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Meaningful predictions for electric quadrupole (E2) observables from ab initio nuclear theory are
necessary, if the ab initio description of collective correlations is to be confronted with experiment,
as well as to provide predictive power for unknown E2 observables. However, converged results
for E2 observables are notoriously challenging to obtain in ab initio no-core configuration interac-
tion (NCCI) approaches. Matrix elements of the E2 operator are sensitive to the large-distance
tails of the nuclear wave function, which converge slowly in an oscillator basis expansion. Similar
convergence challenges beset ab initio prediction of the nuclear charge radius. We demonstrate
that the convergence patterns of the E2 and radius observables are strongly correlated, and that
meaningful predictions for the absolute scale of E2 observables may be made by calibrating to the
experimentally-known ground-state charge radius. We illustrate by providing robust ab initio pre-
dictions for several E2 transition strengths and quadrupole moments in p-shell nuclei, in cases where
experimental results are available for comparison.

Introduction. Electric quadrupole (E2) observables,
including E2 transition strengths and electric quadrupole
moments, probe nuclear deformation and collective struc-
ture [1–3]. The absolute scale of E2 observables pro-
vides a measure of the overall deformation [4], while their
relative strengths (e.g., for transitions among rotational
states [5]) are indicative of the structural characteristics
of the excitation spectrum.

In ab initio descriptions of light nuclei, a fully micro-
scopic description of the nuclear many-body problem is
attempted directly in terms of the nucleons and their free-
space interactions. Signatures of collective phenomena,
including clustering [6–11] and rotation [12–16], arise in
the results. To confront these descriptions with experi-
ment, it is necessary to obtain concrete, quantitative pre-
dictions for E2 observables. These serve both to test the
collective correlations arising in the ab initio description
and to establish predictive power for unknown electro-
magnetic observables.

However, obtaining such predictions can be challeng-
ing, for reasons which vary depending upon the many-
body method [17–20]. In particular, in ab initio no-
core configuration interaction (NCCI), or no-core shell-
model (NCSM), calculations [21], matrix elements of the
E2 operator are sensitive to the large-distance tails of
the nuclear wave function, which converge slowly in an
oscillator-basis expansion. It becomes computationally
prohibitive to include the basis configurations needed to
obtain results of sufficient accuracy. Other “long-range”
observables, such as root mean square (r.m.s.) radii [22],
exhibit similarly challenging convergence properties.

Even in the face of such delayed convergence, useful
predictions for E2 observables have been extracted, by
focusing not on the absolute scale of individual E2 ma-
trix elements, but rather on their ratios. It is found em-
pirically that the truncation error introduced by work-

ing in a finite-dimensional many-body space is correlated
between different E2 matrix elements among low-lying
states sharing similar structure (e.g., members of low-
lying rotational bands [12, 16, 23, 24] or isobaric analog
states [25, 26]). The truncation error systematically can-
cels in the ratio of matrix elements, as a shared error
in normalization, and rapidly-converging predictions are
thus obtained for such ratios.

This observation also provides an indirect route to pre-
dictions of absolute strengths. One may calibrate the ab-
solute scale of calculated E2 observables to a single well-
measured E2 observable [23, 27], e.g., the ground-state
quadrupole moment, a property which is well-measured
for many nuclei [28]. (Such an approach applies likewise
to weak-interaction recoil-order form factors [29], which
involve a similar operator structure.)

In this letter, we demonstrate that, furthermore, the
convergence of E2 matrix elements is strongly correlated
to that of electric monopole (E0) moments or, equiva-
lently, r.m.s. radius observables, in NCCI calculations.
Therefore, robust, quantitative ab initio predictions for
the absolute scale of E2 observables may be made by cali-
brating to the experimentally-known ground-state charge
radius, an observable which is known to exquisite preci-
sion for a large subset of nuclei [30], and which (unlike the
quadrupole moment) is not subject to selection rules on
the ground-state angular momentum. We first lay out the
expected relations between E2 and radius observables, in
terms of dimensionless ratios. We then demonstrate the
robust convergence obtained for these ratios, and com-
pare the resulting predictions against experiment. For
purposes of illustration, we take E2 transition strengths
in 7Be and 10Be and a selection of quadrupole moments
in the lower p shell.

