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SYMOPSIS 

D i s t r i b u t i o n s o-f run-u]:) are c a l c u l a t e d by a s s i g n i n g to 

eacli i n d i v i d u a l wave i n an i r r e g u l a r wave t r a i n a run-up va-

lue t i c c o r d i n g to Hunt's f o r m u l a , Tlie use of t h i s f o r m u l a per-

m i t s a n o r m a l i z a t i o n of the run-up i n such a way t h a t the 

run-up d i s t r i b u t i o n s are indojiendent of slope a n g l c j mean wa-

ve h e i g h t and mean wave period„ E x j j r e s s i o n s are d e r i v e d f o r 

the p r o b a b i l i t y d e n s i t y and the d i s t r i b u t i o n f u n c t i o n of the 

run-up and of the wave steepness f o r a r b i t r a r y j o i n t d i s t r i -

b u t i o n s .of wave h e i g l i t and p e r i o d . E x p ] i c i t r e s u l t s are ob-

t a i n e d fór wind waves by assuming ivrave h e i g h t and p e r i o d 

squared t o be j o i n t l y R a y l e i g h d i s t r i b u t e d w i t h a r b i t r a r y de-

gree of c o r r e l a t i o n . E m p i r i c a l data from the laborator^'- are 

di s c u s s e d . These len d s u p p o r t t o some of the main premises 

used and r e s u l t s o b t a i n e d , A few f i e l d measurements of run-up 

d i s t r i b u t i o n s are pr e s e n t e d ; the R a y l e i g h d i s t r i b u t i o n appears 

to f i t these data,. 
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LIST OF SYÏvffiOLS 

Symbol D e f i n i t i o n 

C Ch^zy c o e f f i c i e n t (eq„ 2„7) 

C c o e f f i c i e n t i n run-up f o r m u l a (eq, 8„2) 

ct mean water depth 

(Z, base of n a t u r a l l o g a r i t h m s 

£{-{) complete e l l i p t i c i n t e g r a l of the second k i n d of modu-

l u s ;€ 

/* p r o b a b i l i t y d e n s i t y 

F d i s t r i b u t i o n f u n c t i o n ( c u m u l a t i v e p r o b a b i l i t y ) 

h y p e r g e o m e t r i c f u n c t i o n 

^ a c c e l e r a t i o n due t o g r a v i t y 

TC- v a l u e assumed by // 

// wave h e i g h t : max. ( c r e s t ) h e i g h t minus min. ( t r o u g h ) 

h e i g h t of the water s u r f a c e between two successive 

zero u p - c r o s s i n g s 

mean h e i g h t of the h i g h e s t l / 3 o J the waves 

U' n o r m a l i z e d wave h e i g h t : 

T ' m o d i f i e d Bessel f u n c t i o n s of the f i r s t k i n d 

J^^ J of o r d e r zero resp. one 

J~ J a c o b i a n 

-i parameter of the h i v a r i a t e H,ayleigh d i s t r i b u t i o n 

A; 1̂  m o d i f i e d Bessel f u n c t i o n s of the t h i r d k i n d of 

/ t , > o r d e r zero resp,, one 

^ v a l u e assumed by 

wave l e n g t h i n deep water ; = f'^^U^ _ 

n o r m a l i z e d deep-water wave l e n g t h : Z„ - j 

'TV p r o b a b i l i t y of exceedance, i n ̂  ( s u b s c r i p t ) 
t v a l u e assumed by 7^. 

R run-up: max, h e i g h t above mean water l e v e l reached 

by a wave which runs up a slope 

ŷ ŷ  rrtn-up of a wave w i t h ^=^f'^ and T= ^ 

y^' n o r m a l i z e d run-up (eq, 3 . 3 ) 

va l u e assumed by S* 

^ steepness: S - U/L. 

S' n o r m a l i z e d steepness: S'=• ̂ ^/'/L^ 



Symbo1 D e f i n i t i o n 

7~ wave p e r i o d : time i n t e r v a l between two successive zero 

u p - c r o s s i n g s of water s u r f a c e 

mean p e r i o d of the h i g h e s t l / 3 of the waves 

T p e r i o d of s p e c t r a l component w i t h maximum energy den-

s i t y i n frec[uency domain 

Li magnitude of mean wind v e l o c i t y 

^ a t l i i c k n e s s of the uprush 

oC angle of slope w i t h r e s p e c t t o the h o r i z o n t a l 

J~ gamma functj^on 

S D i r a c ' s u n i t impulse " f u n c t i o n " 

e s p e c t r a l w i d t h parameter 

yO c o e f f i c i e n t of l i n e a r c o r r e l a t i o n between /V and 

A u x i l i a r y c o n s t a n t s and v a r i a b l e s : , ">C J A ^ 

A bar denotes aver-age v a l u e . 
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1 INTRODUCTION 

1 . 1 B a c k g r o u n d 

Th e r u n - u i 3 o f w a v e s i s o f t e n a n i m p o r t a n t f a c t o r i n t h e d e -

s i g n o f s h o r e s t r u c t u r e s , Manj^ s t u d i e s ,have b e e n made t o d e t e r m i -

n e i t a s a f u n c t i o n o f t h e c h a r a c t e r i s t i c s o f s t r u c t u r e a n d Aga-

v e s , b o t h f r o m a t h e o r e t i c a l a n d a n e m p i r i c a l p o i n t o f v i e w . F i r s t 

t h e t h e o r e t i c a l a ] ) p r o a c h w i l l b e v e r y b r i e f l y c o n s i d e r e d . 

