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ABSTRACT In this paper, the hit-to-kill strategy is introduced to solve the three-dimensional (3D) robust

head-pursuit (HP) interception problem considering the line-of-sight (LOS) angle constraints. Firstly, a target

based relative dynamicmodel is proposed to be the nominalmodel for designing the robust HP guidance laws,

where the HP interception problem is formulated as a target passively chases after the interceptor missile.

Secondly, the 3D retro-proportional navigation (RPN) guidance law is reinterpreted from the point of control

theory, which forces the corresponding guidance system asymptotically stable. Meanwhile, the concept of

nullifying the LOS angular rates is successfully introduced to solve the 3D robust HP guidance problem via

the sliding mode control. Thirdly, the LOS angles constrained robust HP guidance law is proposed based on

the nonsingular terminal sliding mode control. The stabilities of the presented guidance laws are analyzed

via the Lyapunov approach. The simulation results are in agreement with the theoretical statements.

INDEX TERMS Missiles, guidance, head-pursuit interception, retro-proportional navigation, sliding mode

control.

I. INTRODUCTION

It is a challenging task to intercept a high-speed target (such

as a hypersonic glider) by an interceptor missile, especially

when the missile’s velocity is inferior to that of the target.

One reason for this plight is that the traditional defense

missile usually performs the head-on (HO) interception strat-

egy, where the closing velocity is so huge that stringent

requirements on the missile guidance system are imposed.

Recently, the head-pursuit (HP) interception strategy [1] has

been proposed to concern this problem, where the missile is

placed such that the target passively chases after the inter-

ceptor missile. The so-called HP guidance law [2]–[5] and

the retro-proportional navigation (RPN) guidance law [6]–[8]

have been proposed to fulfill the HP interception engagement.

However, the HP guidance problem has not been adequately

studied. At least, the hit-to-kill strategy has not been applied

to the HP interception problem. To this end, it is necessary

to find new solutions for the robust HP guidance law design,

so that a hypersonic maneuvering target can be intercepted

within a finite time by a speed inferior interceptor missile.

The associate editor coordinating the review of this manuscript and

approving it for publication was Zhenbao Liu .

The so-called HP guidance [2]–[5] is indeed an extended

application of the deviated-velocity-pursuit (DVP) method

[9] in theHP interception. Comparedwith the traditional DVP

method, the HP DVP method ensures that the lead angles of

the interceptor missile keep proportional to the varying lead

angles of the target. However, since the target’s lead angles

are hard to be measured on-board, the HP DVP method is

difficult to be directly performed by a homing missile. Later,

a generalized DVP method that aims to maintain expected

lead angles of the interceptor missile is proposed [10], which

is known as intercept angle guidance. However, especially

when intercepting a maneuvering target, these DVP based

guidance laws easily result in a highly curled trajectory of

the interceptor missile, which is not preferred in practical

applications. The RPN guidance method [6]–[8] introduces

a more feasible approach for performing HP interception.

The 3D RPN guidance law takes the same mathematical

form of the pure proportional navigation (PPN) guidance

law, except for the counter-intuitive negative navigation con-

stant. Due to the multi-value characteristic of the collision

triangle, the RPN approach asymptotically nullifies the line-

of-sight (LOS) angular rate so that the interceptor missile

kills the target at the far impact point. Though the RPN

guidance law almost admits the merits of the PPN method,
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the RPN guidance is not robust to the maneuvers of the

target.

Since the traditional finite-time robust guidance laws

[11]–[15] can be understood as the nonlinear extension of the

PN method. The robust HP guidance may be obtained from

the results of the RPN method. However, the planar model

used in the RPNmethod restricts the investigation of the gen-

eral 3D robust HP guidance. Inspired by the disposal process

of the impact angle constraint in [16], why do not we for-

mulate the HP interception problem in the target based LOS

framework? Refer to [10], the definition of the interceptor-

centered HP problem is just in accordance with the definition

of the target-centered tail-chase (TC) problem. This idea can

be summarized as that the target passively chases after the

interceptor missile. In such a way, the relative dynamics turn

out to be familiar, where the most difference is that the gain’s

symbols before the control variables are changed. Moreover,

the necessary guidance information can be directly obtained

from the measurements of the homing missile, which will be

shown in the next section. Now, the concept of nullifying LOS

angular rate may could be applied without losing generality.

