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Abstract—TFiltering and smoothing algorithms for linear
discrete-time state-space models with skewed and heavy-tailed
measurement noise are presented. The algorithms use variational
Bayes approximation of the posterior distribution of normal prior
and skew-t-distributed measurement noise. The proposed filter
and smoother are compared with conventional low-complexity
alternatives in simulated pseudorange positioning. In general the
proposed algorithms show improvement in inference with skewed
and heavy-tailed measurement noise. The computational burden
depends on the measurement dimension and model parameters,
and it can be tens of Kalman filters.

Index Terms—skew t, skewness, t-distribution, robust filtering,
Kalman filter, RTS smoother, variational Bayes

I. INTRODUCTION

The Kalman filter (KF) [1] is the linear minimum mean-
square-error filter for linear state-space models, but it is
optimal within all filters only when the noise processes are
normally distributed [2]. However, the normal distribution
has small tail probabilities, and real-world data typically
contain large errors (“outliers”) more often than the normal
distribution predicts [3]. Therefore, the KF is prone to large
estimation errors when outliers occur. Hence, there is a need
for filtering and smoothing algorithms that mitigate the outlier
measurements’ influence.

Many applications involve noise processes that have both
heavy-tailed (high-kurtosis) and asymmetric (skewed) distri-
butions. In radio signal based distance estimation [4], [5],
for example, non-line-of-sight causes large positive errors
[6], [7]. Fig. 1 shows the error histogram of a time-of-flight
based ultra-wideband distance measurement experiment'. The
skewed distributions skew ¢ [8, Ch. 4.3] and two-component
Gaussian mixture (GM2) attain better maximum likelihood fits
than the symmetric Student’s ¢ [9, Ch. 28] and normal. Other
applications for asymmetric distributions have emerged at least
in biostatistics [10], psychiatry [11], environmetrics [12], and
economics [13].

In spite of these applications, a computationally effi-
cient estimation algorithm for time-series data with heavy-
tailed and asymmetric noise has been missing. Robust filters
and smoothers that model the heavy-tailed noise with a ¢-
distribution are proposed in [14]-[16], but these do not use
the skewness information. A GM2 can model skewness, but
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Figure 1. Skew distributions fit better than symmetric distributions to the

time-of-flight measurement errors. The average log-likelihoods are -1.64 for
skew t, -1.80 for Student’s ¢, -2.96 for normal, and -1.71 for GM2.

the number of components in the posterior GM increases
exponentially with the number of measurements. Furthermore,
the GM2 has heavy tails only within limited range from the
component locations, and it has six parameters, while four is
enough for modelling location, spread, skewness and kurtosis.
Particle filters [17] can cope with a wide range of models
including skewed noise processes, but their computational
complexity increases rapidly as the state dimension increases.

This letter proposes approximations to the Bayesian filter
and smoother that retain the computational efficiency of the
KF while introducing more modeling flexibility for skewed
and heavy-tailed measurement noise. The measurement noise
is modelled by the skew t-distribution, and the proposed
algorithms use the variational Bayes (VB) approximation of
the posterior. The proposed filter and smoother are evaluated
by numerical simulations, and they are shown to outperform
the state-of-the-art computationally light algorithms in a pseu-
dorange positioning problem. To our knowledge, the only
earlier work applying the VB approximation to the skew ¢-
distribution is that of Wand et al. [18]. However, Wand et al.
do not consider state-space models and time-series estimation.