I n a l l a n a l y t i c a ] t h e o r i e s f o r w a v e r u n - u p k n o w n t o t h e a u -

t h o r ( e . g . , P o c k l i n g t o n , 1 9 2 1 ; M i c h e , 1 9 4 4 ) t h e f l u i d i s a s s u m e d 

t o be n o n - v i s c o u s , a n d , i n m o s t o f t h e s e , t h e m o t i o n t o be i r r o -

t a t i o n a l . T h e s e t l i e o r i e s c a n n o t be e x p " e c t e d t o be a p p l i c a b l e i n 

t h e c a s e o f w a v e s b r e a k i n g o n a s l o p i n g s t r u c t u r e , w h i c h i s o f t e n 

t h e c a s e t o be c o n s i d e r e d . F o r a n a p p r o x i m a t e a n a l y t i c a l d e s c r i p -

t i o n o f b r e a k i n g w a v e s i n s h a l l o w w a t e r , t h e l o n g - w n v e t h e o r y m u s t 

be u s e d , as w a s f i r s t d o n e b y S t o k e r ( 1 9 4 8 ) , A r e v i e w o f t h e me-

t l i o d , i n c l u d i n g r e c e n t a d d i t i o n s , h a s b e e n g i v e n b y A m e i n ( 1 9 6 6 ) , 

The r u n - u p o f b r e a k i n g w a v e s i s f o u n d b y n u m e r i c a l i n t e g r a t i o n o f 

t h e d i f f e r e n t i a l e q u a t i o n s , g e n e r a l l y b y m e a n s o f t h e m e t h o d o f 

c h a r a c t e r i s t i c s . I n m o s t c a s e s t h e p r o p a g a t i o n o f a b o r e a d v a n c i n g 

i n t o w a t e r a t r e s t i s d e a l t w i t h . I n a few c a s e s t h e r u n - u p o f p e -

r i o d i c w a v e s h a s b e e n c a l c u l a t e d ( A m e i n , I 9 6 6 ; D a u b e r t a n d W a r l u -

z e l , 1 9 6 7 ) . I t seems l i k e l y t h a t t h i s p r o c e d u r e c o u l d a l s o be u s e d 

t o c a l c u l a t e t h e r u n - u p o f i r r e g u l a r w a v e s . T h e s e isfaves w o u l d t h e n 

haA^e t o be s i m u l a t e d b y s u i t a b l y c h o s e n b o u n d a r y c o n d i t i o n s . How-

e v e r , s u c h a p r o c e d u r e w o u l d be r a t h e r l a b o r i o u s . I n t h i s p a p e r a 

d i f f e r e n t a p p r o a c h i s u s e d , w h i c h , i n c o n t r a s t A v i t h t h e p r e c e d i n g 

m e t h o d s , i s n o t b a s e d o n p r i n c i p l e s o f f l u i d d y n a m i c s . I t r e s e m -

b l e s t h e m e t h o d u s e d b y S a v i l l e ( 1 9 6 2 ) , t o be d e s c r i b e d i n t h e 

f o l l o w i n g , 

* S a v i l l e a s s u m e s t i i a t t h e d i s t r i b u t i o n o f r u n - u p s o f a n i r r e -

g u l a r w a v e t r a i n c a n be c a l c u l a t e d b y a s s i g n i n g t o e a c h i n d i v i d u a l 

w a v e t h e r u n - u p v a l u e o f a p e r i o d i c w a v e t r a i n o f c o r r e s p o n d i n g 

h e i g h t a n d p e r i o d . T h i s w i l l h e n c e f o r t h be r e f e r r e d t o a s t h e " h y -

p o t h e s i s o f e q u i v a l e n c y " , . A s i m i l a r h y p o t h e s i s h a s b e e n w i d e l y 

u s e d t o c o m p u t e d i s t r i b a t i o n s ' o f , waA^e f o r c e s o n p i j _ e s . 