Dimensionless ratios. Both the E2 transition
strength and E2 moment are defined in terms of matrix

ar
X

iv
:2

20
6.

09
30

7v
1 

 [
nu

cl
-t

h]
  1

9 
Ju

n 
20

22



2

elements of the E2 operator, Q2µ =
∑
i∈p er

2
i Y2µ(r̂i),

where the summation runs over the (charged) pro-
tons. Writing both observables in terms of re-
duced matrix elements, to highlight the relationship,
B(E2; Ji → Jf ) ∝ |〈Jf‖

∑
i∈p er

2
i Y2(r̂i) ‖Ji〉|2 and

eQ(J) ∝ 〈J‖
∑
i∈p er

2
i Y2(r̂i) ‖J〉. Thus, among the E2

observables, B(E2)/(eQ)2 is dimensionless, and involves
a ratio of matrix elements of the form

〈· · · ‖
∑
i∈p

r2i Y2(r̂i) ‖ · · ·〉/〈· · · ‖
∑
i∈p

r2i Y2(r̂i) ‖ · · ·〉,

suggesting that truncation errors may cancel, as has been
exploited in previous work [23, 27].

Then, the r.m.s. point-proton radius rp may be ex-
tracted from the experimentally-observable charge radius
rc [31, 32]. This rp is defined in terms of the monopole
moment M0 = 〈JM |

∑
i∈p r

2
i |JM〉 (independent of M)

by rp = (M0/Z)1/2. Thus, again, we have an observable
which is proportional to the matrix element of a one-
body operator with an r2 radial dependence. In terms of
a reduced matrix element, r2p ∝ 〈J‖

∑
i∈p r

2
i ‖J〉. Thus,

ratios B(E2)/(e2r4p) or Q/r2p are dimensionless, and in-
volve ratios of matrix elements of the form

〈· · · ‖
∑
i∈p

r2i Y2(r̂i) ‖ · · ·〉/〈· · · ‖
∑
i∈p

r2i ‖ · · ·〉.

To the extent that the truncation errors arising in NCCI
calculations for such matrix elements arise from omission
of the tails of the wave functions, which are subjected to
the same r2 weighting in either matrix element, it is not
unreasonable to anticipate that errors might again cancel
in the ratio.

Transitions. We consider first the E2 strength be-
tween the 1/2− excited and 3/2− ground states of 7Li,
known experimentally to be B(E2; 1/2−1 → 3/2−1 ) =

16.6(10) e2fm4 [33], from Coulomb excitation [37]. These
states are commonly interpreted as members of a K =
1/2 cluster molecular rotational band (the inverted or-
dering arising from Coriolis decoupling [3]), hence the
enhanced E2 strength. The known ground-state charge
radius of 7Li [30] gives rp = 2.31(5) fm.

The convergence of the calculated B(E2), with re-
spect to NCCI basis parameters, is seen in Fig. 1(a).
These results are from calculations with the Daejeon16
internucleon interaction [38], carried out with the code
MFDn [39, 40]. The basis is truncated by restriction to
configurations with some maximum number Nmax [21] of
oscillator excitations, relative to the lowest Pauli-allowed
configuration. Moreover, the space spanned by these con-
figurations depends upon the oscillator length for the har-
monic oscillator orbitals, conventionally stated in terms
of the oscillator energy ~ω [41]. Each curve in Fig. 1 rep-
resents the results of calculations sharing the same Nmax

(from 4 to 14), for varying ~ω.
An approach to the true result, i.e., that which would

be obtained from solution of the many-body problem in
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FIG. 1. Calculated (a) B(E2; 1/2−
1 → 3/2−

1 ), (b) rp(3/2−
1 ),

and (c) ratio B(E2)/(e2r4p), for 7Li. When calibrated to the
experimental value for rp, this ratio provides a prediction for
the absolute B(E2) (scale at right). Calculated values ob-
tained with the Daejeon16 interactions are shown as func-
tions of the basis parameter ~ω, from Nmax = 4 (short dashed
curves) to 14 (solid curves). For comparison, the experimen-
tal result [33] (square) and GFMC AV18+IL7 prediction [34]
(cross) are shown.

an untruncated space, is signaled by a value which no
longer changes with increasing Nmax (compression of suc-
cessive curves) and is locally insensitive to the choice of
basis length scale (flatness or “shouldering” with respect
to ~ω). While the curves in Fig. 1(a) may show some such
tendencies, neither of these signatures of convergence is
sufficiently developed for us to read off a concrete esti-
mate of the result for the full, untruncated space.

