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ABSTRACT. We provide functional analogues of the classical geometric inequality of Rogers and
Shephard on products of volumes of sections and projections. As a consequence we recover (and
obtain some new) functional versions of Rogers-Shephard type inequalities as well as some gener-
alizations of the geometric Rogers-Shephard inequality in the case where the subspaces intersect.
These generalizations can be regarded as sharp local reverse Loomis-Whitney inequalities. We also

obtain a sharp local Loomis-Whitney inequality.

1. INTRODUCTION AND MAIN RESULTS

The comparison of the volume of a convex body with the volumes of its sections and projections
can be useful in many situations. Fubini’s theorem implies the trivial bound for the volume of an
n-dimensional convex body K

(1) vol, (K) < vol;(PyK) max vol, _;(K N (z¢ + H')),

zoER™

where 1 < ¢ < n—1is an integer, H denotes any i-dimensional linear subspace, Py K the orthogonal
projection of K onto H, and vol, (K) the n-dimensional volume of an n-dimensional convex body.
The reverse bound is a classical theorem of Rogers and Shephard [RS58, Theorem 1]: For any convex

body K C R™ and any ¢-dimensional subspace H we have
(2) vol;(Py K )vol,_; (K N H*Y) < <”> vol (K).
i

They also showed that equality holds if and only if for every v € H the intersection K N(H+ +R*v)
is the convex hull of K N H+ and one point.

The first goal of this paper is to give a functional analogue of inequality (2) for log-concave
functions. Log-concave measures naturally arise in Convex Geometry, firstly because the Brunn-
Minkowski inequality establishes the log-concavity of the Lebesgue measure and of the marginals of
the uniform measure on convex sets and, secondly, because the class of log-concave functions is the

smallest class, closed under limits, that contains the densities of such marginals.
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The space of log-concave measures has shown to be fundamental in several areas of mathematics.
From a functional point of view they resemble Gaussian functions in many different ways. Many
functional inequalities satisfied by Gaussian functions, like Poincaré and Log-Sobolev inequalities,
also hold in a more general subclass of log-concave functions [BBCG, Bob]. They also appear in
areas like Information Theory, in the study of some important parameters, such as the classical
entropy [BM1]. Besides, there are in the literature many examples of functional inequalities with
a geometric counterpart; Prékopa-Leindler/Brunn-Minkowski [Prek] and Sobolev/Petty projection
[Zha] inequalities are two of the main examples. This has generated an increasing interest in ex-
tending several important parameters of convex bodies to functional parameters [AGJV, AGIJV2,
AKM, AKSW, BCF, BM2, Col, CLM, FrMe, KM].

Moving back to the geometric world, one may ask for volume comparisons in the sense of (1)
and (2) when the two given subspaces present a non-trivial intersection. These questions have been
repeatedly addressed several times in the last decade [BT, BGL, FrGiMe, GiHaPa, SZ, Xi]. In
essence, we will show these new type of inequalities using different tools. In order to derive them,
we will use, on the one hand, the functional extensions of (2) announced above, and on the other
hand, Berwald’s second inequality (cf. Appendix in Section 7) to provide extensions of inequalities
of the type of (1). These approaches show that the log-concave measure settings present the right

level of complexity for these type of questions.

A function f : R™ — [0,00) is called log-concave if there exists a convex function u : R™ —

(=00, 00] such that f = e, or equivalently, if

FA =Nz +Xy) > fa)' (),

for every z,y € R™ and A € [0,1]. For a convex body K € K™ we denote by xx its characteristic

(2) = 1 ifzekK
XK o 0 otherwise.

function, i.e.,

We denote by F(R™) the set of log-concave integrable functions on R™. By L we denote the set of
all 4-dimensional linear subspaces of R™. Given f € F(R") and H € L, the projection of f onto H
(also called the “shadow” of f, not to be confused with its marginal, cf. [KM, Pg. 178]) is defined
by

Puf(z):=max{f(y) : y€ o+ H'} VaecH.
We show

Theorem 1.1. Let f € F(R"™) and H € L. Then

® [ Pustis [ s ()irk [ s

Equality holds if and only if W = Xk, for some K € K™, such that equality holds in (2), i.e., for
every v € H the intersection K N (H* + R%v) is the convex hull of K N H* and one point.

If f = xxk is the characteristic function of some K € K™, then (3) recovers (2). Interestingly,
there is a “non-linear” extension of (2) which demonstrates a very different facet of the classical

inequality, invisible on the purely geometric level. We prove:

Theorem 1.2. Let f € F(R™) such that f(0) = || fllec, H € L}, and X € [0,1]. Then

(1— AyiAn—i /H Py f(x)de /H Sl [ e
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Equality holds if and only if for every (z,y) € H x H-, f(x,y) = e l@lx for some K € K™ with
0 € K such that for every v € H the intersection K N (H* 4+ R%wv) is the conver hull of K N H+

and one point.

To see that Theorem 1.2 is indeed an extension of (2), plug in f(z) = e~ I'lx for some K € K"

with 0 € K, inequality (2) is recovered.

Remark 1.3. Notice that we allow 0 to be in the boundary of K. In such case we understand that

2l inf{p >0:2z€pK} ifxe pK for some p>0
x|k =
K 00 otherwise.

Analogously to the extensions above, we also provide a non-linear functional inequality for log-

concave functions in the spirit of (1).

Theorem 1.4. Let f € F(R"), H € L?, and X € [0,1]. Then

(s

(z)dzg/HPHf(x)l_’\dx max/ e Fy) dy.

Rn roEH

Replacing f by the characteristic function of a convex set recovers (1). Again, also here we have
another very different functional version, closer in spirit to the original geometric inequality, but

with the section replaced by a projection:

Theorem 1.5. Let f € F(R™), H € L}. Then

e [ sz < (2) [ Pustte [ pu swan

Equality holds if and only if HJ;(IT) = e llF==0llkxr for some zy € R™ and some convex bodies K C H

and L C HL such that 0 € K x L.

Several recent publications take care of translating classical results of convex geometry to log-
concave functions (cf. [Col2, MMX]). Indeed, most of our functional results here extend their

geometrical counterparts through the natural injections

Kro - F(R™)
K~ { fﬁ
e K,

Within the light of these injections, given f =e % € F(R™) and H € L?, the projection Py f is
driven from the orthogonal projection applied to the epi-graph of the convex function u. Namely, if
{e1,...,ent1} are the canonical vectors of R"*1 and we let epi(u) = {(z,t) € R*"! : u(z) < ¢} and

H :=span{H, e, 1}, we have that
epi(@) = Py(epi(u)) C H xR,
for some @ : H — R convex, then we have that Py f = exp(—a).

Therefore, the functional inequalities above are actually inequalities about projections and sec-
tions of a convex epi-graph, where the measure is not the usual volume (this would be infinite since
the epi-graph is unbounded) but with respect to the weight function exp(—t) where ¢t = (x, e,4+1)
is the last coordinate. What is more important, is that the projection and the section now have a

common 1-dimensional subspace, which is {0}" x R.
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This created a new situation, and led us to investigate what happens to the volumetric information
in the original geometric inequalities (1) and (2), in the more general case where the subspaces inter-
sect (orthogonally). More precisely, we consider sections and projections of K for two intersecting
subspaces of the form £ € L3, H € LT, i+j >n+1, E+CH.

K2

These kind of questions give rise to inequalities which somewhat resemble the classical Loomis
Whitney inequality. In some literature they are called “local Loomis-Whitney type inequalities”
(cf. [BGL, Pg. 2]). In this regard, we show the following sharp inequalities.

Theorem 1.6. Let K € K", E € L}, H € L] be such thati,j € {2,...,n—1},i+j>n+1, and
EL C H. Denote k=1i+j—mn, so that 1 <k <n —2. Then for any z € R"

vol;(PpK)vol;(K N (2 + H)) < (Z:]§>voln(K) max voly (Pe(K N (z + H))).

Moreover, equality holds if and only if there exist two convex bodies Ky C ENH, Ky C E+ such
that Sp(K N H) = K| + Ky and for every v € H-, KN (H + R*v) is the conver hull of K N H and
one point. Here Sg denotes the symmetral with respect to the subspace E, and is formally defined

in Section 2.

Theorem 1.7. Let K € K", E € L', H € L} be such thati,j € {2,...,n—1}, i+j>n+1, and
E+ C H. Denotek=1+47j—n, so that 1 <k <n—2. Then

() (&)
(%)
Equality holds if and only if there exist Ky C H*, Ky C E*, 2y € PgngK such that for every
veEENH, KN (xg+ (ENH): +RY) is the conver hull of xo + (K1 + Ks) and a unique point.

(4) VOlk(PEmHK)VOIn(K) <

vol;(Pg K )vol; (P K).

In Section 4 we recall the classical Loomis-Whitney type inequalities, and the known “local”
results from [BGL] [GiHaPa] and also [SZ], and compare them with our results above. Here we only
mention that, on the one hand, Theorem 1.6 improves upon [BGL, Theorem 1.3], in the particular
case of two subspaces. On the other hand, the case ¢ = j of Theorem 1.7 is included in [BGL,
Theorem 1.2], and for ¢ # j the constant in our result is slightly better (and sharp). We borrow the
idea of using Berwald’s inequality in the proof; a version of Theorem 4.1 with non-sharp constants
appeared in [GiHaPal]. The novelty here regarding Berwald’s inequality lies in the fact that we use,
unlike the other authors, [Ber, Satz 8]. It seems that the literature does not cover a proof in English
of that result. For the sake of completeness, we will include the proof of the result we need in the
Appendix in Section 7. In this direction, we would also like to point out that there exists a reverse
Berwald’s inequality (cf. Corollary 3 in [BN]).

As explained above, moving to the functional realm allows us to extend our understanding and
gain new insight into the original geometric notions. It is therefore natural to extend further, and
find the functional analogues of Theorems 1.6 and 1.7. Indeed, we are able to do this, and we prove

the following two theorems to this effect.

Theorem 1.8. Let f € F(R") and let H € L} and E € L} be such that i,j € {2,...,n — 1},
i+3>n+1, and H- C E. Denote k =14+ 35 —n, so that 1 <k <n —2. Then

n—=k
/EPEf(x)dx /Hf(y)dy < (n —z’) ax, /:1:0+EF1H Pg f(w)dw . f(z)dz.
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Theorem 1.9. Let f € F(R") and let E € L} and H € L} be such that i,j € {2,...,n — 1},
t+j3>n+1, and E+ C H. Denote k =14+ 35 —n, so that 1 <k <n—2. Then

Pefyie [ feyiz< (20 [ s [ Paswan

ENH

If one replaces in Theorem 1.8 (resp. Theorem 1.9) f by xx (resp. e I'lx), K € K™ (resp. with
0 € K), one recovers Theorem 1.6 (resp. Theorem 1.7). In order to prove Theorem 1.9, we will need

to prove a suitable version of Berwald’s inequality. This will be done in Section 3.

We return once again to the question of finding functional analogues of classical geometric in-
equalities, but turn our attention to two other inequalities of Rogers and Shephard. In their paper,
Rogers and Shephard linked inequality (2) with their classical inequality for the difference body,
and with the following generalization which applies to any two convex bodies K and L in R™ [RS57]
(here A+ B={a+b:a€ A,be B} is the Minkowski sum of two bodies).

2
(5) vol, (K N (—L))vol, (K + L) < ( :) vol, (K )vol, (L),
where equality holds if and only if K = —L is an n-dimensional simplex (cf. [AlJiVi]). The special
case K = —L is the well known Rogers-Shephard inequality for the difference body.

We next formulate the functional version, which was derived in [AGJV, Theorem 2.1}, for this
inequality, and link it to our inequality of Theorem 1.1. We need to first recall the functional
analogue for Minkowski sum and averaging of bodies. This again is defined using the epi-graphs
of the logarithms of the functions, for which we take usual averages in R™*!. More formally, given

fyg € F(R™), let us define a function of one more variable

f@g:R"x[0,1] = [0,00), f@g(zt):= sup f(x) g(y).
z=(1—-t)z+ty

We shall consider the t-level of this function f ® g(-,t) as the average of f and g with weights (1 —¢)
and t. Note that if f =e ™ and g = e™" then letting

epi(wy) = (1 — t)epi(u) + tepi(v)
we have f ® g(-,t) = exp(—wy).