I t s h o u l d be n o t e d t h a t t h e h y p o t h e s i s o f e q u i v a l e n c j ' ^ d o p s 

n o t n e c e s s a r i l y i m p l y t l i a t e a c h i n d i v i d u a l w a v e c a u s e s a, r u n - u p 

e ( [ u a l t o t h e r u n - u p o f t h e c o r r e s p o n d i n g u n i f o r m w a v e t r a i n . I n ; 

f a c t , i t d o e s n o t e v e n i r a j ^ l y t h a t c o r r e s ] ) o n d i n g t o e a c h wave a n 
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i d e n t i f i a b l e i^un-np e x i s t s . The assumption i s r a t h e r weaker, as 

i t p e r t a i n s t o the d i s t r i b u t i o n of wave h e i g h t s and p q r i o d s on 

the one hand, and of run-ups on the o t h e r hand, I n o t h e r words, i t 

p e r t a i n s t o averages of many v a l u e s , r a t h e r than t o i n d i v i d u a l va-

l u e s . 

I n o r d e r to ap p l y the h y p o t h e s i s of e q u i v a l e n c y one has t o 

• know^ the run-up of p e r i o d i c waves, and the j o i n t d i s t r i b u t i o n of 

the wave h e i g h t (H) and p e r i o d (7") „ S a v i l l e uses the run-up data 

o b t a i n e d p r e v i o u s l y by him ( 1 9 5 6 ) , as p u b l i s h e d by the B.E.B, 

( 1 9 6 1 ) , and the j o i n t d i s t r i b u t i o n of // and 7 proposed by B r e t -

s c h neider ( l 9 5 9 ) f o r the case when these are s t o c h a s t i c a l l y i n d e -

pendent. The r e s u l t i n g run-up d i s t r i b u t i o n s have t o bc c a l c u l a t e d 

n u m e r i c a l l y f o r each c o m b i n a t i o n of slope angle and wave steepness. 

1,2 O u t l i n e of c o n t e n t s 

The approach used i n t h i s paper i s s i m i l a r t o the one used by 

S a v i l l e , as f a r as the h y p o t h e s i s oT e q u i v a l e u c y i s concerned. How-

ever, t h i s h y p o t h e s i s i s e l a b o r a t e d d i f f e r e n t l y . By c o n s i d e r i n g on-

l y waves which break on the s l o p e , a simple a n a i y t i c a i expre!SHUu. 

can be used f o r the run-up of p e r i o d i c waves (Hunt,1959)» T h i s w i l l 

be d e a l t w i t h i n chapte r 2, The use of t h i s e x p r e s s i o n o b v i a t e s the 

need t o compute the run-up d i s t r i b u t i o n anew f o r each c o m b i n a t i o n of 

wave steepness and slope angle. F u r t h e r m o r e , i t p e r m i t s t h e . t r a n s -

f o r m a t i o n f r o m j o i n t d i s t r i b u t i o n of h e i g h t and p e r i o d , i n t o the 

d i s t r i b u t i o n of run-up, t o be c a r r i e d out a n a l y t i c a l l y . T h i s t r a n s -

f o r m a t i o n i s c a r r i e d out f i r s t f o r an a r b i t r a r y d i s t r i b u t i o n of // 

and T ^ i n chapter 3, and subsequently f o r s p e c i f i c d i s t r i b u t i o n s . 

T h i s i s done i n chapte r 4 f o r wind waves w i t h a h i v a r i a t e R a y l e i g h 

d i s t r i b u t i o n of // and x'^and a r b i t r a r y degree of c o r r e l a t i o n , and 

i n c h a p t e r 5 f o r s w e l l Av^ith a n e g l i g i b l e v a r i a t i o n i n p e r i o d . 

I n o r d e r t o be able t o e s t i m a t e the f r a c t i o n of the A g a v e s 

Adiich i s b r e a k i n g on the s l o p e , the d i s t r i b u t i o n of wave steepness 

i s d e t ermined i n the c h a p t e r s 6 and 7. Exact s o l u t i o n s are o b t a i n e d 

f o r waves ^<^ith the same j o i n t d i s t r i b u t i o n of // and T as us^ed i n 

the c h a p t e r s 4 and 5, I n chapte r 8 some e m p i r i c a l run-up d i s t r i b u -

t i o n s are pr e s e n t e d and d i s c u s s e d , A b r i e f summary and some c o n c l u -

s i o n s and recommendations are g i v e n i n the ch a p t e r s 9 and 1 0 . 

I t has been at t e m p t e d t h r o u g h o u t t o s t a t e c l e a r l y which as-
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sumptions are bei n g used i n the v a r i o u s stages of the dev e l o p -

ments. D e t a i l s of a l g e b r a and c a l c u l u s have been o m i t t e d f o r the 

sake of b r e v i t y , 

2 RUN-UP OF PERIODIC V/AVES BREAKING ON A SLOPE 

Numerous experiments have been c a r r i e d out t o dètermine the 

run-up of p e r i o d i c waves. I t appears from these experiments t h a t 

t h e r e are c o n s i d e r a b l e d i f f e r e n c e s i n the run-up of waves which 

break on the slope and those which do not break. For b r e a k i n g Aga-

ves f o r i n s t a n c e , the run-up i n c r e a s e s w i t h i n c r e a s i n g slope a n g l e , 

w h i ] e the r e v e r s e i s t r u e f o r non-breaking waves, Vfliether or not 

the waves break on the slope depends l a r g e l y on the slope' angle {•>̂ ) 

and the wave steepness. I r i b a r r e n and Nogales ( 1 9 4 9 ) g i v e the f o l -

l o w i n g f o r m u l a f o r the slope.^corresponding t o a regime h a l f w a y be-

tween no b r e a k i n g and complete b r e a k i n g : /j,,' 

