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We extend work of the first author on the uniqueness of ancient x—solutions to higher
dimensions. In dimensions » > 4, an ancient k—solution is a nonflat, complete,
ancient solution of the Ricci flow that is uniformly PIC and weakly PIC2, has
bounded curvature and is k—noncollapsed. We show that the only noncompact ancient
k—solutions up to isometry are a family of shrinking cylinders, a quotient thereof, or
the Bryant soliton.
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1 Introduction

Recently, there have been significant developments in the understanding of singu-
larity models of the Ricci flow in dimension three. By work of Hamilton [22] and
Perelman [31], we have known for some time that singularities of the Ricci flow
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154 Simon Brendle and Keaton Naff

in dimension three are modeled on ancient k—solutions. An ancient k—solution is a
complete, nonflat, k—noncollapsed, ancient solution of Ricci flow which has bounded,
nonnegative curvature. Perelman gave a very good qualitative description of these
singularity models. In the noncompact setting, Perelman proved that an ancient x—
solution must either be a quotient of a family of shrinking round cylinders or have
the structure of a tube attached to a positively curved cap. Perelman conjectured the
latter solution must be isometric to the rotationally symmetric Bryant soliton. The first
step toward proving this conjecture was accomplished in [9], where the first author
proved that the Bryant soliton is the unique noncompact, nonflat, k—noncollapsed,
steady gradient Ricci soliton in dimension three. The proof of Perelman’s conjecture
in its full generality was recently completed by the first author in [13].

In the compact setting, there is a related conjecture that an ancient k—solution must either
be a quotient of a family of shrinking round spheres or be isometric to a so-called ancient
oval, constructed by Perelman in [32]. At very negative times, an ancient oval looks
approximately like two Bryant solitons which have been cut along a cross-sectional
sphere far from the tip and glued together to form a compact solution. The proof of
uniqueness in the compact setting presents several unique challenges not present in
the proof in the noncompact setting. In particular, the ancient oval is not a self-similar
solution of the Ricci flow and requires a careful analysis of its asymptotics for lack of
a closed-form description of the solution. These challenges have been addressed in a
pair of papers by Angenent, Daskalopoulos, Sesum and the first author [2; 16]. By the
combination of [13; 16], we now know that, up to isometries and quotients, the only
ancient k—solutions in dimension three are the shrinking round sphere, the shrinking
round cylinder, the ancient oval solution and the steady Bryant soliton.

The classification in dimension three is special. The only singularities of the Ricci flow
that occur in dimension three are spherical singularities (modeled on S?), neck-pinch
singularities (modeled on S? x R) and degenerate neck-pinch singularities (modeled
on the Bryant soliton). For the purpose of performing surgery, it is important that
the noncompact singularity models have a compact cross-section modeled on S2. In
this sense, through dimension reduction, the simple classification of k—solutions in
dimension three is in part due to the even simpler classification in dimension two: the
only ancient k—solution in dimension two is the shrinking round sphere (and its quotient).

Now let us turn our attention to higher dimensions » > 4. In dimension four, the
class of singularity models is not as simple. For example, a singularity of the flow
might be modeled upon the product of a three-dimensional Bryant soliton with a
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line or a bubble-sheet cylinder S? x R2. In general, singularities modeled on these
ancient solutions will occur, unless one imposes a preserved curvature condition on
the initial data to rule them out. In his fundamental work [23], Hamilton showed
that positive isotropic curvature (PIC) is the right curvature assumption on the initial
metric that allows only spherical, neck-pinch and degenerate neck-pinch singularities
to occur. The PIC condition was introduced earlier by Micallef and Moore in [28].
In particular, Hamilton developed an analogue of the very important Hamilton—Ivey
pinching condition for initial data that is PIC in dimension four. By combining the
work of Perelman and Hamilton, Chen and Zhu in [18] showed singularity models for
Ricci flows of PIC initial data in dimension four have the same qualitative description
as singularity models in dimension three.

There is a conjecture that a similar singularity phenomenon holds in all dimensions n > 4
when the initial data is PIC. The first author confirmed this conjecture in dimensions
n>121n[12]. A key new ingredient in [12] is a pinching result for PIC initial data when
n > 12. The result shows that singularity models for PIC initial data must be uniformly
PIC and weakly PIC2. See Section 2 for the definitions. It is expected that there
should be a similar pinching estimate for the missing dimensions 5 <7 < 11. In any
case, together with Perelman’s noncollapsing result, one concludes that an appropriate
definition of an ancient x—solution in the PIC setting for n > 4 is the following:

Definition 1.1 Suppose n > 4. An n—dimensional ancient k—solution is an ancient,
complete, nonflat solution of the Ricci flow that is uniformly PIC and weakly PIC2,
has bounded curvature and is k—noncollapsed on all scales.

The purpose of this work is to confirm that the main uniqueness result of [13] holds
in higher dimensions for k—solutions in the sense above. The proof of the conjecture
in [13] is accomplished in two parts. In the first part, the first author proves the Bryant
soliton is unique among the class of rotationally symmetric metrics.

Theorem 1.2 [13] Assume that (M, g(t)) is a three-dimensional ancient k—solution
which is noncompact and has positive sectional curvature. If (M, g(t)) is rotationally
symmetric, then (M, g(t)) is isometric to the Bryant soliton up to scaling.

This part of [13] has recently been extended to higher dimensions by Li and Zhang [27].

Corollary 1.3 [27] Assumen > 4 and that (M, g(t)) is an n—dimensional ancient k—
solution which is noncompact and strictly PIC2. If (M, g(t)) is rotationally symmetric,
then (M, g(t)) is isometric to the Bryant soliton up to scaling.
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Technically, these authors proved the theorem above under the assumption that the «—
solution has positive curvature operator. In the rotationally symmetric setting, however,
a curvature operator that is PIC2 is automatically positive, so their result clearly implies
uniqueness under the weaker assumption (see Lemma 2.3).

In the second part of [13], the first author proves the x—solution must be rotationally
symmetric.

Theorem 1.4 [13] Assume that (M, g(t)) is a three-dimensional ancient k—solution
which is noncompact and has positive sectional curvature. Then (M, g(t)) is rotation-
ally symmetric.

Extending this theorem to higher dimensions is the main result of this paper:

Theorem 1.5 Assumen >4 and that (M, g(t)) is an n—dimensional ancient xk—solution
which is noncompact and strictly PIC2. Then (M, g(t)) is rotationally symmetric.

Dropping the strictly PIC2 assumption and combining the theorems above, we draw
the following corollary:

Corollary 1.6 Assume n > 4 and that (M, g(t)) is an n—dimensional ancient k—
solution which is noncompact. Then (M, g(t)) is isometric to either a tamily of
shrinking cylinders, a quotient thereof or the Bryant soliton.

The proof of Theorem 1.4 is rather robust and much of it extends to higher dimensions
without change or with minor modifications. We have tried to follow the proof in [13]
closely so that readers already familiar with this work will recognize the arguments
here. For the convenience of this reader, we have enumerated in Section 2 some of
the minor differences between the setting in dimension three and the setting here. For
readability and rigor, we have opted to include full proofs of the important results
in [13]. Namely, we include the spectral analysis for the parabolic Lichnerowicz
equation on the cylinder, the proof of the neck improvement theorem, and the proof
of the rotational symmetry of the ancient solution. These proofs occupy Sections 3, 4
and 5, respectively. For less significant results, where the proofs in [13] really do only
require notational modification, we have omitted the details.

In the remainder of Section 2, we recall relevant definitions, as well as several of the
preliminary results from [13] that carry over without modification to higher dimensions.
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Many of the results in [13] rely on Perelman’s celebrated structure theorem for non-
compact ancient k—solutions in dimension three. We will need the analogues of this
and some additional results for ancient k—solutions in higher dimensions. These are
included in Appendix A. We will also need a variant of the important Anderson—Chow
estimate for solutions of the parabolic Lichnerowicz equation in higher dimensions.
We will explain this variant in Appendix B. Finally, to serve as a reference for the
reader, we have also included an adaptation of Shi’s interior estimates for tensors (used
often in [13] and here) in Appendix C.

We would like to conclude this introduction by directing the reader to some very
interesting recent results in the mean curvature flow that are related to the results
discussed above. If the second fundamental form of a hypersurface in R”*! is two-
convex, then the induced metric on the hypersurface has positive isotropic curvature. In
particular, one expects the singularity behavior of the mean curvature flow of two-convex
hypersurfaces to be similar to the singularity behavior of the Ricci flow of metrics
with positive isotropic curvature. Indeed, by work of Angenent, Choi, Daskalopoulos,
Sesum and the first author [3; 4; 14; 15], the only ancient, nonflat, noncollapsed,
uniformly two-convex solutions of the mean curvature flow are the shrinking round
sphere, the shrinking round cylinder, the ancient ovals (constructed by White [33] and
later by Haslhofer and Hershkovits [24]) and the translating bowl soliton. The neck
improvement theorem in [13] and here, as well as the asymptotic analysis of the ancient
oval in the Ricci flow [2] are based on the analogous results established first for the
mean curvature flow.

Acknowledgements This project was supported by the National Science Foundation
under grant DMS-1806190 and by the Simons Foundation.

2 Preliminaries

2.1 Definitions

We begin by recalling the notions of uniformly PIC, weakly PIC2 and strictly PIC2.

Definition 2.1 Suppose n >4 and (M, g) is a Riemannian manifold of dimension n > 4.

e We say that (M, g) is uniformly PIC if there exists a real number « > 0 with
the property that R(¢, @) > o|Rm||¢|? for all complex two-vectors of the form
@ = (e;+iey)A(es+iey), where {eq, es, €3, e4} is an orthonormal four-frame.
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e We say that (M, g) is weakly PIC2 if R(¢p, ¢) > 0 for all complex two-vectors of
the form ¢ = (e +iper) A(e3 +iAey), where {eq, €3, €3, €4} is an orthonormal
four-frame and A, u € [0, 1]. If the inequality is always strict, we say that (M, g)
is strictly PIC2.

Remark 2.2 When n > 5, the PIC condition implies that |Rm| < C R for some universal
constant C, where R denotes the scalar curvature. This is because the PIC condition
implies

(I) Ric= %Rg for n > 5 (see Lemma A.5 in [12]), and
(2) Ric =0 if and only if Rm = 0 for n > 4 (see Proposition 7.3 in [8]).

So, if n > 5, it is equivalent to assume R(¢, @) > aR|p|?, as is sometimes done,
in the definition of uniformly PIC above. For n = 4, the PIC condition does not
imply the scalar curvature controls the norm of the Riemann tensor. In fact, it is
more natural to phrase Definition 2.1 in dimension four using notation introduced by
Hamilton in [23]. In dimension four, the space of bivectors A2R* 2= so(4) naturally
decomposes into selfdual and antiselfdual subspaces A + & A_ = so(3) @ so(3). Under
this decomposition, the curvature operator R: A2 — A? can be expressed as a block

A B
R= [ 4 C} .
Let a; <a; <aj and ¢; < ¢ < c3 denote the eigenvalues of the A and C matrices,

respectively. Let 0 < by < b, < b3 denote the eigenvalues of / B B. In four dimensions,
(M*, g) is uniformly PIC if and only if there exists a real number a > 0 with the

matrix

property that
min{a; + a5, ¢ + ¢} > a max{as, b3, c3}

everywhere on M.

In [27], the authors use a slightly different definition for k—solutions than Definition 1.1.
Namely, they require the solution have nonnegative curvature operator in place of
the uniformly PIC and weakly PIC2 assumptions. However, if (M, g) is rotationally
symmetric and strictly PIC2, then it must also have positive curvature operator.

Lemma 2.3 Suppose that n > 4 and (M, g) is a n—dimensional, rotationally symmet-

ric, complete Riemannian manifold whose curvature operator is strictly PIC2. Then
(M, g) has positive curvature operator.
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Proof The curvature operator of a rotationally symmetric warped product g =
dz? + ¢(z)?ggn—1 is diagonalizable. In particular, the Weyl tensor vanishes and,
algebraically, R;jx; = 8;xSj1 + 8;1Six — 8i1Sjk — 8k Si1, where the (0, 2)—tensor S
is the Schouten tensor. The strictly PIC2 condition implies that (M, g) has positive
sectional curvature, which in the rotationally symmetric case implies the curvature
operator is positive. O

2.2 The parabolic Lichnerowicz equation

Recall that, if / is a symmetric (0, 2)—tensor on a Riemannian manifold (M, g), then
the Lichnerowicz Laplacian Ay , is defined by

(AL,gh)ij = (Ah)ij + 2Ryjxh?! —Ricychk —Ricjihf.

We restate three results from Section 5 of [13] on the parabolic Lichnerowicz equations
that we will use later.

Lemma 2.4 Let g be a Riemannian metric on a manifold M and let V be a vector
field. Define h := Ly (g) and Z :=div(h) — %V tr(h). Note Z = AV +Ric(V). Then

Ly Ric) =—1AL h+31L7(g).

where Ric is viewed as a (0, 2)—tensor.

Theorem 2.5 Suppose that g(t) is a solution to the Ricci flow on a manifold M.
Moreover, suppose that V (t) is a family of vector fields satisfying

%V(t) = Mgy V(1) + Ricg(ry (V(1)).

Then the Lie derivative h(t) := Ly )(g(t)) satisfies the parabolic Lichnerowicz equa-
tion ;
3,10 = AL gh(1).

Proposition 2.6 Suppose that g(t) is a solution to the Ricci flow on a manifold M.
Moreover, suppose that V (t) is a tamily of vector fields satisfying

%V — AV +Ric(V) + 0.

Then 5
SV AV +1Ql.
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The parabolic Lichnerowicz equation is the linearization of the Ricci—-DeTurck flow with
respect to an evolving family of metrics. The following definition and two propositions
makes precise what this means:

Definition 2.7 Suppose g(¢) and g(¢) are smooth families of metrics on a manifold M.
We say g(¢) is a solution of the Ricci—DeTurck flow with respect to the evolving metrics
g()if

2 2(1) = ~2Ricg() — L5, (1)),
where & := Az (), z(r) Id and Ag(s) () Id denotes the map Laplacian of Id: (M, g (1)) —
(M, g(1)).

Proposition 2.8 Let g(¢) be a smooth family of background metrics on a manifold M.
Suppose g(t) is a solution to the Ricci flow on M. Assume ®; solves the harmonic
map heat flow %(D, = Ag(1),3(r)P: with initial condition ®, = Id and, if necessary,
Dirichlet boundary condition ®¢|3ps = Id. The family of metrics g(t) defined by the
condition g(t) = ®} g(¢) is a solution to the Ricci—DeTurck flow with respect to the
family of background metrics g(t).

Observe that, if g(¢) is a solution to the Ricci flow, then g(¢) is also a solution to Ricci—
DeTurck flow with respect to the evolving metrics g(¢). This follows immediately
because Ag (), z(r) Id = 0 and hence ®; = Id is a solution of the harmonic map heat
flow.

Proposition 2.9 Let g(¢) be a smooth family of background metrics on a manifold M.
Suppose gs5(t), s € (—e, €), is smooth tamily of solutions on M to the Ricci—-DeTurck
flow with respect to the family of background metrics g(t). Assume go(t) = g(¢) and
let h(t) = %gs(t)‘szo and &5,r = Az (1),5() 1d. Then

d . .

25 (F2Ricg 0 = Lg, , (&5(1)) L:o =ALgwh(®).
Suppose @y, is a family of evolving diffeomorphisms of M for s € (—¢,¢) with
®o, =1d. Let V(1) = L &;,| _,. Then

s=

d .
%(Ag(t),g(t)q%,t)‘szo = Az(n V(1) + Ricg(n (V(1)).
2.3 Gluing almost Killing vector fields

In this subsection, we restate the results from Section 7 of [13] for higher dimensions.
The proofs of the these results in dimension three work verbatim in higher dimensions,
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after making notational modifications to the statements and arguments. For this reason,
we will not repeat the proofs here. Throughout this section, C := C(n) denotes
a universal constant depending only upon the dimension. We let the metric g =
ggn—1 +dz ®dz denote the standard round metric on the cylinder of constant sectional
curvature 1 and thus of radius 1. The value of g; in the following two results is
determined by contradiction arguments used to prove the results of Section 7 in [13],
as well as Hamilton’s proof of the existence of a canonical CMC foliation once g is
sufficiently close to g in [22].

Proposition 2.10 If ¢ is sufficiently small, depending only upon the dimension n,
then the following holds. Let g be a Riemannian metric on the cylinder S"~! x[—20, 20]
such that ||g—g||c10 <o and let ¢ <. Let X be a point on the center slice S"~! x{0}.
Let ¥ denote the leaf of Hamilton’s CMC foliation with respect to g that passes
through X and let v denote its unit normal vector. Suppose that U :={U@ :1<a < (})}
is a family of vector fields with the following properties:

* SUPB,(z,12) Z 1 ILy@ (@)* +|D(Lyw(g))]?* < &
* supy 25,21 (U@, v)|2 < &2,

n _ _ 2
ch?g:l |845 — areag () D)/ (=1 [ (U@, U(b))d,ug‘ <eg?

Suppose that i := {U@ : 1 <a < (%)} is a second family of vector fields satisfying
the same three properties above (with U@ replaced by U@). Then there exists an
(5) x (5) matrix @ € O((5)) such that

2 ()
sup Z Za)bU(b) U(“) < Ce2.
Bg(x.9) g=1 lp=1

Corollary 2.11 Let g, g, %, U, U, = and v satisty the hypotheses of Proposition 2.10.
We can find a suitable smooth cutoff function n such that n = 1 on S"~! x [-20, —1]
and n=0on S" ! x[1,20] and an (5) x (3) matrix w € O((5)) with the property that
the vector fields V(@ :=p > by 0apU® + (1 —n)UD satisty
)
Z 1Ly (2)]> + |D(Lyw(g)]* < Ce?

a=1

in the transition region S~ x [—1,1].
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Note in particular that the vector fields V(@ satisfy the better estimate

%)
Z 1Ly (2)]* + | D(Lyw(2))* <&
a=1

outside of the transition region.

2.4 Differences in higher dimensions and dimension three

For the convenience of the reader already familiar with the proofs in [13], we would
like to give some specific direction of where to look for differences between the proof
in dimension three and the proof here. For the most part, these differences are minor.
The most significant difference is the replacement of the Anderson—Chow estimate, the
last item below.

(1) In Proposition 3.1, there is a nonrotationally symmetric solution of the parabolic
Lichnerowicz equation over the cylinder that (in norm) remains bounded in dimension
three, but grows in higher dimensions. For symmetry to improve along the flow,
the presence of a nonsymmetric growing mode of the linearization could be trouble.
Fortunately, since this solution is still the Lie derivative of the metric along a vector
field, we can remove it by hand in Step 6 of the proof of the neck improvement theorem
(although in higher dimensions the conformal killing vector field £ must now be
time-dependent). We discuss the presence of the nondecaying solutions in Remark 3.2.