Recall that the classical Prékopa-Leindler inequality [Pr, Le] implies that for any ¢ € [0, 1]

) [ ez ([ sww) ([ )

This is considered as the functional analogue of the fact that for ¢ € [0, 1] we have vol,((1 —t)K +

tL) > vol, (K)~tvol, (L), which is the multiplicative version of Brunn-Minkowski inequality:
vol,, (K + L)% > vol,, (K)* + vol, (L) 7.
Here equality holds if and only if K and L are homothetic to each other.
If one uses the sum of the functions, rather than an average, one can ask
epi(w) = epi(u) + epi(v),
and then exp(—w) = f * g is called the Asplund product of f and g, and can be written as

fxg:R" = 0,00), fxg(z):= ziggyf(x)g(y)
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In [AGJV] it was shown that

(7 5ol [ Froraz < (2 )Welole [ st [ atran

where as usual the convolution of two functions is f * g(z) := [, f(x)g(z — 2)dz. Note that for
f = xx and g = xr we have that f*g = xx4+7 and || f * g||cc = max, vol, (K N(z—1T)). Moreover,
equality in (7) holds if and only if both functions are constant multiples of characteristic functions
of an n-dimensional simplex A and of —A, respectively.

The union of the averages (1 —t)K +tL over ¢ € [0, 1] produces the convex hull of K and L. This
fact, together with the inequality (2), was used by Rogers and Shephard in [RS58; (16)] to get a
sharp inequality for the convex hull of two bodies with a common point. They showed that for any
K,L € K™ with 0 € K N L, one has

(8) vol, (K N (—L))vol, (conv(K, L)) < 2"vol, (K)vol, (L),

and equality holds if and only if K = —L is an n-dimensional simplex (see [AGJV]). Inequality
(8) was strengthened in [AEFO, Theorem 1.6] and [AGJV, Theorem 2.4] by showing that for any
K,L e K™ with 0 € KN L, if K° denotes the polar body of a convex body K containing the origin,
then

9) voly, (conv(K, L))vol, ((K° — L°)°) < vol, (K)vol, (L),

and equality holds if and only if K and L are simplices, with a common vertex at the origin, and
such that the n facets of K and —L containing the origin are contained in the same hyperplanes
(cf. [AGJV, Theorem 2.4]).

Let us recall yet a third classical inequality of Rogers and Shephard which will come up in our
functional constructions: for K, L € K", we have

n

2
(10) vol, (K N (—=L))vol,41(conv{K x {0}, L x {1}}) < mvoln(K)voln(L),
and equality holds if and only if K = —L is an n-dimensional simplex (cf. [AEFO]).

Our functional analogue for the body conv{K x {0}, L x {1}} is the functional f ® g. The convex
hull of two functions is then the projection of f ® g on the first n-coordinates. In terms of epi-

graphs, letting f = exp(—u) and g = exp(—v) we have that their functional convex hull e~% satisfies

w

epi(w) = conv(epi(u),epi(v)). Equivalently we can write e as
(f*g)(z) == sup  f(x)'g(y)' ™" = sup f®@g(=1),
z=tx+(1—t)y t€[0,1]

which assures fxg € F(R™) and supp(fxg) = conv{supp(f),supp(g)}. In particular, xx*xr =
Xconv({K,L})- Moreover, let us observe that for any f,g,h € F(R"), we have that

(11) f(2),9(2) < h(2)Vz € R™ implies [f*g(z) < h(z)Vz € R".

A functional analogue for inequality (8) and (9) in the case L = K was first given by Colesanti
in [Col] and afterwards in [AGJV, AEFO] in the general case. In fact, inequality (9) and the
characterization of the equality case was obtained as a consequence of this functional inequality.
Namely,

(12) [ Viwstwide [ Vg <2 [ fwis [ g,

R”
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with equality if and only if HJ;(H?C = e lle—wollx and ﬂ(gﬂi) = e le=wolle  where 2y € R™ and K
and L are two simplices with the origin as a common vertex and the n facets containing the origin
lying in the same set of n hyperplanes. In Section 5 we obtain inequalities (7) and (12) as a direct
consequence of Theorems 1.1 and 1.2 respectively and show that the characterization of the equality

cases in (9) also implies the characterization of the equality cases in (12). In addition, we use
a—=b

Theorem 1.1 to obtain a new extension of (9). Let us use the expression r(a,b) := ==, for any
b

a,b > 0 with the convention that r(a,a) = a.

Theorem 1.10. Let f,g € F(R™) be such that f(0) = | fllec and g(0) = ||g|loc. Then

_ z \'* T\
. f*g(Z)dz/Rn Oiggl{f (18> g(—g) }da: <
2n+1 2n max 2 ! n _\n t 1—t
IR f”wgoo)( ) {1 lol}? [ 0= (Rnf(x) ix [ ot dy)dt.

Bquality holds if and only if | flloc = llglloc, £@) = | flocXsc(@), () = llgllocx—r(x), and K and L
are simplices with a common vertex at the origin such that the n facets of each of them containing

(13)

n

the origin are contained in the same n hyperplanes.

Replacing f and g by the characteristic functions of the two convex bodies above, the inequality

(9) is recovered.

The functional counterpart of inequality (10) is given in the next theorem.

Theorem 1.11. Let f,g € F(R™). Then

/ f® g(z,t)dzdt/ Vf(@)g(—z)dz <
(P et o} [ - or ([ stras |

Equality holds if and only if HJ;(Hi)O =xk(x) = 92 with K being an n-dimensional simplez.

(14)
g(y)”dy> dt.

n

If we substitute f and g by the characteristic functions of two convex bodies we recover (10).

The paper is organized as follows: Section 2 is divided in two subsections. In the first one we prove
Theorems 1.1 and 1.2, which are both extensions of (2) and give lower estimates for the integral of
a log-concave function in terms of the integral of projections and sections by orthogonal subspaces.
In the second one we prove Theorems 1.4 and 1.5, which give upper bounds for the integral of a
log-concave function in terms of the integrals of its sections or projections. For convenience of the
reader, we have moved all the proofs for equality cases in the various theorems into one section,
towards the end of the paper, Section 6. In Section 3 we will prove a Berwald’s inequality that is
needed in the proof of Theorem 1.9. In Section 4 we describe the setting of Loomis-Whitney type
results. We divide this section into two subsections. The first one is devoted to prove Theorems 1.6
and 1.8 which are geometric and functional reverse local Loomis-Whitney type results which will be
deduced from the results in Section 2. The second one is devoted to prove Theorems 1.7 and 1.9,
which are direct geometric and functional local Loomis-Whitney results. In Section 5 we recover and
prove some new functional Rogers-Shephard type inequalities. Section 6 is devoted to the study of
the equality cases in the inequalities previously proven. Finally, Section 7 is an appendix in which

we give the proof of the classical Berwald’s inequality, together with the equality cases, that is used



8 D. ALONSO-GUTIERREZ, S. ARTSTEIN-AVIDAN, B. GONZALEZ, C.H. JIMENEZ, AND R. VILLA

in the proof of Theorem 1.7. We include this appendix since we were not able to find a translation

of this result into English in the literature.

2. ESTIMATES FOR THE INTEGRAL OF A LOG-CONCAVE FUNCTION BY ITS MARGINALS

Let us denote the Euclidean norm of # € R™ by |||l = /22 + --- + 22 and the unit Euclidean
ball by By := {z € R" : ||z||2 < 1}. For f € F(R™) and H € L? we define the symmetric function
of f with respect to H, extending the Steiner and Schwarz symmetrals studied in [CoSaYe]. We
recall that for H € £ and a set K with measurable section K N (z + H=), the symmetral of K with
respect to H is the set defined by

Su(K):= | {z+ paBY N H" :vol(pe By N H) = vol(K N (z+ H"))}.
zeH

The fact that when K is convex, so is Sy K, follows from Brunn’s concavity principle. Notice
that if K is a convex body and dim(H) = n — 1 (resp. dim(H) = 1) then Sy (K) is the Steiner

(resp. Schwarz) symmetrization of K with respect to H.

Definition 2.1. Let f = e * € F(R") and H € L. Denote epi(u) = {(z,t) € R" x [0,00) : u(z) >
t} and H := span{H,e,.1} € L’Z’jll. Then Sy (f) € F(R™) is defined via its epi-graph by

epi(—log Su(f)) = Sg(epi(—log f)).

The fact that Sgf is log-concave follows from the fact that Sz (epi(—log f)) is an epi-graph and

that Sy preserves convexity, by Brunn’s concavity principle.

Remark 2.2. Note that by definition, for f = e=* € F(R"), H € L}, we have for any (v,y) € Hx H*
that Sy (f)(z+79) = Su(f)(x+y) for every § with ||g|l2 = ||y||2- Furthermore, notice that for every
x € H we have

(15) Py f(z) = Su f ().
Indeed,
Spf(z) = exp(—inf{t € R : (z,) € Sy(epi(u))})
= exp(—inf{t € R: (x +y,t) € epi(u), for some y € H'})
= exp(— yielgl{u(x +9)}) = Puf(z).

We shall also use the fact that S preserves integrals on the fibers z; + H=+, namely

/ fly)dy = / e Wy = / Vol _; ({y ez +H e W > t}) dt =
(16) 1 +HL 1+ HL 0

/ vol,_; ({y cxi+HY: e W > t}) dt = / S f(y)dy,
0 CE1+HJ‘

where e™V = Sy f, and

an [ sea= [ ] i [ [ surwaae = [ s
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2.1. Lower bounds for the integral of f. This subsection is devoted to prove Theorems 1.1
and 1.2, which are both extensions of (2) and give lower estimates for the integral of a log-concave

function in terms of the integrals of projections and sections by orthogonal subspaces.

The following lemma is an easy consequence of a very similar lemma of Rogers and Shephard
[RS58, Lemma|, which is the main ingredient in the proof of (2). Their case was the equality case
in the Lemma below, namely when y € K and « € L. While a simple proof using (2) can be easily
given, we chose to give a proof which is along the original line of proof for (2) for the case in which

the point (z,y) considered in the statement of the theorem is possibly not contained in L x K.

Lemma 2.3. Let K € K', L € K™, i,m € N. Then for any x € R™ and y € R* we have
i+m\ "
VOl (conv{K x {x},{y} x L}) > ( ) ) vol; (K)vol,, (L).
i

Equality holds if and only if x € L and y € K, or either K or L has empty interior, relative to R’

or R™ respectively.

Proof. Note that if z € L and y € K then we have equality by (2). We use Shephard’s result on the
convexity of the volume of a system of moving shadows [Sh], as follows: Fix some z; in the interior
of L and y; in the interior of K, and define the vector v = (y; — y,x — x1) € R*™™. Consider the
function

f (&) = voljpm (conv{K x {z} — tv,{y} x L +tv}).
By Shephard’s result [Sh] we know that f is convex in ¢t. For ¢ = 1/2 we have that

f(1/2) =vol; 4, | conv K-V Jrtn , nryl, A ap— ,
2 2 2 2
so that in particular, since
1ty r+a; -y T+ Yty T — I
K- L

ity —1
we have that f(1/2) = (*©™)  vol;(K)vol,,(L). Moreover, this equality holds true also for f(t) for
t at an interval around 1/2, since the two bodies continue to intersect. However, a convex function

can be constant only on the set where it attains its minimum, which concludes the proof of the

inequality. The proof for the equality case is given in Subsection 6.1.1 below. |

Lemma 2.4. Let f € F(R), g € F(R™), and let A and B be real numbers such that A > ||f|ls
and B > ||g|loo- Then

. [ f@) 9(y) f(@) 9(y)
/me min {A’ B} dxdy > - de o ?dy.

Equality holds if and only if and only if % = Hj}(lﬁ)o = xk(z) or % = Hgf(lg\!o)o = xr(y) for some
convex body K C R or L C R™.

Proof. The inequality is trivial since, as both @ and % belong to the interval [0, 1], their min-

9)
B

imum is greater than or equal to their product. It is clear that if % or is a characteristic

function, then there is equality. Assume now that there is equality in this inequality and assume

that % is not a characteristic function. Then, since log-concave functions are continuous in the

interior of their supports, there exists yg € R™ and a neighborhood U of y such that 0 < 9w g

B
for every y € U. Consequently, for almost every = € R?, we have that @ =0, 1 and then % is a

characteristic function. O
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The next lemma is an extension of Lemma 2.3 to log-concave functions. We are given two log-
concave functions, one on R and another on R™, which are then considered as orthogonal subspaces
of R“*t™. We build from them the “convex hull” function and estimate its integral from below by
the integrals of f and g.