Cf 
-hur, ^ ^1- LK ( 2 , 1 ) 

T 1 / ^ ^ 

/ " i s the wave p e r i o d , the A.ave h e i g h t a n d ^ the a c c e l e r a t i o n due 

to g r a v i t y . S u b s t i t u t i n g the f o l l o w i n g e x p r e s s i o n f o r the deep-A.ater 

Afave l e n g t h /A<. f 

= ^ 7 , ' ( 2 . 2 ) 

:iTT 

and r e a r r a n g i n g g i v e s //.'/;,c?.5 H '^/•<-

flL\ ^o./^-L^^ J^,J'/.i ( 2 . 3 ) 

Bre a k i n g occurs Adien the g i v e n v a l u e of 7/^. exceeds (^Z-^»)^^- T l i i s 

w i l l m o s t l y be t h e case i f Afind Av̂ aves i m p i n g i n g on g e n t l y s l o p i n g 

w a l l s are c o n s i d e r e d . For example, the s t e e p e s t slope of c o a s t a l 

d i k e s i n the N e t h e r l a n d s i s 1:3 . The c o r r e s p o n d i n g c r i t i c a l s t e e p -

ness a c c o r d i n g t o eq. 2,3 i s about 0 . 0 2 . The desi g n A.aves have 

steepnesses w e l l i n excess of t h i s v a l u e . This A.as the main reason 

f o r c o n s i d e r i n g b r e a k i n g waves o n l y i n t h i s paper. 

Hunt ( 1 9 5 9 ) has g i v e n the f o l l o w i n g f o r m u l a f o r the r i i n - u p of 

p e r i o d i c Aŝ aves b r e a k i n g on a smooth s l o p e : 



72 = 5,3 tVÏÏ-L^ 

(2.4) 

i n the f t - s e c system,. i s the h e i g h t above M.W.L. reached by a wa 

ve which runs up the slo p e . R e s t o r i n g d i m e n s i o n a l homogeneity by 

s u b s t i t u t i o n o f ƒ = 3 2 „ 2 f t / s e c ' ^ eq. 2.4 may be w r i t t e n as 

or as 

1///Z„ -fü^ OC ( 2 6 ) 

Eq. 2,4 i s based on measurements made a t the Waterways Experiment 

S t a t i o n i n V i c k s b u r g , Miss,, and a t the Beach E r o s i o n Board i n Wa-

s h i n g t o n , D.C. A c c o r d i n g t o Hunt, the c r i t e r i o n of I r i b a r r e n and 

Nogales (eq. 2 . 3 ) i s adequate t o d e l i n e a t e the t r a n s i t i o n from brea-

Icing t o no b r e a l f i n g . 

Hunt's f o r m u l a i s p u r e l y e m p i r i c a l , and i t i s not known why the 

f o r m u l a i s as i t i s . I t would be d e s i r a b l e t o g a i n some i n s i g h t i n t o 

i t s s t r u c t u r e . To t h i s end the f o l l o w i n g i n t e r p r e t a t i o n i s o f f e r e d . 

The f o r m u l a a p p l i e s t o waves b r e a k i n g on the s l o p e . The i n i t i a l 

v e l o c i t y of tho water p a r t i c l e s i n the tongue which runs up the s l o -

pe must be of the same ord e r of magnitude as the p a r t i c l e v e l o c i t i e s 

i n the b r e a k i n g wave, i . e . , ^ / ^ ^ J . The motion i s p e r i o d i c , w i t h 

p e r i o d r , and the run-up time i s I f i t i s assumed t h a t t l i e 

shape of the v e l o c i t y - t i m e curve does not s i g n i f i c a n t l y depend on 

the c h a r a c t e r i s t i c s of slope and waves, then the displacements a l o n g 

the slope are expected t o be CT[TVf^) , and the v e r t i c a l d i s p l a c e -

ments, among which the run-up, t o be ^fTl^-^c^, This agrees w i t h 

'eq, 2,-5, except f o r a f a c t o r eoso<', Adiich i s almost 1 f o r g e n t l e s l o -

pes. The d i f f e r e n c e i s u n i m p o r t a n t , as the r e a s o n i n g g i v e n above ap-

p l i e s t o g e n t l e slopes o n l y , and i s s t a t e d i n terms of o r d e r s of 

magni tude , 

A run-up f o r m u l a s i m i l a r t o Hunt's has been d e r i v e d by Wagner 

( 1 9 6 8 ) from a d i f f e r e n t i a l e q u a t i o n d e s c r i b i n g the m o t i o n of the 

mass of Amter Adiich runs up the s l o p e : 

--4 / T Z U ^ ( 2 7 ) 
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The c o e f f i c i e n t s "{.^ and are unknown c o n s t a n t s , / i 

l e n g t h i n the depth J, ^ is a. t h i c k n e s s of the uprush, and C ia 

C h e z y - c o e f f i c i e n t f o r the s l o p e . No d e t a i l s are g i v e n about t h 

d i f f e r e n t i a l e q u a t i o n or about the method of s o l v i n g i t . 

