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In this paper, the robust invariant set (RIS) of Boolean (control) networks with disturbances is investigated. First, for a given fixed
point, consider a special set called immediate neighborhoods of the fixed point; then a discrete derivative of Boolean functions at
the fixed point is used to analyze the robust invariance, based on which a sufficient condition is obtained. Second, for more general
sets, the robust output control invariant set (ROCIS) of Boolean control networks (BCNs) is investigated by semitensor product
(STP) of matrices. Then, under a given output feedback controller, we obtain a necessary and sufficient condition to check whether
a given set is robust control invariant set (RCIS). Furthermore, output feedback controllers are designed to make a set to be a RCIS.

Finally, the proposed methods are illustrated by a reduced model of the lac operon in E. coli.

1. Introduction

In 1969, Kauffman [1] firstly used Boolean networks (BNs),
which are a kind of logical networks to study genetic
regulatory networks. Then, BNs have attracted extensive
attention and have become abstract modeling schemes in
other different fields such as neural networks [2] and immune
response [3]. In BNs, each gene expression has two states as
“I” and “0” to represent “on” and “off,” respectively. More-
over, interactions between the states of each gene depend on
Boolean functions, which are composed of logical operators
such as disjunction and conjunction and so on. The state
evolution for each gene is updated by a Boolean function
about the states of current neighborhoods.

When control inputs are added into BNs, then BNs can
be called BCNs. Similarly, control inputs take two values:
“0” implies that the application of that intervention is ceased
at that time point, and “1” means that some interventions
are applied in BNs. A new matrix product called semitensor
product (STP) of matrices was proposed to investigate BNs
and BCNs [4]. Based on this, a BN (or BCN) can be converted
into the corresponding algebraic form by calculating its
unique transition matrix. Therefore, many fundamental and

interesting problems have been investigated for BNs and
BCNs, such as the controllability [5, 6], stabilization [7-15],
observability [16-19], disturbance decoupling problem [20]
synchronization [21], function perturbations [22], optimal
control [23-26], normalization problem [27], and others.
The STP has also been widely applied in games [28, 29]
and asynchronous sequential machines [30, 31]. In detail,
[28] investigated the evolutionarily stable strategy of finite
evolutionary networked games by STP and then designed
event-triggered controllers such that systems could converge
globally. In [29], the stochastic set stabilization of random
evolutionary Boolean games was further investigated, and a
constructive algorithm was proposed to calculate stochastic
reachable sets. On the other hand, [30] and [31] investigated
the reachability and skeleton matrix by STP, respectively.
Usually, some external disturbance inputs always exist
in systems. For example, cancer can be defined as failures
in the healthy mechanisms of biological systems, and it has
been classified as a kind of genetic uncertainties consisting
of mutations [32]. Therefore, designing controllers is of great
importance such that the set of desirable cellular states of
BCNs with disturbance inputs is robust. In other words, if
the trajectories of BCNs with some initial states reach a given
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set, which is called robust control invariant set (RCIS) [33],
then those trajectories will never leave the set no matter
what disturbances are. The RCIS has attracted many scholars’
attention and obtained many results [34-37]. In [33], Li et
al. used STP to study the RCIS of BCNs and presented
an effective procedure to design state feedback controllers.
However, due to the limitation of measurement conditions
and the impact of immeasurable variables, measured output
information rather than state information is always used to
analyze and control systems [38]. Therefore, we will design
output feedback controllers such that the trajectories of BCNs
starting from some initial states in a given set will never leave
the given set, which is called robust output control invariant
set (ROCIS). On the other hand, Robert analyzed the local
convergence of BNs by the discrete derivative of Boolean
functions at a fixed point [39], which is a novel approach
to investigate BNs. Motivated by this, we use the discrete
derivative method to investigate the RIS, which makes the
computational complexity reduced compared with STP. To
the best of our knowledge, there is no result concerning the
ROCIS of BCNs. The contributions of this paper are listed as
follows:

(i) The discrete derivative is used to analyze the robust
invariance.