(2) In dimension three, the Lie algebra structure of rotational vector fields is used
to eliminate the other nondecaying solutions of the parabolic Lichnerowicz equation
over the cylinder in the proof of the neck improvement theorem. To take advantage of
this structure in higher dimensions, we use a simple lemma (Lemma 4.6) to bound the
structure constants. This slightly modifies the vector fields we define in Steps 7 and 10
of the proof of the neck improvement theorem.

(3) The proof of Proposition 5.7 (which corresponds to Proposition 9.7 in [13]) requires
that we verify an “asymptotically cylindrical” condition used to prove the uniqueness
of the Bryant soliton among self-similar solutions in [10] in higher dimensions. We do
this in Proposition A.10. Also, for our results to apply in dimension four, we need to
confirm that the uniformly PIC assumption in Remark 2.2 implies the restricted PIC
condition of [18]. We do this in Proposition A.2.

(4) The Anderson—Chow estimate [1] is an important result that allows one to control
solutions of the parabolic Lichnerowicz equation in dimension three. However this
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estimate is special to three dimensions. In this paper, we use an alternative weighted
version of the estimate which is valid in all dimensions. We give a proof of this in
Proposition B.1. For its application, see Step 3 in the proof of Proposition 5.19.

3 Analysis of the parabolic Lichnerowicz equation on
shrinking cylinders

In this section, we extend the analysis of the parabolic Lichnerowicz equation on the
round cylinder to higher dimensions following Section 6 of [13]. Let (S”~! xR, g(¢))
be the standard solution of the Ricci flow on the round cylinder given by

2() = (=2(n—=2)t)ggn—1 +dz @ d:=

for 1 < 0. Here g gn—1 is the round metric on S”~! with constant sectional curvature 1.
Note that Rz;) = (n — 1)(—2¢)~! and the radius of the neck is (=2(n — 2)¢)'/2 at

time ¢. Let us define !

2(n-2)

tn =

At this time, the scalar curvature of the cylinder is Rgz(;,,) = (n — 1)(n — 2) and the
radius of the neck is 1, which is a convenient scale for comparing metric balls and
subcylinders. Throughout this section, C always denotes a universal constant depending
only upon the dimension, but which may change from line to line.

Proposition 3.1 Suppose L is a large positive constant. Let h(t) be a one-parameter
family of symmetric (0, 2)—tensors on the cylinder defined in {|Z| < %L, —%L <t< tn}
and satisfies the parabolic Lichnerowicz equation

0
Sh(1) = AL gh(®).

Assume that |h(t)|z) < 1 in the region {|Z| < %L, —%L <t < —%L} and that
1h(D)|z¢) < L'° for all {|Z| < %L, —%L <t< tn}. On each slice S"~ 1 x {z}, we can
decompose h(t) into a sum

h(t) =w(z,t)ggn—1 + x(z,1) +dzQ@o0(z,t)+0(z,t) ®dz + B(z,1)dz ® dz,
where w(z, t) and B(z, t) are scalar functions on S"~!, 5(z, t) is a one-form on S"~!

and x(z,1) is a tracefree symmetric (0, 2)—tensor on S"~!. Let @&(z,1) and (z,1) be
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the rotationally invariant functions obtained from w(z,t) and B(z,t) by averaging over
the slices S"~1 x {z}; that is,

/ (w(z,t) —w(z,t)) dvolgn—1 2/ (B(z,t)—B(z.1)) dvolgn-1 =0
Sn—1x{z} Sn—lx{z}

fort € [—-1000, t,,] and z € [-1000, 1000]. Then there exists a function : S"~! — R
(independent of t and z) that lies in the span of the first spherical harmonics on S"~!

and
|h(6)=@(z, ) gsn-1 =Bz, 1) dz@dz— (=) "~V 20 Dyg i |gy <CLTH0D)
in the region {|z| < 1000, —1000 <t <t,}.

Proof The parabolic Lichnerowicz equation for /(¢) is equivalent to the system of
equations, for w(z,t), x(z,t), o(z,t) and B(z,1),

ia)(z t) = ﬁa)(z )+ ;A 1w(z,t)

a7 9z2 T =2y STTTS

9 92 1

EX(Z, 1) = @X(Z, 1) + m(AS'HX(L 1)=2(n—1)x(z,1)),
2

%0(2, t) = 882—20(2, t)+ ﬁ(Asn—IO—(Z, t)—(n—2)a(z,1)),

9 0 N
Eﬂ(z’t)_az_Z'B(Z’t)-i_m sn—1B(z,1).

Since |A(t)|z(r) < in the region {|z| < 3L, —3L <¢ < 1L}, we have the estimate
lw(z,1)] " Xz Dlggus  10(z,0)lggus
—t —t (=1)1/2
in the region {|Z| < %L, —%L <t< —%L}. Similarly, since |4(1)|z(:) < L0 in the
region {|Z| < %L, —%L <t< tn}, we have the estimate
|C()(Z,t)| n |X(Z»t)|gsn_1 |O—(Z’t)|gsn—l
—t —t (—1)1/2

in the region {|z| < 1L, —1L <t <t,}. Note that (—t)~! < 2(n —2) in this range.
The powers of (—¢) in the first estimate are important and will determine whether

+|B(z.t)| =C

+1B(z,1)| = CL'"

specific modes decay. The method of estimation in [13] is not sensitive to the power
of L in the second estimate. Therefore, as in [13], we may use the coarse estimate
L0 < CL?%(—¢)710 to introduce additional factors of (—¢)~! when needed below. In
the following steps, we will decompose each of x(z,t), o(z,t), B(z,t) and w(z, t) into
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sums over the modes of A g»—1 acting on traceless symmetric (0, 2)—tensors, one-forms,
and functions, respectively.

Step 1 We begin by analyzing the equation for x(z,?). In this step, unless otherwise
noted, |- | and (-, -) denote the norm and inner product with respect to ggn—1. Let S;
for j =1,2,... denote an orthonormal basis of eigenfunctions for the Laplacian acting
on the bundle of tracefree (0, 2)—tensors on S”~1, so that Agu—1S; = —v;S;. Note
that v; > 0. Indeed, if Agn—1.S = 0, then S must be both parallel and traceless, and
therefore S = 0 in view of the holonomy of S”~!. Moreover, v i~ ] 2/(n=1) a5 j — 00
(see [5, Corollary 2.43]). We assume these eigenfunctions are normalized so that
Jsn—11Sj1* =1 for each j. Using the Sobolev estimate supgn—1 |S;| < C||.S; || grn—1
and the equation A g»—1S; = —v; S}, we can deduce supgn—1 |Sj| < Cv;n_l)/2 < Cvj'.’.

Let us write

o0
X0 => xS
j=1

where
xj(z,t) = /:gnlo((z,l), Sj) dvolgn—1.

Note that | x;(z,7)| < C supgn—1 |x(z,1)|. Define
V) +2
Vj 1= .
2(n—2)
Then v; > 1/(n—2) > 0, 9 + 1 = (vj +2(n —1))/2(n —2) and v; ~ j2/ =D as
j — oo. The equation for x(z, t) implies
9 92
&X](Z’t) = 87X](Z’t)_

Vi +1
—t

Xj(z, ).

Hence the function x;(z,?) := (—z)_‘_’f_lxj (z,t) satisfies
J - 9 _
ng(Z’ 1) = 32K (z,1).
From our estimates for x(z, t), we obtain

Ixj(z, )]
—t

% (2. 0)| = (=)7Y < C(=1)V

for (z,t) € [—%L, %L] X [—%L, —%L], and

1% (z. 01 = (=)™ b(J(_;Zt) < CL?(—1)7%!

for (z,1) € [—%L, %L] X [—%L, Zn]. Now suppose (z, ¢) € [—1000, 1000] x[—1000, ¢,].
Combining these estimates with the representation formula for the solution of the
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one-dimensional heat equation in [—4L, L] x [-1L.#,] (see Appendix C), we
obtain

_ t )
%i(z.0l = C(zL)"7 +CL?! / e LA1006=9) (f _ )=3/2 ()P~ g,
—L/4

In the interval (—%L, 1), we have
e—LZ/ZOO(t—s)([ _S)—3/2 < Ce—L/1007 =3/2 < CL—I’

and so
t

ol <C(hL)™ + CLZO/ e~ L?/200(=5) (_ ) =% =1 g
~L/4

For y; this gives

L K 20 ! —L2/200(t—s) (S bj ld
. < P -
|xj(z,1)] C( ( Z)) +CL / /46 ([) )

for (z,t) € [-1000, 1000] x [-1000, #,]. The first term decays exponentially as j — oo.
If we were to naively estimate the exponential in the second term by Ce~L/100 4pg
then integrate, we could bound the second term by CL20e—L/100 /Vj, but this is not
even summable given the growth rate of v;. We need to be a bit more careful near ¢ to
avoid losing exponential decay. As observed in [13],

t —pi—1
/ e—L2/200(t—s)(§) T ds
_L/4 t

(+1/vv))t —pj—1
/ e—LZ/zoo(t—s)G) J ds—i—/
- (

t

—p;—1
o—L?/200(t—s) (ﬁ) T g

L/4 141/7/5))t !

SC(e—L/loo(lJr 1 )_vj _{_e—Lz*/‘_Tj/ZOO(_t))‘
Vvj

Since v; ~ j2/ =1 'both terms decay exponentially as j — oco. In summary,

lxi(z,0)] < C( L )_ﬁj + CLzoe—L/loo(l + 1 )_ﬁj +CL206—L2\5,-/200(—0
R CTC) N

for (z,1) € [-1000, 1000] x [-1000, ,]. Recalling that v; ~ v; and v; > 1/(n—2), we

sum over all j to obtain

o0
<C Y Wyjz.n) < cLVeD
j=1

> xiz0S;

Jj=1

in the region {|z| < 1000, —1000 < ¢ <{,}.

X Dlggny <
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Step 2 Next we analyze the equation for o(z, ¢). In this step, unless otherwise noted,
|-| and (-,-) denote the norm and inner product with respect to ggn—1. Let Q;
for j = 1,2,..., denote an orthonormal basis of eigenfunctions for the Laplacian
acting on the bundle of one-forms of S, so that A gn—1 Qj = —ujQ;. Note, by
|2

Proposition A.1 in [10], u; > 1. As before, after normalizing .[S”_l |0j|” =1, we get

supgn—1 |Qj| < C;L;.’ for each j. Moreover, p; ~ /=1 a5 j — 0. Let us write

o0
o(z,t)= Zaj(z,t)Qj,
j=1
where

0j(z,t) = /S"_l(o(z,t), Qj)dvolgn—1.

Note that |0j(z,1)| < C supgn—1 |0(z,1)|. Define

= 2
T2 =2y

Then fi; > 1/2(n—2) > 0, fi; + 4+ = (uj +n—2)/2(n —2) and fi; ~ j2/@=D . The
equation for o (z, t) implies

9 P RS
gO'J(Z,t)—go’](Z,Z)—

Uj(Z,t).

Hence the function 0 (z, ) := (—t)_‘lf_l/zaj (z,t) satisfies

d - 9% _
EO’j(Z,t) = 870']'(Z,t).

From the estimates for o (z, t), we obtain

o (.0)| _
0172~

for (z,t) € [-1L, 3 L] x[-4L,—%L], and

6z 0l = (=)™ C(t)

o (z. 0] _
(077 =
for (z.1) €[4 L, S L] x[—§ L. tx]. Now suppose (z, 1) € [~1000, 1000] x [-1000, ,].
Using the representation formula for the one-dimensional heat equation in the rectangle
[—%L, %L] X [—%L, z,,], we obtain

G0 = (=07 CL2(—t) P!

_ t )
6z, <C (A1) +CcL* / e~ L2/1006=5) (4 _ )=3/2(_gy=Ri=1 g
—L/4
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Repeating the argument from the previous step yields

j _
) +CL208—L/100(1+(ﬂj)—1/2)—uj

07 (2. 0)] = c(
n CLzoe—LZ«/[Tj/zoo(—z)

4(=1)

for (z,t) € [-1000, 1000] x [-1000, ,,]. Since ft; > 1/2(n —2), summation over all j
gives the estimate

ZUj(Z,l‘)Sj

j=1

|U(Zv Z)|g5n—1 =

o0
=C Z iiloj(z, )] < CL~1/2(n=2)
j=1

in the region {|z| < 1000, —1000 <t <1t,}.

Step 3 Next we analyze the equation for f(z,¢). Let Yj for j =0,1,2,... denote
an orthonormal basis of eigenfunctions for the Laplacian acting on scalar functions
of S"71, so that Agn1Y; = —A;Y;. Recall that Ao = 0, A = A, = n— 1 and
Ant1 = 2n. As before, assuming that [¢,_ sz =1, we get supgn—1 |Yj| =< Ck;-’ for
each j > 1. Moreover, A; ~ j2/®=1D ag j — co. Let us write

Bz =) Bi(0Y;,
j=0
where

Bj(z.t) = /Sn_l B(z,t)Y; dvolgn-1.

Note that |8 (z,7)| < C supgn—1 |B(z,1)|. In the following, let us restrict our attention

to the case j > 1. Define
PN

M= Sy

Then )_»j >m—1)/2(n—2) > 0 and )_\j ~ j2/=1) The equation for B(z, ) implies
9 92 y
3B G0 =250 =BG,
Hence the function ,3]- (z,1):= (—t)_}_‘f Bj(z, 1) satisfies
3 - 9 -
Eﬂj(z’f) = @ﬁj(zJ)-
From our estimates for 8(z, ¢), we obtain

1B (2. 0)| = (=)™ B (z,0)| < C(—t) ™%
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for (z,1) € [-3L. L] x[-$L.—%L], and

1Bj(z. 1) = (—)™h 1Bj(z,1)] < CL2(—)~hi~!

for (z.1) €[4 L, S L] x[—§ L. tx]. Now suppose (z, 1) € [~1000, 1000] x [-1000, ,,].
Using the representation formula for the one-dimensional heat equation in the rectangle
[—%L, %L] X [—%L, z,,], we obtain

_ i t _
1Bi(z.0) = C(5L) e / e LAN100G=0) (f _ )32 (_g)=hi1 gy
—L/4

Repeating the argument from Step 1 yields

L
Iﬂj(z,t)lfc(m)

for (z,t) € [—1000, 1000] x [—1000, ¢,]. Since )_»j >m—-1)/2(n—-2) for j > 1,
summation over all j > 1 gives the estimate

_i i
]+CL206—L/100(1+()1j)—1/2)—xj +CL2°e_L2m/2°°(_t)

o0
<C Y B (z.0)] < CLmD20-2)
j=1

> Biz.0S;

j=1
in the region {|z| < 1000, —1000 <t <{,}.

B(z,0) = B(z,0)| <

Step 4 Finally, we analyze the equation for w(z,¢). As above, letY; for j =0,1,2, ...
denote an orthonormal basis of eigenfunctions for the Laplacian acting on scalar
functions of S"~!, so that A gn—1Y; = —1;Y;. Let us write

o0
w(z, t) = Z wj(z,1)Y;,

j=0
where
wj(z,t) = [Sn la)(z,l)Yj dvolgn—1.

Note that |wj (z, 1)| < C supgn—1 |w(z,t)|. Let )_\j = A;/2(n —2) as in the previous step.
If1<j<n,thenij—1=3-n)/2(n-2)<0.1f j =n+1,thenA;—1=>2/(n—2)>0.
Since w(z,t) and B(z, ) satisfy the same equation, if we let w; (z,7) = (—t)~X wj(z,1),

then

d _ 9% _
wa (z,t) = @a)j (z,1).

From our estimates w(z, ¢), we obtain

< C(_l)—)_»j-l-l

@)l = oy 2 E Ol
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for (z,1) € [-3L. L] x[-$L.—%L], and

j@j (2,01 = (—t)‘“lw < CLP(—tyhi!

for (z,¢t) € [—%L, %L] X [—%L, tn]. Notice the first estimate is not suitable when
1 < j <n, since in this case —A; + 1 > 0.

First, we consider the case j > n + 1 so that A i —1>2/(n—2). Arguing as we have
before, we obtain

—Aj+1 B}
) +CL20€_L/100(1 +(Xj)—l/2)—)»j

lwj(z,1)] < C(
I C 120 o= L?V%;/200(=1)

4(—1)

for (z,t) € [-1000, 1000] x [-1000, ¢,]. Summing over j > n + 1, we get

0 %)
> @Y =C Y Mlwjn| = L0,
j=n+1 j=n+1

If j=1,...n,then )_\j = (n—1)/2(n —2). In this case, we have estimates
lwj(z,t)] < C(—t)(”—3)/2(n—2)
for (z,1) € [—%L, %L] X [_%L,—%L], and

|67)j (Z, t)l < CLZO(_I)—(n—l)/2(n—2)—1

for (z,1) € [-3 L, JL] x[~%L.tx]- Note that (n —3)/2(n —2) — 1 = —1/2(n —2)
and —(n—1)/2(n—-2)—1= —% —1/2(n —2). Thus, by standard interior estimates
for linear parabolic equations, we obtain

| 0| = cn 20D
for (z,t) € [-1L, L] x[-3L.—1L], and
‘%@ . z)‘ <L (=)

for (z,1) € [—%L, %L] X [—%L, tn]. Since %CT)J- (z,t) satisfies the one-dimensional
heat equation, we can use the representation formula to obtain the estimate

0 — —1/2(n—2)
D <
‘aza)](z,t)| CL
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for (z,t) € [-2000, 2000] x [-2000, t,] and for j = 1,...,n. Using interior estimates
again, we get

d — ? _ ~1/2(n-2)
—; = | —; <
‘Btw] (z,t)‘ '322 wj(z,t)| < CL
for (z,t) € [-1000, 1000] x [-1000, #,] and for j =1, ..., n. In view of our estimates
for %J)j (z,t) and a%c?)j (z, 1), it follows that we can find constants ¢j for j =1,....,n

such that
@ (z.1) —q;| < CL™1/?®=2)

for (z,t) € [-1000, 1000] x [-1000, #,]. Hence,

|CU] (Z, [) _ (_[)(n—l)/Z(n—Z)qj| < CL—I/Z(n—Z)
for (z,t) € [-1000, 1000] x [-1000,¢,] and j =1,...,n.
To summarize this step, we conclude that

n
w(z.1)—B(z.1) — (—) "D N gy,
j=1

o0 n

Y wi(0Y) = (TR Ty,
j=1 j=1
S CL—1/2(n—2)

in the region {|z| < 1000, —1000 <¢ <{,}.