For smooth s l o p e s , the f a c t o r i n p a r e n t h e s e ^ i s almost, 1 T h e 

e x p e r i m e n t a l v a l u e of f o r the median run-up averaged over t l i e 

flume w i d t h i s g i v e n as 0 , 9 7 1 , I f i n a d d i t i o n the f o l l o w i n g r e l a -

t i o n s h i p i s s u b s t i t u t e d : 

Z „ = Z c<rUSLirsL (2.8) 

then eq, 2.7 becomes 

°^ ( 2 9 ) 

which f o r n o t - t o o - s t e e p slopes i s almost the same as Hunt's formu-

l a . 

3 RUN-UP DISTRIBUTION OF BREAKING WAVES WITH ARBITRARY JOINT DISTRI-

BUTION OP // AND A . 

3 . 1 A n a l y t i c a l s o l u t i o n 

The d e r i v a t i o n s i n t h i s c h a p t e r are based on the h y p o t h e s i s 

of e q u i v a l e n c y , and on the h y p o t h e s i s t h a t Hunt's f o r m u l a can be 

a p p l i e d t o the waves. The l a t t e r h y p o t h e s i s i m p l i e s t h a t the r u n -

up d i s t r i b u t i o n i s not s i g n i f i c a n t l y a f f e c t e d by the f a c t t h a t n o t 

a l l the waves break on the slope,(The f r a c t i o n which does not break 

i s e s t i m a t e d i n c h a p t e r 7 .) A c c o r d i n g l y , the run-up d i s t r i b u t i o n 

w i l l be determined by a s s i g n i n g t o each wave w i t h h e i g h t // and 

deep-water l e n g t h a run-up g i v e n by 

I t should be noted t h a t H , / and tan=<: appear i n . p r o d u c t form 

o n l y . This has the advantage t h a t the run-up can be so n o r m a l i z e d 

as t o make the shape of i t s d i s t r i b u t i o n indepeiidertt of the charac-

t e r i s t i c s of waves and sl o p e . The. v a r i a b l e s w i l l be n o r m a l i z e d as 

f o i l o w s : 
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/ / ' « - ^ , ( 3 . 1 ) 

H 

and 

1^ . ^ 

( 3 „ 2 ) 

i n which a bar denotes average (exjDected) v a l u e . S u b s t i t u t i o n of 

eri, 2 , 6 i n t o eq, 3 . 3 g i v e s 

^VTnl ( 3 . 4 ) 

Thus, the n o r m a l i z e d run-up d i s t r i b u t i o n equals the d 1 .o, t r i bu t i on o l 

VN'LI , which i n t u r n may be found by a t r a n s f o r m a t i o n of the j o i n t 

d i s t r i b u t i o n of //•' and , which i s assumed t o be known i n the pro-

sent c o n t e x t . T his t r a n s f o r m a t i o n may be c a r r i e d out i n a number of 

ways. The method p r e s e n t e d here i s b e l i e v e d t o be r a t h e r s t r a i g h t -

f o r w a r d , A more f o r m a l procedure w i l l be used i n c h a p t e r 6 f o r s o l -

v i n g a s i m i l a r problem. 

Throughout t h i s paper, s t o c h a s t i c v a r i a b l e s w i l l be denoted by 

c a p i t a l l e t t e r s , and p a r t i c u l a r A^alues A v r h i c h t h e y may assume by l o -

Av^er case l e t t e r s , Avith o m i s s i o n of primes and indices,, 

T « + J') K „ + K „ ^ „ 4 , ^ + „ „ „ U r , l , ^ T -; + „ A ^ 4 - . , „ -P W 1 / ' 

d e f i n e d by 

Because H and are p o s i t i v e q u a n t i t i e s , 

•ff-^.-t^ = 0 i f -^<o or -^<0 ( 3 . 6 ) 

The e x p r e s s i o n i n the r i g h t - h a n d member of eq. 3 o 5 i s c a l l e d a p r o -

b a b i l i t y element. The p r o b a b i l i t y t h a t and L[ s i m u l t a n e o u s l y 

assume A^alues TT and i n a c e r t a i n ar.ea of the "^-"^plane i s de-

t e r m i n e d by summing the c o r r e s p o n d i n g p r o b a b i l i t y elements, ioO. 



i n t e g r a t i n g •ff'^,'^) over the area of the 'Z plane under con-

s i d e r a t i o n . This w i l l he used i n the f o l l o w i n g . 