(ii) A necessary and sufficient condition is derived to
check whether a given set is ROCIS under a given
output feedback controller.

(iii) Output feedback controllers are designed to make a
given set be a ROCIS.

The rest of this paper is organized as follows. Section 2 reviews
some notations and preliminary results, which will be used in
the latter. Section 3 presents the main results. Section 4 ends
the paper with a brief conclusion.

2. Preliminaries

In this section, we give some necessary properties of the STP
and list some useful notations.
(i) Let [a,b] be the set {a,a + 1,..., b} for integers b > a.
(ii) Denote by matrix M,,,,, the set of m x n real matrices.
(iii) Set A, = {65 : 1 < k < n}, where 8 is the k-th
column of identity matrix I,,.
(iv) Let Col;(B) stand for the i-th column of the matrix B.
(v) Matrix L = [8;}‘, 82, e, 8%] is called a logical matrix,
and simply denote it by L = §,,[i;,1, ..., 1,].

(vi) Let 1, denote the row vector of length 2% with all
entries being 1.

Definition 1 ([4]). For any given two matrices A € M, , and

B € M,,,, the STP of A and B is defined as

A[XBz (A®Il/n) (B®Il/p)’ (1)

where [ = lem(n, p) is the least common multiple of 7 and p
and ® is the Kronecker product.
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Proposition 2 ([4]). Let X € R™ be a column and N be any
matrix. Then

XxN=(I,®N)x X. (2)

Definition 3 ([40]). Let M € M sy N € M g Then, the
Khatri-Rao product is defined as

M x N
= [Col, (M) x Col, (N)---Col,, (M) x Col,, (N)] (3)

€ M pgxm-

The notation V represents that when the two values
denoted by A and B taking from 9 are the same, then AVB =
0. Otherwise, the result equals 1.

A logical domain, denoted by @ is defined as & = {0, 1},
and 9" = D x --- x P, Ifidentifying 0 ~ 87 and 1 ~ &}, then

n

A, ~ D, and A, ~ D", where “~” represents two different
forms of the same object. If X € 2", then we say X is in a
scalar form. If X € A,., we say X is in a vector form. In the
sequel, to distinguish the scalar form and the vector form of
a variable, we use the notation X for a variable in @", while
we use the notation x for its vector variable in A ,. In short,
X eD,butx € A,.

The following lemma is important for the algebraic
expressions of logical functions.

Lemma 4 ([4]). Consider a logical function f(X;,X,,...,
X,) + D" — D. There exists a unique matrix My € Zyon,
called the structure matrix of f, such that

f(Xp Xy X,) = My x X x5, (4)
where ;. x; = X X X5+ X X, € Ay,

For example, the structure matrix of logical function V is
6,[1,1,1,2]. And the structure matrix of logical function A is
8,01,2,2,2].

Definition 5. Assume that there are n-dimensional row vec-
tors X' = (X}, X125 Xy,) and X* = (X5, Xo0s -+ » Xo)s
X,-j € 9,i € [1,2], j € [1,n], respectively. The distance vector

denoted by d(X 1 XZ) between X! and X? is defined; that is,
d(X', X?) = ((X,,VX,50)s (X 5VX ), - (X, VX, )

Assume that X = (XI,XZ,...,Xn)T € 2", and then
define a bijection 7 : 2" — A,. [4], where

JI(X) =L, 8,75 =8, ®)

withk = (1-X,)2" ' +(1-X,)2" 2+ -+ (1-X,,_)2+(2-X,).
Furthermore, we can also define ¥ -, A, — D", where

I(8h) = (X X,
with X, = 2 - [k/2"and X; = 2 - [(k - (Zj.:l(l -
X)2"))/2" ", i € [2,n].

For example, assume that X = (1,0,0,1) € P*; then, by
(5), one has that Z(X) = 6{6.