The convergence of the calculated radius, rp(3/2−1 ), is
likewise shown in Fig. 1(b). While the ~ω-dependence
is superficially less pronounced than for the B(E2)
[Fig. 1(a)], recall that the radius goes as the square root
of the matrix element of an operator with r2 radial depen-
dence, while the B(E2) goes as the square of such a ma-
trix element, and higher powers amplify relative changes.
The ~ω dependence is qualitatively similar for both ob-
servables, in that the values obtained at lower Nmax rise
towards infinity at small ~ω and fall towards zero at large
~ω. This behavior is dictated by the scaling b ∝ (~ω)−1/2

of the oscillator length of the underlying single-particle
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FIG. 2. Calculated (a) B(E2; 2+
1 → 0+

1 ) and (b) B(E2; 2+
2 →

0+
1 ) in 10Be, expressed as ratios to e2rp(0+

1 )4. When cali-
brated to the experimental value for rp, these ratios provide
predictions for the absolute B(E2) (see scale at right). Cal-
culated values obtained with the Daejeon16 interaction are
shown as functions of the basis parameter ~ω, from Nmax = 4
(short dashed curves) to 10 (solid curves). For comparison,
experimental results [35] (squares) and GFMC AV18+IL7
predictions [19, 35, 36] (crosses) [off-scale in (b)] are shown.

basis functions [41].

A more significant qualitative difference is that the
curves representing rp for different Nmax cross each
other [22] for ~ω between ≈ 10 MeV and 15 MeV, while
those for the B(E2) do so only for lower ~ω and in a
region of much more rapid change. This makes it clear
that the two observables are not strictly proportional.

Nonetheless, we find that taking the appropri-
ate dimensionless ratio, B(E2)/(e2r4p), as shown in
Fig. 1(c), tames the ~ω-dependence of the calculated
B(E2; 1/2−1 → 3/2−1 ). Moreover, the spacing between
curves for successive Nmax decreases systematically, by
very roughly a factor of 2 with each step in Nmax, suggest-
ing a geometric progression towards a converged value.
Such compression is at best hinted in the underlying
B(E2) calculations [Fig. 1(a)], where it is rendered less
relevant by the confounding ~ω dependence.

Calibrating to the known radius gives the scale shown
at right in Fig. 1(c). An estimated ratio of B(E2; 1/2−1 →
3/2−1 )/[e2rp(3/2−1 )4] ≈ 0.50 yields B(E2; 1/2−1 →
3/2−1 ) ≈ 14 e2fm4. This is at the lower edge of the uncer-
tainties on the experimental value 0.58(6) for this ratio
[Fig. 1(c) (square)].

The ab initio Green’s function Monte Carlo
(GFMC) [19] approach also yields predictions for

E2 and radius observables for lower p-shell nuclei, which
provide a theoretical point of comparison. The predicted
B(E2)/(e2r4p) from GFMC calculations [34], with the
Argonne v18 (AV18) two-nucleon [42] and Illinois-7
(IL7) three-nucleon [43] potentials, is shown [Fig. 1(c)
(cross)]. Here the dominant uncertainties are statistical
in nature, and errors would not be expected to cancel in
the ratio, which is only taken for purposes of comparison
(the uncertainty in the E2 strength dominates that of
the ratio). The NCCI Daejeon16 results are converging,
with increasing Nmax, in the direction of the GFMC
AV18+IL7 result, and the calculated value at the highest
Nmax is already consistent with the GFMC result to
within statistical uncertainties.