Conclusion Define ¢ := Z;’zl q;Yj. Putting the estimates in all the previous steps
together, we have shown that

(1) — (2, ) g gn-1 — B(z, 1) dz @ dz — (=) V20D g 1120
< Clo(z.0) —&(z, 1) — (—) " D20y | 4 Cly(z.0)lg g, + Clo(z. Dlgq,,

+CIBGz.1) = B(z.0)|
<L 1/20-2)

in the region {|z| < 1000, —1000 <t < t,}. |

Remark 3.2 Since

|@(t)ggn—1lzin ~1 and |B(t)dz®@dz|z¢) ~ 1,
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these solutions of the parabolic Lichnerowicz equation correspond to rotationally
symmetric sums of nondecaying modes of the operator on the cylinder. Meanwhile,

(=) DO Dy g gt gy ~ (-0
is actually growing as ¢ increases when n > 3.

The presence of these nondecaying solutions of the parabolic Lichnerowicz equation
can be understood as follows. Recall g(¢) = (—2(n —2)t)ggn—1 + dz @ dz denotes
the standard solution to the Ricci flow on the cylinder for ¢ € (—oo, 0). Consider a
large smooth bounded domain 2 C S”~! x R and a large real number —7.. Suppose
g(t) is a smooth solution of the Ricci flow defined on 2 for ¢ € [T, ¢,] which is
very close to the standard metric g(¢) on Q for ¢ € [T, #,]. Solve the harmonic map
heat flow %Cb(t) = Ag(r),5()P(?) on Q x (T, 1) with initial condition ®7 = Id and
boundary condition ®; |y = Id for ¢t € [T, ¢,]. Note that ®(¢) must remain very close
to the identity. Then define g(¢) by the identity g(¢) = ®;g(¢). By Proposition 2.8,
g(¢) is a solution of the Ricci—-DeTurck flow with respect to the evolving background
metrics g(¢). By Proposition 2.9, the difference g(z) — g(¢) should be very close to
solving the parabolic Lichnerowicz equation on the cylinder.

Now there are two ways the metrics g(¢) may differ from the metrics g(¢). Firstly, they
may differ geometrically. This is the case if we pull back the Bryant soliton solution or
the ancient oval solution in their tubular regions to the cylinder. Of course the Bryant
soliton and ancient oval are rotationally symmetric and, in this case, the difference
between g(¢) and g(¢) gives rise to the rotationally symmetric w—solution of the
parabolic Lichnerowicz equation. Alternatively, we could let g(¢) be a small translation
of g(¢) in time. This would also give rise to the w—solution. The second possibility is for
g(¢) to differ from g(¢) by a diffeomorphism. In this case, you may have g(¢) = ¢*2(¢)
for some ¢ close to the identity and so ®; solves %CID t = Dg+g(1),2(r) Pr Or equivalently
%(d), op~ 1) = Az),5(0)(Pr o@~1). It turns out the identity map is not a stable critical
point of the harmonic map heat flow on the cylinder in higher dimensions. By the
second part of Proposition 2.9, the linearization of the map Laplacian on the cylinder is
N 1 A 9?
m Sn—1 +(l/l—2))X|Sn—1 +QX'
The vector field % is clearly in the kernel of this operator. This gives rise to a
perturbation of the family of diffeomorphisms which corresponds to a “stretching” in
the R—factor of the cylinder. In higher dimensions n > 3, the operator A gn—1 + (n —2)
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has one positive eigenvalue, which is n — 3. It turns out the space of eigenvectors for
this eigenvalue is spanned by the gradients of the first spherical harmonics. These
considerations point to why the B—solution is steady and the ¥ —solution grows.

4 The neck improvement theorem

Recall that t, = —1/2(n—2) and g(t) = (—2(n —2)t)ggn—1 + dz ® dz.

Definition 4.1 Let (M, g(¢)) be an n—dimensional solution to the Ricci flow and let
(%,7) be a spacetime point with R(X,7) = (n —2)(n — 1)r 2. Define

g0)=r2g(r?(t —ta) +1).
Given ¢ > 0, we say that (X, 7) lies at the center of an evolving e—neck if the rescaled
solution g(¢) in the parabolic neighborhood By(;,) (X, e x [ty —e 1, 1] is e—close in
Cle7'1 (o the standard metric g(?) of a family of shrinking cylinders in a corresponding
parabolic neighborhood.

By modeling neck regions on g(¢) at time ¢ = #,, we have the desirable property that
metric balls are close to subcylinders. In particular, for the model metric g(z,) and a
point x € S 1 x {0},
S" 'x[~L+2,L—-2]C Bz, (x,L) C S" ' x[-L, L].

Definition 4.2 (neck symmetry) Let (M, g(¢)) be an n—dimensional solution to
the Ricci flow and let (,7) be a spacetime point with R(X,7) = (n — 1)(n —2)r =2
Assume that (X, 7) lies at the center of an evolving go—neck for some small positive real
number gq. We say (X, 7) is e—~symmetric if there exists a smooth, time-independent

family of vector fields U = {U @:1<a< ( )} defined on the closed ball B 2@ (X, 100r)
with the following properties:

o In By (%, 100r) x [ — 10072, 7], we have the estimate

2 (%)
33D Ly (@@))] <

[=0a=1

o Ift €[f—100r2,7] and v denotes the unit normal vector to Hamilton’s CMC
foliation of the gy—neck at time ¢, then, in Bg(,j (x,1007), we have the estimate

Zr_2| (U@ )% < &2
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o If7€[f—100r%, 7] and X C By (X, 100r) is a leaf of Hamilton’s CMC foliation
of the gg—neck at time ¢, then

2) 2
D [8ap —areag(y(£) /0D A(U‘“),U D) ey dugn| =€
a,b=1

We recall the following lemma from [13]. The proof in higher dimensions using
Definition 4.2 is the same.

Lemma 4.3 If (x,7) is a spacetime point that is e—symmetric and (X,7) is a point
sufficiently close to (X, ), then (X, 1) is 2e—symmetric.

In the following lemma, we use the gluing result, Corollary 2.11, to construct a family
of vector fields defined on a large metric ball that satisfy slightly weakened versions of
the estimates of Definition 4.2. These estimates hold on an interval of time proportional
to the curvature scale.

Lemma 4.4 If L is sufficiently large (depending upon n) and & is sufficiently small
(depending upon n and L), then the following holds. Let (M, g(t)) be a solution to
the Ricci flow in dimension n and let (xg,t,) be a spacetime point that lies at the
center of an evolving sg—neck and satisfies R(xq,t,) = (n — 1)(n —2). Assume that
every spacetime point in the parabolic neighborhood Byg;,)(xo, L) X [ty — L, 1) is
e—symmetric for some positive real number ¢ < gq. Then, for any t € [-L/5n, t,], we
can find a time-independent family of vector fieldstd = {U@ : 1 < a < (})} defined
on Bg(,,)(xo. 132 L) with the following properties:

e In Bg(t,,)(xo, %L) x [5nt, t], we have the estimate
2) ,
Y Ly@ @) + ()| D(Lyw(g(@)|” < Ce.
a=1
e Ift €[5nt,t] and v is the unit normal vector to Hamilton’s CMC foliation of the

go—neck at time t, then in Bg(,,)(xo, 122

153 L) we have the estimate

)
Y EOTIHU@ P e
a=1
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o Ift €[5ni,7] and X C Bg(,)(xo. 132 L) is a leaf of Hamilton’s CMC foliation
of the gy—neck at time t, then

) 2
Y |8ap —areag (2) /D /Z (U@ UP) gy dpgay| =Ce.
a,b=1

Moreover, the family of vector fields U is C(L)eg—close to a standard tamily of
rotational vector fields on the cylinder in the C%—norm.

Proof The proof is analogous to the proof of Lemma 8.4 in [13]. a

In the next lemma, we extend the uniqueness result, Proposition 2.10, to the families
of rotational vector fields constructed in the previous lemma. The result shows such
families of vector fields are unique up to a rotation in 0((’;)) It follows that, if we
allow our family of vector fields to be time-dependent, then we can construct a family
of vector fields satisfying the estimates in Lemma 4.4 for a large interval of time.

Lemma 4.5 If L is sufficiently large (depending upon n) and & is sufficiently small
(depending upon n and L), then the following holds. Let (M, g(t)) be a solution to
the Ricci flow in dimension n and let (xg,t,) be a spacetime point that lies at the
center of an evolving eg—neck and satisfies R(xg, t,) = (n—1)(n —2). Consider a time
f € [~L, ] a positive real number ¢ < 9. Suppose that Y = {U@ : 1 <a=(5)}
is a time-independent family of vector fields defined on Bg(,,)(xo. 155 L) with the
following properties:

127
* In By(,) (%o, 135

2
3 1Ly @) + (=D D(Lyw(gD))]” < &

a=1

L), we have the estimate

e If v is the unit normal vector to Hamilton’s CMC foliation of the eg—neck at
time 7, then in Bg,)(Xo.

G
D EDTIU@ )P =6

a=1

12; L) we have the estimate

o If S C Bg(,)(%o. 155 L) is a leaf of Hamilton’s CMC foliation of the so—neck
at time t, then

2)

2

a,b=1

2

Sap — areay () (2)~ /(D) fz (UD U)oy digi| <
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Moreover, suppose that i = {U@ : 1 <a < (%)} is a second time-independent family
of vector fields defined on Be () (xo, 8 L) satisfying the same three properties above
(with U@ replaced by U (@), Then there exists an (2) (2) matrix o € 0((2)) such
that, in Bg(,)(xo0. 35 L),

(=1)~ Z‘ Za) LU ® — U(") < CL%*:.
a=1'b=1 g(»)
Proof The proof is analogous to the proof of Lemma 8.5 in [13]. |

Finally, in two steps of the proof of the neck improvement theorem, we will want to
take advantage of the Lie algebra structure of a standard family of rotational vector
fields on a neck. For that, we will use the following lemma:

Lemma 4.6 Let {0 :1<a<(})} beany orthonormal basis of the Lie algebra so(n).
We can find constants {kgpe : 1 < a,b,c < (3)} with the property that |kgp.| < C for
every a, b and ¢ and

2)
@ = Z kabc[a(b), U(C)]-
b,c=1

Proof Consider the basis of so(n) given by antisymmetric matrices E;; for 1 <i <
j < n which have 1 in the (i, j)—entry and have —1 in the (j, i)—entry. It is easy to
see that [E;j, Eji] = Eji and [Ejj, Ejx] = —Ejj. Let {6(“) :1<a=<(})} be any
ordering 0f thlS ba51s Then clearly there exist constants kabc such that |kabc| <1 and

5@ = =) )% (2) 5®)_ 5. For any other basis, we can find an (2) X (2) matrix
w € 0((2)) such that 5@ = Z(z) wapo®. Note that, since Zb Wap®eh = Sac,
we have |w,p| < C. Moreover,

2) 2)
o@ = Z a)da(}(d) = Z wdakdef[6(e),5(f)]
d=1 d.e,f=1
D @) )
= > ( > wdawebwfckdef)[a(b), o).
b,c=1 “d,e,f=1
Thus we can take )
2
kabe = Z wdaweba)fckdef- O
de,f=1
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The following is the main result of this section:

Theorem 4.7 (neck improvement theorem) There exists a large constant L (depend-
ing only upon n) and a small constant &; (depending only upon L and n) with the
following property. Let (M, g(t)) be a solution of the Ricci flow in dimension n and let
(x0,%0) be a spacetime point that lies at the center of an evolving &{—-neck and satisfies
R(xg. 1) = (n — 1)(n — 2)r~2. Moreover, suppose that every point in the parabolic
neighborhood Bg;)(xo, L) X [ty — Lr?,ty) is e—symmetric, where ¢ < ¢;. Then
(xg,t0) Is %s—symmetric.

Proof After a translation in time and a parabolic rescaling, we may assume that
to =ty and R(xg,1;) = (n — 1)(n — 2). Throughout the proof we will assume that
L is sufficiently large and ¢; is sufficiently small depending upon L. Recall that we
have a height function z: Bg(,)(Xo, 81_1) — R, which we assume is normalized so that
z(xp) = 0. We will let g(¢) = (=2(n —2)t)ggn—1 + dz ® dz denote evolving metric
on the exact cylinder, as well as its image under pullback to the parabolic neighborhood
Bg(,n)(xo,el_l) X [ty — sl_l,t,,]. We have the estimate Z}i%‘) |ID (g(1) — g(1)| <
C(L)e; on the neck region. Here and throughout the proof, the covariant derivative D
and norm | - | are taken with respect to g(r). However, note that (1 —C(L)e;)| D! T| <
|51T|§(,) < (1+C(L)ey)|D'T| for any tensor T and 0 </ < 500.
Step 1 Using Lemmasa 4.4 and 4.5 (in particular, by choosing a suitable time-
dependent element w,p(¢) € 0((';))), we can construct a time-dependent family of
vector fields U = {U(") 1<a= ('2’)} defined on Bg(s,)(xo. %L) X [—L, ty] with the
following properties:

* On By, (xo. 15 L)

{%U(“) =0 forte[-L,~1L].
‘%U(”)‘ <CL(-t)"Y2¢ forte[-1L, 1]
» On By, (x0. 12L) X [~ L, tu],

1Ly@(@O)|+ (=)' |D(Lyw(g(1)| < Ce.
Recall that we have the identity
AU@ £ Rie(UD) = div(Lyw(9)) — 3 Vir(Lyw ().

1
4

Consequently, the vector fields U (@) satisfy
|AU(¢1) +RiC(U(a))| < C{D(EU(a) (g(t)))} < C(—l‘)_l/28
on Bg(s,) (X0, 1 L) X [~ L, ).
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There is a correspondence between orthonormal bases of so(#) and (time-independent)
families of vector fields Uy := {U. C(y‘? :1<a = (3)} defined on the cylinder satisfying

£Uc<y7>g(t) =0, dz(Uc(yal)) =0 and

—1\— - b
arcagpy (S"~ 1)~/ /SH(UC(;)’UC(yI))M:5ab‘

Our assumptions imply that the family of vector fields U/ satisfies these three identities
up to errors of bounded by C(L)e;. It follows that we can find a standard family of
rotational vector fields Uc(yal) on the standard cylinder such that the vector field U @ jg

C(L)e—close in the C?—norm to the vector field Uc(y‘?.

Step 2 Let V@ be a solution of the PDE

9

ot
in the region {|z| < ZL, —L <t <t,} with Dirichlet boundary conditions V@ = U@
on the parabolic boundary {|Z| < %L, t = —L} U {|Z| = %L, —L=<t=< t,,}. Consider
the difference V@ — U@ In the region {|Z| < %L, —L=<t< —%L}, we have

V@ = AV@ 4 Ric(V@)

’%(V(“) —U@)— A(V@ — U @) 4 Ric(V@ — U@)( = |AU@ 4+ Ric(U@)|

< C(—1)"2.
In the region {|z| < %L, —%L <t< tn}, we have
’%(V(“) U@y A(V@ _ @) 4 Ric(V@ — U(”))‘
< [2U@]+]AU@ + Rie(U@))

< CL(-t)""/2.
Hence, by Proposition 2.6,
2@ Y@ <A@ U@ 4 c-1) 2

in the region {|z| < %L, —L<t< —%L} and

0

S V@U@ < AV@ U@+ CL(=0)""

in the region {|Z| < %L, —%L <t=< t,,}. By the maximum principle,

V@ _y@|<crL'?e
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in the region {|z| < %L, —L=<t=< —%L} and
V@ _y@|<crL?

in the region {|z| < %L, —%L <t= tn}. By standard interior estimates for linear
parabolic equations (see Appendix C),

1DV @ @) < Ce
in the region {|Z| < %L, —%L <t< —%L} and
ID(V@ —U@) <CL?

in the region {|z| < %L, —%L <t=< z,,}. In particular, in §|z| < %L, —%L <t=< tn} the
vector field V@ is C(L)e;—close to the vector field Uc(y(i in C!'—norm. Consequently,
in the region {|z| < 1000, —1000 < ¢ < 1,}, the vector fields V(@ are C(L)e;—close

to the standard rotation vector fields in C1%%—norm.
Step 3 We now consider 4@ (¢) := Ly @ (g(t)). Since V@ gatisfies the PDE
%V(") = AV@ 4 Ric(V @), by Theorem 2.5 its Lie derivative satisfies

9
Eh‘”’(z) = AL yh ().

The estimates we have obtained for V@ — U@ imply that
19| < |Lyw (@) + CIDV@D —U@)| < Ce
in the region {|Z| < %L, —%L <t < —%L} and
D) < |Lyw (@) +CIDV@ —U@)| <L
U

in the region {|Z| < %L, —%L <t =< tn}. By standard interior estimates for linear

parabolic equations,
100

> ID'h @ < C(L)e
=0

in the region {|z| < %L, —%L <t= Zn}.
Step 4 Recall that 3,20 | D! (2(1) — g(¢))| < C(L)e;. Let i@ be the solution of

a - -
Eh@(z) = AL ;0P ().
in the region {|z| < %L, —%L <t< tn} with Dirichlet boundary condition /@ = 4@

on the parabolic boundary {|z| < %L, t= —%L} U {|z| = %L, —%L <t< tn}. Then

L EDO) = hD ) = AL g (K@)~ D) = ED ),
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where the error term is defined by E @ (¢) := Ar, (t)h( Yt)— AL g(t)h(”)(t). Since
120 |DHE () — g(1))| < C(L)ey and 3729 |D’h(“)| < C(L)e, we have
90
D ID'E@@D)] < CLjeqe
=0
L,—

in the region {|z| < L=<t=< t,,}. Hence, by the maximum principle,

1
2 f—

W@ —h@| < C(L)ee

1
2

in the region {|Z| < %L, —%L <t=< t,,}. Using the higher-order derivative estimates
for the error, standard interior estimates for linear parabolic equations imply

80
D I @ —h )| < C(Lyeye
=0

in the region {|z| < 1000, —1000 <7 < t,}.

Step 5 In the next step, we use Proposition 3.1 to analyze h@. By our estimates
for |1@| and our estimate for |4@ — 1@ in Step 4, we have

|hD| < Ce+ C(L)ere
in the region {|Z| < %L, —%L <t< —%L} and
|h@D| < CL? + C(L)e, ¢

in the region {|z| < %L, —%L <t < tn}. This implies 4@ satisfies the hypotheses
of Proposition 3.1. It follows that, for each a € {1, R (g)}, we can find a function
w(“) : §"~1 - R (independent of z and ¢), as well as rotationally invariant functions
@@ (z,1) and B@(z,1) (depending only about the height z and time ¢), with the
following properties:

o @ is in the span of the first spherical harmonics on S"~!.

e ®@(z,1) and B@(z, 1) are solutions of the one-dimensional heat equation in
the region {|z| < %L, —%L <t< t,,}.