.X,)" (6)
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3. Main Results

We consider the following system with # disturbance inputs:

X, t+)=fi (&0, X, (1),....X, 1),
(7)
X,t+1)=f, (& ®,. X, 1),....X, 1),

where X; € @ and &, € @,i € [Ln]. f, : D" — D,i €
[1,#] is a logical function.

For each f;, there exists a unique structure matrix M, i €
[1,n], by Lemma 4. Let x(t) = X x;(t) € A, and &(t) =
X E(t) € A, then system (7) can be converted into the
following forms:

X (E+1) =M xE ) xx(t) =M x (1, ® 1)
x & (t) X x (t)
=M xE@H) xx(1),

(®)
Xy (E+1) =My )&, ()X x(t) = My X 1y X E(2)
X x (t)
=M, xE@t)xx (D),

where Mﬁ = Mg X (Ii ® 1,0-i),i € [1,n— 1] and an =
M X 1,1 Multiplying all the equations in (8) together, we
get

x(t+1)=Lx&@F)xx(t), 9)

where L = Mfl * Mfz ook an € Lynyym with * is the
Khatri-Rao product [40]. Split L into 2" equal blocks denoted
by L; € Lpnyan»i € [1,2"], and then one has

x(t+1)=Lx&(@)xx(t),
(10)
=[L, Ly~ Ly]x&E@) xx().

Given a state denoted by X € 9", we denote the immedi-
ate neighborhoods of X by #(X) [39]; that is,

I (X)={X":d(X",X) =¢, i €[Ln]}, (11)

where e;,i € [1,n] represents the i-th column of identify
matrix I,. For example, assume that X = (1,0,1) «
2°, and then, based on the above definition, one has that
J(X) = {(0,0,1),(1,1,1),(1,0,0)}. Assume that .#(X) =
(XL, X2,..., X"}, where d(X', X) = e;,i € [1,n]. Let #'(X) =
J(X)U{X}.

Definition 6. Assume that two n-dimensional Boolean row
vectors X' = (X;;,Xp5...,X;,) and X* = (X, Xos
...» X,,). We say that X' < X?if, forany i € [1,n], X,; < X,;.

For example, there are two vectors as X 1'-(1,0,1,1) and
X* = (1,0,1,0). We have X,, = X,, = 1,X,, = X,, =
0,X,3=X,; = l,and X}, = 1 > X,, = 0, and then X' > X*.

Definition 7. Consider system (7), and assume that X is one
of the fixed points for any disturbance. If, for any X' e 7(X)
and disturbance input &(t) € 9", X'(t + 1) € 7'(X), then
JF'(X) is said to be a RIS.

Definition 8 ([39]). Consider system (7) with disturbance
inputs. For any given state X € 9" and when &(t) =
1(or &,(t) = 0), the discrete derivative of Boolean functions
at state X, denoted by D¢ (X)(or p¥ (X)), is an nxn Boolean
matrix with its elements given as follows:

. 1, iff;(1,X)# f(1,x7),
(DE(X)).:{ 10X £,(1,) (12)
bJ 0, otherwise,
or
, 1, iff;(0,X)# £ (0,X7),
(DE(X)).F{ 0.0 5(0.X) (13)
bj 0, otherwise.

Based on Definition 8, we further define another n x n
Boolean matrix; that is,

(DX, = (D% (%)) v (D" (X))

y o (14)
i,j i,j

It can be learned from the construction of D(X) that for any
X' € F(X),i€[1,n],and &(t) = 8L, € A, we get

d(7 (1,7 (X)) 77 (1,7 (20))

sD(X):xd(X",X).

15)

Theorem 9. Consider system (7) with the fixed point X for any
disturbance. If D(X) has at most one 1 in each column, then
J'(X)isaRIS.

Proof. If each column of D(X) can only be zero vector or a
basis vector, then it can be learned from (15) that the state
can be guaranteed in the set .7’ (X) beginning from any initial
state X' € F(X),i € [1,n],in every step, which completes the
proof. O

Example 10. Consider a BN with the fixed point X being (1,
1) for any disturbance:

X, (t+1) =X, (1) VE (®),

(16)
X+ D) =X, () VvX, ) VE ().