Let us turn now to 10Be, for which we consider the
2+1 → 0+1 transition, within the ground-state (K = 0)
rotational band, and the 2+2 → 0+1 transition, which is
understood as an interband transition from a proposed
K = 2 side band to the ground state band [24, 44, 45].
(Intriguingly, the low-lying states may have a proton-
neutron asymmetric triaxial deformation [46, 47], so that
these bands together form a triaxial rotational spec-
trum [48, 49].) The 2+ → 0+ transition strength
within the ground-state band of 10Be was known from
early Doppler-shift lifetime measurements [50, 51], but
a more recent experiment refines B(E2; 2+1 → 0+1 )

from 10.5(10) e2fm4 [4] to 9.2(3) e2fm4 [35], while the
newly-measured 2+2 lifetime gives B(E2; 2+2 → 0+1 ) =

0.11(2) e2fm4 [35].
The NCCI calculations for the dimensionless ratio

B(E2)/(e2r4p), for each of these transitions, is shown
in Fig. 2. The corresponding B(E2), calibrated to the
known ground-state rp = 2.22(2) fm [30], is given by the
scale at right.

The ratio for the in-band transition [Fig. 2(a)] con-
verges steadily from below, much as for the 7Li transition
[Fig. 1(c)]. We may read off an estimated ratio of ≈ 0.35,
which gives B(E2; 2+1 → 0+1 ) ≈ 9 e2fm4, consistent with
experiment [35] [Fig. 2(a) (square)].

The ratio for the interband transition [Fig. 2(b)] has
a more dramatic ~ω-dependence at low Nmax, but the
curves rapidly compress and flatten for Nmax & 8. An es-
timated ratio of ≈ 0.005–0.006 gives B(E2; 2+2 → 0+1 ) ≈
0.12–0.14 e2fm4. Thus, remarkably, the predicted in-
terband transition strength is consistent with experi-
ment [Fig. 2(b) (square)], to within uncertainties, even
though this strength is nearly two orders of magnitude
weaker than the in-band strength (and an order of magni-
tude weaker than the Weisskopf single-particle estimate).
While the GFMC AV18+IL7 prediction [19, 35, 36] for
the in-band transition [Fig. 2(a) (cross)] is in close agree-
ment with the present results and consistent with experi-
ment, the prediction for the weaker interband transition,
at 1.7(1) e2fm4, lies off scale in Fig. 2(b).

Moments. We examine the dimensionless ratio Q/r2p,
for a selection of nuclei from the lower p shell, in Fig. 3.
Ground-state electric quadrupole moments are exper-
imentally known [28] to comparatively high precision



4

1.0

0.5

0.0

0.5

1.0

1.5

7Li
3/2

Nmax=16

D
ae
je
on
16

JI
SP

16
LE

N
PI
C

Q/r2p

8Li
2+

Nmax=14

9Be
3/2

Nmax=12

9Li
3/2

Nmax=12

10B
3+

Nmax=12

11B
3/2

Nmax=12

11Li
3/2

Nmax=10

12C
2+

Nmax=10

FIG. 3. Calculated ground-state quadrupole moment, normalized to the proton radius, for nuclei (7 ≤ A ≤ 11) where both
quantities are experimentally known. The 12C 2+ excited-state quadrupole moment, normalized to the ground-state proton
radius, is also shown. Predictions are obtained with the Daejeon16, JISP16, and LENPIC interactions (from left to right, for
each nucleus). Calculated values are shown at fixed ~ω (15 MeV, 20 MeV, and 25 MeV, respectively, for the three interactions),
from Nmax = 4 to the maximum Nmax indicated (at top). For comparison, the experimental results [28] are shown (horizontal
line and error band, where the signs of some quadrupole moments are experimentally undetermined), as are the GFMC
AV18+IL7 predictions [34, 52] (crosses).

(≈ 1–10%) for many of the p-shell nuclei having ground-
state angular momenta J ≥ 1, and ground-state charge
radii are known [30] for most of the stable and neutron-
rich p-shell nuclei. We thus have grounds for stringent
tests of the ability of NCCI calculations to predict the
dimensionless ratio Q/r2p.

For conciseness, in Fig. 3, we show only the Nmax de-
pendence of calculated results at a fixed ~ω, which is cho-
sen as the approximate location of the variational energy
minimum. (For detailed illustrations of the convergence
for some of these quadrupole moments, see Ref. [26].) All
nuclei for which both the ground-state quadrupole mo-
ment and charge radius are known, for 7 ≤ A ≤ 11, are
included.