The c u m u l a t i v e p r o b a b i l i t y t i f , denoted by is 

the p r o b a b i l i t y Z";̂ '<é. /'7" S u b s t i t u t i o n of eq. 3.4 g i v e s 

( 3 , 7 ) 

This p r o b a b i l i t y i n t u r n m a y b e d e t e r m i n e d b y i u t o g r a t i o n o f 

w i t h r e s p e c t t o a n d f o r a l l v a l u e s t h e r e o f A d i i c h f u l f i l l t h e 

i n e q u a l i t y ^ ^ : 

Fro-m f i g u r e 1 and eq. 3 . 6 , i t can 

be seen t h a t the i n t e g r a t i o n of 

must be c a r r i e d out o-

A^er the hatched area b o r d e r e d bj^ 

the h y p e r b o l a /" and by the 

s t r a i g h t l i n e s "̂ ^̂O and -/^O: 

Fi g u r e 1 

( 3 . 8 ) 

( 3 , 9 ) 

D i f f e r e n t i a t i o n w i t h r e s p e c t t o r y i e l d s the p r o b a b i l i t y d e n s i t y 

of 71' • 

( 3 , 1 0 ) 

A v f h i c h giA'cs 

( 3 , 1 1 ) 

The eqs, 3,9 and 3 , 1 1 r e p r e s e n t t h e f o r m a l s o l u t i o n t o the problem 
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of d e t e r m i n i n g the run-up d i s t r i b u t i o n from a known j o i n t d i s t r i -

b u t i o n of wave h e i g h t and p e r i o d , i f Hunt's f o r m u l a i s a p p l i e d t o 

i n d i v i d u a l waves. These expre s s i o n s are v a l i d f o r a r b i t r a r y 

I n the n e x t two ch a p t e r s s p e c i f i c f u n c t i o n s w i l l be s u b s t i t u t e d f o r 

•f(-^^-é) . Before t h i s i s done, however, a g r a p h i c a l method of es-

t i m a t i n g F(l') from d i s c r e t e data on wave h e i g l i t s and p e r i o d s i s 

p r e s e n t e d . 

3 - 2 G r a p h i c a l s o l u t i o n f o r d i s c r e t e data 

I n t h i s s e c t i o n i t A v i l l be assumed t h a t a s c a t t e r diagram i s 

a v a i l a b l e of Â âve h e i g h t v s , period,. The problem i s t o compute an 

es t i m a t e of the a s s o c i a t e d run-up d i s t r i b u t i o n , i f f o r i n d i v i d u a l 

Av̂ aves the run-up i s g i v e n by Hunt's f o r m u l a ; 

= o.v r 1 ^ ^'^-C • ( 2 , 5 ) 

A p r a c t i c a l s o l u t i o n t o t h i s problem i s suggested by the a n a l y t i -

c a l d e r i v a t i o n i n the p r e c e d i n g s e c t i o n . On a t r a n s p a r a n t sheet of 

paper a f a m i l y of curves i s draAv^n, a l o n g each of which 7~]/77 i-s con-

s t a n t , (On d o u b l e - l o g paper such curves A v ^ i l l be s t r a i g h t l i n e s , ) T h i s 

sheet i s used as an o v e r l a y over the g i v e n s c a t t e r diagram. By sim-

p l y c o u n t i n g the t o t a l number of p o i n t s of the s c a t t e r diagram be-

tween c o n s e c u t i A ^ e p a i r s of curA^es c o n s t a n t , the number of 

a n t i c i p a t e d run-ups i n c e r t a i n c l a s s e s can be determined; the cumu-

l a t i v e d i s t r i b u t i o n can nex t bo found by summation. 

4 : RUN-UP DISTRIBUTIONS OF WIND WAVES WITH A BIVARIATE BAYLEIGH DIS-

TRIBUTION OP H AND . 

4.1 The H i v a r i a t e H.ayleigh d i s t r i b u t i o n 

I t i s g e n e r a l l y k n o A r a t h a t wind wave h e i g h t s are v e r y n e a r l y ) 

R a y l e i g h - d i s t r i b u t e d . A c c o r d i n g t o B r e t s c h n e i d e r ( l 9 5 9 ) the same 

i s t r u e f o r the p e r i o d s sc^uared of A^'ind A^raA^es, Based on t h i s obser-

v a t i o n , B r e t s c h n e i d e r assumes t h a t the j o i n t d i s t r i b u t i o n of h e i g h t s 

and p e r i o d s sc[uared i s some tj^pe of b i v a r i a t e Raj^leigh d i s t r i b u t i o n . 
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HoAtfever, such a d i s t r i b u t i o n Afas u n k n o A ^ n t o him. Only i n the cases 

Afhen A/ and T ^ are s t o c h a s t i c a l l y independent r e s p , 100^ . c o r r e l a -

t e d Avas B r e t s c h n e i d e r able t o use the j o i n t d i s t r i b u t i o n , s i n c e i n 

both cases i t i s c o m p l e t e l y determined by the m a r g i n a l d i s t r i b u t i o n s , 