In another word, the hit-to-kill strategy could be introduced

to the HP interception problem.

Furthermore, the LOS angle constrained finite-time robust

HP guidance problem can also be addressed based on the

new nominal model. In many literature, angle constraints are

usually transformed to be the LOS angle constraints, such

as field-of-view constrained problems [17], [18] and impact

angle constrained problems [19]–[24]. Due to the axial sym-

metry property between the missile-based LOS coordinate

system and the target-based LOS coordinate system, the LOS

angle constraints for the interceptor missile can be easily

transformed to be the constraints of the target’s LOS angle.

In this paper, the nonsingular terminal sliding mode (NTSM)

control [25] will be employed to demonstrates the LOS angle

constrained HP guidance law.

The main contributions of this paper are summarized as

follows. (1) A new generalized 3D mathematical formulation

for the HP interception problem is proposed by formulating

the HP problem as a target-based passive TC problem, which

greatly simplifies the complexity of the nominal model for

the HP problem. (2) The RPN guidance law is represented

and analyzed from the point of control theory, where the RPN

based guidance system is proven to be asymptotically stable.

Subsequently, the SMC based HP guidance law shows that

the classical concept of nullifying the LOS angular rate can

be utilized to the HP guidance problem. (3) Constrained HP

guidance law accounting for LOS angles is firstly proposed

based on the NTSMmethod, which shows another choice for

solving the angle constrained robust HP guidance problem.

The paper is organized as follows. In Section II, the new

HP guidance design framework is proposed, as well as the

access to the necessary guidance information. From the point

of control theory, the RPNguidance law is reinterpreted based

on the new nominal model in Section III. The SMC-based

robust HP guidance law is also proposed in this section.

FIGURE 1. Three-dimensional interception geometry.

In Section IV, the LOS angle constrained robust HP guidance

law is deduced for intercepting amaneuvering target based on

the NTSM method. The numerical simulations and the con-

clusions of this paper are respectively presented in Section V

and Section VI.

II. PROBLEM STATEMETS AND PRELIMINARIES

In this section, the target-centered coupling 3D target-missile

engagement dynamics is constructed, the design objective

and the preliminaries are presented.

A. TARGET BASED RELATIVE DYNAMICS

The interceptor missile based HP interception engagement is

reformulated as a target based TC interception engagement,

as shown in Figure 1. The reference frames used in this

paper are defined as the inertial frame, the target frame,

the interceptor missile frame, and the LOS frame denoted

by XYZ , XTYTZT , XMYMZM , and XLYLZL , respectively. The

inertial frame is located at the initial location of the target. The

LOS frames of the target (LOS-T) and that of the interceptor

missile (LOS-M) are distinguished by the additional sub-

scripts, T and M , respectively. Except for definite emphasis,

the LOS-T frame is chosen to be the fundamental LOS frame

without the subscript T . Moreover, the LOS frame is oriented

by the pair of azimuth and elevation angles {ψL , θL} with

respect to the inertial frame.

Both the target and the interceptor missile are assumed to

be point masses, and their velocity vectors, denoted by VT

and VM , are aligned with the X axes of their body frame.

Moreover, the corresponding speeds of them, Vt and Vm, are

constants. The body frames of the target and the interceptor

missile are oriented by the pairs of lead angles {ψt , θt } and

{ψm, θm} to the LOS frame, respectively. Furthermore, the

target and the interceptor missile are controlled by their lat-

eral accelerations. The seeker and autopilot dynamics of the

missile are fast enough to be neglected. The angle-of- attack

is small enough to be neglected. Then, similar to [26], the

relative kinematics and dynamics can be obtained as follows.

drL

dt
− VM = VT = VL +

δrL

δt.
× ωL rL (1)

dVL

dt
= AM − AT =

δVL

δt
+ ωL × VL (2)
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AM = aym jM + azmkM = ωL × VM + ωM × VM

(3)

AT = ayt jT + aztkT = ωL × VT + ωT × VT (4)

where

rL = r iL

VL = Vr iL + Vθ jL + VψkL = ṙ iL + r θ̇L jL − rψ̇LcosθLkL

ωL = ψ̇LsinθL iL + ψ̇LcosθL jL + θ̇LkL

ωM = ψ̇msinθmiM + ψ̇mcosθmjM + θ̇mkM

The rotation angular vector ωT can be obtained from the

definition of ωM by replacing the subscript M (m) by T (t).