While the results discussed thus far (Figs. 1–2) have
been based on calculations using the Daejeon16 inter-
action, interactions with notably different convergence
rates for the underlying moment or radius still yield
well-behaved convergence for the dimensionless ratio. In
Fig. 3, we provide comparison with results obtained with
the JISP16 J-matrix inverse scattering interaction [53]
and the unsoftened LENPIC chiral EFT interaction
(specifically, the two-body part at N2LO, using a semi-
local coordinate-space regulator with R = 1 fm) [54, 55],
shown from left to right within each panel of Fig. 3.

We see a uniformly rapid approach to convergence for
the ratio Q/r2p, across nuclei and interactions, as evi-
denced by the sizes of successive steps in the computed
values, which decrease in a roughly geometric fashion
with successive steps in Nmax. We thus have the means to

meaningfully estimate the true value for this ratio, for the
given interaction, in the untruncated many-body space.
The predictions for Q/r2p are not strongly dependent on
the interaction, with differences at the . 10% level (it
must be kept in mind that some of the apparent differ-
ences in Fig. 3 may simply reflect the still-incomplete
convergence of the results).

Comparing to the experimental ratios in Fig. 3 (hori-
zontal lines and error bands), we see that the NCCI pre-
dictions are consistent with experiment to within ≈ 10%
in all cases. The GFMC AV18+IL7 predictions for
A ≤ 9 [34] are also shown [Fig. 3 (crosses)]. A notable
discrepancy between the present predictions and experi-
ment arises for 7Li, where a robust prediction is obtained
for the ratio (reasonably well-converged with Nmax and
independent of interaction), roughly 10% smaller in mag-
nitude than the experimental value, and outside the un-
certainties by a factor of ≈ 2 (in contrast, the GFMC
AV18+IL7 predictions are consistent with experiment).
For 11Li, the rapid convergence of the results, along with
their interaction-independence and agreement with ex-
periment to within relatively narrow (≈ 2%) uncertain-
ties, is particularly notable, considering the challenging
neutron halo structure of this nuclide [56, 57].

Finally, the quadrupole moment for the first excited
2+ state in 12C is experimentally known [28], though to
lower precision than the ground-state moments, from the
reorientation effect in Coulomb excitation [58], as is the
charge radius [30] of the 0+ ground state. Here, we still
take the ratio of an electric quadruple moment and a pro-
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ton radius, but now of distinct (though structurally sim-
ilar) states within the 12C ground state rotational band.
The calculated Q(2+1 )/rp(0

+
1 )2 is shown in Fig. 3 (at far

right). Taking this ratio again provides rapid convergence
with Nmax, yielding a result which not only is consistent
with experiment but also offers a prediction of higher
precision.

Conclusion. Ab initio predictions of nuclear E2 ob-
servables are hampered by sensitivity to the large-
distance behavior of the nuclear wave function, resulting
in poor convergence in NCCI calculations. However, we
demonstrate that, when calculated E2 observables are
normalized to the calculated radius, taken in the appro-
priate power to generate a dimensionless ratio, system-
atic truncation errors cancel, and comparatively rapid
convergence is obtained.

Since nuclear ground state charge radii are well-
measured for an appreciable subset of nuclei, robust ab
initio predictions of ratios B(E2)/(e2r4p) or Q/r2p effec-
tively yield predictions of the E2 strengths or quadrupole
moments themselves. The present approach is doubt-
less subject to limitations in its applicability, whether
for E2 observables involving excited states with signifi-
cantly different structure from the ground state providing
the normalization, or in cases where where convergence is
governed by delicate sensitivity to mixing. Nonetheless,
as we have illustrated for a range of transition strengths
and moments in p-shell nuclei, meaningful ab initio NCCI
predictions for E2 observables can be obtained by nor-
malizing to the experimentally-known charge radius.

Ideally, one may seek to directly improve convergence
of E2 (and radius) observables in NCCI calculations, e.g.,

through explicit inclusion of clustering degrees of freedom
(as in the no-core shell model with continuum [11, 59]),
implicit inclusion of giant quadrupole resonance de-
grees of freedom via Sp(3,R) symmetry-adapted calcula-
tions [60–62], improved asymptotics through transforma-
tion to an alternative single-particle basis [63], or pertur-
bative importance truncation schemes [64]. Dimension-
less ratios of the type presented may be used in combi-
nation with such approaches to boosting convergence, as
has already been illustrated for ratios of E2 observables
taken in conjunction with importance truncation [23].
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