Lemma 2.5. Let f € F(R?) and g € F(R™), i,m € N. Let us define for any z; € R* and zo € R™
F(21,22) := f(21)xq0}(22) and G(z1,22) := g(22)x40y(21). Then
- mA+i\ "
(18) max{|| flloo llglloc } - FG(z)dz > | S@)dz | g(y)dy.
K3 m R’l,

m

Equality holds if and only if \|fj|c\ = xx and H9H
with 0 € K and 0 € L, and such that || f|lco = ||gllco-

= xr for some convex bodies K € K, L € K™,

Proof. Notice that by definition of the operation * and of F' and G, we have that

1-6
~ <1 22\ <1 22
FxG(z1,22) = su e — ) > sup min al—) ¢ -
(21, 22) 06(01,)1)f(1_9> g(9> 9e(op1) {f(l—e) g(9>}

In particular, setting A := ||F*G||ooc = max{||f|cc, ||9llcc }, We compute
1
— FxG(z)dz
A Ri+m ( )

B 1 . . a0 \ 1

_/0 vol,, ({(Zl,ZQ) : Oigglf (;) g (1 0) >tA > | dt

@ . . 1 %2

> /0 vol,, ({(2’1,22) : Oilgglmln{f (1 0) .9 (9)} > tA}) dt

1
= /0 vol, (conv ({(z,0) € R : f(z) > tA} U{(0,y) € R" : g(y) > tA}))dt

. -1 1
> (l —i—m) /0 vol; ({z € R": f(z) > tA}) vol,, ({y € R™ : g(y) > tA})dt

_ <itm)1/1 [/ X{f(@)zta (x)de /Rm X{g(y)ztA}(y)dy} i
(%) [ L5

© (i+m f(x) 9(y)
> J\I/
_<z> RzAdRmAdy’

where (a) follows from the trivial inclusion between the sets, (b) follows from Lemma 2.3 and (c)
follows from Lemma 2.4.

The proof of the equality case will appear in Subsection 6.1.2. ]
Before using Lemma 2.5 to prove Theorem 1.1, let us show an analogous result to Lemma 2.5,

when considering the function F' ® G(-,t) for a fixed ¢ instead of F'’*G, which is obtained taking the
supremum in .

Lemma 2.6. Let f € F(RY), g € F(R™). Let us define for any z1 € R and 2o € R™, F(z1, 29) :=
f(z1)xq01(22) and G(z1, z2) := g(22)x401(21), then for every t € [0, 1]

ittt [ FeGeiz o= [ e[ g



ROGERS-SHEPHARD AND LOCAL LOOMIS-WHITNEY TYPE INEQUALITIES 11

Proof. Notice that for every ¢ € [0,1] and every z; € RY, 2z, € R™

1-t
F®G(Zl722,t)f< 1 > g(@)t

In particular, [[F® G(-,t)|le = [ fll5 llgll-

Therefore

1t
_ 1 22\’
/RH"LFQ@G(Z,L‘)dz = /Rif<]._t> dzl/mg(t> dzo

= =0 [ g [ g

s [ (@)
> I glbt™ (1 —¢) / f||md””/R

a(y)
Tl

\%

Remark 2.7. Notice that from the latter inequality one can easily deduce that

'm™

max{| g} [ FiGEE> s [ e [ g

which is slightly worse than inequality (18) in Lemma 2.5. Indeed

m&X{HfllomHg\loo}/]R_+ FxG(z)dz = max{|| fllo; [lglloc} | sup F&G(z,t)dz

Ri+m te[0,1]

> s (ISlolis” [ P oG i)

> sup #1-" [ f@)ds [ gy

te[0,1]
)d dy.
Zerﬁm/f fc/mg(y)y

We are now in a position to prove our main Theorem 1.1, which also serves as the main tool for the
proof of the reverse local Loomis-Whitney inequality as well as the proof of other Rogers-Shephard

type inequalities.

Proof of Theorem 1.1. Let us assume, without loss of generality that H = span{ej,...,e;} and
H' = span{e;11,...,e,} (otherwise consider f o U for a suitable U € O(n)). We shall consider
the symmetral Sy f restricted to H and to H' respectively, and use these two as the functions to
which Lemma 2.5 is applied. More precisely, for (z,y) € H x H+ = R* x R*~* define F(x,y) :=
Su f(x)xqoy(y) and G(x,y) := Sy f(y)x{o}(z) (where we have identified = (x,0) and y = (0,y)).
Then clearly max{||Su f|u oo, |SHflHL 0o} = 1SHflloo = |flloc- By Lemma 2.5 we thus know
that

e [ p56euz= (1) [ sus@ie [ suswa
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Since both F' and G are bounded from above by Sy f we have by (11) that F*G < Sy f on all of
R™. Thus, using (17) we see that

I [ fC)a:

il [ Suf()iz
Ifll [ PG

(’;)1 | suf@idc [ Sutiy

Finally, using (16) we can see that [, Sy f(y)dy = [,. f(y)dy and noticing that, by (15), the
restriction to H of Sy f equals Py f, we conclude that

e [ s> () [ pusts [ san

as claimed. The equality case will be proven in Subsection 6.1.3. (Il

Y

Y

-1

The next lemma is the first step for the proof of Theorem 1.2 before symmetrizing f in order to
obtain the projection of f onto H instead of its section.

Lemma 2.8. Let f € F(R™) be such that f(0) = || fllecos A € (0,1), and H € L. Then

_yyiyn—i N Adu.
(19) [ iz = [ e [

Moreover, equality holds if and only if for every z = (x,y) € H x H*, \chf(lfo)o = e lzlx=lvle for
some K C H and L C H* such that 0 € K x L.

Proof. For any z = (21,2) € H x H*, the log-concavity of f implies that

0= (0072503 ) = (00 (7250) +2(0.3))
z 1=A 2o\ A
21(i250) 103)

and thus
/Rnf dzz Rnf<1 ) (O,%)Adzld:@
- Hf = A,o) dzl/ f(o,i;)Adz2
= (1= A"~ / fx)t~ ’\da:/ f(y) dy.
The proof of the equality case is done in Subsection 6.1.4. O

Proof of Theorem 1.2. Let us define f := Sy f. By Lemma 2.8 we have that

_ 3 n—i 1 A )\
. f(z)dz = - f(z)dz > ( A / f dm/ f ) dy

i /H Puf(@) e [ 1) ay.

The proof of the equality case can be found in Subsection 6.1.5. O

as desired.
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Remark 2.9. In Theorem 1.2 with the function f(z) = e~ lI#llx | for some K € K" with 0 € K, we
immediately obtain that

nlvol, (K) = [ f(2)dz > (1—A)iA”—i/HPHf(x)1—Adx/m f(y) dy

Rn

N, =l - n
=(1- )\)Z)\"*l/ e %d:ﬂ/ e ole K= dy
H H
Py K Kn HJ‘>

= (1 = N\ ¥lvol, | —— —) )
(I = X)) A" %ilvol; (1 — )\) (n —4)lvol,_; < 3
= i!(n — i)!vol;(Py K)vol,,_;(K N H*),

hence implying (2).
2.2. Upper bounds for the integral of f. This section is devoted to prove Theorems 1.4 and
1.5, which give upper bounds for the integral of a log-concave function in terms of the integrals of

its sections or projections. We start by showing the proof of Theorem 1.4, which is, like in the case

of (1), a direct application of Fubini’s theorem.

Proof of Theorem 1.4.

[gens= [ [ g

< /H /WHLf(y)l_A max () dydzo

r€xo+HL

max 1=Xdz max Ad
< [ me Nz mas [ )y

H z€xo+HL ro€EH

:/HPHfl’A(xo)d:coinax/ o f|i‘0+HL(y)dy.
o

(IS

The next lemma consists of a reverse inequality to Lemma 2.4.

Lemma 2.10. Let f € F(R™) and g € F(R™). Then

AWM%ﬁﬂﬁﬁﬁmf@73Lﬁﬁ%@?ﬁ@

Equality holds if and only if Hff(\ri = e~ lle=2olx gng % = e lv=volle for zy € R™, yo € R™, and

some conver bodies K CR"™ and L CR™ with0 € K and 0 € L.

Proof. Denoting by

Kyi={z eR": f(x) > t[|flloc} and L;:={yeR™:g(y) >tlgl}

/Rn+m i { Iff(lleo ’ gg(i)o} dudy = /01 / . / _xx (@)xe, (y)dydedt

1
= / VOln(Kt)VOIm(Lt)dt.
0

then

On the other hand, denoting by

Ci = {(z,y) € R" xR™: f(x)g(y) > t|| fllocllglloc}
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and H = span{ey,...,e,} we observe that
PyCy = {(2,0) e R*™™ . max f(2)9(y) = tlllollglloc }
= {(2,0) eR"™™ : f(z) > t]| flloc} = K¢ x {0}
and that for any = € K;

Cen(z+HT) = {(z,y) € R"™™ : f(2)g(y) > t] fllsollglloc}
{

Ty X Ly if)ee -
ey

By Rogers-Shephard inequality (2) then

-1
Vol (Cy) > <” Z m) vol, (PyCy) max vol,, (C; 1 (z + H'))

-1
n-—+m m _
( n ) vol, (K; x {0} )gé%% vol,,({Z} x L, H]{(H;)o)

c;@”mmmwﬂw~

Hence we conclude that

]
< (";m> /0 Vol (Cy)dt
_ (” Zm> /R . mczxdy
() g [t

The characterization of the equality case is shown in Subsection 6.1.6. (]

Now we can prove Theorem 1.5.

Proof of Theorem 1.5. For any z = (z,y) € H x H* we have that

f(z,y) . {PHf(x) PHlf(y)}
e =™ VTl e S

and by Lemma 2.10 we obtain

e i{ﬂ#@)ﬂpﬂw}dd
AnWbo SlQHLm“ T

W\ [ Pal@), [ Paif®),
S@)H|mu ?LLHNQ*”

The equality case is shown in Subsection 6.1.7. O

3. A FUNCTIONAL WEIGHTED BERWALD’S INEQUALITY

This section is devoted to the proof of the following Theorem, which is a version of Berwald’s
inequality and will be essential for the proof of Theorem 1.9.
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Theorem 3.1. Let f € F(R™) and let L = {(x,t) € R"x[0,00) : f(x) > e || flloc}- Let hiy...yhum :

L — [0,00) be continuous, concave, not identically null functions, aq,...,amym > 0 and o = ay +
-+ + auy. Then,
1 / LI _ F(l4+o0) {5 1 . _
_— R (z,t)e tdadt < — /hf‘l(x,t)e tdxdt.
[, e~tdxdt Jp, };[1 [L2, T (1 + o) };[1 [; e~tdzdt Jp

We will prove a series of lemmas ending up in the proof of the theorem. The proof follows the

lines of the version of Berwald’s inequality included in the appendix.

Lemma 3.2. Let h: R" — [0,00) be a concave function, g € F(R™). Then

I, (s) :/Ks(h)g(w)dx

is a log-concave function on [0,00), where Ks(h) = {x € R"™ : h(z) > s}.

Proof. Let 0 € [0,1], sg,51 € [0,00), and sg = (1 — 6)sg + Os;.
The concavity of h gives K, (h) 2 (1 — 0)K,,(h) + 0K, (h). Then

o= [ gz | g(x) da.
K. (h) (1-0) K.y (W) +0K., (h)

Now, using the log-concavity of g, for any zg,x; € R",

6

9(To)X(1-0)K., (h)+0K., (h)(Ta) = (g(xo)XKso(h)(xO))l ' (g(xl)XKsl(h)(xl)>9
where zg = (1 — 0)xg + 0z1. Prékopa-Leindler inequality now gives
1-6 0
/ g(z)dx > (/ g(z) dm) (/ g(z) dm)
(1-0)Ks( (R)+0Ks, (h) Ko () K, (h)
Then I1,(sg) > In(s0) =015 (s1)? as desired. O

Lemma 3.3. Let f € F(R") and let L = {(x,t) € R" x [0,00) : f(z) > €| flloc}. Let h: L —

[0,00) be a continuous, concave, not identically null function. Then,

O, (h) = <F 157 }L g /Lh"*(x,t)etdxdt>

is decreasing in v € (0,00).

2=

Proof. For any s € [0,00), denote by K(h) the convex set
Ks(h) :={(x,t) € L: h(z,t) > s}

and let I : [0,00) — [0, 00) be the function given by

11, (s) ::/K " e ‘dxdt.

Notice that Ij(s) is continuous, non-increasing and, by Lemma 3.2, log-concave. Besides,
I,(0) = / e tdxdt :/ e vol, {x € R™ : f(x) > e flloo }dt
L 0

= 1Vo x " f(x = /() x
= [ wldeer: @) > sl = [ S
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Notice that, from the definition of ®(h),

1

o (h)Y = R (z,t)e tdxdt
2(7) T(1+7) fLetdxdt/L (z,t)e"dzd

1 h(a:7t) y 1 ‘
- “Le~tdsdadt
T (1+7) [, e tdudt /L/O Ve e asaz

el f,
= vs7 e tdxdtds
F(l—F’}/) fLe—tdxdt 0 K.(h)
1 o0

I (s)ys? ds.