Uhlenbeck ( 1 9 4 3 ) and Rice (1944) i n t h e i r Avork on s i g n a l s t a -

t i s t i c s deriA-e the j o i n t p r o b a b i l i t y d e n s i t y f o r tAv̂ o A-^alues of the 

enA'elo])e of a narroAv» band random noise s i g n a l , s e parated by a c e r -

t a i n time interA'-al. The r e s u l t i n g d i s t r i b u t i o n maj' be c a l l e d t l i e b i -

A- a r i a t e R a y l e i g h d i s t r i b u t i o n , a l t h o u g h t h i s i s n o t done by Rice {\d\o 

CA^en i n t l i e one-dimensional case does n o t mention R a y l e i g l i ) , 

The p r o b a b i l i t y d e n s i t y of tÂ ro v a r i a b l e s A/' and L[ , A\diich are 

j o i n t l y R a y l e i g h d i s t r i b u t e d , and of Adiich the mean v a l u e i s equal 

to one^, i s giA^en bj^ 

f o r / and ^ ^ o ; t^C''^.'^)--=0 f o r / o r / < 0 . is the m o d i f i e d Bes-

s e l f u n c t i o n of the f i r s t k i n d of ord e r zero. The d i s t r i b u t i o n has 

one parameter , A d i i c h f u l f i l l s the i n e q u a l i t y K l ^ 1 . T h is para-

meter i s n o t i n g e n e r a l equal t p p , the c o e f f i c i e n t of l i n e a r c o r -

r e l a t i o n betiveen /V" and A\fhich i s d e f i n e d by 

f - -j^^M-^=:r ( 4 , 2 ) 

The r e l a t i o n s h i p betA-zeen f and ^ lias been d e a l t Avith elscAdiere 

( B a t t j e s , 1 9 6 9 ) , I t i s shoAvn g r a p h i c a l l y i n f i g u r e 2, 

The a p p l i c a t i o n of eq, 4 . 1 to Av^ind A\'aves A^rould i m p l y t h a t a 

c e r t a i n f r a c t i o n of the Av^aves has a steepness exceeding the l i m i t 

imposed by the process of b r e a k i n g . T l i i s has been c o n s i d e r e d f o r 

the case yO =0 by SaA'̂ i 1 1 e ( 1 9 6 2 ) , Â ho found t h a t the f r a c t i o n of 

b r e a k i n g Araves i s g e n e r a l l y of the o r d e r of a few pe r c e n t a t most. 

The steepness d i s t r i b u t i o n t o be d e r i v e d i n the c h a p t e r s >6 and 7 

p e r m i t s a s i m i l a r check f o r jo^O, i n Atdiich case the v a l u e s A/ere 

found to be oven s m a l l e r t h a n those giA^en by S a v i l l e , The e f f e c t 

of a l i m i t i n g steepness A ^ f i l l n ot be ta k e n i n t o c o n s i d e r a t i o n i n the 

f olloA\fing. 





4.2 D e i - i v i i t i o n of the run-up d i s t r i b u t i o n 

The p r o b a b i l i t y d e n s i t y of 7?' w i l l now be determined b}^ sub-

s t i t u t i o n of eq,4^1 i n t o eq„ 3 » 1 1 : 

By s u b s t i t u t i n g 

a. 

(4.4) 

and 
, 2 , 

the i n t e g r a l can be w r i t t e n as 

! t = _ Z r ^ ( 4 . 5 ) 

oo 

'O 

This i n t e g r a l may be found i n a t a b l e of Laplace t r a n s f a r m s ( A b r a -

mowitz and Stegun, 1 9 6 5 ) , I t i s equal t o , where /C^ is the 

m o d i f i e d Bessel f u n c t i o n of the t h i r d k i n d of or d e r z e r o . S u b s t i t u -

t i o n i n eq. 4,3 g i v e s the p r o b . a b i l i t y d e n s i i y of (he run-up as 

a graph of which i s shown i n f i g u r e 3 f o r s i x v a l u e s of -^f from 0 

t o 1 , which have been so s e l e c t e d as t o g i v e equal increments of the 

c o e f f i c i e n t of c o r r e l a t i o n ^ y O , 

The ciUTiulative d i s t r i b u t i o n may be found by i n t e g r a t i o n of 

I n o r d e r t o c a r r y out the i n t e g r a t i o n i t i s c o n v e n i e n t t o t r a n s f o r m 

to the v a r i a b l e CC d e f i n e d by eq. 4 . 5 . Because X i s a s i n g l e - v a l u -

ed f u n c t i o n of A , and v i c e v e r s a , the f o l l o A v f i n g r e l a t i o n s h i p h o l d s 

( 4 , 8 ) 



f ( r ) 
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T h e r e f o r e , 

f(oc)cloc.-fft)c^r or -fCoc)^-f(r) — . „ ( 4 . 9 ) 

s u b s t i t u t i o n o f i w h i c h , i n t o eq, 4,6_giYes 

•fcoc) = (,-ocl^ Uo.) / c ( 4 . - 1 0 ) 