One has .7((1,1)) = {(0,1),(1,0)} and #'((1,1)) =

{(0,1),(1,0),(1,1)}. Let & = & = land & = &, = 0,
respectively, and we can get

¢! 00
D> ((L,1) = [0 0] 7)
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and
D% ((1,1)) = [1 0]. (18)
00
Therefore,
10
D((1,1)) = [0 0:| . (19)

Since Col; (D((1,1))) = (1,0)" and Col,(D((1,1))) = (0, 0)7,
then Theorem 9 holds. Therefore, .#'((1,1)) is a RIS.

Remark 11. Tt is learned from Theorem 9 that matrix D(X)
with dimension # x n (not 2" x 2") can be constructed,
based on which the RIS is analyzed. Therefore, compared
with the results obtained by STP in [35], the computational
complexity is reduced from O(2") to O(n?). Unfortunately,
the method of discrete derivative can only be used to analyze
some special systems in the form of (7). In the sequel, we will
further analyze more general sets and design output feedback
controllers such that the set is robust for any disturbance
inputs.

In the following, consider a BCN with n nodes, p outputs,
q disturbance inputs, and m inputs as

X t+1)=fi(50®,...5®),U,0),....U, 0,

X, (1), X, (1),

X, (t+1) = £, (5 ©,....5 ), U, (0),....U, 1),
X, ()50 X, (1)

Y () =h (X, (),....X, (),

(20)

Yp(t) :hp(Xl (t)r-"’Xn(t))’

where f; : QT — Gand h, : D" — D are logical
functions, i € [1,n], a € [1, p].

Then, the definition of a ROCIS of BCNss is presented as
follows.

Definition 12. Consider system (20). A nonempty set S € D"
is said to be a ROCIS, if there exists an output feedback
control as

U =g 10®,....Y,0),
(21)

Up (8) = g (Y1 (8),...,Y, (1)),

where g : 9P — 9, B € [1,m] are Boolean functions such
that, for the closed-loop system consisting of (20) and (21),
X(t) € Simplies X(t + 1) € S.
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It can be learned from Lemma 4 that we can find unique
structure matrices Mg, M, , and M 9 for logical functions
fi» h,, and 9p in (20) and (21), respectively, i € [1,n], o €
[1, pl, B € [1,m]. Then the equivalent forms of (20) and (21)
are

x (t+1) =My XEM@) xu(t)x x(t),

xn(t+1):antxﬁ(t)lxu(t)lxx(t),

(22)
y 1) =M, xx(1),
Ypt+1) =M, xx(t),
and
w () = My, x y(0),
(23)

Mm (t) = Mgm D(y(t)’

respectively, where x(t) = x_ x;(t), y(t) = l><;.p: i), &(t) =
K?:IEi(t), and u(t) = &2 u;(t).

Multiply the equations in (22), and (23), respectively; then
(20) and (21) can be converted into the following forms:

x(t+1)=Lx&@)xu(t)xx(t),
(24)
y(t)=Kxx(t),
and

u(t)=Gxy(@®), (25)
respectively, and L = My # -+ My € Ly 0, K = M), *

ek My € Lopyomand G =My x ek My € Lomysp.
Assume that a given nonempty set S = {8;‘,,, 8;2,,, . 8;;}

with 1 <4, < i, < i, < 2", and we analyze the following two
problems:

(i) Problem 1: For a given output feedback matrix G €
ZLomyap> analyze whether the set S is a ROCIS of
system (20) under control system u(t) = Gy(t).

(ii) Problem 2: Design output feedback controllers such
that S is a ROCIS of system (20).