L(1+7) [, e“tdzdt /0

Let h: L — [0,00) be the function

h(z,t) == m <t+log H*’;(l“’l”i) ,

with 7 some constant to be determined later. Notice that A is non-negative, since for every (x,t) € L
f(x) > e7!||f||oo- Besides, h is concave on L,

Kq(h) = {(z,t) € L:m(t+log

and
I;(s) = / e tdxdt
K (h)
> el
= / e 'vol,({x € R" : (z,t) € L, f(x) > e "ew || f|loo })dt
0
1
= / vol,({x € R™ : (x, —logt) € L, f(x) > tew || f|loo })dt
0
L[ t
% / Vol ({z € R" : (3, — —logt) € L, f(x) 2 t]f e}l
0
-2 f(@) — =
= ¢ m dx = e = I,(0).
/]R” 1/ lloo
Consequently, for any v € (0, 00)
- ]. o0 s
d.,(h)Y = 7/ e~ mrsY " tds
T Ty
m -5, 71
= — e °vsT N ds
L(1+7) /0
= m.

Let now 0 < 71 < 2 and take m := ®.,, (h). We have that ®., (h) = ®,, (h) and therefore

(20) /OOO(Ih(S) — I; (s))718" tds = 0.

Since —log I (s) is convex, non-decreasing, lims_,o, —log Iy (s) = oo, —log I;(s) = = — log I;,(0) is
an affine function, and —log I, (0) = —log I3(0), then I;(s) and I (s) switch at most in one point.
Thus, there exists s € [0,00) such that Ij,(s) > I;(s) if 0 < s < sg and I(s) < I;(s) if s > so.
Consequently, from (20) we have that

/SO (In(s) = In(s))ns™ ~tds = /OO(IB(S) — In(s))m1s™ ds.
0

S0
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Now, we have that for any v > 1 that

B = 0 (0" = e i, ) = D)™

1 S0 - 00 ) -
T T+ [; e~tdadt (/0 (’Ih(s) — Ip(s))y2s™ " ds — /SO (Ir(s) = In(s))y2s dS)

Y2 S0 B 3
T WL (1+7) [, e tdadt (/0 (In(s) = In(s))ms™ ~1s™ 1ds
L

- /:(Ih(S) - Ih(S))%S”l_lsW_“dS>

Y2—MN S0 0
7250 -1 -1
< In(s) — I; N4 ds — In(s)— 1 NN
< e ([0 e [T~ B as)
= 0.
Therefore, ®.,(h) < ®.,(h) = @, (h) = @, (h) and we obtain the result. O

The following lemma is well known (see [R]).

Lemma 3.4. Let ay,...a, >0, by,...by, > 0. Then

ai1by + asby + - - - ay by,

1
perpz .. pdm o+ Fam <
(12 m) ai+as + -+ am

with equality for m > 1 if and only if by = --- = b,.

As a consequence, let a1, ...y >0, B1,...8n >0 and c = a1 +as + -+ + aun. Then

O41510 + 052620 + - O‘mﬁ%
ag

(21) Bit By - By <
with equality for m > 1 if and only if B1 = -+ = B
Proof. Replacing a; by a - a; and b; by b-b; with appropriate a and b (the inequality above does not
change), we may assume that Y .~ a; = > .-, a;b; = 1. Then the inequality becomes
bflllb;2 . b%n < 1

and taking logarithm, 2111 a;logb; < 0. This can be obtained, under the normalization above,
using the inequality logt <t — 1, with equality if and only if ¢t = 1.

The second inequality can be obtained from the first one taking a; = «; and b; = 37. O
Lemma 3.5. Let f € f(R") and let L be the convex set L = {(z,t) € R™ x [0,00) : f(z) >

e Nfllo}- Let hi,... hym + L — [0,00) be continuous, concave, not identically null functions,
Q1yeeny Oy >0 andafa1+~~~+am. Then,

&4

1 " o
B RS (z,t)e” tdadt < he (z,t)e” 'dxdt )
Iz etdacdt/Lilj[1 i (@, t)ede H (fLe tdxdt/ (z,t)e ™ dx )

Proof. Replacing each h; by A;h;, for some \; > 0, we can assume without loss of generality, that

1
Jm/Lh;’(m,t)e_tdmdt =1.
L

for every 1 <i<m

Thus, we have to prove that

1 m
S hei(z, t)e tdedt < 1.
fLetdxdt/Lil_-[ i (@ t)ededt <
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For any fixed (z,t) € C, apply (21) with 5; = h;(x,t) to obtain

hl(xvt)al : h2(x7t)a2 e hm(x7t)am < Z

Multiplying by fee%f'td:cdt and integrating over L we obtain the result. O
L

Proof of Theorem 3.1. Using Lemma 3.3 with v; = «;, 72 = o, and h = h; we have that for every
1<i<m

al®

1 1
ho(z, t)e tdadt < hei(z, t)e tdxdt.
(F(1+J) fLetdxdt/L e de ) TT( 4+, G*tdxdt/L @ Beds

Multiplying in ¢ = 1, ..., m we obtain

1 " 1 1
ho(x, t)e tdadt < h&i(z, t)e tdadt.
I'(l+o) 11;[1 (fL e*td:cdt/L (@, t)eda ) - H L(1+a) [, e*tdxdt/L i@t dr

=1

al®

Using Lemma 3.5 we obtain the result. O

4. RESTRICTED LOOMIS-WHITNEY TYPE INEQUALITIES

In this section we prove Theorems 1.6 and 1.7. Their proofs are found in their own subsections.
Following the idea developed in the previous sections, we also prove their functional counterparts,
which are Theorems 1.8 and 1.9. Before this, let us first recall what are the classical direct and
reverse Loomis-Whitney inequalities, their previously known local versions, and connect them with

our inequalities.

The classical Loomis-Whitney inequality [LW] states that for any K € K™ and Hy € L'_,,
k=1,...,n, with H,i- C H, for | # k, then

n
(22) vol, (K)" ! < T voln-1(Pu, K).
k=1
Equality holds above if and only if K is a box with facets parallel to each Hy. A reverse inequality,
in which projections are replaced by sections, was proved by Meyer [Me]. Namely, under the same
assumptions on the hyperplanes Hy,

n! _
(23) — [ voln—1(K N Hy) < vol,, (K)" .
k=1
Moreover, equality holds if and only if K is a crosspolytope whose generating vectors are orthogonal
to each of the subspaces Hy. See also [CGG, KSZ]| for a reverse Loomis-Whitney inequality via
projections. If, rather than considering n subspaces, we restrict to 2 of them, then we arrive onto

local Loomis-Whitney type inequalities. An exhaustive study of those inequalities is done in [BGL].

Our reverse local Loomis-Whitney inequality in Theorem 1.6, as well as the next Lemma 4.1,
are results of the type [BGL, Theorem 1.3], which was already a generalization of Bollobds and

Thomason [BT]. Here, we solve completely the case (in the notation of [BGL]) of s =1 and r = 2.
(=" (n—i)" "
co(2n—i—j))2n—i—J

Indeed, our result improves a factor of the form (

2.7) by the factor (Q”nf_i;j )71 which is sharp.

(a constant like the one in Remark
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Our local Loomis-Whitney inequality Theorem 1.7 is a result of the type [BGL, Theorem 1.2].
We quote only those results pertaining to two subspaces overlapping. For any K € K™ and Hy, Hy €
L" | with Hi- C Hy Giannopoulos, Hartzoulaki, and Paouris [GiHaPa, Lemma 4.1] showed that

2(n

—1
VOlp—2o\L'H i NH Volyp S ———Volp_1\I'g VOlp—1(£H.
24 Ln—o (P, i, K )vol, (K )1P1K1P2K
n

whereas for any £ € L, H € LT, i+ j > n, E+ C H, the authors in [BGL, Theorem 1.2] extended

3

this onto
volit j—n(Prnm K)vol,(K) < ~(n,2n —i — j,1,2) " 'vol;(Pr K)vol; (Py K),

o 2
where y(n,2n —i—j,1,2) = (2nfi7j)/<(;iﬂ/3) (cf. also [SZ, Theorem 5.4]). Theorem 1.7 improves
the previous inequalities by obtaining sharp estimates for any choice of ¢ and j. In particular, if
i = j we obtain the same result, and since the binomial coefficients are concave, when i # j our

estimate gives a better (and best possible) constant.

4.1. Reverse (local) Loomis-Whitney inequalities. To prove Theorem 1.6, we shall first prove

the following lemma and then use the symmetrization procedure described in Section 2.

Lemma 4.1. Let K € K", E € L}, and H € L] be such that i,5 € {2,...,n—1}, i+j>n+1,
and E+ C H. Letk:=14+j—mn, sothat 1 <k <n—2. Then

(25) vol;(K N E)vol;(KNH) < (Z_f) grﬁré%%(volk(lf N(z+ ENH)))vol,(K).

Equality holds if and only if there exist Ky C E+, Ko ¢ H+, K3 C EN H, such that Ppnmr K
is a translate of conv({K1, K2}), and for every x € (EN H)L the conver set KN (x+ ENH) is a
translate of K.

Proof. Letting F = EN H, we have that dim(F) =j+i—-n=Fk and R" = F® E+ © H. Let us
consider

f:Ft = 0,00], f(z):=volx(KnN(z+F)).
Brunn’s concavity theorem implies that f is %—concave, and hence, in particular, log-concave. We

can thus apply Theorem 1.1 to the two orthogonal subspaces spanning F-, which are E+ and H'.
We get that

-1
e [ s> (028 [ pses [ swan
Note that
Ifllco = max voly(K N (z+ F)), Py f(z) = max volp (KN (z+y+ F)),
zeEFL yeE+

/EL fly)dy = vol;(KNH), and /1m f(2)dz = vol,, (K).

Therefore, our inequality reads

-1
max voly, (K N (2 + F))vol, (K) > (" a k) max volg (K N (z 4y + F))davol; (K N H).

z€ER" n—1 HL yeEEL

Finally, we use the inequality, for 0 € E+,

max voly(K N (z+y+ F))dx > / volg (K N (z+ F)) = vol;(K N E),
HL yeE+ HL



20 D. ALONSO-GUTIERREZ, S. ARTSTEIN-AVIDAN, B. GONZALEZ, C.H. JIMENEZ, AND R. VILLA

which plugging back into the inequality gives our claim:

—1
max vol(K 1 (= + F))vol, (K) > (” - k) vol;(K N E)vol;(K N H).
z€R™ n—1

The equality case is treated in Subsection 6.2. O

Once we have an inequality with respect to sections, we can apply it to a symmetrization of a

given function, and get an inequality involving projections.

Proof of Theorem 1.6. Given a body K, denote K = SrK, so that vol,,(K) = voln(f?). Denote as
before F = ENH and dimF =k =i+ j — n. Apply Lemma 4.1 to K to get that

z€ER™ n—1

~ n—k\"" ~ ~
max vol, (K N (z + F))vol, (K) > ( ) vol; (K N E)vol;j(K N H).

Clearly, KNE = PgK by the definition of the symmetrization of a body. On the other hand, as
E' C H and the volumes along fibers 2 + E* are preserved by symmetrization, so is the volume
along H, and we have that

vol; (K N H) = vol,; (K N H).
Finally, as F' C E we see that

1. (K N F)) = 1, (PzK N F
g vl n @+ )= g vo(FeK O (4 )

and F+ N E = H. Thus, our main inequality can be written as

A
max voli (PpK N (z + F))vol, (K) > (” ) vol; (Pp K )vol; (K N H),
reR™ n-—1

which is the statement of Theorem 1.6, after we note that PsK N (z + F) = Pg(K N H).

The equality case is treated in Subsection 6.2. (]

Remark 4.2. Let us observe that the Hanner polytope

n

Ky.j;:= conv  (Fep)+ Z [—ek, ex)
k=1,....2n—i—j <
k=2n—i—j+1
together with E := span{e1,...,€en—j,€2n—i—jt1,..., €} and H :=span{e,_;11,...,e,}, whenever

i+ 7 > n—+ 1, attains equality in Theorem 1.6 and Lemma 4.1.

The next result is a functional version of Lemma 4.1.