The relative dynamics (2) can be expanded as

r̈ − r θ̇2L − rψ̇2
L cos

2 θL = axL,M − axL,T

r θ̈L + 2ṙ θ̇L + rψ̇2
L sin θL cos θL = ayL,M − ayL,T

−rψ̈LcosθL − 2ṙψ̇L cos θL + 2r θ̇Lψ̇L sin θL

= azL,M − azL,T (5)

where the right-hand-side variables of (5) are the acceleration

projections of the target and the interceptormissile in the LOS

frame. The missile’s acceleration is expanded as

axL,M = − sin θm cosψm · aym + sinψm · azm

ayL,M = cos θm · aym

azL,M = sin θm sinψm · aym + cosψm · azm (6)

If replacing the subscript M (m) by T (t), then (6) expresses

the target’s acceleration projections.

For an endo-atmospheric interception engagement,

the nonlinear and coupled engagement dynamics, as shown in

(5), is more accurate than the traditional decoupled dynamics.

Noted that aym not only effects on the elevation direction but

also on the azimuth direction, which should be concerned

in guidance law design. Otherwise, the guidance accuracy

may be degraded. In addition, some assumptions are given as

follows.

Assumption 1: Suppose that the lateral accelerations of the

target are uniformly bounded throughout the engagement.

Assumption 2: Suppose that the necessary guidance signals

r , ṙ , θL,M ,ψL,M , θ̇L,M , ψ̇L,M , θm, andψm can be measured by

the homing interceptor missile. Furthermore, the lead angles

of the interceptor missile and the target strictly belong to the

interval
(

−π
/

2, π
/

2
)

.

Assumption 3: Suppose that the relative velocity between

the interceptor missile and the target is negative throughout

the engagement. Considering the physical structure of the

vehicles, the impact occurs when the relative range decreases

to a reasonable level, i.e. r(tf ) ≤ rlim.

The Assumption 1 is valid due to the physical limits of

an aircraft. Based on Assumption 2, the interceptor missile

can obtain all the necessary guidance signals, however, these

signals should be processed to match the proposed rela-

tive dynamics. Because of the axial symmetric characteristic

between LOS-M and LOS-T, the following equations are

obviously valid.

θL = θL,T = −θL,M , ψL = ψL,T = ψL,M + π (7)

θ̇L = θ̇L,T = −θ̇L,M , ψ̇L = ψ̇L,T = ψ̇L,M (8)

Subsequently, the proposed relative dynamics can be used as

the nominal model with sufficient guidance information. The

constraints on the lead angles of the interceptor missile and

the target guarantee the existence of a strict HP interception

engagement. If the assumption is violated, then the traditional

guidance method should be recovered. Assumption 3 helps

us to ignore the influence of the relative velocity so that

the nominal guidance model only concerns the variations of

LOS angles. Moreover, this assumption can be guaranteed by

choosing the initial parameters of the terminal engagement.

And, the impact success condition is decided by the vehicle

physical structure.

B. GUIDANCE OBJECTIVES

The first question is how to realize the hit-to-kill strategy in

HP interception engagement. If the LOS angular rates can

be nullified within finite time, then the interceptor missile

and the target will come into the impact course. Based on

the proposed relative dynamics, the objective of the hit-to-

kill HP guidance law design can be stated as follows. There

exist tc ≥ 0 such that

θ̇L = 0, ψ̇L = 0, for tc ≤ t ≤ tf (9)

holds, where tf is the final time moment of the engagement.

From (8), it can be seen that the LOS angular rates of the

target and the interceptor missile will be nullified at the same

time.

As many angle constrained guidance problem can be trans-

formed into the LOS angle constrained guidance problem.

The second question is verifying the effectiveness of the

proposed relative dynamics on the LOS angles constrained

robust HP guidance problem. The design objective is sum-

marized as follows. There exist tc ≥ 0 such that

θL = θ∗
L , ψL = ψ∗

L

θ̇L = 0, ψ̇L = 0
for tc ≤ t ≤ tf (10)

holds, where θ∗
L and ψ∗

L are the expected elevation and

azimuth angles.