¢ In the region {|z| < 1000, —1000 < ¢ < t,}, we have the estimate

RO (0) =8 (z.0ggn1 = B (2. 0) dz @ dz = (—0) "Ry @g g,y |
<CL™'V20=D¢ 4 C(L)eye.
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Since 4@ and its derivatives are bounded by C(L)e, the functions @@, 8@ and v (@
and their derivatives are bounded by C(L)e. Note that

hD1) =D (z, 1) ggn-1 — BD(z,0) dz @ dz — (—1) "~ D/20=Dy@g
solves the parabolic Lichnerowicz equation with respect to g(¢) in the region
{lzl < JL.—3L <t <t,}.

By standard interior estimates for linear parabolic equations, we obtain

80
DD R0 =5z g gn1 =Bz 1) dz@dz— (—) TV Y Dy )]
=0

<CL7V?= g4 C(L)ese
in the region {|z| < 800, —400 < ¢ < #,}. Combining this with the last estimate of
Step 4, we obtain

80
2D 1) =5 2. ggn-1 =D (z.0) dz@dz—(—) DOy @ g, )
=0

<CL™ V202 4 C(L)ese

in the region {|z| < 800, —400 <t <1,}.

Step 6 In this step and several following, we modify the vector fields V@ to remove
the nondecaying solutions of the parabolic Lichnerowicz from the estimate of the
previous step. We will also need to address the time-dependence of the family of vector
fields.

We first turn our attention to the term k@ (¢) := (—t)(”_l)/z(”_z)w(")gsn—l. Let us
define a time-dependent vector field on S”~! by
1

@ ._ _
£ = 4(n—2)

(—t)_(n_3)/2(n_2)vsn—1 v,(a)_

As the gradient of a first spherical harmonic, the vector field E(“) is a conformal killing
vector field on S”~!. Hence,

—1.

_ 2 (@) _ _\—(n=3)/2(n-2) ; (a)
ﬁg(a)(gsnfl)—n_lleS”*I(g )gsn—1 = 2(n—2)( 1) VY ggn

Consequently, Lew (2(1)) = 2(n —2)(—1) Lew (ggn—1) = k@ (1).

We now define a family of vector fields W = {W(“) 1=<a= (;)} by W@ =y @ _g@,
The final estimates in Steps 3 and 4 imply Z?ﬂo | D!y @] < C(L)e and, in particular,
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21710 |D'£@| < C(L)e. Consequently, in the region {|z| < 1000, —1000 < ¢ < 1,},
the vector fields W@ are C(L)e;—close to the standard rotation vector fields Uc(yal) on
the cylinder in the C7°—norm. Putting the identity

Ly (1) = hD D) = kD (1) ~ Low (g(1) ~ §(1))
together with the estimates in Step 5, the estimates for £ @ and the estimates for
g(t) — g(t), we obtain
60 )
Y ID Ly () =8 (z.0)ggn-1 — D (z.1) dz ® d2)]
1=0
<CL™V20=D¢ 4 C(L)eqe
in the region {|z| < 800, —400 <t <1t,}.

We next analyze the time derivative of W (@ . Recalling that AV @ + Ric(V @) =
divh@ — %V(‘[rh(")), we compute
0 d

Zw@ = Ly@ %g(") =divh@ -1V h@) +

n (@)
ot T ot zE :

-3
2(n—2)
Using the Bochner formula, we obtain that

divz() (k1) = 3Vz0) (trz)k @ (1)) = Ag)§® +Ricz() (6“)

1
= (Agn—1E@ 4 Ricgni1 (@
o2y P8+ Ricsi1 (E9))
—2m-2)>
We also compute that
_ - 98@
dng(t)(a)(a)gSn—l + ,3(“) dz®dz) = ’g_zgiz,

n—1 5@ 183(”))8

V50 g0 @ ggn1 + B dz s = (i 0 L)

By our estimates for 4 and h—h, replacing g(¢) by g(¢) in these identities introduces
an error bounded by C(L)e¢e. Therefore, we obtain that

60 2
, -3 198@  n—1  sp@)
D! divh @19 (e h@)4 g _( 2T _ P
;) (‘V 2Vt 6y 270 Sa—ayn 0z )o:

<CL7 V22 C(L)eye
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in the region {|z| < 800, —400 <t <1t,}. Hence,

60 2(a) B @
E l J (@) _ l 3,3 . n—1 Jdo i C1/2(n2)
rar D (8tW (2 82 —4(}'1_2)[ aZ aZ ECL 8+C(L)818

in the region {|z| < 800, —400 <t <1t,}.

Step 7 In this step, we use that the rotationally symmetric solutions @@ (z, 1)g gn—1
and B@(z,1) dz ® dz vanish identically under Lie derivatives by Uy (a ) . Recall that

Ueyl = {Uc(ya]) 1<ac= (2)} corresponds to some orthonormal basis of so(n) Thus, by

Lemma 4.6, we can find constants k. satisfying |k,p.| < C and such that U @

cl_

1522 ’ kabc[Uc(yIi), Uc(ycl)] We define a family of vector fields X := {X(") 1=<ac= (2)}
%)

Y@ — Z kabc[W(b)a W(C)].
b,c=1

by

By construction, in the region {|z| < 1000, —1000 < ¢ < t,}, the vector fields X @
agree with the standard rotational vector fields Uc(yal) up to errors of order C(L)e;.

Now the vector fields X (@) satisfy

%)
Ly (g(t)) = Z kape (Lo (Lo (2(1)) = Ly (L (g(2)))).
b,c=1

Moreover,

Lyt (Lo (1) = Ly (Lo (g(1)))
= Ly (Lo (g0) =8, 1)ggn-1 — B (z,1) dz ® dz)
— Lo (Lo (g0) —oP (¢ 0ggn1 — P (z.1) dz ® d2)
+ Ly (@9 (2. 0) g gn-1 + B (2.1) dz ® dz)
— Ly (@ (2, 1)ggn1 + BO(z.1) dz ® d2).
The vector fields W@ are C(L)e;—close to the vector fields Uc(y‘? while the functions

»® and ,B_(b ) (and their derivatives) are bounded by C(L)s. In particular, for the third
and fourth terms above, we have the estimate

40
> 1D (L @ (. ) ggn-1 + BO(z.1) dz ® dz2))| < C(L)eye
=0
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in the region {|z| < 800, —400 < ¢ < t,}. We estimated the remaining two terms in the
previous step. Since |kgpc| < C, we conclude

40
> I (Lyw (g()| < CLTV2™De 4 C(L)ere
[=0

in the region {|z| < 800, —400 <t < 1,}.

We next consider the time derivative of the vector fields. We have
9 v <l d r® y© ® 9@
9 yv@ _ o c o c
TR bzlk“bc([atw W ]+[W rrid ])
o=

Moreover,
[ 0 @) W(c)] n [W(b), %W(c)]

ar
. )
oo _(138Y __n=1l 95®\a e
ot 2 9z (—4(m—-2p) 0z Joz

I 9 10B© n—1 @Y\ 3
W(b), Iw_[2 _ 9
LT 279z (“4(m—2)) 0z )z

— = b _
N 1980 n-1 5a® D o
[\2 oz (—4(n—2)t) 0z )oz

we (189 n=1 6@ 5
2T T Cam—2 0z Joz )

The third and fourth therms vanish identically if W@ g replaced by U C(y‘? . Therefore,

"\2 oz (—4(n—2)t) 0z )oz

40

2

=0

<C(L)&&

in the region {|z| < 800, —400 <t < 1,}. We estimated the remaining two terms in our
expression for %X @ in the previous step. Since again |k p.| < C, we conclude

ﬁ)D’(%X(“))( < CLTV20 e 4 C(L)ere
1=0

in the region {|z| < 800, —400 <t <1,}.

Step 8 We define a family of vector fields ) := {Y(“) 11 <a=< ('2')} by setting
Y@ := X@ at time #,. Since the standard rotational vector fields on the cylinder
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are time-independent, the vector fields Y@ agree with the standard rotational vector
fields Uc(y‘i) on the cylinder in the region {|z| < 1000, —1000 < ¢ < t,} up to errors of
order C(L)e;.

The time derivative estimates in Step 7 imply that

40

YDy @ —x @) < L7200 D 4 C(L)ege

=0
in the region {|z| < 800, —400 < < t,}. Consequently, as we have seen before, this
implies

30

D! (Lyw(g))| < CL™V2" Do 4 C(L)eye
> |D'(cy
=0

in the region {|z| < 800, —400 <t < 1,}.

Step 9 In Steps 1 through 8, we have constructed a family of time-independent vector
fields Y@ that satisfy the first criterion of Definition 4.2 needed for (xg,#,;) to be
(CL=Y2(=2) e C(L)e;e)-symmetric. We now turn out attention to the remaining
criteria in Definition 4.2.

Fix a time ¢t € [-200,1,] and let us write g = g(¢). Let X; denote the leaves of
Hamilton’s CMC foliation of the evolving &;—neck centered on (xg, #,). This foliation
depends on the time ¢, but we suppress this dependence from our notation. Let v
denote the unit normal to the foliation X and, for each s, let v: X3 — R denote the
lapse function associate to the foliation. (If our foliation is parametrized by a normal
embedding N: S"~! x [s1, 53] = Q with Ty = N(S"! x {s}), then v = !%—f‘ and
VY = %—];’ If our foliation is expressed as the level sets of a submersion f: Q — [s1, 55]
with =y = f~1(s), then v = |Vf|~! and v™'v = V£.) We can assume the foliation is
parametrized so that xo € ¢ and . 5, U =1forall s. The latter identity and comparison
with an exact cylinder implies that

40

Y ID (w—areagy(Z5) )| = C(L)er.

=1

Since X is a CMC surface for each s, the function v satisfies the Jacobi equation
As v+ (JA]? + Ric(v, v))v = constant

on X, where A denotes the second fundamental form of X in (M, g(¢)). As in three
dimensions, the Jacobi operator A, +(]4|?+Ric(v, v)) is a small perturbation of Ay, .
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Hence, for each s, the operator Ax; + (]4|* +Ric(v, v)) is an invertible operator from
the space { f € C>1/2(%y): [z, / =0} to the space {/ € cl2(zy): Js, fv=0}
and we have a universal bound for the norm of the inverse of the operator.

We now restrict our attention to leaves X4 that are contained in the region {|z| < 700}.
Let us define a function F@: S — R by F@ := (Y@ ). The quantity

As, F9 4+ (|A)? + Ric(v,v)) F@ =: H@

can be expressed in terms of Ly ) (g) and first derivatives of Ly (g). To see this, let
¢+ denote the flow of the vector field ¥ @ Then the mean curvature of ¢ (Xy) with
respect to g is the same as the mean curvature of X5 with respect to ¢ g. Differentiating
both sides with respect to T and using that 3 has constant mean curvature implies the
claim. As a consequence, the estimates for Ly ) (g(¢)) in Step 8 imply

20
Y ID'H@| < L7V De 4 C(L)eye
=0
in {|z] < 600}. We define G@(s) := Is, F@ and F@ .= F@ _ G@(5)y. Then

~

fEs F@ — 0 and

As, FD 4 (JA? + Ric(w,v)) F@ = H@ _ | g@,y
s

on X;. Using the estimate for H @ and the universal bound for the inverse of the
Jacobi operator, we conclude that Z}go |Dlﬁ(“)| < CL™V2=2)¢ L C(L)ey¢ in the
region {|z| < 600}. By our estimates for v, we can equivalently write

10
Y ID Y@ v) = G@(s))| < CLTV2De 4 C(L)eye
=0

in the region {|z| < 600}.
If Q4 denotes the region bounded by X and 3¢, then the divergence theorem gives
G@(s)—G@(0) = / (Y@ ) —/ (Y@ )y = / divy @,
s %o Q5
Hence, taking the derivative with respect to s, we get

d (@ _/ ™
dsG (s)==xf vdivYl¥.

A

Since div Y@ = % tr(ﬁy(a) (g (t))), our estimates in the previous step imply

|G@(s) —GD(0)] < CL™V2"=2 4 C(L)eye
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and
10

2.

I=1

1
d_G(a)(S)

o7 <CL™'20=2 4 C(L)ge
S

for s such that 3y intersects the region {|z| < 600}. Putting the previous three estimates
together, noting that G@(0) is constant, we conclude that

10
Y OID Y@ )| < CLTV2 e 4 C(L)eye
=1
in the region {|z| < 600}.

Step 10 Finally, as in Step 7, we define a family of vector fields Z:= {Z @:1<a< ('21)}
by
2)
z@ . Z kabc[Y(b)vY(c)],
b,c=1

where the constant coefficients k,p. are the same as in Step 7. The vector fields
Z@ are time-independent. As before, these vector fields agree with the standard
rotation vector fields Uc(yal) on the cylinder up to errors bounded by C(L)e; in the
region {|z| < 800, —400 <t <¢,}. Since

%)

Lz (@)= ) kabe(Lym (Ly@(8) =Ly (Lyn ().
b,c=1

our estimates in Step 8 imply

20
>IN (L 2@ (g@))] < CLTV20"De 4 C(L)eye
=0

in the region {|z| <500, —200 <t <1t,}.

Next, let us show the vector fields Z (@ are nearly tangent to the foliation. Fix a time
t € [-200,t,], write g = g(¢) and let v and v denote the lapse function and the unit
normal vector fields to Hamilton’s CMC foliation of the {—neck at time ¢. It follows

from the definition of the lapse function that the vector field 7 := v~!v is the gradient
of a function. Thus,

(Y@, yOLT) =(y® vy © 7))~ (YO vy ® 1))

The last estimate of Step 9 implies that [V((Y @, T))| < CL=Y20=D¢ 4 C(L)e;e
and similarly for higher-order derivatives of this quantity. Since these estimates hold for
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any time 7 € [—200, 1,,] and Z @ is a linear combination of such terms (with |k .| < C),

we obtain )

YD (2@, Ty < CL™V20De 4 C(L)eye
=0
in the region {|z| < 500,—200 <7 <t,}
The (0, 2)—tensor (V,T,-) is the Hessian of a function and hence symmetric. From
this, we obtain that
(V(T*), Z@) = 2(V2T.T) =2V T, Z9) + AT, Vr Z@) = 2(vr 29, T)

=2V((Z9.T)).T) — (L zwg)(T. T).
Similarly,
g(T.Z@),) = (Lz@()T.-) —d(Z@. T)).

Thus, from our estimates for £ 7« (g) and (Z @ T), we obtain

6
Y OIDIVITI?, @) < LTV De 4 C(L)ey e
=0
and
6
> IDN(T. 29| < CL™VP e 4 C(L)ee
=0
in the region {|z| < 500, —200 <t < 1,}.
In summary, recalling our estimates for v and the definition of 7, we have shown in
this step that

20
DL ,w(g())| < CL™Y2®=2 g 4 C(L)eye,
V4
=0

Z(") NI <CL™ 1/2(n— 2)8+C(L)816‘

8
21D
l=
6
Z |D!((Vv, Z@Y))| < CL™V?2#Dg 4 C(L)eye,

6
I (. z@)| < CLTVP0De 4 C(L)eqe,
=0

6
> ID (v, z@))| < CLTV20 D 4 C(L)ee
=0
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in the region {|z| < 500,—200 < ¢ < t,}. In particular, this shows the family of
vector fields Z satisfies the first two criteria of Definition 4.2 needed for (xg, #;) to be
(CL=Y2(=D ¢4 C(L)e&)-symmetric. Additionally, we see that the third estimate
above implies

sup |v — areag(,)(E)_1 | < CcL™V20=2) g 4 C(L)ee
)

for any ¢t € [-200, #,;] and any leaf ¥ of Hamilton’s CMC foliation at time ¢ that is
contained in {|z| < 400}.

Step 11 In the final four steps of the proof, we work to establish the third and
final criterion in Definition 4.2 needed for (xg, #,) to be (CL™1/20=2 e C(L)e,6)-
symmetric.

In this step, we use the vector fields Z to deduce estimates for the Ricci curvature and
second fundamental in the region {|z| < 400, —200 <¢ <¢,}. To that end, let us fix a
point (X, 7) € {|z| <400,—200 <¢ <t,} and let ey, ..., e,—1 be an orthonormal basis
for the tangent space at x of the leaf of Hamilton’s CMC foliation passing through x at
time 7. The family of vector fields Z is close to the standard family of rotational vector
fields U1 on the cylinder. It follows that we can find a vector A = (Aq,..., A (Z)) eR(®)
such that, at the point (X, ?),

)
Y ha{Z@ ey =0
a=1

fori e{l,...,n—1},
2)

Y hal(De, 2@ e3) ZA (De, Z@ ¢ ZA ej) =0

a=1

for j €{3,...,n—1} and

i)
D halDe; 2@ ) = 0

a=1

for 3 <k < j <n—1. Having specified (g) equations, we have |A| < C.

Using the estimate for (Z@ v) in Step 10, the first identity above implies that
‘ng:)l )»aZ(“)| < CL™V2(=2¢ 4 C(L)e ¢ at the point (%, 7). This estimate also
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implies that |[(De; Z@ )4 (7@, D, v)| < CL™12n=2)¢ 4 C(L)e,e fori € {1,2}.
Putting these estimates together implies

2)
Z La(De, Z@ )| <cL™V20=Dg L C(L)eqe
a=1

fori € {1, 2} at the point (X, 7). Next, using the estimate for £ ;) (g) in Step 10, we

obtain
3) %)
D halDe, Z@.e1)| + | D ha(Der, 2@ e2)| < CLTV20 ™D 4 C(L)ese,
a=1 a=1
and
%)
Y ha(De, Z@ . ey) + 1| < CLTV20 e 4 C(L)eye.
a=1

We can similarly estimate all other combinations of ¢; and e; for 3 < j <n—1. The
estimates for £ 7« (g) imply that the Ricci tensor satisfies

|£ y@ Ric| < CL™V20=2¢ 4 C(L)eye
fora e {1, R ('2’)} By a straightforward calculation,
(£ zw@ Ric)(ey, e2) = (D zw@ Ric)(eq, €2) + Ric(De, AQH ey) + Ric(eq, DeZZ(“))
= (Dzw Ric)(ey, €2)
+ (D, Z@ . e1) + (Do, Z@, €3)) Ric(ey  €2)
+ (DeIZ(”),ez) Ric(ey, ep) + (DezZ(“), e1) Ric(eq, er)

n
+ 3 (Do, Z9 . ¢j) Ric(ej. €2) + (Do, Z@ . ¢) Ric(ey. 7))
j=3

+ (Do, Z@ V) Ric(v, ep) + (DezZ(“), v) Ric(eq, v).
If we multiply this identity by A, and sum over 1 <a < (g), we conclude that
IRic(ez, €2) — Ric(eq, e1)| < CL™V20=Dg 4 C(L)eqe
at the point (X, 7). Since e; and e, were arbitrary, we conclude

Ric(e;, ej) — ﬁ trs (Ric) ;5| < CL™ V202 ¢ 4 C(L)eye

at the point (X, 7), where try (Ric) = Zf;ll Ric(e;, ¢;).
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We obtain an estimate for the second fundamental form in a similar fashion. Let 4
denote the second fundamental form to Hamilton’s CMC foliation. We think of A as
a (0, 2)—tensor that vanishes in the normal direction. The estimates in Step 10 imply
ILz@A|l < CL™V20=2g 4 C(L)eje fora e {1,..., (3)}. We again compute that

(LzwA)(er.e2) = (D g A)(ey,e3) + A(De, ZW , e3) + A(ey, Do, Z@)
= (DzwA)(er1,e2) + (D, ZD e1) + (Dey Z @D, e3)) A(e, €2)
<Delz<“) e2)A(er.€2) + (Dey Z@, e1) A(ey, e1)

+Z(Dz ej)A(ej, e2) + (Dey 29, ¢j) ey €)).