Lemma 4.3. Let f € F(R") and let H € L} and E € L} be such that i,j € {2,...,n — 1},
i+j>n+1,and EX CH. Letk:=i+j—n, and hence 1 <k <n —2. Then

n—k
[ s [ sy < (n)gﬁ) [ s [ s

Proof. Let us define the function

F:(ENH)" —[0,00), F(x):= /+EﬂHf(y)dy.
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By Prékopa-Leindler inequality, F' is a log-concave function. Theorem 1.1 implies that

(""?) ma [ g [ = (“"f)nﬂm [ Feu
n—1/) ze(ENH)L Jyy Bl R™ n—1 (ENH)+L

> [ Py.Fla)de | Fly)dy
H-L EL

= /H max F(z + zo)dx /EL F(y)dy

1L xo€EL

> [ Fayds [ Fdy

H E

= [ f@s [ s
O

Proof of Theorem 1.8. Let us define the symmetral of f with respect to E by f := Sgf. Using (15),
(16), and (17) we have that

fo)=Pef) veeb [ foy= [ fwn. and [ feiz= [ s
H H Rn R®
Moreover, since f(z) > f(z +y) = f(z —y) for every (z,y) € E x E*, then

max f(w)dw = max ~wdw=max/ Pz f(w)dw.
zo€(ENH)+ /gc+EﬁH f(w) zo€H+ /x+EmH f(w) z€HL Jyi ENH zf(w)

All this together with Lemma 4.3 imply that

[ pesis [ sway= [ fas [ foar< (070) e [ G [ e

n—=k
~ (0T e [ Pttt [ pgee

O

4.2. Direct (local) Loomis-Whitney inequalities. We start proving Theorem 1.7. We follow
the ideas of Giannopoulos et. al. in [GiHaPa, Lemma 4.1], making use of a classic result by Berwald
[Ber, Satz 8]. For the sake of completeness and since we were not able to find an English translation
of this result, we will write a complete proof of it, together with its equality cases (cf. Appendix 7,
Theorem 7.1).

Proof of Theorem 1.7. On the one hand, observe that for every z € Ppng K
vol, (K N (z+ (ENH)Y))

(26) <vol,_j(Ppygi (KN (z+ (ENH)Y)))voly—i(Porp (KN (z+ (ENH)Y)))
=vol,—;((PgK) N (z+ HY))vol,_i((PyK) N (z + E1)).
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Hence

vol, (K) :/P Kvoln,k(Kn (z+ (ENH)Y))dzx

< / vol,_;((PeK) N (z + H*))vol,_i((PyK) N (x + E*))dx
Penu K

1

n—j n—i
- / (voln,j((PEK) N(z+ HL))%—j) (voln,i((PHK) N(z + EY)) f) dz.
Pena K
Let us define fi, fo : PengK — [0,00) by
fi(@) == vol,_;(PeK)N (x+ HY)™7 and  fo(x) := vol, ;((PuK) N (z + EL)) 7=,

respectively. By Brunn-Minkowski theorem, f; and fs are concave functions. Berwald’s Theorem
(which is stated and proven in our appendix as Theorem 7.1) applied to fi, fo with a; =n — j and
ag =n — i (recalling that we set k =i+ j — n) implies that

v

VOL?C (PEQHK)

(27) < (k)n(k) 1 /P Kfl(x)n_jdl“/ o) dx

(k) VOlk(PEmHK)2 PeaunK

/ f1 (x)"*jfg(x)"*idx
Ppnu K

B (k()”()k) volk(P; HK)2V01i(PEK)V01j(PHK),
k n

The above inequality together with (27) implies

() ()

vol, (K) < -2 vol; (Pg K)vol; (P K),
which shows (4). The equality case is treated in Section 6.3. O
Remark 4.4. Let us observe that the Hanner polytope
Kni j = + £ 5 —Ck,
e om (et g, e 30 (e
together with E := span{e1,...,en—j,€2n—i—jt1,...,€,} and H :=span{e,—_;11,...,e,}, whenever

i+ j > n+ 1, attains equality in Theorem 1.7.

Actually, we can prove the following more general result. It goes in the direction of [BGL]

involving more than 2 subspaces into the game, but with some extra conditions.

Theorem 4.5. Let K € K", E; € L;‘j, j=1,...,m, such that R" = FE1 & ---® E,,. Then

I, ()

vol;, (Pg, K)™ 2vol, (K) < &) 11 voli, (Pepan(i e, 5)-
i1 j=2

Remark 4.6. Theorem 1.7 follows from the previous theorem choosing m := 3, E; := ENH,
E2 = EJ', and E3 = HJ'.

In order to conclude this section, we prove the functional version of the local Loomis-Whitney

inequality.
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Proof of Theorem 1.9. Let C be the set
C={(z,t) €R" x [0,00) : f(x) = ™| flloc}-

Since f is log-concave, then C' is convex. Besides

/ e tdxdt = /00 e 'vol,({x € R™: f(z) > e || flloo})dt
c 0,

/0 vol,({z € R™: f(x) > s||f|loo})ds

_ f(z)

- [

For any linear subspace F' € L} let us call F = span{F,e, 1} and notice that ENH = EN H.
Notice also that

/ e tdxdt = / e 'vo({z € F : (x,t) € PRC})dt
PpC 0

= / e voli({zx € F: sup f(z+1vy) > e | f]loo})dt
0 yeEF+

= /0 voli({z € F : Prf(z) > s||f|loc})ds

_ PFf(x)dm

Follflle

Now, notice that

/ e tdrdt = / e~ tvol, 1(C'N (x,t)+ (ENH))dt
c PgagC

ENH

IN

/ e tvoly_i(Pos (C 1 ((2,1) + (EAH)))vol_;(Prrs (C 1 (2, 8) + (FAE)Y)))dt
PgrC
- e Mol (PC N ((,t) + B ))voly_; (PC N ((z,t) + H))dt

PgC

n—j

e (VOln—i(PﬁC N ((x,1) +EL))ﬁ)n_i (voln—j(PEO N ((z,1) +FL))”%J') dt

PEmH

C

By Brunn-Minkowski inequality, the functions fi(z,t) := vol,—;(PzC N ((z,t) + EL))H% and
fa(z,t) = vol,—;j(PgC N ((z,t) + FJ_))%J are concave, and then by Theorem 3.1 applied to

L = PgrgC = {(2,t) : Ppauf(z) > e fll~} we have that the last integral is bounded above by

n—k 1 / ¢ — 1
) P e~tvoly_i(P7C O (2, t) + E))dadt
(n — Z) fPEmHC e~ tdxdt Pp=rC H

x / e"tvol,_;(PEC N () + H))dwdt
P C

ENH

—k 1
_ (” ‘)_t / e~tdudt / etdudt.
n—i fPEmHCe drdt Jp_c P.C
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5. ROGERS-SHEPHARD TYPE INEQUALITIES

In this section we derive various functional Rogers-Shephard type inequalities. We obtain most
of them via Theorem 1.1 or Theorem 1.2, following some of the ideas used by Rogers and Shephard
in [RS58].

Lemma 5.1. Let f,g € F(R™). Then for the function

t N 1—-t
AR 0] 0,00) Flaat)i= /() g (223)

which fort = 0 is defined as g(z2 — 21)and fort = 1 is defined as f(z1), we have that F € F(R*"+1),
i.e., F' is a log-concave function.

Proof. The logarithm of F is

The function tlog f (271) is a concave function, since log f is a concave function and then for any
0 <A <1and any (z1, 20,1), (Z1, Z2, 1) € R*"T! we have
(1-— )\)2’1 + A\z1
(1A)t+At>
(1-Nt = Y] z1> S
(I=XNt+Xxtt (1=Nt+Xt /)~

(1= N)t+ Af) log f (
(1= N\t + A7) log f (
(1= Ntlog f (%) + Mlog f (‘?) .

22”21
1-t

In the same way, the function (1 —t)logg ( ) is concave and thus F' is log-concave. ]

Proof of Theorem 1.10. Define

1-t t
B t) RORY X 0 000) W)= f (1) o (%)

Like in the previous lemma WV is an integrable log-concave function. Note that

1
/ U(z1, 22, t)dtdzodz = / (t"(l — )" f(x)lftdx/ g(y)tdy> dt.
R2n+1 0 Rn n

Letting H := ey, 1 € L3n7", F(21,22) = f(21)X {0} (22) and G(21, 22) = g(22)x {0} (21), then

PrU(z1,29) = sup W(zy,29,t) = F*G(z1, 22).
0<t<1

Therefore, by Theorem 1.1 for the subspace of dimension 2n of R?"*! we know that
2n+1
2n

1
(28) /PH\I'(zl,ZQ)dzgdzl/ \Il(0,0,t)dtS( >||\1/||OO/ U(z1, 29, D) dtdzadz.
H 0 R2n+1

Since ||¥]|so = max{||f]loc, [|9]lco} and assuming that this maximum is || f||c, then

. [flloc — llgllos / . /1 1ot ont
FxG(z1, 29)dz1dz = F*xG(z1, 29)dz1dz F(0)"g(0)"dt
Pt adn = = [ PGl sadada [ 10190

< (2n+1>||f||oo/01 (t"(l —t)" . f(:v)l_td:c/ng(y)tdy) dt.
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We now consider in H = R?" the subspaces E = {(z,—z) € H : x € R"} and E+ = {(y,y) € H :
y € R"}. Again by Theorem 1.1 we have that

2
(29) / Po(FsQ)(@)de | FiG(y)dy < ( ”) Nate / F3G(2)dz,
E EL n H
to which we shall apply the upper bound which we obtained above.
Given some point (z,z) in F, let us compute (PgF'*G). To this end, we first notice that

Indeed, this is best understood using the language of epi-graphs of the logarithms, and the fact that

projections and convex hulls commute. Therefore, we first compute PgF and PgG:

(PeF)(z,—z) = sup f(@+y)xqoy(—z +y) = f(2z)
(PpG)(z,—z) = sup g(—z +y)xqo (@ +y) = g(—2z).
Thus
(Pp(F*Q))(z,—z) = ((PpF)*(PpG))(z, —x)
= sup sup 1 (2x) gt (—220)
0<t<1lz=(1—t)x1+tzs
— fig(20)

where g_(z) := g(—=z). Integrating over F and taking into account that E is a diagonal subspace,
we see that

/ Pp(F3G) (2)dz = 22 | Pp(F3G)(x, —2)dx = 2-/2 / Frg_(2)dz.
E

n

R’V‘L
Recall that
1—t .
- x x
FxG(z,z) = sup ¥(x,z,t) = sup f () g <7)
0<t<1 o<t<1” \1—t t
where for ¢ = 0 in the supremum we mean just f(x), and for ¢ = 1 just g(x), and as before we get

an extra factor when integrating with respect to x because the subspace is in fact diagonal:

1—t :
/ FxG(z)dx = 2"/2/ FxG(z,z)dx = 2”/2/ sup f < ‘ ) g (f) dzx.
EL n R 0<t<1 1—1t t

Since ||F*G|lco = max{||flloo; [|9lloc} = ||flloo, hence (29) reads as

| 530 / e {f (ﬁ_t)g (f)t}dz < (fj)unm /H F3G

and inserting (28) onto (29) we thus obtain that

~ z 1—t T t
[ [ s dr (7)) 0(5) fas

20 log [/ e — log [lg]ac L .
<(2”“)<n) 1l =Tl 912 (t o [ st ng(y)t@dt'

Changing g by g_ we obtain the statement of the theorem. The equality case is studied in
Subsection 6.4. 0
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Proof of Theorem 1.11. Let us define the function

1-1t
which for ¢ = 0 is defined as g(z2 — z1) and for ¢ = 1 is defined as f(z1). By Lemma 5.1, F fulfills
F e F(R*™1). Then ||F]lo = max{||f]loc, [glloc} and

/}R Pz = / o [ faya / oly)'tdyat.

Moreover, let H := span{e,4+1,...,€n+1} € ﬁfffil, and observe that

. _ 1—t
F:R" xR" x [0,1] = [0,00), F(21,22,t) :=f (%) g (Z2 Zl) )

zZ9 — 21
1-1¢

Lnt 1—t
PyF(22,t) = sup f (71) g < ) = [ ®g(z2,1)
z1
and, taking xo = (0,0,1/2) € H, then
1 1 1
/ F(z,0,1/2)dz = | f(221)29(=221)2dz = o | V/F(@)g(~a)da.
wo+H+ R® R

Using Theorem 1.1 we obtain the desired inequality.

The case of equality is studied in Subsection 6.5. ]

Next corollary shows that Theorem 2.1 in [AGJV] is a direct consequence of Theorem 1.1.

Corollary 5.2. Let f,g € F(R™). Then

(30) I+l [ 7 watonis < (% )IIfoogoo/ st [ gy

Equality holds if and only if \Iflio = xk(z) =

) and K is a full-dimensional simplex.