II. SKEW ¢-DISTRIBUTION

Skewed extensions of the well-known unimodal symmetric
distributions have been studied since the introduction of the
skew normal distribution by Azzalini in [19]. The univariate
skew t-distribution is parametrized by its location parameter
© € R, spread parameter ¢ > 0, shape parameter § € R
and degrees of freedom v > 0, and has a probability density
function (PDF) of the form

ST(z; u,0°,6,v) = 2t(z; 1, 6° + 0%, v) T(%0,1,v + 1),

(1)
where
v+1
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is the PDF of Student’s ¢-distribution, I'(+) is the gamma func-
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Figure 2. The PDF ST(z;0, 1, §,4) for different shape parameter values 4.

denotes the Student’s t-distribution’s cumulative distribution
function (CDF) with degrees of freedom v and scale 1. The
PDF of ST(z;0,1,4,4) is plotted for six different values
of shape parameter § in Fig. 2. The skew t¢-distribution
approaches normal distribution when v — oo and § — 0.
Expressions for the first two moments of the univariate skew
t-distribution with the parametrization (1) can be found in [20].

Following the introduction of the multivariate skew normal
distribution in [21], multivariate skew t-distribution has been
proposed in [22]-[24]. In these versions, the PDF of the
skew t-distribution involves only the univariate CDF of t-
distribution, while the definition of skew ¢-distribution given in
[25]-[27] involves the multivariate CDF, but a single kurtosis
factor. In this letter the measurement noise distribution is a
product of independent univariate skew t-distributions. This
less general model is justified in applications where one-
dimensional data from different sensors can be assumed to
be statistically independent.

III. PROBLEM FORMULATION

Consider the linear state-space model
distributed measurement noise

iid
wy ~ N (wy; 0,Q),

Ny

with skew-t-

Tht1 = Al‘k + Wi, (38.)
ek }'l\(/i HST([@k}i;O7Rii7Aii7Vi>

i=1

yr = Cxp + ey,

(3b)

where N (-; 1, 2) denotes a (multivariate) Gaussian PDF with
mean g and covariance i; A € R™=*"= ig the state transition
matrix; xx € R™ indexed by 1 < k < K is the state to be
estimated with prior distribution

p(z1) = N(z1; 2100, P1j0); 4

The subscript “a|b” is read “at time a using measurements
up to time b”; yr € R™v also indexed by 1 < k < K are
the measurements and the elements of y; are conditionally
independently skew-t-distributed; R € R™v*"™v is a diagonal
matrix whose diagonal elements R;; are the squares of the
spread parameters of multiplicative factors of (3b); A €
R™*™ is a diagonal matrix whose diagonal elements A;; are
the shape parameters of multiplicative factors of (3b); v € R™v
is a vector whose elements v; are the degrees of freedom of
multiplicative factors of (3b); C' € R™v*"= is the measurement
matrix; {wy € R™|1 <k < K} and {e, e R™|1 <k < K}
are mutually independent noise sequences; The operator [-];;
gives the (i,7) entry of its argument.

The aim of this letter is to derive a Bayesian filter and
a Bayesian smoother using the variational Bayes method
that compute an approximation of the filtering distribution
p(zk|y1.x) and smoothing distribution p(xk|y1.x), respec-
tively.

IV. VARIATIONAL SOLUTION

The likelihood function implied from (3b) has the hierar-
chical representation [26]

yk\xk7uk,Ak NN(Cka —&—Auk,A;lRL (5a)
ug|Ak ~ Ny (0,Ah), (5b)

Vi Vj;
[Arlii ~ G (5, 5) . (5¢)

Ay is a diagonal matrix with independent random diagonal
elements [Ag];;, and N (p,X) denotes the (multivariate)
truncated normal distribution with closed positive orthant as
support, location parameter u, and squared-scale matrix .
Furthermore, G(a,3) denotes the gamma distribution with
shape parameter v and rate parameter [3.