Moreover, taking Assumption 3 into account, the first

equation in (5) can be ignored. Then, the nominal model can

be expressed in a more concise form as follows.
[

θ̈L
ψ̈L

]

= F+ D+ Bu (11)

where

F =

[

− 2ṙ
r
θ̇L − ψ̇2

L sin θL cos θL
− 2ṙ

r
ψ̇L + 2θ̇Lψ̇L tan θL

]

,

D =

[

−
cos θt ·ayt

r
sin θt sinψt ·ayt+cosψt ·azt

r cos θL

]
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B =

[

cos θm
r

0

−
sin θm sinψm
r cos θL

−
cosψm
r cos θL

]

, u =

[

aym
azm

]

The gain matrix B should be nonsingular during the engage-

ment so that the control input u is effective.

C. PRELIMINARIES

The following notations will be used in this paper.R the set of

real numbers andR+: {x ∈ R |x > 0 }. For a vector x ∈ R
n, its

norm is defined as ‖x‖ ,

√

x21 + x22 + · · · + x2n . The function

⌈x⌋α is a symbol definite function ⌈x⌋α = |x|α sign (x),

where sign (x) the signum function, α ∈ R+ ∪{0} and x ∈ R.

It follows that, d⌈x⌋α
/

dt = α |x|α−1 ẋ. For a vector x ∈ R
n

and α ≥ 0, ⌈x⌋α , [⌈xi⌋
α, · · · , ⌈xi⌋

α, · · · , ⌈xn⌋
α]T .

Lemma 1 [27]: Consider the nonlinear system ẋ = f (x, t),

x ∈ R
n. Assuming that there exist a continuous and positive

definite function V (x) satisfies

V̇ (x) ≤ −λV α(x) (12)

where λ ∈ R+, and 0 < α < 1 are constants. x(t0) = x0
the initial states. Then, the system state will converge to the

equilibrium within a finite time T .

T ≤
V 1−α (0)

λ(1 − α)
(13)

Lemma 2 [28]: For bi ∈ R, i = 1, 2, · · · , n, 0 < q < 1,

the following inequality holds.

(|b1| + |b2| + · · · + |bn|)
q ≤ |b1|

q + |b2|
q + · · · + |bn|

q

(14)

III. RPN AND 3D ROBUST HP GUIDANCE LAW

In this section, the RPN guidance law will be represented

based on the proposed relative dynamics. The SMC will be

used to design the 3D hit-to-kill HP guidance law.

A. RPN GUIDANCE LAW AND LYAPUNOV ANALYSIS

As shown in [26], the on-board seeker usually cannot mea-

sure the component of the LOS angular rate along the LOS.

Moreover, the spin of the LOS does not affect the moving

direction of the LOS [7], [29]. Hence, let us define the key

part of the LOS angular rate as follow.

ωR = ψ̇LcosθL jL + θ̇LkL (15)

where ωR = ωL − ψ̇LsinθL iL decides the moving direction of

the LOS. Based on the proposed relative dynamics, the RPN

guidance law can be represented as

NRωR × VM , NR < 0 (16)

where NR is chosen such that ∃N > 2 makes the following

equality holds.

NR = Nṙ
Vmcosθmcosψm

, N > 2 (17)

The stability of the represented RPN method is concluded by

the following theorem.

Theorem 1: Suppose that Assumptions 1 to 3 hold,

the guidance system (11) with the represented RPN method

(16) admits the following statements:

(i) if the target does not maneuver, the states of the guid-

ance system (11) asymptotically converge to the origin;

(ii) if the target does maneuver, the states of the guidance

system (11) asymptotically converge to a neighborhood of the

origin.

Proof: Define ωL = λx iL + λy jL + λzkL , from (15) we

obtains

ωR = λy jL + λzkL (18)

Consider the rotation matrix RMLOS = Rz (θm)Ry (ψm),

which rotates the LOS frame to the interceptor missile frame.