If we multiply the identity by A, and sum over 1 <a < (g), we conclude that
|A(e2.e2) = Aler.e1)| < CLT20™ e 4 C(L)ese

at the point (X, 7). Again, since ¢; and e, are arbitrary, we conclude
Alei.ej) — ﬁmﬁ < CL™V20=Dg | C(Lygye

at the point (x,7), where H is the mean curvature of Hamilton’s CMC foliation.

Finally, by the estimates in Step 10, if # € [-200, #,] and X C {|z| < 400} is a leaf of
Hamilton’s CMC foliation at time ¢, then

infsup‘L try; (Ric) — p‘ <CL™ V2= 4 C(L)eqe.
P > n—l
To summarize, if ¢ € [-200,,] and X is a leaf of Hamilton’s CMC foliation that
intersects {|z| < 400}, then
infsup}(Ric — ,og)|T§;| <CcL V2= 4 C(L)eye,
D>
and

sup
z

_L —1/2(n-2)
(A n—ng)|TE‘§CL e+ C(L)eye,

where H denotes the mean curvature of X, which is constant.

Step 12 The estimates established in Step 10 show that, for each time ¢ € [—-200, ¢,],
the family of vector fields Z are tangential to Hamilton’s CMC foliation at time ¢
up to errors of order CL™1/2=2)¢ 4 C(L)eye. Let x € {|z| < 400} and let Yxt

be the leaf of Hamilton’s CMC foliation passing through x at time z. Because the
family of vector fields Z are close to a standard family of rotational vector fields

Geometry & Topology, Volume 27 (2023)



192 Simon Brendle and Keaton Naff

on the cylinder, for each x € {|z| < 400}, we can find a subset of vector fields
z@) . 7@-1) ¢ Z (here the a; depend upon x, but not upon #) satisfying two
properties. First, | Z@) (x) A--- A Z@ =1 (x)| > C~1. This is a uniform lower bound
for the linear independence of the vector fields at x. Second, the spaces Tx X ; and
span{Z @ (x),-.. , Z@—1)(x)} agree as subspaces of Tx M up to errors of order
CL™1/2(=2)¢ 4 C(L)e;e. Since the family of vector fields Z is time-independent,
this means the spaces Tx Xy ; and Tx Xy ;, are (CL_I/Z(”_Z)E—i—C(L)el8)—close as
subspaces of Tx M. We can express both the foliation at time ¢ and the foliation at time #,
as the level sets of suitable functions defined on {|z| < 500}. These remarks imply the
functions must be close in C !-norm. We conclude that every leaf in of Hamilton’s CMC
foliation at time 7 which intersects the region {|z| <400} is (CL™'/2"=2 ¢ C(L)eqe)-
close in the C '—norm to a leaf of Hamilton’s CMC foliation at time #, (as submanifolds
of M).

Step 13 Again, let us fix a time ¢ € [-200, #,] and let X denote Hamilton’s CMC
foliation at time #. Let v and v denote the associated normal vector field and the lapse
function of this foliation. Using our estimates for the second fundamental form in the pre-
vious step, we show the quantity areag(,)(Zs)_(”+1)/(”_l) fzY (Z@, Z(b))g(,) ditg
is nearly constant as a function of s. Flowing by the vector field vv = 3% for time s
moves X, into Xy, +s. By standard evolution equations for a flow with velocity vv, we
have %d,ug(,) = Hv dig(;) and consequently %areag(t)(Es) = fEs Hvdpgy) = H,
where H denotes the mean curvature of X with respect to g(¢). Moreover, we can
compute that

d
75 (/E (2@, Z2P) ) dﬂg(r))

=/, Hu(Z@, Z®) dﬂg(tH—/.E (Lov(@NZ@, 2P dpigq)

+/ (v, Z) ZP) g0 dpgio + /Z (2D, 1ov. ZON) g0y ditg -

s

Since Ly (g) = %g(l) = 2Av, the estimate |4 — (1/(n—1))Hg| < CL™'/21=2)¢ 4
C(L)e1e implies

2 - -
(Lan(@)(ZD, 20) = 2 (7@, Z®) | < CLT20De 4 C(L)ese.

By our estimate for [vv, Z @] established in Step 10,

(vv. Z@L, Z®) gl + HZ@ [ov. ZON) g ()] < CLT2De 4 C(L)ee.
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Plugging these estimates into the identity above, we obtain

T [ A2 2OV ey dpgy ) == [ HUZD ZO) gy dpagir
ds\Jx, n=1Js,

< CL™V?2"1=2g 4 C(L)eye.
By our estimate for v, this gives
d @ b (n+1)/(n=1)H / (@ —(b)
—-— VACNVA d - VAV d
e ( /E A Yo die arcag (s s, Yo dite
<CL™V20=D 4 C(L)eye.

Recalling the evolution equation for area, (;)(Xs), we conclude that

d _ _
‘%(areag(,)(is) (n+1)/(n 1)/ (Z(a),Z(b))g(t) dMg(t))‘

A

<CL™ V202 4 C(L)eqe.

Step 14 By the estimate of the previous step, we deduce that there exists a symmetric
(5) x (5) matrix Qg5 (independent of ) such that

‘Qab —areag(tn)(2)_("“)/("_1)/2(Z(a), Z®Y ) it

<CL™V20=D¢ 4 C(L)eqe

for every leaf ¥ C {|z| < 300} of Hamilton’s CMC foliation at time #,. Since the
family of vector fields Z are close to a standard rotational family of vector fields on the
cylinder, the eigenvalues of the matrix Q,p lie in an interval [1/C, C] for some fixed
constant C.

By an argument similar to the one given in the previous step, the estimate for the Ricci
tensor established in Step 11 implies

d _ _
E(areag(,)(E) (n+1)/(n 1)/E(Z(a),z(b))g(t) d:“g(t))‘

<CL7V?2=2g 4 C(L)eye,

for every leaf X C {|z| < 300} of Hamilton’s CMC foliation at time #,. It follows that

’Qab —areag(t)(E)_("H)/("_l)/E(Z(a)» Z®) oy gy

<CL7V2=2g 4 C(L)ese

for every leaf ¥ C {|z| < 300} of Hamilton’s CMC foliation at time #,.
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By Step 12, every leaf of Hamilton’s CMC foliation of the ¢1—neck at time ¢ which
is contained in {|z| < 200} is (CL~Y/2(=2 ¢4 C(L)e;&)—close in the C'—norm to a
leaf of Hamilton’s CMC foliation of the ¢;—neck at time #,. This finally implies that

Qb —areag(,)(E)_(”H)/("_l)/Z(Z(a), ZO) gy digioy

<CL™ V2= 4 C(L)ese

whenever ¢ € [-200, ¢,] and X C {|z| < 200} is a leaf of Hamilton’s CMC foliation of
the e;—neck at time ¢.

The vector fields 21521 (0~1/2) ., Z@ now satisfy all three conditions of Definition 4.2.
We conclude the point (xg, t,,) is (CL™1/20=2 ¢4 C(L)e, ¢)—symmetric. Hence, if we
first take L sufficiently large and then take ¢; sufficiently small (depending upon L),
then (xg, t;) is %8—symmetric. This completes the proof of Theorem 4.7. O

5 Rotational symmetry of ancient x—solutions

In this section, we give a proof of Theorem 1.5. Throughout this section we assume
n >4 and (M, g(t)) for t € (—o0, 0] is an n—dimensional ancient x—solution which
is noncompact, ¢—uniformly PIC and strictly PIC2. In this section, unless otherwise
indicated, C always denotes a universal constant, which may depend upon 7, « or . For
each ¢, we denote by Rpax(¢) the supremum of the scalar curvature of (M, g(¢)). By the
extension of Hamilton’s Harnack inequality to PIC2 solutions (Theorem A.4), Ryax(?) is
nondecreasing in . By the extension of Perelman’s pointwise derivative estimates to k—
solutions in higher dimensions (Theorem A.5), # > Ruyax(f)™! is uniformly Lipschitz
continuous. Let us define rp.«(¢) by the identity Ry (¢) = Fmax () ~2. For points
X € M that lie at the center of a neck, we define the curvature scale rpeck(x,?) by
the identity R(x,t) = (n —2)(n — 1) rpeck (X, t)_z. This is the scale we have used in
Definitions 4.1 and 4.2. Note that

rmax(t)z =< Vneck(x7 Z)Z-

We begin by choosing a large constant L and a small constant &; < g(n) such that the
gluing results of Section 4 can be applied to any £;—neck and such that the conclusion of
the neck improvement theorem holds. For each spacetime point (x, ¢), we let A1(x,?)
denote the smallest eigenvalue of the Ricci tensor at (x, 7).
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Proposition 5.1 Given g, we can find a small constant 6 := 0(n, 1) with the follow-
ing property. Suppose that (X, 1) is a spacetime point satisfying A1(X,7) < OR(x,1).
Then (X, ) lies at the center of an evolving e1—neck N. Moreover, if x lies outside the
compact domain bounded by the leaf of Hamilton’s CMC foliation passing through x
at time 1, then (x, ) lies at the center of an evolving &1 —neck.

Proof As in the proof of Proposition 9.1 in [13], this result only depends upon the
structure results Theorem A.6 and Corollary A.7 (cf Theorem A.2 and Corollary A.3
in [13]) and Lemma A.8, the neck detection lemma. Thus, we can follow the proof of
Proposition 9.1 in [13] verbatim. O

For the remainder of this section, let us fix a choice of 8 such that the proposition above
holds. We now define a notion of e—symmetry for the cap of our manifold, following
Definition 9.2 in [13].

Definition 5.2 (cap symmetry) We will say the flow is e~symmetric at time 7 if
there exists a compact domain D C M and a family of time-independent vector fields
U= {U @:.]1<a< (g)} which are defined on an open subset containing D such that
the following statements hold:

o There exists a point x € dD such that A1 (x,7) < OR(X, 7).

e For each x € D, we have A{(x,7) > %GR(x, f).

e The boundary D is a leaf of Hamilton’s CMC foliation at time 7.

e Foreach x € M \ D, the point (x, 7) is e~symmetric in the sense of Definition 4.2.

o In D x[f — rmax(7)?, 7], we have the estimate

2 (9 ,
D | D Ly (8(0))]” <&

I=0a=1
e If ¥ C D is a leaf of Hamilton’s CMC foliation of (M, g(7)) that has distance
at most 507k (dD) from dD, then

8
SUp Y rmax () 2(U @, v)|> < &7,
p)

a=1
where v is the unit normal vector to X in (M, g(7)) and ryeck (0D) is defined by
the identity area, ) (dD) = areag ,_, (S Vrpeck (0D)" 1,
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e If ¥ C D is a leaf of Hamilton’s CMC foliation of (M, g (7)) that has distance
at most 507peck (0D) from 9D, then
2)

2

a,b=1

2

Sab — areag(,-)(E)_(”“)/(”_l) /;(U(a), U(b))g(,‘) d/Lg({) <e?,

where ryeck (0D) is defined by the identity
area, ) (dD) = areag,,_, (S Y rpea (D)1,

Remark 5.3 By Proposition 5.1, for each x € M \ D, the point (x, 7) lies at the center
of an evolving &;—neck.

Remark 5.4 Since D C {x € M : Ay(x,7) > 20R(x.0)}, Corollary A.7 implies
diamg ;) (D) =< Crmax(?) and (1/C)Rpmax (1) < R(x,t) < Ryax(7) for all x € D. Here
C is a positive constant that depends upon 6.

Lemma 5.5 Suppose that the flow is e—symmetric at time {. If { is sufficiently close
to t, then the flow is 2e—symmetric at time f.

Proof The proof is analogous to the proof of Lemma 9.5 in [13]. a

Lemma 5.6 Let us fix a time ¢. Suppose that, for each ¢ > 0, the solution (M, g(t)) is
e—symmetric. Then (M, g(t)) is rotationally symmetric.

Proof The proof is analogous to the proof of Lemma 9.6 in [13]. |

We now continue with the proof of the main theorem. In the following proposition,
we use the uniqueness of the Bryant soliton in higher dimensions [10] and Hamilton’s
rigidity result for the Harnack inequality (adapted to our setting in [7]) to produce a
sequence of times 7; along which rescalings of the solution converge to the Bryant
soliton.

Proposition 5.7 There exists a sequence of times fj, — —oo and a sequence of points
Pi € M with the following property. If we define rescaled solutions of the Ricci flow
by

gk(t) = Rmax(fk)g(fk =+ tRmax([Ak)_l)»
then the solutions (M, g;.(t), px) converge (subsequentially) to the Bryant soliton in
the pointed Cheeger-Gromov sense. Moreover, the points p; converge to the tip of the
Bryant soliton, and R(py. i)/ Rmax (i) — 1 as k — oc.
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Proof The proof begins precisely as in the proof of Proposition 9.7 in [13]. The solution
(M, g(t)) must be a Type II ancient solution (see Proposition A.9) and therefore, we
can extract a Type II blow-up limit as Hamilton does in Section 16 of [22]. Namely,
we choose points (P, fx) € M x (—k, 0) with the property that

sup (14 L) 0R0 = (14 ) (1 + %)(—fk)R(ﬁk, ).
(x,t)eM x(—k,0)
The solution is Type II, so 7y — —00 and Ruax (i) < (1+k 1) R(Py. ix). Asin[13], we
can extract a convergent subsequence to obtain a complete eternal solution of the Ricci
flow with scalar curvature bounded by 1 at each point in spacetime. Moreover, there
exists a spacetime point in the limit where the scalar curvature is equal to 1. The limit
is weakly PIC2 and uniformly PIC. Since the solution attains equality in Hamilton’s
Harnack equality, it follows from Proposition 14 in [7] (which generalizes the main result
of Hamilton in [20]) that the limit is a steady gradient Ricci soliton. This soliton must
be asymptotically cylindrically in the sense used in [10]. See Proposition A.10. Hence,
by Theorem 1.2 in [10], the limit must be the rotationally symmetric Bryant soliton. O

Corollary 5.8 There exists a sequence &, — 0 with the following properties. For each
re [fk _ézzrmax(fk)zv fk]’ we have (1 _ék)Rmax(fk) = R(ﬁk, 1) < Riax (1) = Rmax(fk)-
Moreover, for eacht € [ty — é;zrmax (%)?. 1], the solution (M, g(t)) is &, —symmetric.

Proof The Harnack inequality [7] implies Ryax(f) < Rmax(fx). The remaining state-
ments follow from Proposition 5.7 and the structure result Theorem A.6. |

From now on, we assume that the ancient solution (M, g(t)) is not rotationally sym-
metric. The proof of Theorem 1.5 will be by contradiction. By Theorem A.6 and
Corollary A.7, we can find a sequence of positive real numbers g5 with the following
properties:

e g — 0.

o & > 2¢.

e If a spacetime point (x, ¢) satisfies R(x,?) < & Rmax(¢), then (x,¢) lies at the

center of an evolving si—neck.

For each k large, we define

ty = inf{t € [fx, 0] : the flow is not e—symmetric at time #}.

For abbreviation, let ry = rpax(fx) = Rmax(lk)_l/ 2,

Ruax(t) < rk_2 for all £ < ¢;.

By the Harnack inequality,
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Lemma 5.9 If t € [f; — §;2rmax(fk)2,lk), then (M, g(t)) is ep—symmetric. In
particular, if (x,1) € M X [fx — & *rmax(fx)*. 1) is a spacetime point satisfying
A(x, 1) < %QR(x, t), then the point (x,t) is g —symmetric.

Proof By the corollary above and the property g5 < %ek, (M, g(t)) is e —symmetric
for every ¢ € [fx — & *rmax ({x)?. fx]. On the other hand, by definition of 7, (M, g())
is &x—symmetric for every ¢ € [f, 7). Consequently, for any € [fx — &} *rmax (ix)?. 1%)
Definition 5.2 implies that any point x € M satisfying A;(x, ) < %GR(x, t) must be
gr—symmetric. a

Lemma 5.10 The sequence t;, satisfies limy _, oot = —00.

Proof As in the proof of Lemma 9.10 in [13], if lim supy, _, o, % > —o0, then (M, g(¢))
must be rotationally symmetric for all 1 < lim sup; _, ., #x and therefore rotationally
symmetric for all 7, contradictory to our assumption. O

In the next step, we show rescalings of the solution at time #; converge to the Bryant
soliton. This time, we use the classification of rotationally symmetric ancient solutions
in [27] to deduce the result.

Proposition 5.11 There exists a sequence of points p; € M with the following
properties. If we define rescaled solutions of the Ricci flow by gx (1) =1, 2o(ty + r,ft),
then the solutions (M, g (), px) (subsequentially) converge to the Bryant soliton in
the pointed Cheeger—Gromov sense. Moreover, the points pj converge to the tip of the
Bryant soliton, and r]fR(pk, t) > lask — oo.

Proof The proof begins precisely as in the proof of Proposition 9.11 in [13]. Not every
point in M can lie at the center of a neck at time #;. Thus, we can find a sequence
of points g € M such that liminfy o A1(q%, %)/ R(qx, ) > 0. By Corollary A.7,
R(qp, ) is comparable to R« (7). Hence, liminfy _, oo r,fR(qk, t;) > 0 and therefore
liminfy_ o r]fkl(qk, ) > 0. Now, if we rescale the solution by r;- 1 then, after
passing to a subsequence, the rescaled solutions (M, g (¢), pr) converge as k — oo to
a noncompact ancient k—solution (M %°, g%°(s)). Since lim infy_, o, r,?)»l (qr,tx) > 0,
the limit does not split a line and the strong maximum principle implies the limit must
be strictly PIC2. From here, the proof in [13] shows that solution (M °°, g°°(s)) must
be rotationally symmetric. Therefore, by the main result of [27] (see Corollary 1.3),
the limit must be the Bryant soliton. Let po € M *° denote the tip of the limiting
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soliton. The sequence of points py is any sequence of points in M converging to peo.
As in [13], Rgo0(0)(poo) = 1, and thus rkR(pk tr) > lask — oo. |

We will use the approximate soliton potential f* as a proxy for the distance function.

