework applies to
shapes with arbitrary topology. We have also extended the
method to a framework for computing medial surfaces of
3D obijects [5].

We note that in related work, Leymarie and Levine have
utilized the magnitude of the gradient vector field to de-
sign a potential function to attract a snake moving in from
the shape’s boundary [7]. This leads to an intuitive sim-
ulation of the grassfire, however the interpretation of its
singularities as a skeletal graph is not immediate. Geiger

In our implementation we have used a subpixel contour et al have introduced a variational approach to comput-
tracerto ObtainapieceWise circular arc representatidinﬂ)f |ng Symmetric axis trees, where portions of a curve are
boundary of the object [13]. In this case, all simulations ca matched against others, incorporating constraints ifietud
be based on aexactdistance fUnCtion, by determining the Co_circuiarity and paraiieiism [8] Zhu has posed the com-
distance of each lattice pOint to the closest circular ars. A putation of the medial axis as a statistical inference prob_
shown in Appendix A, itis then possible to move each point |em, leading to an approximation of the skeleton [16]. Tek
on the dlgltal skeleton so that it is within arbitrary prEBan and Kimia have introduced a promising approach for cal-
of atrue skeletal pOint, Ieading to asubpixel skeletal graph. Cuiating Symmetry maps, which is based on the combina-
For curve points the idea is to search in a direction dEfiHEdtion of a wavefront propagation technique with the use of an
by the pan-normal from the object’s boundary to the point, exact (analytic) distance function [15]. Finally, Malaiia
and to iteratively refine this search. For branch points the 3nd Fernandez-Vidal obtain two sets based on thresholding
idea is to move the pOint till it is arbitrarily close to theee a function of two measure$,andd' to characterize the sin-
ter of a maximal inscribed disc which touches the contour guiarities of the Euclidean distance function [9] Whereas

Figure 6: ToP: A subpixel skeletal graph, with branch points
shown as empty circles and end points as filled circles.
Compare with the digital skeleton, Figure 5, from which it
was derived. BoTTOM: The reconstruction as the envelope
of the maximal inscribed disks (grey) of the skeleton, over-
layed on the original object.

at three or more points. empirical results are good, the choice of appropriate thres
olds for these measures, as well as strategies for combining
4. Examples them, are based on heuristics.

In contrast, our method is rooted in a physics-based anal-
We now present examples of subpixel skeletal graphs. Inysis of the gradient vector field of the Euclidean distance
each case, the same divergence threshold was used to deteunction. This justifies the use of the divergence theorem
mine which end points to preserve. Figure 6 (top) shows theto compute the total outward flux of the vector field, and to
subpixel skeleton for the panther silhouette, derived from locate points where energy is absorbed. In this paper we



Figure 7: Subpixel skeletons for a wide variety of 2D shapes, obtained by divergence-ordered thinning.



have combined this measure with a homotopy preserving
thinning algorithm in 2D, followed by a subpixel shift to
efficiently obtain robust and accurate skeletal graphs.

A. Subpixel Shifting

We now show how points on a digital skeleton can be
shifted to be within arbitrary precision of “true” skeletal
points, by making use of an exact distance function. Con-
sider a closed contour and its digital skeleton obtained by
divergence-ordered thinning. For each end point of the dig-
ital skeleton find the closest point on the contour, and use
the set of closest points to partition the contour. Follayvin
the partition, we can refer to the contour segméiritsand
Cr associated with either side of a digital brarigh

We now proceed to shift the points contained in the
branchB. Letp € B anda € Cg, b € (CL
be such thatl(p,a) = mingcc, d(p,z) andd(p,b) =
mingec, d(p,z). Without loss of generality, assume
d(p,a) < d(p,b), see Figure 8. If we extend the line
segmentp to a pointy so that the trianglaub becomes
isosceles, we must get thais on the other side of the true
skeleton with respect tp. This is true because the line
segmentp is normal to the contour segme@iz ata, by
the definition of a closest point, and thads closest to a
skeletal point on the extension of the line segment. Since
d(p,a) < d(p,b), uis at least on the skeleton if not further,
by the definition of a skeletal point.

Now, givenp andu as above, find the mid-poimt be-
tween them. Updatgto m if m is closer toC'r than toC7,,
otherwise update to m. When the segmentu is small
enough, return one gf or u. Note that the actual precision
of the shifting depends on the precision of the end points
which were used to segment the contour.

Next, we consider the shifting of a digital branch point,
using a slightly different approach. Here the essentia ide
is to move the point so that it is arbitrarily close to the eent
of a maximal inscribed disc which touches the boundary at [12]
at least three points.

Using the digital branch point as a first approximation, [13]
identify the closest contour points to it, one on each of the
three closest contour segments. Then, shift the branch poin
to the center of the unique circle which passes through these
three contour points. Repeat the procedure until the dis-[14]
tances to the three closest points are within a specified tol-
erance of one another.

(2]
(3]
(4]
(5]

(7]

(8]

(9]
[10]

[11]

[15]
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