Using Bayes’ theorem, the likelihood (5) and the prior (4),
the joint smoothing posterior PDF can be written as

K-1

P, ur, Ak lyrx) o plan) ] p(zigala)
=1

K
x [ p(yrlzn, wr, A)p(ur|Ak)p(A) — (6)
k=1
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=N (x1;21)0, P1jo) H N (1413 Az, Q)
=1

K
X HN(yk;Cozk +Auk,A,:1R)./\/+(uk;O,A,:1)
k=1
Ko v, U;
Al =2 22
ngg([ k]117272) (7)

This posterior is not analytically tractable. We seek an approx-
imation in the form

p(mltKvulzKa Al:K|y1:K) ~ qu(mlzK)qu(ul:K)qA(AlzK)~

(®)

In the VB approach, the Kullback-Leibler divergence
(KLD) [28] of the true posterior from the factorized approxi-
mation is minimized;
Qw7 una QA = argmin

9z ,qu,9A
Dxu(qz(71:5)qu(u1: k) ga (Ar:x) [|p( 1210, w110, A1k [Y1:K))

where Dy (q(+)||p(*) fq ) log ¢ (I(t) dz is the KLD. The

analytical solutions for Qs Gy and g can be obtained by cyclic
iteration of

log gz (z1:x) < E [logp(y1.x,T1:Kk,u1:x, A1:x)] + co  (92)
quda

log gu(u1:x) < E [logp(yi:x, 1.6, u1:x, A1k )] + cu (9b)
dzan

log ga(A1:x) < E [logp(yi:k, T1:x, u1:K, A1:x)] +ca (9¢)

dz9u

where the expected values on the right hand sides of (9) are
taken with respect to the current g,, g, and g5 [29, Chapter
10] [30], [31]. Also, ¢, ¢, and cp are constants with respect
to the variables xj, ug and Ay, respectively. This recursion
is convergent to a local optimum [29, Chapter 10]. When
the iterations converge, approximate densities ¢, and g are
integrated out from the right hand side of (8) by simply
discarding them. Then, the approximate marginal smoothing



Table T
SMOOTHING FOR SKEW-t MEASUREMENT NOISE

Table 11
FILTERING FOR SKEW-t MEASUREMENT NOISE

1: Inputs: A, C, Q, R, A, v, Z1|0s Pl\o and y1.x
initialization

2:Ak<—]n fork=1---K
3:uk<—0f0rk_1 K
4: repeat
update qo(x1.5) given qu(ui.x) and gpn(A1.x)
5: for kK =1to K do .
6: Ky (*Pk‘k_lcT(CPk“ﬂ_lCT‘FAk R)_1
7: T < Tplp—1 + Ka(yp — Copp_1 — Alg)
predict gz (xg41)
Th+1|k < ATg|k
10: Pk+1‘k(*APk‘kAT+Q
11: end for
12: for £ = K-1 down to 1 do
13: Gk<_Pk|kA ktr1)k
14: Tk Tk + Gr(Tri1x — AZgr)
15: Peiic  Prji + Gr(Prgax — Poy1e)Gr
16: end for

update gy (us,10) and o (A1) given o (v1:10)
17: for k =1to K do

update qu(u) = N4 (up; wg) i, Uk i)

18: Uk = Y — ka|K
19: Ky + A(A2 4+ R)™
20: Uk|K < Kuﬂk
21: Ui + (I = KuA)Ry,
22: Ug +— ]EN+(%\K1UMK)[”1€] > see [33] for the formula
23: for i = 1tony do
24: Tii < Eny (uk| s Uk|K>[[uk] ] > see [33] for the formula
25: end for
update qn(Ar) =TT}, G ([Ak]“ Y41, vl
26: Uy, +— R™(upuf + CPHKC Y+ (ARTIA+ DY
7R_1Aukuk AR 'uug T
27: Alis o
28: end for

29: until converged
30: Outputs: z i and Py for k=1--- K

density ¢, (xy) is obtained which turns out to be a normal dis-
tribution with parametrization ¢, (xx) = N(2k; Tk i, Prjr)
where the parameters xy x and Py are the output of the
smoothing algorithm given in Table I. When the filtering
density is required, the filtering algorithm and the parameters
of the posterior ¢, (xx) = N (Zk; Tk, Prjx) can be found in
Table II. The derivations for computing the expectations given
in (9) are provided in [32] for space consideration.