The matrix Ra (b) indicates that rotation of b along the axis

a. The angular rates vector ωR|M in the interceptor missile

frame can be deduced as

ωR|M = RMLOS · ωR

=
(

sin θmλy − cos θm sinψmλz
)

iM

+
(

cos θmλy + sin θm sinψmλz
)

jM + cos θmλzkM

(19)

Then, the represented RPN guidance law (16) can be

expressed in the interceptor missile frame as

aym = NRVm cosψmλz

azm = −NRVm
(

cos θmλy + sin θm sinψmλz
)

(20)

If NR is chosen such that equality (17) valid, then substitut-

ing the guidance commands (20) into the system (11) obtains

[

θ̈L
ψ̈L

]

= F+ D+ B

[

NRVm cosψmλz
−NRVm

(

cos θmλy + sin θm sinψmλz
)

]

= F+ D+

[

Nṙ θ̇L
r

N ṙ θ̇L cos θL
r cos θL

]

(21)

Define X = [θ̇L , ψ̇L cos θL]
T . Consider a Lyapunov function

candidate as follows.

V =
1

2
XTX (22)

Differentiating the Lyapunov function (22) along the system

(21) with respect to time results in

V̇ = XT Ẋ = XT

[

θ̈L
ψ̈L cos θL − ψ̇L θ̇L sin θL

]

= XT

[

f1 + d1 + Nṙ
r
θ̇L

(

f2 + d2 + Nṙ
r
ψ̇L

)

cos θL + −ψ̇L θ̇L sin θL

]

≤ −
(N − 2) |ṙ|

r
XTX + ‖X‖ ‖D‖

≤ −
2 (N − 2) |ṙ|

r
V + ‖X‖ ‖D‖ (23)

VOLUME 9, 2021 46295



F. Yang et al.: Robust HP Guidance Accounting for Hit-to-Kill and Angle Constraints

If the target does not maneuver, (23) can be simplified as

V̇ ≤ −
2 (N − 2) |ṙ|

r
V ≤ −

2 (N − 2) |ṙ|min

r0
V (24)

where |ṙ|min is the smallest relative speed, r0 is the initial

relative range. From (24) we can conclude that statement (i)

is valid.

If the target does maneuver, based on Assumption 1 to 2,

there exist a positive real number, L > 0, so that ‖D‖ ≤ L

holds. Then, (23) can be derived as

V̇ ≤ −
(N − 2) |ṙ|

r
V + ‖X‖

(

‖D‖ −
(N − 2) |ṙ|

2r
‖X‖

)

≤ −
(N − 2) |ṙ|

r
V + ‖X‖

(

L −
(N − 2) |ṙ|

2r
‖X‖

)

(25)

Based on (25), it can be concluded that the states of system

(11) asymptotically converge to a neighborhood of the origin.

The neighborhood is defined as:

D =

{

θ̇ ∈ R, ψ̇ ∈ R
∣

∣ ‖X‖ ≤
2rL

(N − 2) |ṙ|

}

Hence, the statement (ii) is valid.

The proof is completed.

Remark 1: The RPN guidance law in [6], [7] is proposed

based on geometrical analysis accounting for the multi-value

property of the collision triangle. The represented RPN guid-

ance law of this paper is deduced based on the control theory,

where a completed Lyapunov analysis is performed. The

counter-intuitive negative proportional gain is proven to be

regular control parameters design.

The represented RPN guidance law can be directly applied

based on the proposed relative dynamics. However, the RPN

method does not robust to the maneuvers of a target. Thus,

we will introduce the SMC approach to obtain 3D robust HP

guidance law.

B. SMC BASED 3D ROBUST HP GUIDANCE LAW

To nullify the LOS angular rate within finite time, the SMC

method is introduced to design the 3D robust HP guidance

law. The following sliding mode surface is selected:

S =

[

s1
s2

]

=

[

θ̇L
ψ̇L

]

(26)

The derivative of S can be deduced from (11).

Ṡ =

[

θ̈L
ψ̈L

]

= F+ D+ Bu (27)

Then the guidance law is designed as:

u = −B−1
(

F+ k⌈S⌋α +H⌈S⌋0
)

(28)

where H = diag {h1, h2}, 0 < α < 1, and k , h1, and h2
are positive constants, h = min {h1, h2} is chosen such that

h ≥ ‖D‖.