Corollary 5.12 There exists a sequence of positive real numbers §;, — 0 such that
8 = 2¢y, for each k and the following statements hold when k is sufficiently large:

o Foreacht €[y —§8, 1rk,tk] we have (1/n)(1—48;)g < rk Ric < (1+8;)(1/n)g
at the point (py,t).

e The scalar curvature satisfies
ZK(rk dg(ry(Pi. ) + D7 S g R(x, 1) < 2K (e gy (pre. ) + D)7

for all points (x,t) € B, )( Pk 8;1rk) X [t — 8]:1;’,3, -

* There exists a nonnegative function f: By, )( Pk, 5,:1 re) X[t — rk ] — R
(depending upon k) such that

Ric—D? f| <812, |Af+|Vf1P=r 2 <8kry 2 ‘atf+|Vf| ‘<5kr

e The function f satisfies

1 . _
312Uk e (P X) + 1) = f(x.0) + 122K dgoy(pie- x) +1)
for all points (x, 1) € Bg () (P> 8}, Vi) x [txe — rk AR

Here K := K(n) > 10 is a universal constant.
Proof The proof is analogous to the proof of Corollary 9.12 in [13]. a
As an immediate corollary of the corollary above, we obtain:

Corollary 5.13 Foreacht € [t — rk,zk] we have (1 — 6§ 1)r 2 < R(pg.t) <

rnax(t) = 7_2-

Lemma 5.14 The time derivative of the distance function satisfies the estimate 0 <
L dg(ry(pr.x) < 2nr; 7! forall (x, 1) € M x [t — 817, 1]
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Proof Let x € M and let £ = dg(;)(pk,x). Let y:[0,£] — M be a minimizing
geodesic between py and x and let X(s) = y’(s). Then

)2
d .
Edg(t)(pk’ x) = —/ Ric(X, X) ds.
0

Now 0 < Ric(X, X) < Rmax(?) <1y 2| by the Harnack inequality. If £ > 274, then
Lemma 8.3(b) in [31] implies
0= =Ly (pro ) = QU —1) + Syt < 2mrp?
== %0 Pk,X) = 3k = k -

Otherwise, since Ric(X, X) <r;- 2 we get

d - _
OS—Edg(t)(pk,x)Srk 2€§2rk1. m|

Using Theorem A.6 and Corollary 5.13 , we can choose a large positive real number A
depending upon n, L, and &; with the following properties:

o L/4n3K/A <107°.
o If (X.7) € M x[t;—8; ' rf. 1] is a spacetime point satisfying dg ) (pr. %) = Arg,
then Aq(x,?) < %QR(x, t) for all points
(x.1) € By (X, Lineck (X, 7)) X [[ — Lrneex (¥, 1), 1.

The idea is to first choose &, small enough depending upon &1 so that the conclusion
of the second condition holds if (x, ¢) lies on an evolving e,—neck. Then we choose
A large enough so that every point outside Bg)(pg, Ar) lies at the center of an
&o—neck.

The next two results show that points sufficiently far away have improved symmetry.

Lemma 5.15 For k is sufficiently large, if (x,1) € M x [t — 8;1r,f, 1] satisfies
dgt)(Pk. X) = Ar, then (X,1) is %sk—symmetric.

Proof The proof is the same as the proof of Lemma 9.15 in [13], except for a small
difference in how we have defined the scale of a neck in higher dimensions. Let us
briefly verify that the proof works here.

If R(X,7) < & Ryax(7), then, as in [13], our choice of g ensures the point (x,7)
if %ek—symmetric. On the other hand, suppose R(X,7) > &, Rmax (7). For k large,
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Corollary 5.13 implies R(%,7) > 3&xr; 2. This means rneek (X, 7) <2(n—1)(n—2); ' rZ.
The Harnack inequality implies rlg < Fmax (fx)?. Recall §; > 2¢j > 4&y. Thus,
— Lryeck (X, 0)? > 15 — 8k rk 2(n—1)(n— 2)Lsk ”k
> B = 8 rmax(f)® = 200 — 1) (0 = 2) L& rmax (f1)°
> By — &5 *rmax (k)
for k sufficiently large. Consequently, by definition of A and Lemma 5.9, every point

in Bg(7)(X, Lneck(X, 1)) X [f = Lrgeck (%, )%, 1) is ex—symmetric. Hence, by the neck
improvement theorem, the point (¥, 7) is %sk—symmetric. a

Proposition 5.16 For k sufficiently large, if (X,7) € M x [ty =278 1rk , 1] satisfies
2J/400 7, < dg(iy(Pic- X) < (400n* KL) ™/ 8, ry, then (X,7) is 2_j e —symmetric.

Proof The proof is the same as the proof of Lemma 9.16 in [13], except for a small
difference in how we have defined the scale of the neck in higher dimensions. Let us
verify that the proof works here.

The previous lemma shows the result holds for j = 0. Assume j > 1 and that the
assertion holds for j — 1. Suppose (¥,7) € M x [t — 27768 1rk,tk] is such that
21401y < dy(pic. X) < (400n° KL)™/ 8; 1ry.. Since kl(x,t) < 1OR(x,17), the
point (X, 7) lies at the center of an &1—neck.

By Corollary 5.12,
Freck(X.1)% < 4K (n—1)(n — 2)rgdy iy (pr. ) < 4Kn*riedg 7y (pic. X).
Therefore,
[ — Lrneck (X, 1) = T —4KLn*rydy i (pi. X)
f—4KLn*(400n* KLY 7872
r— 2_j5,:1r2
SPAEART PR

v v

A%

On the other hand, rpecc(X,7)? < 4Kn2rkdg@(pk,5c) =< (4Kn2/A)dg®(pk,5c)2.
Since L+/4n3K/A <1079, we obtain

Freck(X,7) <107 L™ dy ) (pic. %).
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Consequently, if x € Bg(7)(X, Lreck(X, 1)), then

dg(i)(Pk>X) = dg(7) (P X) — Lineck (X, 1)
> (1= 10"%)d, i (pk» %)
> (1—1070)2//4007
> 2(G=D/400 5,

Now rg < Fmax () < Fneck (X, 7). Combining this with ryeck (X, 1) < 4Kn2rkdg(t-) (Pr» %),

for any x € By (7)(X, Lrneck (%, 7)) we obtain

dg(f) (P> x)+2nLrpeck (X, l_)zrk_l = dg(f) (Pk»X)+ Lrpeck (X, D +2n Lrpeck(X, [_)2”]:1
= dg @) (Pr. ¥)+ @0+ 1) Lineac (3, 1) r !
<400n® K Ldg (k. X)
< (400n* KL) 715y

Since, by Lemma 5.14,

Ay (Pi» X) < dg(ty(Pr» X) < dg(Pi» X) + 21 Lineck (%, 1) r '
we conclude

2U=D/A0 N 1 < oy (pr, x) < (400n3 KLY 4167 g

for all (x,7) € By(7)(X, Lineck (¥, 1)) X [t — Lineck (%, 7)2,1]. It follows by the induc-
tion hypothesis and the neck improvement theorem that the point (¥, 7) is 277/ ~le;—
symmetric. O

Next we state existence and uniqueness lemmas, analogous to Lemmas 4.4 and 4.5
used in the proof of the neck improvement theorem.

Lemma 5.17 If j is sufficiently large and k is sufficiently large depending upon j,
then the following holds. Given any t € [ty — 2/ / 100,,]3’ t], there exist a collection of
time-independent vector fields U = {U(a) 1<a= (g)} on By (pk, 27/400 A 1) with
the following properties:

o In By (pr.2//4%0Ary) x [T — r?, 1], we have the estimate

|Ly@ (@) + e | D(Lyw@ (g(0))] < Clrg Mgy (pr. x) + 1) 7%y
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e Ift et — r,?, t] and v denotes the unit normal to Hamilton’s CMC foliation
of (M, g(t)), then, in B, (pk, 21/400Ark) \ Bg(#)(Pk:2Ary), we have the
estimate

e U@ )| < Clry gy (pies ¥) + 1) 71 %%

o Ifteft— r]?, t] and X denotes the leaf of Hamilton’s CMC foliation passing
through x € By i) (P, 277400 Ay \ Bg ) (pk,2Ary) at time ¢, then

5)
> 5ab_areag(t)(z)_(n+l)/(n_l)/E(U(a)’U(b)>g(t) ditg ()
a,b=1

< C(r Mgy (prs %) + 1)1 P
Moreover, on the ball By ) (P, 2j/4°0Ark), the vector fields U@ are close in the
C?—norm to a standard family of rotational vector fields on the Bryant soliton.

Proof The proof is analogous to the proof of Lemma 9.17 in [13]. |

Lemma 5.18 If j is sufficiently large and k is sufficiently large depending upon
Jj, then the following holds. Consider a time 7 € [ty — 27/ loorlg, tr]. Suppose that
U={U@D :1<a=<(})} is a family of time-independent vector fields defined on
By (Pks 2J/400 A 1) with the following properties:

* In By (pk, 27/400 A1), we have the estimate

|Ly@ ()] + | D(Lyw (g(1))] < Clr ' dgy(pr. x) + 1) %%y

e If v denotes the unit normal to Hamilton’s CMC foliation of (M, g(t)), then in
By (Pks 27/400 Ay )\ By (7 (pk,4Ary), we have the estimate

i U@ )] = Cly dgy (P ) + D71 Py
e If 3 denotes the leaf of Hamilton’s CMC foliation passing through

X € By (Pis 2774 Arg) \ By (pi. 4ATk)

at time t, then

2)
3 Sab—areag@(E)‘(”“)/("‘”/E(U(“),U(b)>g(;) ditg(i
a,b=1

< C(ri gy (pre. x) + D71 %%
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Moreover, suppose that U = {17 @:1<a< ('2')} is a second family of time-independent
vector fields defined on By (pk, 271400 Ay ) satisfying the same three properties

above (with U@ replaced by U@). Then there exists an (g) X (g) matrix € 0(('2'))
such that o
@ G )
YD wapU® -0@
a=1"'b=1

on By (pr, 2V~ D/40 A1),

< Crg Mgy (. x) + 1) 7%y,

Proof The proof is analogous to the proof of Lemma 9.18 in [13]. O

In the following, we define
QUHR = {(x,1) € By (pis 8 'ric) X [tk — 2774002 5] ¢ f(x, 1) < 277400},

where f: Bg () (Pk. 6;1 re) X[t —5;1 r,f, ] — [0, 00) is the function in Corollary 5.12.
The following three results are the main results of this section. Their proofs resemble
various steps in the proof of the neck improvement theorem.

Proposition 5.19 Let j be a large positive integer. If k is sufficiently large (depending
upon j), then we can find a family of time-independent vector fields

wi= W@ 1za=(})]

defined on By (s, )(pk,4Ary) with the property that

40

> k| DN (L (g(t)] < C277/400;

=1
in Bg (1) (Prc» 40 7r) X [ty — 1000n3KAr,§, t]. Here, the constant C is independent of
J and k. Finally, on the set Bg(;, )(pi.4Ary) x [t — 1000n3KAr,f, t], the family of
vector fields W is close to a standard family of rotational vector fields on the Bryant
soliton in the C8%—norm

Proof We will assume throughout this proof that j is large and k is sufficiently large
depending upon j. In this way, the region QUK is, after rescaling by r, as close
as we like to the corresponding subset of the Bryant soliton. By Corollary 5.12, the
function f: QU-*) — [0, c0) satisfies

R+|VFI? < (1 +48)r;* <2r;?
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and 3
o _ < (1 — -2 - _1,.-2
(81 A)f_ (1 —28)r72 <42
Moreover,

| - -
52Uk e (P X) + 1) = f(x.0) + 1 22K dgoy(pie- x) +1)

for a constant K depending only upon n. In particular, if f(x,7) < 2/ /400 " then
dg(i)(l?k, x) < 21/400Al’k.

Step 1 Using Lemmas 5.17 and 5.18, we can construct a family of time-dependent
vector fields of vector fields U/ := {U @.1<qg< (Z)} defined on QU ’k), with the
following two properties:

. rk{%U(“){ < C(f 4 100)"1%; on QU-K),
o Ly (@] + 1l D(Lyw ()| < C(f +100)71%%; on QUK.

Here C is a positive constant that is independent of j and k. Moreover, we can find a
standard family of rotational vector fields gy := {Uéfy) 1 <a< (g)} on the Bryant
soliton, such that the family ¢/ is close to this standard family on QU-%) in C2-norm.
In other words, as k tends to infinity, the family ¢/ converges to the family Ug, of
rotational vector fields on the Bryant soliton in C2. Note that r | AU @ 4+ Ric(U @)| <
Cri| D(Lyw@(g))] < C(f 4+ 100)7100%; on QU

Step 2 Let V(@ be the solution of the PDE 2 V@ = AV@ 4 Ric(V (@) on QU+
with the Dirichlet boundary condition V(@ = U@ on the parabolic boundary of Q/ 2
Using the estimate

3
|5 U@ —AU@ —Ric(U(“))‘ < C(f +100)"%,,

we obtain

9
5(1/(“) —U@D) AV @D _y@) _Ric(v@ — U(“))‘ < C(f +100)"10%;

Tk

in QU5 where C is a positive constant that is independent of j and k. Proposition 2.6
gives 3
rk(E - A)lV(“) —U@D| < C(f +100)" 10,

in QUK where C is a positive constant that is independent of j and k. By a
straightforward calculation, using the estimates (£ — A) f < 1772, |Vf|? <212,
we obtain

(% - A) (f +100)"% > (f +100)°r; 2
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in QU-%)_ Thus, by the maximum principle, we obtain
P V@ U@ < C(f +100) 8y

in QUK where C is a positive constant that is independent of j and k. The distance
between Q1K) and the parabolic boundary PQ k) is bounded below by cry for a
universal constant ¢, so, by standard interior estimates for linear parabolic equations,
we obtain

ID(V@ —U@)| < C(f +100) 3¢,

in QU150 where C isa positive constant that is independent of j and k. In particular,
on the set QU145  the vector field V@ is close in C!-norm to the vector field Uéfy) .
Consequently, on the set Bg(;,)(pi. 8Arg) X [ty —2000n> KArZ, 1], the family of

vector fields V 1= {V(”) 1 <a= ('21)} is close to the family Ugy in C 100_porm.

Step 3 We define 1@ (¢) := Ly @) (g(t)). By Theorem 2.5,

0
3 10 = AL gy ).

The estimate for D(V (@ — U @) in Step 2 implies
Ly@ (@) = 1Ly@ (@] +CIDV@ —U@)| < C(f +100)%ei
in QU~1K) where C is a positive constant that is independent of j and k.

Since our solution is close to the Bryant soliton, we have the estimate r,f Ric > 2cf~2g
in QUK for some small universal constant ¢ if k is sufficiently large depending upon ;.
This is because on the Bryant soliton the smallest eigenvalue of the Ricci tensor falls
off like the square of the distance to the tip (see Chapter 4 of [19] for details). Hence,
Ric > 2,ork_2g in QUK with p:=¢.277/200, Evidently, we also have Ric < Crk_zg
in QU-%)_ Consider the weighted norm

2@ =inf{L >0: —k(r,f Ric— pg) < h@ < A(r,f Ric— pg)}.

Suppose A; < --- < A,, denote the eigenvalues of 4@ corresponding to orthonormal
eigenvectors ey, ..., e, with respect to g(¢) in QUK. So |h(@]2 = Sy )\f. Then
the inequalities

[hi| < A9 (rZ Ric(es, e) — p) < CA@

and

—p ' 1hD|(rF Ric - pg) < =[h)g < i@ < [hD|g < p~' | P|({ Ric - pg)
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imply that pA@ < |h@] < CA@ in QU5 In other words, the weighted norm is
comparable to the usual norm in QUK Now we apply Proposition B.1 to r;~ 2py(@) )
in the region QU1K taking r;2g for our metric and r;%p = cr;227//200 as our
lower bound for the Ricci tensor. Thus the function

¥ @ = exp(=2pr; > (i —1))A @
satisfies

sup Y@< sup Y@,
QU—1.k) PQU—1.k)

where PQU 1K) denotes the parabolic boundary of QU1K The parabolic boundary
of QU145 consists of points (x, t) where t = zk—2(j_1)/100r13 and points (x, ¢) where
f(x,1) =20=D/400 1y — 4 — 2(j_1)/1°°r,f, then, using that A(® < p~1|4@] <
C2//200| 3@ and |h@| < C(f + 100) 8¢, < Cey, we obtain

U@ (x,1) < Cexp(—27/200)27/200,, < Cp=7/400,,

On the other hand, if (x, ¢) is a point where f'(x,7) =20 ~1/400 then, using the bound
exp(—2pr; 2 (tx —1)) < 1, we have

Y@ (x, 1) < €27/2002U=D/400 4 100)8g, < €277/400g

Finally, @ > C~1|4@| in the region Bo,) (P, 8Ar) x [ty — 2000n3KAr,§, tx]-
Putting all of these estimates together, we conclude

(@] < 2711400,

in the region By, )(pk. 8Arg) X [t — 2000n3KAr,f, tr] assuming j is large and k is
sufficiently large depending upon j. Here C is a constant that does not depend on j
or k. By standard interior estimates for linear parabolic equations, we obtain

100

> D' @) < €27I/400,

=0
in the region Bg(;, )(pk. 6ATL) X [ty — 1000n3KAr]3, ). As we have seen before,
since

%V(“) = AV@ 4 Ric(V@) = div h'@ — LV (r h@),
this implies

80
Z r]i-i—l )Dl (%V(a))‘ < Cz_j/4008k
=0

in the region Bg(;, )(pk, 6ATL) X [tg — 100013 KAr2, ti].
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Step 4 Finally, we define a family of time-independent vector fields
W= {W(“) 1<a=< (g)}

by setting W@ = V(@ at time ;.. Because the family Uy is time-independent, the
family W is close to Up,y in the region By, )(pr. 6Ark) X [t — 1000n3KAr,§, tr]-
Integrating the time derivative estimates in Step 3, we obtain

40
S DI W@ — v @) < c2m 1400
=0

Hence, together with the estimates for 4@, we get

40
Y D Ly ()] < C271/40%,
=0

in the region Bg(;, )(pk, 6ATL) X [tg — 1000n3KAr,§, AR |

For each k sufficiently large, let us choose a compact domain Dy C M with the
following three properties:

e There exists a point X € 0Dy, such that A1 (X, ty) = %QR()_C, ).

e For each x € Dy, we have A (x, ;) > 20R(x, tz,).

e 0Dy, is a leaf of Hamilton’s CMC foliation of (M, g(#)).
Note that Dy C{x e M : A{(x,1;) > %QR(x, )} C Bg(s)(pk. Arg) in view of how
we have chosen A. In particular, if X € M \ Dy, then the point (X, ) lies at the center

of an evolving ¢1—neck by Proposition 5.1. Recall that, for such a point, we define the
curvature scale rneck (X, ) by the identity R(%, ;) = (n — 1)(n — 2)rneck (X, 15 ) 2.