Proof. Tt is clear that the function
F:R"xR" = [0,00), F(21,22) := f(22)g(21 — 22),

is a log-concave function. On the one hand

[ r@as= [ g ([ o= sin) = [ s [ gt

On the other hand, letting H := span{ey,...,e,} € L2", then

PpF(z,0) = sup F(z1,22) = sup f(z2)g(z1 — 22) = fxg(21)
zo€HL zo€HL
and

max/ F(zp,2)dz = max/ f(2)g(z0 — 2)dz = || f * gl|oo-
HL

zo€H zo€H
Finally, [|F|lco = || flloollg]lco- Theorem 1.1 applied onto a suitable translation of F' so that the latter

maximum is attained a t 0, and H implies that

fllole [ f@yto [ gty =Pl [ P

1
2n

> Py F(x)d Fly)d

_<n> /H 1 F () wggﬁ/mm (y)dy

on\ !
= (") [ rat@adhs el

proving the assertion.
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Assume that there is equality in (30). Then ﬁ = xc, for some C € K?". Consequently,
~

F(z1,22) = f(22)9(21 = 22) = | fllollgllec  for every (z1,22) € C

and 0 elsewhere. Hence, ”fj‘cl = Xk, Hgﬂ = xr, for some K,L € K™. Then equality in (30)

becomes

max vol(K N (o — L)) vol(K + L) = (2:> vol(K) vol(L),

Zo

which by the equality case of (5) holds if and only if K = —L is an n-dimensional simplex. O

In [AGJV], the equality cases in (9) were obtained as a consequence of the characterization of
the equality cases in the Theorem 2.4 there (stated as the following corollary). Here we show that
Theorem 2.4 in [AGJV] is a consequence of Theorem 1.2 and that the characterization of the equality
cases can be deduced from the ones in the geometric case (9).

Corollary 5.3. Let f,g € F(R™) such that f(0) = g(0) = || fllcoc = llglloc = 1. Then

(31) vV f(@)g(—z)dx /]Rn Vxg(2x)dr < 2" f(a:)da:/" g(z)dz.

R’IL R’Vl
Equality holds if and only if there exist simplices L1, Lo € K™, having a common vertex at the origin,
and their n facets containing 0 are contained in the same n hyperplanes, such that f(x) = e~ llzlley

and g(z) = e~ llell-zs

Proof. Let F(x,y) := f(x)g(y — z), z,y € R", and let H := span{e,1,...,e2,} € L2". Theorem
1.2 implies that

1
/ F(z,y)dzdy > —/ PyF(0,y)2dz | F(z,0)2dy.
]RZn 22n R Rn

On the one hand

/ Fla,y)dedy = | f(x)da / 9(y)dy.
R?n n

R
Second,
PyF(0,y)% = \/sgp F(@)gly —2) =[x 9(y),
and third,
F(x,0) =/ f(z)g(~x).
Since

g [ Vo= [ Frata,

we conclude that
[ t@de [ gtinz 5 [ Vo [ Ve
Equality in (31) implies that there is equality in Theorem 1.2 for F'; H, and A = 1/2. In particular,
there exist K1, Ko € K™, K1 ¢ H', K5 C H, such that
f@)g(—z) =e 1l and  frg(y) = e Wi,
If f=e"" and g = e, for some u,v convex functions, the first condition above rewrites as

u(z) +v(—z) = ||z||k, for every z € R".
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Then for any z € R™, ¢ > 0, and A € [0, 1] we have that

u

(L=X)+ )|zl = (1 = Nz + Atz)| K,

(1 =Nz + A(tz)) +v((1 = N)(—2x) + M(—tx))
1= MNu(z) + Au(te) + (1 — Nv(—=x) + dv(—tx)
1= XN (u(z) + v(=2)) + Mu(tz) + v(~tz))
1-2)

Mllgy + At &,
(1 =2) + M)z e,

IN

(
= (
= (
= (

which then implies equality in all inequalities above, thus
u(tr) =tu(z) and o(tx) =tv(zx) forevery xz € R", ¢t>0.

Denoting by L1 := {z € R" : u(x) < 1} and Ly := {& € R : v(x) < 1}, it is straightforward to
show that the equations above imply that u(z) = ||z|/1, and v(x) = ||| L,. Therefore

Lo _ Lo o
n!vol, (conv({ Ly, Lo })n!vol, ((122) )

= [ Viady [ Vi@t
= 2"nlvol, (L1)nlvol, (Ls),

thus implying by the equality case of (9) that L; and Lo are simplices with a common vertex at the

origin and such that the n-facets of L1 and — Lo touching 0 are contained in the same hyperplanes. [

6. EQUALITY CASES
6.1. Equality cases of Section 2.
6.1.1. Equality cases in Lemma 2.3. For the equality case, if one of the bodies has empty interior

then clearly both sides are 0. Assume both are full-dimensional bodies, and there is equality for
some (z,y) ¢ Lx K. lf x € L and y ¢ K, by (2) then

Vol (conv{K x {z},{y} x L}) = volj1m(conv{conv(y, K) x {z},{y} x L})

<i Jrzm) _1V°1@‘(COHV(y7 K))vol,, (L)

(i + m) VoK) voln (1)

7

%

contradicting the equality (as y ¢ K) and similarly if x € K and y ¢ L. Finally, if « ¢ L and y ¢ K
we notice that by convexity there will be equality also for (zx,yx) := (1 — A)(zo,y0) + A(z,y) for
any (xo,%0) € L x K and X € (0,1). We can thus choose, x( in the relative interior of L and yo on
the boundary of K so that for some A we have x) € L and y) ¢ K, getting again a contradiction.
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6.1.2. Equality case of Lemma 2.5. Here it is the equality case in the lemma about the volume of

the convex hull of two functions in orthogonal subspaces, namely Lemma 2.5.

Let us now assume that we have equality in (18). On the one hand, if we have equality in (c)

then f() () f() )
. x gly €T gly
min _ ,— dady = / Ty |y,
/ / " {IIF*GIIOO ||F*G|oo} we P3Gl Jam P3G

which by Lemma 2.4 implies that one of the functions in the minimum is a characteristic function.

We can assume, without loss of generality, that W is a characteristic function y for some
L € K™ and max{||f|lcos |gllcc} = lg|lcc- We will now show that f is a multiple of a characteristic
too.

Equality on (b) implies, by Lemma 2.3, that 0 € {z € R* : f(z) > t|lg|lo} X L, for every

te|o, Hg”z], hence implying that f(0) = || f1|co-

Besides, equality in (a) implies that ||f|lcc = ||¢]lco. Indeed, assume that ||f|lcc < ||g]lco- Then
for every t € (”f”°° , 1) we have that

lgllo
conv({(z,0) € R" x {0} : f(z) = tllglloc}) U ({0} x L)

is an empty set and has volume 0. On the contrary,

21

1-6
{<Z1,22>: sup f<9)99(12_29> >t||F;G||m}={<z1,22>:F%G(zl,zgwnmenm}

0<0<1

has positive volume, which contradicts the equality in (a).

Let us now prove that m is a characteristic function. Assume that there exists zg € int(suppf)

such that 0 < W = a < 1. Then since f is continuous in int(suppf) for every £ € (0,eq) with

g0 < min{l—a, a} there exists a Euclidean ball U, centered at x( such that a—e < ”];(‘T) <a+e<l1

for all x € U.. Consequently,

o U.N{z R : f(z) > (a+¢)|flloc} =0 and
o U. C{z R : f(2) > (a— )| flloc}-

Since limg_,o(a — €)? = 1, there exists () € (0,1) such that a + & < (a —¢)? < 1 for every
6 € (0,6y(¢)). Consequently, for every z € U, and 6 € (0,60y(¢)) then

<H=’;(ﬁ”jo>0 >(@a—¢) >ate

0
f(%l) 19( 2 )
21,%2): Su >a+e
(122) o<921<||f||oo w1

conv(((Us U{z € R": f(z) > (a+¢)llfllc}) x {0}) U ({0} x L)).
Now, since U. N {z € R* : f(z) > (a+¢)||f|l<} = 0 there exists an affine hyperplane H C R’

and then

contains

separating both sets. Besides, since {0}’ € {z € R*: f(z) > (a + €)||f||} then the volume of

conv(((U. U {z € R ; ”ff(x) > a+e}) x {0}) U ({0} x L))

is strictly larger than the volume of

conv(({z € R": f(z) = (a + )| fllec} x {0}) U ({0} x L)).
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Therefore, the volume of

0

f(%l) 19( 2 )
21,%2): Su >a+e
(122) o<921<||f||oo AN

is strictly larger than the volume of

conv(({z € B : f(2) > (a+&)[| flloc} x {0}™) U ({0} x L))

for every € € (0,eq), which contradicts the equality in (a). Thus W takes values only 0 or 1, and

hence it is the characteristic function of a convex set.

6.1.3. Equality case of Theorem 1.1. Equality holds in (3) if and only if there is equality for every

inequality in the proof. Since we have that

e [ #5610z = (1) [ pasteris [ sy

equality in Lemma 2.5 implies that || Py flgllco = | fl2]lco = ||f]loo, and there exist L; € K and
Ly € K™% such that 0 € L, 0 € Lo, and
Puf _ Suflu —x.. and Suflas .
[fllo [ fllo ' 1/l ’
Furthermore, notice that Lo has to be a Euclidean ball. Since we also have that
f(z)dz = Suf(z)dz = / FxG(z)dz,
]R’n

n

R
we then have that
Suf=F*G=|fllxxc:
with
C = conv({Li x {0}, {0} x La}).
Consequently there exists K € K™ such that Hfﬂm = xk, where Sy (K) = C. Hence equality in (3)

reads as .
vol(K) = (") vol(Py K) max vol(K N HY).
7 roEH

By the characterization of equality in (2) we obtain that for every v € H the intersection K N(H* +
R*v) is the convex hull of K N H+ and one point.

u

6.1.4. Equality case of Lemma 2.8. Let u : R™ — [0, 0o] be a convex function such that W =e "
We can assume, without loss of generality, that || f||.c = 1 and then ©(0) =0 = minu(z). f attains
equality in (19) if and only if

u((l)\) <1,2_le> +x(0, Z;)) — (1= Mu <1Z_1Ao> 2 (0,%2)

for every (z1, 22) € R™. Fixing 2o = 0, this means that for every z; € H

u((l—)\)lz_l)\ﬂ) = (1—/\)u<1z_lxo).

Since this is true for every z; € H and u(0) = 0, then for every ¢ > 0 and every z; € H

u(tz1,0) = tu(z,0).

Letting K := {z1 € H : u(z1,0) < 1}, notice that 0 € K and we conclude that u(z1,0) = ||z1]|x
for every z; € H. By analogous arguments, we have for L = {2 € H* : u(0,29) < 1} that
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u(0, z2) = ||22]|1 for every 2o € HL. Finally, we also obtain that for every z = (21,22) € R", since
2= (1= 0 (£25.0) +1(0,%)

f(z) __—u(z1,22) __ 21 _
L vt — o (—-nu (125.0) -2 (0.2))
z

S W TR

= exp(=|[z1ll & = [lz2l[L),

hence concluding the proof.

6.1.5. Equality case of Theorem 1.2. We can assume, without loss of generality, that || f||. = f(0) =
1. Let us observe that if we have equality in Theorem 1.2, then we have equality in Lemma 2.8 for
f = Sg f. This means that there exist K1 C H and Ky C H* with 0 € K; N K5, such that for every
(z,y) € Hx HY, f(z,y) = e~ I#lxi—llvlcy = =@l where

L = conv(K1, K>).

If u: Hx H- — [0, 00] is such that f = e~* we have that Sy (epi(u)) = {(x,y,t) : |(z,9)|L < t}.
Consequently, since for every ¢y € [0,00) we have vol, (epi(u) N {t = to}) = vol,,(Sg(epi(u) N {t =
to})) = thvol, (L), by the equality cases in Brunn-Minkowski inequality, there exists a convex body
K C R” with 0 € K such that epi(u) N {t = to} = toK and L = Sy (K). Thus, f(z,y) = e I@v)lx
for some K with 0 € K and

conv(K1, K3) = S (K).
Consequently, the equality case in Theorem 1.2 becomes equality in (2) and then for every v € H
the intersection K N (H+ + R*wv) is the convex hull of K N H* and one point.

6.1.6. Equality case in Lemma 2.10. Assume that there is equality in Lemma 2.10. We can assume
without loss of generality that || f||cc = f(0) and ||g|lcc = 9(0) and so 0 € K;N L, for every ¢ € (0, 1].
For every t € (0, 1] we have that

1
Vol (Cy) = (n —;m) voly, (Kt)voly, (Ls).

By the equality cases in Rogers-Shephard inequality (2) this implies that for every ¢ € (0,1] and
every (z,0) € PyC; = K; x {0},

(32) L =ya + (1= |[#]x,)Le.

isiey)

for some y, € R™. Since this is true for every ¢t € (0,1] and every xz € K; we deduce that all the
convex bodies L; are homothetic and there exists a function ¢, (¢) and a convex body L with 0 € L
such that L; = y; + ¢1(¢)L. Notice also that, taking for any ¢ € (0, 1] some x with ||z|x, = 1 we
deduce that L,jsi = {y.} and so y, = 0 for every x € int(suppf) and then y, = 0 for every
T
t € (0,1]. Furthermore, choosing some ¢ and x such that f(z) = ¢||f||cc we deduce that L; = {0}™.
Besides, since g is a log-concave function, we have that for any vy, vy € [0,00) and any A € [0, 1]
L, — (=21 +20g) 2 (1 =X)Le—vy + AL,
and then the function G(v) := g1(e™?) is concave and verifies that G(0) = 0.