Theorem 2: Consider system (11), and suppose that the

Assumption 1 to 3 hold. If choose (26) as the sliding

surface, and (28) as the guidance law, then the states of

system (11) will converge to the origin within a finite

time.

Proof: Consider a Lyapunov function candidate as (29)

V =
1

2
STS (29)

Taking derivative of the sliding surface (27) into account,

the time derivative of V results in

V̇ = ST Ṡ

= ST (F+ D+ Bu)

= ST
(

D− k⌈S⌋α −H⌈S⌋0
)

≤ −kST ⌈S⌋α − (|s1| + |s2|) (h− ‖D‖) (30)

Since h is chosen such that h ≥ ‖D‖ holds, h −

‖D‖ ≥ 0 is positive definite. Moreover, according to

Lemma 2 and the sliding surface (26), the term ST ⌈S⌋α can be

expressed as

ST ⌈S⌋α = |s1|
1+α + |s2|

1+α ≥
(

|s1|
2 + |s2|

2
)

1+α
2

(31)

Then the derivative of the Lyapunov function can be further

deduced as

V̇ ≤ −
k

2(1+α)/2
V (1+α)/2 (32)

According to Lemma 1, it can be concluded that the states

of the system (11) will converge to zero within finite

time T .

T ≤
21+α/2

k (1 − α)
V (1−α)/2(S0) (33)

where S0 is the initial state vector of the sliding surface, and

the initial time is assumed to be zero.

Since the sliding variables equal to the states of the guid-

ance system (11), it can be concluded that the system states

converge to zero within a finite time.

Remark 2: The less-aggressive hit-to-kill strategy [30] can

also be used to design the 3D robust HP guidance law.

Moreover, the application of the SMC based 3D robust HP

guidance law shows the effectiveness of the proposed HP

guidance law design framework.

IV. NTSM BASED ANGLE CONSTRAINED GUIDANCE

To track the given LOS angles and to nullify the LOS angular

rates, the following state vector is defined.

x =

[

x1
x2

]

=

[

θL − θ∗
L

ψL − ψ∗
L

]

(34)

where, the desired LOS angles, θ∗
L and ψ∗

L are assumed to

be constants. Based on (34), the nominal model (11) can be

expressed as

ẍ =

[

ẍ1
ẍ2

]

=

[

θ̈L
ψ̈L

]

= F+ D+ Bu (35)
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Then the following nonsingular terminal sliding surface is

selected [25]:

S =
[

s1 s2
]T

= x+ β⌈ẋ⌋α (36)

where 1 < α < 2 and β > 0.

Based on the definition of the new state x, the derivative of

the sliding surface can be deduced as

Ṡ = ẋ+ αβ

[

|ẋ1|
α−1 0

0 |ẋ2|
α−1

] [

ẍ1
ẍ2

]

= αβG

(

1

αβ
⌈ẋ⌋2−α + F+ D+ Bu

)

(37)

where G = diag
{

|ẋ1|
α−1 , |ẋ2|

α−1
}

. Based on the equivalent

control approach, the following guidance law is proposed.

u = −B

(

F+
1

αβ
⌈ẋ⌋2−α + ⌈S⌋γ +H⌈S⌋0

)

(38)

where ⌈S⌋γ denotes the lower power reaching law, and 0 <

γ < 1. H = diag {h1, h2} the gain of the discontinuous

control term. h1, h2 > 0, h = min {h1, h2} is chosen such

that h ≥ ‖D‖. Then the stability of the LOS angle constrained

guidance system is summarized as follows.

Theorem 3: Consider the system (34) and (35). Suppose

the Assumption 1 to 3 hold. if taking (36) as the sliding

surface, (38) as the control law, the following statements can

be achieved.

(i) S = 0 is reached within a finite time;

(ii) the states of the system (34) and (35) converge to zero

within a finite time.

Proof: Consider the following Lyapunov candidate.