Proposition 5.20 Let j be a large positive integer. If k is sufficiently large (depending
upon j), then the family of vector fields VW constructed in Proposition 5.19 have the
following property. If X € Bg(s,)(pk, Ark) \ Dy, then

10
Dok IDI(W @ o)) = €270
=1

on the parabolic neighborhood Bg;, ) (X, 6007meck (X, fx)) X [t — 2007 peck (X, )2, 1.
Here v denotes the unit normal to the leat of Hamilton’s CMC foliation and C is a
constant independent of j and k.
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Proof Consider a point X € Bg(;, )(pk, Ark) \ Di. By Corollary 5.12, r,?R()E, t) =
1/4KA. Recalling that, by assumption, v/4n3 K /A < 1079, this implies

Faeek (X, 15)* = (n— D)(n —2)R(%, ) ' <4n’ KAr} <10712A% .
Thus,

B (1) (%, 1000rneck (X, 1)) X [tx — 2007 meck (X, %), 1k]
C Ba() (P, 4A1%) X [ty — 10001 KA T, 1]

and, in particular, the estimates satisfied by the family of vector fields WV in Proposition
5.19 hold on the parabolic neighborhood

Bg(,k)()_c, 10007meck (X, 1)) X [t — 2007 peck (X, tk)z, ]

Now we estimate the quantity (W (@ v), where v denotes the normal to the CMC
foliation. To that end, fix a time ¢ € [ty — 2007peck (X, 2%)?, %] and let ¥, denote
Hamilton’s CMC foliation at time 7. We will only consider those leaves of the foliation
which are contained in the By, ) (X, 800rmeck (X, 75 )). As we did before, let us define a
function F@: ¥, — R by F@ := (W@ ). Recall that the quantity

As FD + (JA)? + Ric(v,v)) F® = H@®

can be expressed in terms of Ly (g) and the first derivatives of Ly @ (g). Conse-
quently, the estimates of the previous proposition imply
20
Zrliﬂ |D1H(a)| < C2_j/4008k.
=0
Now, as observed in [13], since Xs C By (s,) (X, 800reck (X, 1)) C Bg(s) (P 4A1k)
the eigenvalues of the Jacobi operator Ay, + (] 4|?> 4+ Ric(v, v)) lie outside the interval
[—cry 2, cry 2] for some small universal constant ¢. This follows from approximation
by the exact Bryant solution, where this estimate can be verified. Consequently, we
have a universal bound for the norm of the inverse of the Jacobi operator. As in the
proof of the neck improvement theorem, using the estimates for H(®, we thus get
10
> DI F@) < c2m /400,
1=0
Since ¢ € [ty — 200reck (X, 1), 15 ] is arbitrary, we conclude
10
> D (W@ )| < €240,
=0
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on the parabolic neighborhood By s, (X, 600rneck (X, %)) X [t — 2007 neck (X, 14 )2, 1]
for a constant C independent of j and k. a

Proposition 5.21 Let j be a large integer. If k is sufficiently large (depending
upon j), then the family of vector fields W := {W@ : 1 < a < (3)} constructed in
Proposition 5.19 have the following property. For each such X € Bg(;,)(pr, Ari) \ Dk,

we can find a symmetric (5) x () matrix Q 4, such that the estimate

Oub— areag(,)(E)_("+1)/(”_1) / (W(“), W(b))g(,) ditgr)| < C2_j/4008k.
=

holds whenever t € [ty — 200reck (%, 15)?, tx] and T C Bg(1,)(X,2007eck (X, 25 ) is a

leaf of Hamilton’s CMC foliation of (M, g(t)). The matrix Q, is independent of t

and X. Moreover, the eigenvalues of the matrix Q,p lie in the interval [1/C, C]. Here

the constant C is independent of j and k.

Proof The estimates established in Propositions 5.19 and 5.20 hold on the parabolic
neighborhood Bg s, ) (X, 6007eck (X, 2% ) X [t — 2007 peck (X, )2, tx]. We can prove the
proposition in a manner analogous to Steps 11-14 of the neck improvement theorem.
In this argument, we use that the family of vector fields W is close to a standard family
of rotational vector fields on the Bryant soliton. In particular, this condition ensures that
the eigenvalues of the matrix Q,p are universally bounded from above and below. O

Corollary 5.22 If k is sufficiently large, then (X, t,) is %8k—symmetr1'c forall x €
M\ Dy.

Proof We have already shown in Lemma 5.15 that if X € M \ By, )(pk. Arg),
then (X, t;) is %sk—symmetric. On the other hand, if X € Bg(;, )(pk. Ark) \ Dg, then
Propositions 5.19, 5.20 and 5.21 imply the point (X, ) is %sk—symmetric provided that
we first choose j sufficiently large and then assume k is sufficiently large depending
upon j. d

We can now complete the proof of the main result of this paper, Theorem 1.5. By
Corollary 5.22, we know that (x, ) is %sk—symmetric for all x € M \ Dj. On the
other hand, by Propositions 5.19, 5.20 and 5.21, there are vector fields defined on the
cap region Dy, satisfying the requirements of Definition 5.2 with ¢ = %sk provided we
take a fixed j sufficiently large and then assume k is sufficiently large depending upon
this j. Thus, (M, g(t;)) is %sk—symmetric if k is sufficiently large. By Lemma 5.5,
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we can find a time 7 > #; such that the flow is &, —symmetric at time ¢ for all 1 € [y, 7]
assuming k is sufficiently large. This contradicts the definition of #; and completes the
proof of Theorem 1.5.

Appendix A Auxiliary results for ancient x—solutions

Theorem A.1 Supposen >4 and (M, g, f) is an n—dimensional complete gradient
shrinking soliton with curvature tensor that is strictly PIC and weakly PIC2. Then
(M, g) is isometric to a quotient of either a round sphere S™ or a cylinder S"~! x R.

Proof For n = 4, this result was proven in [26]. Suppose # > 5. By pulling back g
and f to the universal cover, we may assume (M, g) is simply connected and we must
show that either M = S” or M = S~ ! xR.

If (M, ) is strictly PIC2, then it also has positive sectional curvature. By the result of
Munteanu and Wang [29], this implies (M, g) is compact. Then the main result of [6]
implies (M, g) must have constant curvature. It follows that M = S™.

If (M, g) is only weakly PIC2, but not strictly PIC2, then Proposition 6.6 in [12]
implies (M, g) = (X, gx) xR. In this case, it is easy to see that the triple (X, gx, fx)
is a complete gradient shrinking soliton with fxy = f |xx{0}. Moreover, because
(M, g) is strictly PIC and weakly PIC2, it follows (by definition) that (X, gx) is
strictly PIC1 and weakly PIC2 (see eg [8] or [12]). Consequently, (X, gx ) has positive
Ricci curvature and nonnegative sectional curvature. Again by [29], (X, gx) must be
compact and then, by [6], (X, gx) must have constant sectional curvature. It follows
that M = S"1 x R. m

The structure results for ancient k—solutions in dimension four were developed in [18]
under slightly different positivity assumptions (following Hamilton’s work [23]) than
uniformly PIC and weakly PIC2. In order for the subsequent structure results of this
section to apply in dimension n = 4, we need the following proposition:

Proposition A.2 Suppose that (M, g(t)) is a four-dimensional ancient k—solution (in
the sense of Definition 1.1) with uniformly positive isotropic curvature. Then (M, g(t))
satisfies the restricted isotropic curvature pinching condition of [18]. That is, in the
notation of [23], we have the inequalities c3 < Acy, a3 < Aa; and b% <ajc; for some
positive constant A. Consequently, (M, g(t)) is an “ancient xk—solution with restricted
isotropic curvature pinching” in the sense of [18].
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Proof Since by assumption (M, g(¢)) has bounded curvature, the proposition will
follow from the pinching estimates for ancient solutions of the Ricci flow developed
in [17]. Recall that, in Section 2, we noted uniformly positive isotropic curvature implies
there exists a positive constant « such that min{a; + a,, ¢; + ¢2} > e max{as, b3, c3}.
Moreover, because our solution is ancient and has bounded curvature, the evolution
equations for @ and ¢ imply that min{a, c;} > 0 by the maximum principle.

For ® > 0, let Cy denote the cone of curvature operators satisfying
(b2 + b3)* < D(ay +a2)(c1 +¢2),
ay +az < (®+1)(a; +az),
c2+c3 = (P+1)(e1 +e2).
By Theorems 1.3 and 1.4 in [23], the cone Cj is transversally invariant under the
Hamilton ODE %R = Q(R). Moreover, if ® is sufficiently large, then the curvature

operator of (M, g(t)) is contained in Cy for all . For s > 0, consider the cone of
curvature operators C(s) = CoN{s(a; +ar+az) <a;}N{s(c1 +cy+c3) <c1}. Now

> a% + bl2 + 2asa3 > 2aasz > az(a; +ay) >

1
274 q>+1a3(a2 +as)
. % 2
> 9(q>+1)(al +a +asz)”.

On the other hand,
%(al +ay+az) = (a; +ax +az)® + (b7 + b5 +b3)

<(a1+ay+ Cl3)2 + 3b§

<(ay +az+a3)* +3®(a; +az)(c; +¢2)

< 4@ +3(ay +az +a3)’,
where we have used a1 +a, +a3 = c1 4¢3 +c3. Identical inequalities hold for the eigen-
values ¢;. Thus, as long as 0 <s <s¢ := (3(®+1)(4®43)) "', then C(s) is transversally
invariant under the Hamilton ODE. Since (M, g(t)) is an ancient solution with bounded
curvature and the curvature operator of (M, g(¢)) is contained in C(0) (at every point

in spacetime), the pinching result of [17] (see Theorem 9) implies that the curvature
operator of (M, g(t)) is contained in C(sg). In particular, a; > soas and c; > sgc3.

It remains to verify the condition bg < ajcy. We argue in a similar fashion. Let
C(s) = {sb? <arc1}N{(b2+b3)? <q(s)(a1+az)(c1+¢2)}, where g(s) = (s+1)/2s
and 0 < s < 1. Each cone in this family of cones is invariant under the Hamilton ODE.
The cone {(hy + b3)? < q(s)(a; + az)(c; + c2)} is transversally invariant under the
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Hamilton ODE as long as ¢(s) # 1. Indeed, ¢(s) > 1 when 0 < s < 1. Thus our goal

is to show transversal invariance of the inequality sb% < ajc; under the assumption

(by + b3)% < q(s)(a; + az)(cy + c3). To that end, we recall that

4b1 bz
b

%m(bg) < ¥ 2a3 + 205,
2472

d ai+bi +2aza;

i >

dt ln(al) sl a s

cl2 + b% 4+ 2c5c3

1

d
7 In(cy) >

It follows then that

d . b3 <_(611—51)2-|-2(612—611)bl _(c1=b1)*+2(ca—c)br 4b1(b3—ba)
ajcr )~ aj c1 by .

dt
The right-hand side can only vanish if a; = a, = ¢y = ¢, = by and b, = b3. Suppose we
have equality in sb§ = ayc; and the right-hand side vanishes. Then sbg = b%. On the
other hand, the inequality (b, + b3)% < q(s)(a; +az)(ci + c¢,) implies b_,% < q(s)bf =
q(s)sbg. Since ¢(s)s < 1 when 0 < s < 1, we have must b3 = 0, which in turns implies
the curvature tensor must vanish. It follows that the cone C (s) is transversally invariant
under the Hamilton ODE for 0 < s < 1. Finally, since the curvature tensor of (M, g(t))
satisfies

2 1.2 1 2;2
aycy = $5dscs = Zso(al +az)(c1 +¢2) = Es0b3,

the curvature tensor of (M, g(¢)) is contained in C (s) is s > 0 is sufficiently small.
Once more by [17], we obtain the inequality b§ <ajc; and this completes the proof. O

The classification of asymptotic solitons can be used to give a proof of the universal
noncollapsing of ancient x—solutions in higher dimensions (see [30]). This is the same
manner in which Perelman proved universal noncollapsing in dimension three. For
our purposes, we quote the noncollapsing results Theorem 6.19 in [12] for dimension
n > 5 and Theorem 3.5 in [18] for dimension n = 4.

Theorem A.3 For every n > 4 and « > 0, there exists a constant kg := ko(n, o)
with the following property. If (M, g(t)) is an n—dimensional, noncompact ancient k—
solution (for some k > 0), which is a—uniformly PIC and strictly PIC2, then (M, g(t))
is a kg—noncollapsed for all ¢.

We have made use of the following extension [7] of Hamilton’s Harnack inequality [21]
to PIC2 solutions of the Ricci flow:
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Theorem A.4 Assume that (M, g(t)) fort € (—T, 0] is a solution to the Ricci flow
that is complete with bounded curvature and is weakly PIC2. Then

d . 1

9 \V/ — _R>

81R+2< R,v)+2Rlc(v,v)+t_TR_O

for every tangent vector v. In particular, the product (¢t — T') R(x, t) is nondecreasing
int for each x € M. Moreover, if the solution is ancient (T = —o0), then R(x,t) is

nondecreasing int for each x € M.

We have also used the following extension of Perelman’s pointwise derivative esti-
mates [32] to higher dimensions. See Corollary 6.14 in [12] for n > 5 and Proposition 3.3
in [18] for n = 4.

Theorem A.5 For everyn > 4 and « > 0, there exists a constant 1 := n(n, ) < oo
with the following property. If (M, g(t)) is an n—dimensional, ancient k—solution
which is a—uniformly PIC. Then |DR| < nR3/? and !%R‘ < nR? at each point in
spacetime.

The following two results are consequences of the first author’s work on ancient k—
solutions for n > 5 and Chen and Zhu’s work in dimension four. See Section 6 in [12]
and in particular Theorem 6.18 for n > 5. See Section 3 in [18] and in particular
Proposition 3.4 for n = 4.

Theorem A.6 Suppose n > 4 and let (M, g(t)) be an n—dimensional ancient k—
solution which is noncompact, a—uniformly PIC and strictly PIC2. Given any ¢ > 0,
we can find a domain S2; C M with the following properties:

e Foreach x € M \ Q;, the point (x,t) lies at the center of an evolving e-neck.

e The boundary 0S2; is a leaf of Hamilton’s CMC foliation at time t.

* supyeq, R(x,1) = C(n,a, &) infyeq, R(x,1).

. diamg(t)(Qt)2 Supyeq, R(x,1) < C(n,a,¢).
Corollary A.7 Suppose n > 4 and let (M, g(t)) be an n—dimensional ancient k—
solution which is noncompact, a—uniformly PIC and strictly PIC2. Let ¢ be a
small positive real number and let 2; C M be the domain in Theorem A.6. Then

supyepm R(x,1) = C(n,a, e)infyeq, R(x,t) and diamg(,)(Qt)2 sup,ep R(x,1) <
Cn,a,ce).

Proof This follows exactly as Corollary A.3 follows from Theorem A.2 in [13]. O
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The following result is sometimes called the neck detection lemma:

Lemma A.8 Supposen >4 and let (M, g(t)) be an n—dimensional ancient k—solution
which is noncompact, a—uniformly PIC and strictly PIC2. Given any ¢ > 0, there exists
a constant 0 := (n, o, €) > 0 with the following property. If (x,t) is a spacetime point
satisfying A1 (x,1) < OR(x,t), then (x,t) lies at the center of an evolving e—neck.

Proof We have the tools to follow the standard contradiction argument. If the claim is
not true, then we can find a sequence of counterexamples (M 0, gj (1), x;j,0) satisfying
A1(xj,0) = (1/7)R(xj,0), but (x;,0) does not lie at the center of an evolving e-neck.
By Corollary 6.15 in [12] or Corollary 3.7 in [18] if n = 4 (compactness of ancient
k—solutions), after rescaling each solution so that R(x;,0) = 1, we can extract a sub-
sequence that converges smoothly to another ancient k—solution, (M (%), goo (1), Xs0, 0)
satisfying A (Xs0,0) = 0. The limit is a—uniformly PIC and weakly PIC2. By [12,
Corollary 6.7], either the limit is strictly PIC2 or its universal cover is isometric to
a family of shrinking cylinders. If the limit were strictly PIC2, we would contradict
A1 (Xoo, 0) = 0, and so we conclude the limit flow (M ) g (7)) is a noncompact
quotient of a family of shrinking round cylinders (S”~! x R)/I". A similar argument
works if n = 4 using Lemma 3.2 in [18] (note that the “restricted isotropic curvature”
pinching condition implies the curvature operator is nonnegative).

It remains to show I must be trivial. Since, for each j, (M 0, gj(t)) is a complete,
noncompact Riemannian manifold with strictly positive sectional curvature, the soul
theorem implies M ) is diffeomorphic to R”. On the other hand, since the curva-
ture tensor of (M (), gj(¢)) lies within the interior of the PIC2 cone, Theorem A.2
in [11] implies that, for j sufficiently large, the fundamental group of the quotient of
(S™1 % {0})/ T injects into fundamental group of M ). This implies the group of
isometries I must be trivial, and thus (M (%), g (7)) is a family of round shrinking
cylinders. For j large, this implies (x;, 0) lies at the center of an evolving e—neck, a
contradiction to our assumption, which completes the proof of the lemma. O

We used in our proof of the main theorem that the ancient solution (M, g(¢)) is a
Type II ancient solution. In dimension three, this is a consequence of the neck stability
theorem of Kleiner and Lott [25]. Their argument works in higher dimensions as well.
As in [13], we provide a brief proof here for the reader.