Plug (25) into (24), then one has that

x(t+1)=LxEt)XxGx y(t)xx (1)
=LxEF)XGXKKx(t)xx(t)
=Lx&EF)XxGX KX, X x(t) (26)
=LX(Iy®(GXKX®D,))xEM) xx(t),

=LxEt)xx (),
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where L = L(I,; ® GK®y), and ®,, = Diag{8},, 82, .. ., 55:} €
&Ly 1s the power-reducing matrix satisfying x(t) x x(t) =
D, x(t).

Split L into 27 equal blocks as

L=[L, L, - Lyl (27)

where L, € Lonmmy pb € [1,27], and then it follows from
(26) that

x(t+1) =L, L, Lu|xE@wx(). (28)
Therefore, based on Definition 12, we have the following
result.

Theorem 13. For a given set S = {82n, . 2,,} and an output
feedback gain matrix G, set S is a ROCIS of system (20) under
the output feedback control u(t) = G x y(t) if and only if, for

any u € [1,29], x(t) € S, and then f,ﬂ x x(t) €S.

Proof. It is easy to see that the sufficiency holds, and we
only need to prove the necessity. Consider (28); since S =
{62n,..., 2n} is a ROCIS of system (20) under the output
feedback control u(t) = Gy(t), then, for any &(¢) =
p € [1,27], and any x(t) € S, one has

27’

x(t+1):[lt1 L, - Izq]xégqxx(t)
(29)

=L#I><x(t) es.

From the arbitrariness of £(t) and x(¢), the conclusion holds.
O

Remark 14. As mentioned above that set 2" is equivalent to
A ,x. Based on STP, the algebraic expression of system (20) can
be obtained. Therefore, it will be better to write set & in vector
form in Theorem 13 compared with Definition 12.

In the following, we discuss Problem 2, and then
controller (25) will be designed. Suppose that K =
Oplky ky k] € Lopymn and G = Sym[by by---by] €
&L ymyap> which will be designed On one hand, for system (26)

with u(t) = Gy(), &(t) = zq, and x(t) = 12 e Sp €

[1,29],v € [1,r], one has that
x(t+1)=Lx&EE)Xx G Kxx(t) X x(t)

= Lx & x G K K85, x &,

=L#l><62mr><[bk1 bkzu-bkzn]lxé;“nxéé‘;, (30)

=L, ><6 " 6;,,

= COl(bk,-v-l)Z"Hv (L#) .

On the other hand, we define the following sets:

§'={ij: 63 es}. (31)

Obviously, 8" = {i, i,,...,i,}. For each k, €[1,2°],ve[1,r],

9(k,)={A:Coly ) =8y, h e (127}, (32)
and then denote
¢(k)=9(k )ns. (33)

For any integer v € [1,r], define

I, = {hk,_v € [1,2"]: Colg, 1ynss, (L)
(34)
€ S, forany u € [I,Zq]}.

For each go(k,-v), we construct a set, denoted by ‘W/(kiv), as

N o e(k)#0,
W (k;,) = 3 reolk,) (35)
[1L.27],  ¢(k)=0.

Then, the result about the existence of output feedback
controllers can be obtained.

Theorem 15. S = {82n, . ..,8;’,,} is a ROCIS of system (20) by
an output feedback control, if and only if, for any k; € [1,27],
€[1,r],

W (k) # 0. (36)

Moreover, if (36) holds, then output feedback matrices under
which S is a ROCIS are constructed as

G =08y [by by by (37)

with

b e

[

{W(kiv), if i1=k;,vellr], (38)

[1,2"],  otherwise.

Proof. (Sufficiency): Suppose that (36) holds. We construct
controller (37). Then, for K = 8,,[k; k,---ky], one has

GK =8y [by, by, by, ] (39)

Moreover, for any &(f) = zq, u € [1,29], and x(¢) = ;“n €S,
v € [1,r], we have that bk € W(k; ) ¢ I , and then it can be
learned from (34) that x(t +1) = Col (&, _nanei, (L) €S, for
all u € [1,2]. Therefore, S is a ROCIS of system (20).
(Necessity): Suppose that S is a ROCIS of system (20) with
control u(t) = Gy(t), and then, for any &(t) = 8;, p e [1,29],

one can obtain that x(t) = 6’2”,, € S, v € [1,r], which means
that (36) holds.