V =
1

2
STS (39)

The time derivative of the Lyapunov function V can be

deduced as

V̇ = ST Ṡ

= STαβG

(

1

αβ
⌈ẋ⌋2−α + F+ D+ Bu

)

= STαβG
(

D− ⌈S⌋γ −H⌈S⌋0
)

(40)

After some algebraic manipulations, we get

V̇ = −αβ

[

|ẋ1|
α−1 0

0 |ẋ2|
α−1

] [

|s1|
1+γ

|s2|
1+γ

]

−αβ

[

(h1 − d1) |ẋ1|
α−1 |s1|

(h2 − d2) |ẋ2|
α−1 |s2|

]

(41)

As discussed in [24], [25], ẋi = 0 is just a transient state

unless si = 0 is achieved, where i = 1, 2. Therefore, let

ẋmin , min {ẋ1, ẋ2}

where ẋ1 6= 0 and ẋ2 6= 0. Moreover, since h > ‖D‖ is valid,

(41) can be further deduced as

V̇ ≤ −αβ ẋmin

[

|s1|
1+γ

|s2|
1+γ

]

− αβ ẋmin

[

(h1 − d1) |s1|

(h2 − d2) |s2|

]

TABLE 1. Units for magnetic properties.

≤ −αβ ẋmin2
1+γ
2 V

1+γ
2 − αβ ẋmin (h− ‖D‖)V

1
2

≤ −αβ ẋmin2
1+γ
2 V

1+γ
2 (42)

According to Lemma 1, for the case of ẋ1 6= 0 and ẋ2 6= 0,

the inequality (42) indicates that the sliding surface will be

reached within a finite time. Except for the case that si = 0

is achieved, the crossing process of ẋi = 0 will be completed

within finite time as shown in [25]. Therefore, the states of

the system will reach the sliding mode S = 0 within a finite

time. The proof of the statement (i) has been completed.

After the system states reach the sliding surface, the fol-

lowing equality is valid.

xi + β⌈ẋi⌋
α = 0, i = 1, 2 (43)

Consider the following Lyapunov function candidate

Vi = 1
2
xixi, for i = 1, 2 (44)

Differentiating the Lyapunov function (44) obtains

V̇i = xiẋi = xi⌈
−1

β
xi⌋

1
α = −

1

β
1
α

|xi|
1+α
α = −

2
1+α
2α

β
1
α

V
1+α
2α

i

(45)

According to Lemma 1 and the equality (43), the states of the

system (34) and (35) converge to zero within a finite time.

The proof of the statement (ii) is completed.

Remark 3: As in many literatures, the angle constraints

can be transformed to be LOS angle constraints [17]–[24].

The proposed LOS angle constrained guidance law shows the

feasibility of the presented HP guidance design framework.

Moreover, according to the relationship between the two LOS

reference frame, (7) and (8), the convergence of x and ẋ

indicate that

θL,M → −θ∗
L , ψL,M → ψ∗

L − π, θ̇L,M = ψ̇L,M = 0

V. NUMERICAL SIMULATION

This section illustrates the feasibility of the proposed robust

HP guidance laws. The engagement scenario is organized as

in Table 1, where τ is the time moment and g = 9.81m/s2

is the gravity acceleration. The simulation step is set to be
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FIGURE 2. Simulation results for intercepting a non-maneuvering target.

1ms. The dynamics of the interceptor missile and the target is

integrated via the 4th-order Runge-Kutta method. The seeker

is assumed to be effective when r > 100m, otherwise,

the interceptor missile will perform the last valid guidance

command to the end of the engagement.

A. CASE OF HIT-TO-KILL INTERCEPTION

In this part, the guidance laws based on the concept of nul-

lifying the LOS angular rates will be verified. Except for

the proposed RPN guidance law (16) and the SMC based

guidance law (28), the traditional PPN guidance law is used

for comparison. The PPN guidance law takes the form of

u = NωR,M × VM (46)

whereN = 4. ωR,M = ψ̇L,McosθL,M jL,M + θ̇L,MkL,M , where

jL,M and kL,M are the unit vectors of axis y and z of the

LOS-M. According to (7) and (8), the necessary variables in

ωR,M can be obtained by the following equalities.