Now, for any t € (0,1], take s > ¢ and § € S"~1. Notice that, from (32) one can deduce that for
any ray starting at 0, its intersection with suppf is either the whole ray or just {0}. Otherwise, fix
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some z in the ray and take ¢ — 0, which leads to a contradiction. Consequently ||0| k. is finite if

and only if ||0||k, is finite and, in such case f(A) — 0 as A — oo and ||0| k. is strictly greater that

1101l )
L: = (1 — L)L
: 1ol )

and then for every § € S" ! and every 0 <t <s< 1

(9 ()

Thus, there exists a function f1(¢) and a convex body K with 0 € K such that K; = f1(¢)K and,

since f is log-concave, the function F(u) = f1(e™") is concave. Then, for any 0 <t < s <1

he (a0
fi(t) i) )’
or equivalently, taking t = e ¥ and s = e ™, for any 0 < u < v < o0

Gv—u)
Fl)  Gv)

0| k,. Taking z = —’— we have
t 61 x

=1

On the one hand, we deduce that

Fv) G(v —u) :F(v)—F(u)
Gv) v—u v—u

and, since F' is concave, taking v — u constant we deduce that % is non-increasing. On the other

hand

G(v) F(u) (U)G(’U) —G(v—u)
Flv) u u
and, since G is concave, taking u constant we deduce that % is non-increasing and, since both

F and G are positive functions, ggz; is non-decreasing and thus it is constant. Then G = CF, for

some C' > 0, F(0) =0, and for every 0 < u < v < 00

F(u)+ F(v—u) = F(v),

so F(u) = au and G(v) = bv for some positive constants a,b and then fi(t) = —alogt and g;(t) =
—blogt. Consequently, for every t € (0,1], K; = (—logt)(aK) and L; = (—logt)(bL), which

happens if and only if ”J;(‘i)o = e~ llellax and Hgf(ﬁg = e lvller,

6.1.7. Equality case in Theorem 1.5. In order to have equality, by the equality cases of Lemma 2.10,

it has to be P‘lf}ﬂ(m) = e llz—zollx %‘(y) = e~ llv=wolle for some x¢ € H,yo € H* and K, L convex

bodies in H and H~ respectively with the origin in their interiors. Hence

flz,y) _ min{PHf(z) PHL(y)}zmin —e—zollx ~lly—vollz
/1l [flloe ™ N flloo {e ¢ }

— e~ max{llz—zollx lv-vollL} — o—llz—20llxxr
b

where zg = (z0,Yo)-

6.2. Equality cases of Subsection 4.1.
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6.2.1. Equality case of Lemma 4.1. Let us assume that there is equality for K in (25). First, since

n—k\ "
ke [, sez=(00) [ Pes@ [ sl

by Theorem 1.1 we have that f = ||f]lcoXP

(ENH

v € H* then LN (E+ +RTv)) is the convex hull of LN E+ and one more point. max,, ¢z vol(L N
(vg + EL)) = vol(L N E*).

e and L := Pgng) K verifies that for every

Besides, since f is a constant function on L, by the equality case of Brunn-Minkowski inequality,
Kn(x+ ENH) is a translate of the same convex body K3 C EN H, for every x € L.

Since we also have that

volg(K3)vol,_;(Pg.L) = / max volp(KN(z+y+ ENH))dx = / volg (KN (z+ ENH))dx
HL yeE+ HL

= voly(K3)vol,_;(LN HY)

then Py.K = Py L = LNH™*. Let us define K; := LNE' and Ky := Py. K. Since K; and K are
contained in L, the convex hull is contained in L as well, and since for every v € H+ LN(E+ +R*v))

is the convex hull of L N K3 and one more point, then L = conv({ K7, K2}).

6.2.2. Equality case of Theorem 1.6. In order to have equality in Theorem 1.6 for some K, then
K = SpK must attain equality in Lemma 4.1. Let us fix z € PHLIA{' = Py K. Then we have that
for every y € E+ such that z +y € P(EQH)LI?, the body KN (x+y+ ENH) is a translate of the
same convex body K7 C EN H. Since K is symmetric with respect to E, it happens that for every
z € ENH such that z + z € PgK = PgK, the body KN (x + z+ E1) is a translate of the same
convex body. Therefore, vol,_;(K N (z + z + EL)) = vol,_i(K N (z + z + EL)) is constant in its
support and we also have that for a fixed 2 € Py K, the body K N (z + z + E+) is a translate of
the same body Kj, for every z € EN H such that z + 2 € PepK.

Let L := P(EQH)LI?. Equality in Lemma 4.1 also ensures that L = conv({L N E+, Py. L}) and
then for every x € Pg1 K = Py. L

voln—i(L N (z+ E*)) = (1 —|lz|lp,, )" "vol,—i(L N E*).
Since vol,,_;(L N (z + E*+)) = vol,,_;(K2,) and K3 := Py1 L = Py K we have that
VOln_i(le) = (1 — ||I||K3)n7iV01n_i(K27o).

Therefore, since vol; (K N (z + H)) = VOlj(I? N (z+ H)) = volp_;(K3z)volg (K1), we have that for
any x € K3

vol(K (1 (& + H)) = (1 — [la]| x,)"~*vol,(K 1 H).

Notice that for every z¢ € K with ||zo||x, = 1 we have that C' := conv{K N H,{z¢}} C K and
that for any x = APyixo with 0 < A <1

vol;(C N (z+ H)) = (1 — ||z| x,)" "voly(C N H) = vol;(K N (z + H)).

Therefore C N (z+ H) = K N (x + H) and then for every v € H+, K N (H + R*v) is the convex
hull of K N H and one point, where K N H verifies that Sg(K N H) = Ky x K3
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6.3. Equality case of Theorem 1.7. Let us assume that there is equality in (4). Equality in (27)

implies that f; and fo attain their maximum at the same point zg € Pgng K. Let

o Ki:= PEKﬂ(l'o-i-HJ‘) —x9 C HJ‘,
o Ky:=PgKnN(xg+ E+) — 29 C B+ and
[ K3 = PEQHK
Besides, for every z* € 0K3 and A € [0,1] then f;((1 — XNz + Az*) = (1 — A) fi(zo), i = 1,2.

By the equality cases in Brunn-Minkowski inequality, for every x* € 0K3 we have that PpK N
(1 = Naxo 4+ Az*) + H*) and PgK N (((1 — Nz + Ax*) + EL) are translates of (1 — A\)K; and
(1 — X\) K> respectively.

Equality in (26) implies that for every x € Pgrg K
Kn(z+(ENH)") = (PeKN(x+ H))+ (PyK N (x+ EY)).
Consequently, for every z* € 0K3
K0 (((1=XNao+ Az*) + (ENH)*Y)
is a translate of (1 — X\)(K; + K3). Hence we can conclude that for every v € E N H we have that

KN (2o + (EN H)*) + Rt is the convex hull of zg + (K; + K3) and a unique point.

6.4. Equality in Theorem 1.10. Let us now suppose that we have equality in (13). This means,
in particular, that there exists C' € K2"*! such that

f (13)14

2o\t
9(72) B \11(21,22,15)

e S e i T R
Hence there exist K, L € K™ such that ﬁ = xx and W = xr. Moreover, since for every
te€0,1)
£ 115 lgll5e

— max{|[fllc, lglloc}
then || flleo = |l9llco Replacing f and g by these characteristic functions, we get that

! n n 1—t t _ ||fHOO
/0 t"(1—1) /f(x) dx/g(y) dy = 7(114_ 1)(2771) vol,, (K)vol, (L).

Moreover, we have that x x*(xr)—(z) = xm(x), where M is given by
M={zeR":z=(1-Nz+ X y,z€ K,ye —L, A €[0,1]} = conv(K U (L)),

and that
1—s
T A
s (r5) 0 () =
where
N= | ((1=9)K) N (sL)) = (K°+L°)°.
0<s<1

Therefore equality (13) rewrites as

2n+1)(>")
(n+1) ()

n

voly, (conv(K U (—L)))vol, ((K° + L°)°) = vol, (K)vol,, (L) = vol,, (K)vol, (L).
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which, by the equality case of (9), holds if and only if K and L are simplices with a common vertex
at the origin and such that the n facets of K and —L containing the origin are contained in the

same set of n hyperplanes.

6.5. Equality in Theorem 1.11. Let us assume that there is equality in (14). Then F attains
equality in Theorem 1.1, hence there exists C € K2"*1 such that F' = ||F||xc. Since for every
(21, 22,t) € C

_ F(z1,20,t) f(z%)tg(%)l_t

||F||oo - [Flloe 7
then there exist K, L € K" such that HfH = xx and

”g” = x1. Moreover, since for every t € [0,1]

_ U gllss”
max{|| oo, |g]loc }

then || flloc = [|glloc = A. Now,
f®g(’22,t) o z1 Zg— 21\
Soolen) (3, (222 2

2, €RN 1-t¢

occurs if and only if there exists z; € R™ s.t. z; € tK and 2z € tK + (1 — ¢)L, which means that

M = Xtk +(1-t)r(22), and thus

® g(22,1 1
/ fgffz)d@dt:/ / XK +(1—t)L(22)dz2dt
R™x[0,1] o Jrn

= /1 vol, (tK + (1 — t)L)dt = vol,, 41 (conv{K x {1}, L x {0}}).
0

Second, Y———- m)g ( )X L() Xkn(—r)(z). Thus
. dx—

XKf‘l( L) dLE = VOl (K N (—L))
R’n

/ C (1L — tydi vol(K) vol (L)
0

/01 (1 — 1) / (@)tdx/n (gfi’)y_tdydt
n+1

altogether shows that equality in (14) becomes an equality in (10), hence concluding that K = —L

Since we also get that
<2n+1)
~——~—vol,(K) vol, (L),

is an n-dimensional simplex.

7. APPENDIX: BERWALD’S INEQUALITY

As it was said above, this appendix is devoted to present a comprehensive self-contained proof of
[Ber, Satz 8], so far and to the best of our knowledge, not yet found in English. We try to keep the

original ideas and notations as accurate as possible to the ones of Berwald.

Let K € K™. For M > 0 and z¢ € K, the roof function on K with height M over 7y € K is a
function fM('Q xo) : K — [0,400) such that the graph of f= fM(~;:c0) in R™*! is a hypercone with
basis K and height M, such that the projection of the vertex is zg € K.

In other words,

{(z,t) e K xR:0<t< f(x)} = conv(K x {0}, {(z0, M)}).
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Also, for 0 <t < M,

{reK: fx)>t}=tzo+(1- LK.

Theorem 7.1. Let K € K™, f1,... fm : K — [0,400) concave, continuous, and non identically null
functions, and aq, ...,y > 0. Then

Ry oy

vol
n

Equality holds for m > 1 if and only if all the f;’s are roof functzons over the same point in K.

We need to state several results translated from [Ber| (written in old german) before giving a
proof of Theorem 7.1.

Theorem 7.2. Let 0 < 71 < 72, K € K", and f : K — [0,+00) concave, continuous, and not
identically null. Then

’Yz—i—n /72 'y1+n
(33) (Vol /f ) dm) = <v01 /f " dm)

Equality holds if and only if f is a roof function over a point in K.

1/7

Proof. Let M be the maximum of f on K. For t > 0, let
Vi (t) = vol,, (Ky)
where
K, ={x e K: f(x) >t}
The function Vy is continuous on [0, M], non-negative, non-increasing, Vy(0) = vol(K) and for

t > M, V¢(t) = 0. The concavity of f and Brunn-Minkowski inequality show that Vf1 /™ is a concave
function on [0, M].

For v > 0, let
y+n el
@ (f) = (fof&()) / dxdm))
where
(34) By ={(z,t) e K xR:0<t< f(x)}

is a convex set in R"*1. We compute the (n + 1)-dimensional integral in two ways:

'y+n y+n M
(35) @, (f)7 = / fa —V(ol(K)) / Vi(t)d(t).

vol

In particular, the roof function f = fM(~;x0) with height M > 0 (arbitrary for the moment) over
any point zg € K has a function Vf independent of xg:

(36) Vi(t) = < AZ) " vol(K).

Integrating by parts,
R (’y+n) R ,H_n
d
() = Solii /Kf(x) vol / Vil

M) >/ /(M — )"t dt = M7
0

(37)
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Take M = ®.,,(f) > 0. From ®., (f) = ., (f), we get
M M
(38) /0 Vi(t) d() = /0 Vi(t) d(t0),

Suppose f is not a roof function. Then M > M. Indeed, assume M < M. The convexity of By

implies By C By (strict inclusion). Then we have ®,, (f) < ®,,(f), which is a contradiction.