Proposition A.9 Suppose n > 4 and let (M, g(t)) be an n—dimensional ancient x—
solution which is noncompact, «—uniformly PIC and strictly PIC2. Then (M, g(t)) is
a Type II ancient solution; ie lim sup,_, _ o, (—t) Rmax (t) = 00.
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Proof Suppose for sake of contradiction that lim sup,_, _ . (—#) Rmax(?) < 00. By the
proof of Theorem A.4 in [13] (the argument there works independent of the dimension),
there exists a point ¢ € M such that sup,<o(—#)R(q, 1) < C(n). Let £(x, ) denote the
reduced distance of (x, ¢) from (g, 0). It follows from the definition that £(g,¢) < C. By
work of Perelman, there exists a sequence of times #; — —oo such that the sequence of
flows (M, gi(t).q), where g;(t) = (—t;) "' g((—t;)t) for t € [-2, —1] converge in the
pointed Cheeger—Gromov sense to a nonflat gradient shrinking Ricci soliton (]\2 ,8(1))
for t € [-2,—1]. The limit is a—uniformly PIC, weakly PIC2 and noncompact. It
follows from the classification of such solitons that (Z\? , &(1)) must be a family of
shrinking round cylinders or a noncompact quotient of the family of cylinders by a
discrete group of standard isometries. Arguing as in the proof of the previous lemma,
we conclude (1\7 , &(t)) must be a family of shrinking round cylinders.

By convergence to the family of shrinking round cylinders, the quantity (—¢;) R(q, ;)
converges to a constant, which we may assume is 1. Moreover, for any ¢ > 0, the
point ¢ lies at the center of an e—neck at time #; if i is sufficiently large. Since
R(q,t) > %(—ti)_l if i is sufficiently large, it follows that Ry (1)~ 1/2 < 2(—1;)1/2
if i is sufficiently large. On the other hand, by assumption, there exists a positive
constant A such that Ry (1) < A(—t)~'. Since (M, g(t)) has positive sectional
curvature, this implies Ricg ;) < A(—t)"!g(t). Using the bound for the Ricci curvature,
Perelman’s distance distortion estimate [31, Lemma 8.3(b)] implies, for any points
x,yeMandt <s,

dg(ry(x, y) < dg(sy(x,¥) + CA(=1)/2.

In particular, fixing some j large, and considering i > j (so f; < t;), the inequality
above implies

dg, 1y (x. 1) = (=) 2 dg(up (x. ) < (=) 2dg(ry (x. ) + CA
= dgj(_l)(x, y)+ CA.

For i sufficiently large, let X; denote the constant mean curvature sphere passing
through ¢ at time ¢;. Let D; denote the bounded connected component of M \ ¥;. The
estimate above implies that the diameter of the region D; with respect to the metric
gi(—1) remains bounded as i — co. In particular, the distance between ¢ and a point
pi € D; of maximal distance is bounded. This however gives a contradiction, since
for i very large the length of the neck centered at ¢ at time ¢; becomes arbitrarily long
with respect to the metric g;(—1) as i — oo. |
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Finally, we verify that a uniformly PIC and strictly PIC2 steady soliton is asymptotically
cylindrical in sense of [10].

Proposition A.10 Suppose (M, g) is a complete steady gradient Ricci soliton of
dimension n > 4 which is k—noncollapsed, uniformly PIC and strictly PIC2. Then
(M, g) is asymptotically cylindrical in the sense of [10] and consequently the n—
dimensional Bryant soliton.

Proof We adapt the argument used on page 212 of [10]. We may write Ric = D? f for
some real-valued function f. Let X = Vf and ®; denote the flow of the vector — X
for # € R. Recall that the corresponding solution of the Ricci flow is g(r) = ®7(g). In
particular, a time derivative corresponds to a directional derivative by —X. After scaling,
we may assume that R + |Vf|?> = 1. We recall from [10] that (M, g) is asymptotically
cylindrical if:

(i) There exists a point p and a positive constant A such that the scalar curvature
satisfies A_ldg(p, x)"! < R(x) < Adg(p,x)_l.

(i) Let x;;, be any arbitrary sequence of points tending to infinity and let r,;, be a
sequence of real numbers such that r,, R(xy,) — %(n — 1) as m — oo. Consider
the rescaled metrics

qm(0) =1y @] (&) =71y g (rml).
Then we require that some subsequence of the sequence of flows (M, g, (¢), Xm)

converges in the Cheeger—Gromov sense to a family of shrinking round cylinders
(S 1 xR, g(t)) fort € (0,1), where g(t) =2(n —2)(1 —t)ggn-1 +dz @ d-z.

Consider a sequence of points x;, tending to infinity. From our pointwise derivative
estimates, we obtain (X, VR)| < O(1)R?. Suppose that dg(p, Xm)? R(xm) — 0o.
Combining Perelman’s splitting result [12, Proposition 6.8] together with compactness
for ancient k—solutions (Corollary 6.15 in [12] for n > 5 and Corollary 3.7 in [18] for
n = 4), after passing to a subsequence, the sequence of flows (M, R(x)g(t), Xm)
converges to an ancient k—solution which must split a line. As we have previously
argued, the pinching result of [17], together with the fact that M is diffeomorphic to R”,
implies the limit is a family of shrinking round cylinders. In particular, up to a constant
factor, the sequence (M, R(Xm)g, Xm) converges to the standard S”~! x R in the
Cheeger-Gromov sense. This implies [VR| < o(1)R3/2, |AR| < o(1)R? and |Ric|? =
(1/n+0(1))R? at x,, as m — oo. From this we deduce that |(X, VR) + (2/n)R?| <
o(1)R? at x,, as m — oo.
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The argument above shows that R — 0 at infinity. Indeed, if there exists a se-
quence X, tending to infinity such that R(xy) is bounded away from zero, then
d(p, xXm)*R(xm) — oo. From the argument above, we have |VR| < o(1)R3/2 and
(X,VR) 4+ (2/n)R?| < o(1)R? at x,,, as m — oo. Since |X| < 1, together these
estimates imply R(x;,) tends to zero, a contradiction to our assumption.

Now that we know R — 0 at infinity, there exists a point p € M where R attains
its maximum. By the trace second Bianchi identity VR = —2 Ric(Vf'), the point p
must be a critical point of f. Using the second variation formula for geodesics and
the fact that Ric = D? f, convexity of the potential f implies f(x) > ad(x, p)—b
for suitable constants @ and b. On the other hand, the estimate |Vf|?> < 1 implies
f(x) < ad(x, p) + b. Integrating the inequality [(X, VR)| < O(1)R?, we obtain
R(x)> A"'d(p,x)! for a suitable constant A. Consequently, d(p, x)*R(x) — oo
as x — oo and we have the estimate |(X, VR) + (2/n)R?| < o(1) R?. Integrating
this gives the upper bound R(x) < Ad(p,x)~'. Applying the convergence argument
above once more shows that (M, g) is asymptotically cylindrical (and therefore the
n—dimensional Bryant soliton). O

Appendix B Replacement for Anderson—Chow estimate

Recall that the Lichnerowicz Laplacian Ay . is defined on (0, 2)—tensors by
Ap ghik = Ahji + ZRijklhjl —Ric;; hgc — Ricy; hf.

Recall that if g(¢) is a solution of the Ricci flow, then the covariant time derivative D,
acts on time-dependent (0, 2)—tensors by

Dihjy = %hik + Ricyy /”lfc + Ricyy h;{.
In particular, D;g = 0.

Proposition B.1 Suppose n > 4 and let (M, g(t)), t € [0, T] be an n—dimensional,
complete solution to the Ricci flow with nonnegative sectional curvature. Suppose
Q C M x(0,T) is a compact domain of spacetime. Let p be a positive real number and
assume Ric > pg everywhere in Q. Let h(t) be a one-parameter family of symmetric
(0,2)-tensors satisfying the parabolic Lichnerowicz equation %h(l) = AL gn)h(t) in Q2.
Define ¥ : Q2 — R by

V= e inf{A > 0: —A(Ric — pg) < h < A(Ric — pg)}.
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Then

supy < sup v
Q PR

where P2 denotes the parabolic boundary of €2.

Proof Let
A =sup .
Q

Suppose for sake of contradiction that suppq ¥ < A. Let
t:=inf{z : Y (x,1) = A for some (x,1) € Q}.

There exists X such that ¥ (X,7) = A. Since ¥ < A on P, we have (X,7) € Q\ PQ
and, if (x, ) € Q with ¢ < ¢, then ¥ (x,7) < A. Because (X, ) is an interior point, we
can find a smooth open set U containing X and a small positive number 6 > 0 such that
D =U x [t —4§,t] C Q. After a suitable translation in time, we may assume f —§ = 0.

Consider (0, 2)—tensors 7 ) (¢) = e_ZP’A(Ricg(,) — pg(t)) £ h(?) in the parabolic
domain D. Since

—e 72"y (Ric — pg) < h < e7**" Y (Ric — pg)

and 0 < i < A, the tensors T are weakly positive definite in D. Moreover, by our
choice of 7, both tensors 7 +) are strictly positive definite in U at time # = 0. Finally,
by definition of A, there exists a vector v € Tx M such that |v|,;) = 1| and either
Tl.5.+) viv; = 0 or Tl.g_) v;v; = 0. Without loss of generality, suppose Tl.(j_) viv; =0
and let us write 7 = 7). Now, since T is initially strictly positive definite, we can
find a nonnegative function f: U — R with the properties that £ > 0in U, f =0
on dU, and T'(0) — fg(0) is weakly positive definite on U. Now let F: U x[0,7] — R
be a solution of the linear heat equation with respect to the evolving metric g(¢) with
initial condition F(-,0) = f and Dirichlet boundary condition F = 0 on dU x [0, 7].
By the maximum principle, F > 0 in U x [0,¢]. Then (D; — A)(Fg) = 0. For ease
of notation, let (R* T);; = Rijlejl. Since we assume (M, g(¢)) has nonnegative
sectional curvature and 7 is weakly positive definite, we have R 7" > 0. Now we
compute

(D; — A)T = —2pe~2P' A(Ric — pg) + 2pe 2P'ARic 4+ 2¢ 2P'R« T
=2p%e 2P Ag +2¢2PTR% T > 0.
Thus, by the maximum principle for tensors, 7' — Fg is weakly positive definite in
U x [0,7]. Since F(x,f) > 0, this implies T is strictly positive definite at (x,7),
contradicting the fact that 7j;v;v; = 0. O
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Appendix C Interior estimates for linear parabolic equations

In this section, for the convenience of the reader we state some results from linear
parabolic equations used in the proof of the main theorem. Unless otherwise noted,
in this section C always denotes a universal constant, which may depend upon the
dimension.

In our analysis of the parabolic Lichnerowicz equation, we used the representation
formula for a solution of the one-dimensional heat equation on [— L, L] with Dirichlet
boundary conditions. By the method of reflection, one can compute that, for # > 0, the
fundamental solution for the one-dimensional heat equation on [—L, L] with Dirichlet
boundary conditions is given by

1 (Zep( |z—w—|—4kL|2)
X —_——
Jant ke 4t
( |z+w+4kL—2L|2))
—Zexp — 47 .

keZ

Thus, if u is a solution of the one-dimensional heat equation for z € [—-L, L] and
t € [—L,0], then

S(z,t;w) :=

L
u(z,t) =/—L Sz, t+ L;w)u(w,—L)dw

t
+ /—L g—i(z, t—s; Lyu(L,s)— g—i(z, t—s;—L)u(—L,s)ds.
Suppose now that (z, ¢) € [-4000, 4000] x [—4000, 0] and L is large positive constant.

From our expression for S, we can readily obtain estimates

L
[ |S(z,t + L;w)| dw < C, g—i(z,l—s;iL) < CL(t —5)~3/2e=L?/100(=s)
L

Combining these estimates with the representation formula gives us the following
method of estimating a solution by its boundary and initial data:

Proposition C.1 Suppose u is a solution of the one-dimensional heat equation in
[—L, L1x[—L,0]. If L is a large positive constant and (z, t) € [—4000, 4000]x[—4000, 0]
then

|u(z’[)| SC sup |M(Z,—L)|
z€[—-L,L]

t
+ CL/ e_Lz/loo(’_s)(t —s)_3/2(|u(—L, )|+ |u(L, s)|) ds.
—L
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In the course of this paper, we have used standard interior estimates for tensors satisfying
linear parabolic equations coupled to the Ricci flow. In particular, we often required
an estimate that only uses an C° bound for the inhomogeneous term F. This estimate
is not an immediate consequence of standard interior parabolic Schauder estimates,
which bound the solution by the C%—norm of the inhomogeneous term, but we can
deduce it using Duhamel’s principle. For the convenience of the reader, we sketch
the proof of a result here that is sufficient for our applications. In particular, the
following result applies to vector fields that satisfy %V = AV + Ric(V) + F and
(0, 2)—tensors that satisfy %h = Ap ¢(r)h + F, as we encountered in the proofs of
our results. For notational convenience, let P(xg,%.7) := Bg(s)(Xo.7) X [to — 2, to]
denote the parabolic cylinder of radius r centered at (x¢, Z9). The result is modeled on
Shi’s local interior estimates for the curvature tensor.

Proposition C.2 Let U be an open neighborhood of a point x¢ in an n—dimensional
manifold M. Let r > 0. Suppose that g(t) is a family of Riemannian metrics on U
evolving by Ricci flow for tg — r?> <t <ty and suppose that the closed metric ball
B ¢(t0) (X0, 1) 1s a compact subset of U. Let R = Rg () denote the Riemann curvature
tensor of g(t). Let H and F be smooth time-dependent tensor fields defined on

P(xg,ty, 7). Suppose that |R| < r~2 and

%HzAH+R*H+F

both hold on P(xy, ty, 1), where R x H represents a bilinear expression in the curva-
ture tensor and H. Then there exist a positive constant C, depending only upon the
dimension n and the specific bilinear expression R * H, such that

|DH|(x0.10) <Cr~' sup |H|+Cr sup |F|.
P(XOJOJ) P(XOJO’r)

Proof Throughout the course of the proof, C denotes a constant which may change
from line to line but only depends upon the dimension. Without loss of generality, we
may assume o = r2. After replacing r by 2r, Shi’s interior derivative estimates gives
us the bound

sup |DR|<Cr73.

P(X()yrzar)

By passing to a local cover and pulling back the local solution of the Ricci flow, we

2

may assume the exponential map at xq at time 7~ is injective on the ball of radius r. As

in Section 13 of [23], we can construct a suitable, smooth, time-independent function

Geometry & Topology, Volume 27 (2023)



222 Simon Brendle and Keaton Naff

of the radius, ¢, which is compactly supported in By(,2)(xo, ) and has the properties
p(xo) =1,

OSQDSC, |D<p|g(,z)§Cr_1, |D290|g(,2)§Cr_2.
Since 3
|+1D¢l?| < 2IRic| Dg|* = Cr % Dy 2,

integrating over ¢ € [0, 2], we conclude |D¢| < Cr~! in P(xq,r2,r). Similarly,
|D2¢| < Cr~2 holds in P(xq,r2,r). Let

A:= sup |H|

P(xo,t0,7)

We consider the homogeneous and inhomogeneous cases separately.

Step 1 Suppose that F' = 0. From the evolution equation for H, we obtain

%DH:ADH+DR*H+R*DH-

We also have
%|H|Z < A|H|>—2|DH|? + C|R||H|> < A|H|> — 2| DH|? + Cr—2A2.
Similarly,
%|DH|2 < A|DHJ?—2|D*H|* + C|DR||H||DH| + C|R||DH|?

< A|DH|*=2|D*H)*> + Cr *A*+ Cr%|DH|>.
This implies
2 @*IDHP) = A@*|DHP) + Co| Dl | DH|| D> H| + Cg| D¢ | DHI?

+ C|Dg|*|DH|? = 2¢?|D*H|* + Co*r *A* + Co?r2|DH|*.
By Young’s inequality, we can bound

2¢|D¢||DH||D*H| < e¢*|D*H|* + ¢~ | Dg|*| DH|?,

where ¢ > 0 can be chosen arbitrarily. Putting this together with the estimates for ¢
and its derivatives, we obtain

%(¢2|DH|2) < A(@|DHP?) + Cr—*A2 + Cr2| DH[.
Now, in a similar fashion to [8], we consider the function

G =t¢*|DH|* + B|H|?
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for a large positive constant B to be determined in a moment. We compute

%G < AG + (2 + Ctr 2 —2B)[DH|? + Cr~2(tr "% + B)A2.

Since ¢ < r?, if we take B suitably large depending upon the constant C and the
estimate for ¢, we conclude that

%G <AG+Cr72A2.

It follows from the maximum principle that G < C A% on P(xg, r2, r), and this gives
|DH|(x0,r?%) < CrA.

Step 2 If F 0, then we use Duhamel’s principle together with the interior estimates
derived in the homogeneous case. To fix the particular bilinear expression R x H, let
us write LH in place of AH + R x H.

Let U C M be a smooth domain such that B 5,2y (xo. 37) C U C B
each s €[0,r2), let H®) be the solution to the problem
DHO(x,t)= LH®(x,1), (x,0)€U x[s.r%,
H®(x,s5) = F(x,s), xeU,
H® (x,s5) =0, x €dU x[s,r?].

g(r?) (X(), I"). For

Since
%m(s)lz < AJHOP 4 Cr 2| FO))2

and s < < r2, by the maximum principle we obtain

sup |[H®|<C sup |F|

Ux[s,r2] P(x.r2,r)

For (x,1) € U x [0, r?], define

t
H(x,t)=/ H®(x,1)ds.
0

Then %ﬁ(x, t)=F(x,t)+ fot %ﬁ(s)(x, t) ds and consequently

9 ~ ~
~—H=LH+F
ot +
in U x [0, 72]. Observe that H vanishes on the parabolic boundary of U x [0, r2].
Let ﬁ(x, t)= H(x,t)— ﬁ(x, t). It follows that H solves %ﬁ =LHinU x [0, r2].
Moreover,

sup |H|< sup |H|+Cr?> sup |F|.
Ux[0,r2] P(x¢,r2,r) P(x0,r2,r)
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Applying the interior estimate of Step 1 to H® we get, for t € (s,72),
IDH® |(x0,t) <C(t—s)"Y% sup |H®|<C@—s)""* sup |F|
UX[S,I‘Z] P(X():rz’r)

2

Integrating over 0 < s <r~, we get

|Dﬁ|(x0,r2) <Cr sup |F]|.

P(x0,r2,r)
Applying the interior estimate to H, we obtain

|DILAI|(x0,r2)§Cr_1 sup |1LAI|§CV_1 sup |H|+Cr sup |F|.
Ux[0,r?] P(xg,r2,r) P(xg,r2,r)

Combining the estimates for | D H|(x¢, r2) and |DI-AI |(xo,72) completes the proof of
the proposition. a

The proof of the following corollary is similar:

Corollary C.3 Under the assumptions of Proposition C.2, for every positive integer
k > 2, there exists a constant Cy, depending only upon the dimension and the specific
bilinear expression R * H, such that

k—1
|D*H|(x0.10) < Cer™ sup  |H|+Cr Y _r™**2 sup |D'F|.
P(X(),t(),r) 1=0 P(X(),t(),r)
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