In fact, if (36) does not hold, then there exists an integer

€ [1,r] such that W(kiv1 ) = 0. In this case, it can be learned

from (35) that (p(ki”) # 0 and ﬂ,\w(ki y ) = 0. Assume that

¢lk; ) = {jijos-- oo b e Ky = k) = =k =k,
then we have bk = bk = ... = bk bk,- SmceSls a
ROCIS of system (20) w1th controlu(t) GKx y(t) thenbk €
(Mreg(, ) D1» which is a contradiction to (T ¢gq, ) I1 = 0. ‘As

aresult, for any v € [1,7], #'(k; ) # 0. -



Example 16. Let us consider a reduced model of the lac
operon in E. coli [33, 41]:

X, (t+1)=-U, () A (X, () VX5 (1)),

X+ 1) =-U (AU, () AX () AE(), (402)

X5 (t+1)=-U () AU, (1) vV (Us (1) A X, (1)),

where X, X,, and X; are state variables denoting the lac
mRNA, the lactose in high concentrations, and the lactose
in medium concentrations, respectively; U,,U,, and U, are
inputs variables representing the extracellular lactose, the
high extracellular lactose, and the medium extracellular
lactose, respectively; & is an external disturbance. The output
equations are given by

Y, (t) = 2 X1L(H) A (X, () VX5 (1)),

Y, ®= (Xl A X, (t)) (40b)
\ (_‘Xl (O A X, A X5 (t)) >

Y3 (t) ==X, () AX5(8).

And the robust set S = {(X, X,,X;) : X, =1, X, VX, =1}

Obviously, S = {8§,0;,8:}, and then S’ = {1,2,3}. Let
x(t) = x,(t) X x5(8) X x5(t), u(t) = u(t) X u,(¢) X us(t), and
y(t) = y,(t) X p,(t) X y5(t), and then we have

x(t+1)=Lx&E@)xu(®)xx(t),
(41)
y(t)=Kxx(t),

where

L=06,[8888888888888383838
8§ 888 88888888882838
1115333711153337

33374448444844438
(42)
88888888888888838

8§ 8 88 8888888888838
3337333733373337

3337444844484448],
and
K=8[13132357]. (43)

In this example, one can get k; = k; = 1, and k, = 3,
and then we have 9(1) = {1, 3} and 9(3) = {2,4}. Therefore,
(1) = §'n91) = {1,3}, and 9(3) = $' N 9(3) = {2}. From
(34), we have I}, = I, = I} = {5,6,7}, which means that
W (1) = {5,6,7}, and #'(3) = {5,6,7}. By Theorem 15, Sis a
ROCIS of system (40a) and (40b) with the disturbance &, and
the output feedback gain matrices are

G=6[b, b, -+ by (44)
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with b, € #'(1),b; € #'(3),and b; € [1,8],i = 2,4,5,6,7,8.
For example, let b, = b; = 6,b, =b; =5,and b, =b; = b, =
by = 1, and then the corresponding output feedback control
is

Uy () =[X, () A= (X, (1) — X5(1))]

V[-X (A (X, () VX5 ()],
(45)
U2 (t) =1,

Us (1) =X, ) A-X5().

4. Conclusion

In this paper, the RIS of BNs (BCNs) with disturbances was
investigated. A special set called immediate neighborhood
of a given fixed point was considered; then the discrete
derivative of Boolean functions at the fixed point was used
to analyze the robust invariance; based on this a sufficient
condition was obtained. Furthermore, the ROCIS of BCNs
was considered by STP. A necessary and sufficient condition
was obtained to check whether a given set is RCIS under
a given output feedback controller. Finally, for a given set,
output feedback controllers were designed such that the set
is RCIS.
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