Since Vfl/" is concave on [0, M], and V;(0)*/™ = vol(K)'/™ V;(t)}/™ = 0 for t > M, the functions
n t n
Vi = (1= Lvl()

and Vfl/n switch in just one point ¢y € [0, M], i.e.,

Vi(t) = Vi(t)

>0 if0<t<ty
<0 iftg<t< M.

So, using (38), and extending both integrals to [0, M] (since V (t) = 0 for t > M),

M to M
0= [ w0 -vioyae) = [ -vioyaen - [ - viw)der)

to
SO

to M
(39) A(W@—wwmww=[<wm—wwmmw
Now take v = 2 in (35),
(’Yz+n

(I)’YQ (f)"/z - (I)’Y2 (f‘)’)’z = VOI(K)

M M
A wwat>—A wwﬂtﬂ

and again extending the interval of integration to [0, M],

(")

n

M
- aiw [ v =viede)

to M
A(W@meW%/<w@wwmmﬂ

to
Using d(t72) = %t”‘”d(t'ﬂ) and (39),

(72;71) Et'}?*’}’l

vol(K) v 0

to M
A(W@>vwmmwwl/<wmvm»aWﬂo

to
50 B, (f) < ®.,(f) = M, and since M has been chosen so that M = ®., (f), (33) is proved.

If we have equality in (33), we then have that V() = V;(¢). This means in particular that

_ (1 _ A’;) vol(K)* |

which by Brunn-Minkowski equality case implies that

3=
3=

Vi(t)™ = V(1)

{(z,t) e K x R:0<t< f(z)} = conv(K x {0}, {(z1, M)})

for some x; € R". O
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From (33), we derive Theorem 7.1, valid for a finite number of positive concave functions.

We will use (21) to derive an extension of a theorem from [J]. There, the f;’s were supposed to

be 1-variable integrable functions, and the normalization Y .- a; = 1 was also assumed.

Proposition 7.3. Let K € K™, f; : K — [0,400) be continuous and non identically null functions
on int(K), aq,...,am >0, and 0 = a1 + -+ . Then

&4

(10) i - f[lmac)%dxsf[l(m;m [ sty i)

Equality holds (for m > 1) if and only if for any x € K and any 2 <i < m,
fi(w) = ki fi(x)

for some positive constants ka, ..., k.

Proof. Replacing each f; by A; f;, we may assume that

1 .
W/Kﬁ(x) dr =1.

Under this assumption, we have to prove that
1 m
—_— ()% dr <1
vol(K) /K 1;[1 fule)™ dz <
For any fixed z € K, apply (21) with 8; = f;(z) to obtain
m
A fo(@)® o (@) <Y — fila)
i=1

Integrating over K we get the desired inequality. Equality for m > 1 stands if and only if all the

normalized functions are the same, and from this, the condition follows. O
In the particular case of concave functions, we may use (33) and (40) to get

Proof of Theorem 7.1. Let 0 = a1 + -+ + . For 1 <4 < m, use (33) with vy =, 2 =0, f = fi

to get .
o0 T PR S (e B
<v01(K)/Kf1<x) de | =5 (K)/Kf’(x) dz,

Multiplyingini=1,...m

i

<U Z n) f[l (voliK) /K fite)? df”) E ﬁ 5;’?2) /K fiz)™ dx,

=1

and using (40), the result follows.

Equality holds for m > 1 in (33) if and only if all f; are roof functions, and in (40) if and only if

all f;’s are proportional. So, all the f;’s are roof functions over the same point in K. |

ACKNOWLEDGMENT

Part of this work was carried out at the IMUS of the University of Sevilla and the authors are
grateful for the hospitality and the support provided by the IMUS and MINECO grant MTM2015-
63699-P during their stay.



ROGERS-SHEPHARD AND LOCAL LOOMIS-WHITNEY TYPE INEQUALITIES 39

REFERENCES

[AGJV] D. ALONSO-GUTIERREZ, B. GONZALEZ MERINO, C. H. JIMENEZ, R. VILLA, Rogers-Shephard inequality for
log-concave functions, J. Func. Anal. 271 (11) (2016), pp. 3269-3299.

[AGJV2] D. ALoNSO-GUTIERREZ, B. GoNzALEZ MERINO, C. H. JIMENEZ, R. VILLA, John's ellipsoid and the integral
ratio of a log-concave function, J. Geom. Anal. 28 (2) (2018), pp. 1182-1201.

[A1JiVi] D. ALoNSO-GUTIERREZ, C. H. JIMENEZ, R. VILLA, Brunn-Minkowski and Zhang inequalities for convolution
bodies, Adv. Math. 238 (2013), pp. 50-69.

[AEFO] S. ARTSTEIN-AVIDAN, K. EINHORN, D. I. FLORENTIN, Y. OSTROVER, On Godbersen’s conjecture, Geom.
Dedicata 178 (1) (2015), pp. 337-350.

[AKM] S. ARTSTEIN-AVIDAN, M. KLARTAG, V. MILMAN, The Santald point of a function and a functional form of
Santald inequality, Mathematika 51 (2004), pp. 33-48.

[AKSW] S. ARTSTEIN-AVIDAN, M. KLARTAG, C. SCHUTT, E. WERNER, Functional affine-isoperimetry and an inverse
logarithmic Sobolev inequality, J. Funct. Anal. 262 (9) (2012), pp. 4181-4204.

[BBCG] D. BAKRY, F. BARTHE, P. CATTIAUX, A. GUILLIN, A simple proof of the Poincaré inequality for a large class
of probability measures including the log-concave case, Electron. Commun. Probab. 13 (2008), pp. 60-66.

[BN] S. Barza, C. D. NICULESCU, Integral inequalities for concave functions, Publ. Math. Debrecen 68 (1-2) (2006).

[Ber] L. BERWALD, Verallgemeinerung eines Mittelwetsatzes von J. Favard, fir positive konkave Funktionen, Acta
Math. 79 (1947), pp. 17-37.

[Bob] S. G. BOBKOV, Isoperimetric and analytic inequalities for log-concave probability measures, Ann. Probab. 27
(4) (1999), pp. 1903-1921.

[BM2] S.G. BoBKOV, M. MADIMAN, On the problem of reversibility of the entropy power inequality, P. Eichelsbacher,
et al. (Eds.), Limit Theorems in Probability, Statistics and Number Theory, Festschrift in Honor of F. Gotze’s
60th Birthday, Springer Proc. Math. Stat., vol. 42, Springer-Verlag (2013), pp. 61-74.

[BM1] S. G. BoBKOV, M. MADIMAN, The entropy per coordinate of a random wvector is highly constrained under
convezity conditions, IEEE Transactions on Information Theory 57 (8) (2011), pp. 4940-4954.

[BCF] S. G. BoBkov, A. COLESANTI, I. FRAGALA, Quermassintegrals of quasi-concave functions and generalized
Prékopa-Leindler inequalities, Manuscripta Math. 143 (1) (2014), pp- 131-169.

[BT] B. BoLLOBAS, A. THOMASON, Projections of bodies and hereditary properties of hypergraphs, Bull. London Math.
Soc. 27 (1995), 417-424.

[BGL] S. BRAZITIKOS, A. GIANNOPOULOS, D. M. LIAKOPOULOS, Uniform cover inequalities for the volume of coordi-
nate sections and projections of convez bodies, Adv. Geom. 18 (3) (2018), 345-354.

[CGG] S. Cawmpl, P. GRITZMANN, P. GRONCHI, On the reverse Loomis- Whitney inequality, Disc. Comput. Geom. 60
(1) (2018), pp. 115-144.

[Col] A. COLESANTI, Functional inequalities related to the Rogers-Shephard inequality, Mathematika 53 (2006), pp.
81-101.

[Col2] A. COLESANTI, Log-Concave Functions. Carlen E., Madiman M., Werner E. (eds) Convexity and Concentration.
The IMA Volumes in Mathematics and its Applications, vol 161. Springer, New York, NY, 2017.

[CLM] A. CoLEsANTI, M. LupwiG, F. MUssNIG, Minkowski valuations on convez functions, Calc. Var. Partial Dif-
ferential Equations 56 (6) (2017), pp. 162.

[CoSaYe] A. COLESANTI, E. SAORIN GOMEZ, J. YEPES NICOLAS, On a linear refinement of the Prékopa-Leindler
inequality, Canad. J. Math. 68 (4) (2016), pp. 762-783.

[FrGiMe] M. FrRADELIZI, A. GIANNOPOULOS, M. MEYER, Some inequalities about mized volumes, Israel J. Math. 135
(1) (2003), pp. 157-179.

[FrMe] M. FRADELIZI, M. MEYER, Some functional forms of Blaschke-Santald inequality, Math. Z. 256 (2) (2007),
pp. 379-395.

[GiHaPa] A. GIANNOPOULOS, M. HARTZOULAKI, G. PAOURIS, On a local version of the Aleksandrov-Fenchel inequality
for the quermassintegrals of a convex body, Proc. Amer. Math. Soc. 130 (8) (2002), pp. 2403-2412.

[J] J. L. JENSEN, Sur les fonctions convezes et les inégalités entre les valeurs moyennes. Acta Math. 30 (1906),
175-193.

[KM] B. KLARTAG, V. D. MILMAN, Geometry of log-concave functions and measures, Geom. Dedicata 112 (1) (2005),
pp. 169-182.

[KSZ] A. KoLDOBSKY, C. SAROGLOU, A. ZVAVITCH, Estimating volume and surface area of a convex body via its
projections or sections, Studia Math. 244 (2019), pp. 245-264.



40 D. ALONSO-GUTIERREZ, S. ARTSTEIN-AVIDAN, B. GONZALEZ, C.H. JIMENEZ, AND R. VILLA

[LX] B. LEHMANN AND J. X1aA0, Correspondences between conver geometry and complex geometry Epijournal de
Géométrie Algébrique, 2017, vol. 1.

[Le] L. LEINDLER, On certain converse of Holder’s inequality II, Acta Math. Sci. (Szeged) 33 (1972), pp. 217-223.

[LW] L. H. Loowmis, H. WHITNEY, An inequality related to the isoperimetric inequality, Bull. Amer. Math. Soc. 55
(1949), 961-962.

[MMX] M. MADIMAN, J. MELBOURNE, AND P. Xu, Forward and reverse entropy power inequalities in convex geome-
try. Carlen E., Madiman M., Werner E. (eds) Convexity and Concentration. The IMA Volumes in Mathematics
and its Applications, vol 161. Springer, New York, NY, 2017.

[Me] M. MEYER, A volume inequality concerning sections of convex sets, Bull. London Math. Soc. 20 (1988), 151-155

[Prek] A. PREKOPA, Logarithmic concave measures and functions, Acta Sci. Math. 34 (1) (1973), pp. 334-343.

[Pr] A. PREKOPA, Logarithmic concave measures with application to stochastic programming, Acta Sci. Math.
(Szeged) 32 (1971), 301-315.

[R] L. J. ROGERS, An extension of a certain theorem in inequalities, Messenger of Math. 17 (2) (1888), 145-150.

[RS58] C. A. ROGERS, G. C. SHEPHARD, Convez bodies associated with a given convezr body, J. Lond. Math. Soc. 1
(3) (1958), pp. 270-281.

[RS57] C. A. ROGERS, G. C. SHEPHARD, The difference body of a convex body, Arch. Math. 8 (1957), pp. 220-233.

[Sch] R. SCHNEIDER, Convez bodies: the Brunn-Minkowski theory, Second edition. Cambridge University Press, Cam-
bridge 2014.

[Sh] G. C. SHEPHARD , Shadow systems of convex sets, Israel J. Math. 2, pp. 229-236.

[SZ] I. SoprUNOV, A. ZVAVITCH, Bezout inequality for mized volumes, Int. Math. Res. Not. 23 (2016), 7230-7252.

[Xi] J. X1A0 Bézout type inequality in conver geometry, Int. Math. Res. Not. (2017).

[Zha] G. ZHANG, The affine Sobolev inequality, J. Differential Geom. 53 (1) (1999), pp. 183-202.

(D. Alonso) UNIVERSIDAD DE ZARAGOZA (SPAIN)

E-mail address: alonsod@unizar.es

(S. Artstein-Avidan) TEL-AvIV UNIVERSITY (ISRAEL)

E-mail address: shiri@post.tau.ac.il

(B. Gonzalez) UNIVERSIDAD DE SEVILLA (SPAIN)

E-mail address: bgonzalez4Qus.es

(C. H. Jiménez) PONTIFICIA UNIVERSIDADE CATOLICA DO RIO DE JANEIRO (BRAZIL)

E-mail address: hugojimenez@mat.puc-rio.br

(R. Villa) UNIVERSIDAD DE SEVILLA (SPAIN)

E-mail address: villa@us.es