V. SIMULATIONS

Numerical simulations are carried out to evaluate the
performance of the proposed algorithms Skew-¢ variational
Bayes filter (STVBF) and Skew-t variational Bayes smoother
(STVBS). The compared filters are the STVBF, ¢ varia-
tional Bayes filter (TVBF) [15], and Kalman filter (KF).
The smoother versions are the STVBS, ¢ variational Bayes
smoother (TVBS) [15], and Rauch-Tung-Striebel smoother
(RTSS) [34]. The KF and RTSS are fed the true mean and
covariance matrix of the measurement noise distribution, and
the TVBF and TVBS are fed the true mean and (v — 2)/v
times the true covariance matrix as the shape matrix. The
computations are done using MATLAB®.

A. One-dimensional positioning

The simulation consists of 1000 100-step trajectories of
model (3) with parameters A 1, Q 1, C = 1341,
R = I343, v = 41341, and A = 5 - I3x3, where 1 is a

Inputs: A, C, Q, R, A, v, Z1|0s Pl\o and y1.x
for k =1to K do
initialization

Ak — I’ny

ug <0

repeat

update gz (x) = N (T1; Ty, Prjk) given qu(ur) and ga(Ag)

6: Km (*PklkflcT(CPk‘kflcT+Ak71R)_1

N —

Nk w

7: Ty < Tpp—1 + Koy — Coppp—1 — AUg)
8: Pk|k — (I— K.C )Pk|k 1
update qy (ug) = Ny (ug; ug|p, Ugk) given qu(zy) and g (Ag)
9: Ky + A(A% + R)!
10: uk :ykamk‘k
11: Up |k + Kulg
12: Upe (I = KuD)Ay
13: g ]EN+(uk\kaUk\k>[uk] > see [33] for the formula
14: for i = 1to ny do
15: Yis + ]EN+(“k\k’Uk\lc)Huk] ] > see [33] for the formula
16: end for

update g (Ay) =12, G ([Ak]m Y, %)

given qu(uy) and gz (i)
17: Wy, R (upal + CPy,CT) + (ARTIA+ )Y

—R71Augul — AR U, ueT
19: until converged -
predict gz (xp41)
20: Th41|k — Axk‘k
21: Pk+1‘k%APk‘kAT+Q

22: end for
23: Outputs: x|, and Py for k=1--- K

vector of ones. The VB iterations of STVBF and TVBF are
terminated when the change in the estimate is less than 0.01.
Some statistics of the estimation error are in Table III,
and Fig. 3 shows an example of the error processes. Table
IIT shows that the STVBF has the lowest root-mean-square
error (RMSE), the TVBF has negative bias, and the KF’s error
process has the highest standard deviation and positive skew.
As illustrated by Fig. 3, the TVBF reacts relatively slowly to
occasional large positive errors, interpreting them as outliers to
be discounted. The KF error’s skewness is caused by excessive
sensitivity to the large positive measurement errors.

time

Figure 3. One-dimensional positioning example illustrates TVBF estimate’s
negative bias and KF’s sensitivity to outliers. Measurement error of 300 at
time instant 49 is not shown. A location parameter makes the measurement
noise zero-mean.

Table III
ERROR STATISTICS IN ONE-DIMENSIONAL POSITIONING
Filter | RMSE Mean  Standard deviation  Skewness
STVBF 1.2 0.1 1.2 -0.0
TVBF 1.5 -0.8 1.3 0.2
KF 1.6 -0.0 1.6 0.5
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Figure 4. Convergence of the STVBF with ¢ = 10. Ten STVBF iterations
is enough to beat the TVBF, but convergence can require tens of iterations.