θL,M = −θL , θ̇L,M = θ̇L , ψ̇L,M = ψ̇L

Then the LOS angular rate vector ωR,M can be rotated to the

interceptor missile’s frame based on the rotation matrix

RMLOS−M = Rz (θm)Ry (ψm − π)

The parameter NR of the RPN guidance law is set to be

NR = −4. In the SMC based guidance law (28), k = 10,

α = 0.5, h1 = h2 = 50. Moreover, the hyperbolic tangent

function is employed to replace the signum function such that

the chattering phenomenon is cancelled [31].

tanh
(

x
ε

)

= ex/ε−e−x/ε

ex/ε+e−x/ε
, x ∈ R, ε ∈ R+ (47)

where ε = 0.05◦/s. The simulation results are shown as

in Figure 2, Figure 3, and Table 2.

Table 2 directly shows that the HP guidance methods admit

better interception accuracy in the price of longer engagement

time. In the interception engagement that using a speed infe-

rior interceptor missile to intercept a speed superior target,

both of the HO interception mode and the HP interception

mode can be chosen. However, the relative velocity in the HO

46298 VOLUME 9, 2021



F. Yang et al.: Robust HP Guidance Accounting for Hit-to-Kill and Angle Constraints

FIGURE 3. Simulation results for intercepting a maneuvering target.

TABLE 2. Performances of different guidance laws.

interceptionmode ismuch bigger than that in theHP intercep-

tion mode (see the subgraphs b in Figure 2 and in Figure 3).

This situation results in stringent requirements on the

guidance and control systems of the interceptor missile. In

addition, although the PN methods are not robust to the

target maneuver, the RPN approach achieves better guidance

performance with smaller control efforts than that of the

PPN method (see the subgraphs c and d in Figure 3). The

SMC based guidance law exhibits high guidance accuracy

and robustness to the target maneuver. The utilization of

hyperbolic tangent function cancels the chattering effect (see

subgraph c in Figure 3).

B. CASE OF ANGLE CONSTRAINED INTERCEPTION

In this part, the LOS angle constrained NTSM guidance law

(38) will be verified. The parameters of the guidance law are

set as α = 1.2, β = 8.0, γ = 0.5, and h1 = h2 = 0.5. The

hyperbolic tangent function (47) is also used to replace the

signum function with ε = π
/

180. The desired LOS angles

and the performances of the guidance law are listed in Table 3.

The graphic simulation results can be found in Figure 4.

In the simulations, a maneuvering target is considered.

According to Table 3, the proposed NTSM guidance law

leads the interceptor missile successfully intercept the target

with the desired LOS angles. Taking the subgraph (e) in Fig-

ure 4 into account, the proposed guidance law ensures that

the states of the guidance system reach the sliding surface

within finite time. Then, the LOS angles and the LOS angular

rates converge to the equilibrium within a finite time (see

subgraphs (c) and (d) in Figure 4).

VOLUME 9, 2021 46299



F. Yang et al.: Robust HP Guidance Accounting for Hit-to-Kill and Angle Constraints

FIGURE 4. Simulation results of LOS angle constrained NTSM guidance law.

In addition, since the control effort in the elevation direc-

tion affects the dynamics in the azimuth direction, the conver-

gence process of the LOS angle and LOS angular rate in the

azimuth is longer than that in the elevation. From the curves

of the lateral guidance accelerations, as shown in subgraph

(f) of Figure 4, the lateral acceleration azm(t) needs more

time to converge to the necessary level. Moreover, comparing

the desired LOS angles in Table 3 and the three-dimensional
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TABLE 3. The desired LOS angles and the performances.

trajectories in the subgraphs (a) and (c) of Figure 4. The

bigger the initial derivations between the initial LOS angles

and the desired ones, the more curled the interceptor missile’s

trajectories are. Meanwhile, the convergence time of the slid-

ing variable is increased along with the growth of the initial

LOS angles derivation.

VI. CONCLUSION

In this paper, a target based HP interception guidance law

design framework has been proposed and verified. In view

of the relationship of the HP interception mode and the

TC interception mode, the HP interception engagement is

formulated as a target passively chases after the interceptor

missile. Based on the presentedmodel, the RPN guidance law

is reformulated, where a Lyapunov analysis shows that the

RPN guidance law guarantees the asymptotical stability of

the guidance system. The completed analysis of SMC based

robust HP guidance law demonstrates that the classical robust

control methods can be applied to develop 3D robust HP

guidance law via the proposed design framework. At the last,

the successful application of the NTSM based guidance law

shows another approach for angle constrained HP guidance

law design.
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