B. Pseudorange positioning

GNSS-type (global navigation satellite system) pseudorange
measurements are simulated from the model
[wels = llsi — [oxlusll + [exla + [enlss lexli ™ ST(0,1, 65/3)
where s; is the ith satellite’s position, [xj]4 is bias, and ey
noise. The degree of freedom parameter is v = 4, and ¢ is
varied. The model is linearised, and the linearisation error is
negligible because the satellites are far from the receiver. The
state model is a three-dimensional random walk with process
noise covariance matrix Q = diag(q?, ¢%,0.5%), where ¢ is
a parameter. The constant bias [x1]4 has prior N(0,0.752).
Satellite constellations of Global Positioning System provided
by the International GNSS service [35] are used, and 7.6
satellites are measured on average. The results are based on
1000 Monte Carlo replications of a 100-step trajectory. The
RMSEs are computed for the state components [x]1.3.

1) Evaluation of the filter: Fig. 4 studies the convergence
of the STVBF’s VB iteration with ¢ = 10. The speed of
convergence depends on the parameters of the model; the
larger 0, the slower convergence, and large ¢ and a high
number of sensors can also increase the required number
of iterations. The RMSE reduction is fastest for the first
iterations, and after 30 iterations the reduction is usually
negligible. Thus, the STVBF is slower than the TVBF that
usually converges within five iterations. In the rest of the
numerical examples, the STVBF’s VB iteration is terminated
after 30 iterations, and the TVBF’s after 10 iterations.

Fig. 5 shows the distributions of the RMSE differences
of the comparison methods from the STVBF’s RMSE as
percentages of the STVBF’s RMSE. The levels of the boxes
are S %, 25 %, 50 %, 75 %, and 95 % quantiles. With ¢ > 1,
the STVBF outperforms the comparison methods in significant
majority of the replications. The problems with ¢ = 0.1
are explained by the model structure: only sums of x; and
uy are measured, so x, and wuj are highly correlated a
posteriori, which makes the VB approximation underestimate
the posterior variance [29, Ch. 10.1.2]. The STVBF works
well only when the process noise has enough dispersion to
dominate in the prior’s variance, i.e. when the signal-to-noise
ratio (SNR) is not very low.

2) Real-world noise: The robustness of the STVBF is eval-
uated by generating the noise in Eq. (10) from the histogram
distribution of the time-of-flight data set of Fig. 1 with ¢ = 10.
The histogram of the RMSE differences of TVBF from the
RMSE of STVBF is in Fig. 6. The proposed method has
lower RMSE than the TVBF in 61 % of the 1000 Monte Carlo
replications. This indicates that the proposed filter is robust to
small deviations from the model that appear in real data.

3) Evaluation of the smoother: The smoother versions of
the compared algorithms are evaluated in the same simulation
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Figure 5. RMSE differences per cent of the STVBF’s RMSE. The proposed
STVBF outperforms the comparison methods with skewed measurements
when the signal-to-noise ratio is high enough.
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Figure 6. RMSE difference of TVBF per cent of the STVBF’s RMSE
with noise generated from real time-of-flight measurements’ error histogram.
STVBF has lower RMSE than the TVBF in 61 % of the 1000 replications.

of Eq. (10) with skew-t noise. The STVBS uses 30 and the
TVBS 10 VB iterations, which were observed to provide
convergence. Fig. 7 shows that the STVBS outperforms the
TVBS also at low SNR, but the percentile differences at high
SNR are smaller than those of the corresponding filters.
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Figure 7. Smoothers’ RMSE differences per cent of the STVBS’s RMSE.

STVBS performs well also at low SNR, but difference to TVBS is smaller
than the difference between the corresponding filters.

VI. CONCLUSIONS

A filter and a smoother that take into account the skewness
and heavy-tailedness of the measurement noise are proposed.
The algorithms use the variational Bayes approximation. In
the presented computer simulations the proposed methods out-
perform the conventional symmetric Kalman-type algorithms
when skewness is present. The computational burden depends
on the measurement dimension and model parameters, and it
can be tens of Kalman filters for the filter. The algorithms
are prone to underestimation of posterior variance, which can
cause performance problems when signal-to-noise ratio is low.
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