The c u m u l a t i v e p r o b a b i l i t y i s 

( 4 . 1 1 ) 

The f o l l o w i n g foi'mulas f o r d e r i v a t i v e s of 1 and h o l d : 

(4„12) 

i n which a prime denotes d i f f e r e n t a t i o n w i t h r e s p e c t t o ^ (Abramo-

w i t z and Stegim,, I 9 6 5 ) . Using these r e l a t i o n s h i p s , eq. 4 . 1 1 may be 

i n t e g r t i t e d by p a r t s , w i t h the r e s u l t 

F(dc) ̂ / - DcJJ^^)F,(:k) - 'i^oclF-4oc)F^CF> ( ^ . 1 3 ) 

S u b s t i t u t i o n of eq,. 4.5 i n the r i g h t hand member of eq. 4,13 y i e l d s 

J""Cr) J which i s d e p i c t e d i n f i g u r e 4 f o r s e l e c t e d v a l u e s of . 

Eq. 4,13 becomes 

F(r) = / - J^F^(jr£^) i f 0 . (4,14) 

This corresponds t o the'case of zero c o r r e l a t i o n between //'and , 

w l i i c h , f o r the b i v a r i a t e R a y l e i g h d i s t r i b u t i o n , i m p l i e s s t o c h a s t i c 

independence o f // and L' . 

When " ^ = 1 , i s unbounded f o r a l l r^Oj as f o l l o w s from eq, 4,5 

The same i s t r u e f o r t l i e Bessel f u n c t i o n s i n eq, 4,13. T h e r e f o r e , eq, 

4,13 cannot be used as i t stands i f = 1 , Using a s j n n j i t o t i c expansion 

of the Bessel fimc t i o n s , i t may be showji t h a t 





Lk 

rr 

so t h a t 

i f = 1 (4„16) 

This i s the one-tlimensional R a y l e i g h d i s t r i b u t i o n , as expected: 

1 corresponds t o = 1 (see f i g u r e 2 ) , which means t h a t //'and 

are l i n e a r l y dependent. This i n t u r n i m p l i e s because 

they are i d e n t i c a l l y d i s t r i b u t e d , , Eq, 3„4 then bee 
;omes 

( 4 . 1 7 ) 

so t h a t the d i s t r i b u t i o n of becomes equal to t h a t of //'or /' 

i . e . equal t o the D,ayleigh d i s t r i b u t i o n . 

The mean of the n o r m a l i z e d run-up can be found as a moment of 

the j o i n t d i s t r i b u t i o n of //' and /' : 

S u b s t i t u t i n g eq„ 4.1 and c a r r y i n g o ut the i n t e g r a t i o n y i e l d s 

i n which ^f, i s the hypergeometric f u n c t i o n ( M i d d l e t o n , I 9 6 0 ) . 

This e x p r e s s i o n reduces t o 

' ^ ' = - / / Y - f j j ' ' ^ 0,53 i f -/= ,o ( 4 , 2 0 ) 

and t o 

^ ' = / . r f ( 4 , 2 1 ) 

The a s s o c i a t e d c u m u l a t i v e p r o b a b i l i t i e s are 0, 5 3 5 and 0 , 5 4 4 r e s -

p e c t i v e l y , i . e , a p p r o x i m a t e l y 0.54 i n both cases. I t i s assumed t h a t 

t h i s v a l u e w i l l a l s o h o l d f o r o t h e r values of - - 7 ^ , 
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An i n s p e c t i o n of f i g u r e s 3 and 4 shows t h a t t l i e w i d t h of the 

run-up d i s t r i b u t i o n i n c r e a s e s as p i n c r e a s e s . A c c o r d i n g t o B r e t -

s c h neider ( 1 9 5 9 ) , 7°= 0 occurswhen the sea i s f u l l y developed, wdii-

l e ƒ?= l i i s c o n s i d e r e d t o be a l i m i t i n g v a l u e wh i c l i i s more n e a r l y 

approached i n a young sea. 

At t h i s stage i t may be u s e f u l t o r e v e r t b r i e f l y t o non-norma-

l i z e d v a r i a b l e s . As an example, the v a l u e exceeded by 1$ of the run-

ups w i l l be c o n s i d e r e d f o r the l i m i t i n g cases f>= 0 and f>= 1 . Ente-

r i n g f i g u r e 4 w i t h the v a l u e 7 = 0.98 and r e a d i n g the c o r r e s p o n d i n g 

v a l u e s of g i v e s 

= 1,78 . i f 0 

R' = 2,23 i f /) = 1 

( 4 , 2 2 ) 

S u b s t i t u t i o n of eq,, 3.3 g i v e s 

=. /.ys VFT^ 7 ^ a i f ƒ>= 0 

= «2.2 3 \/h L, ioyn oC i f yO = 1 

I f /•/ and 7''* are R a y l e i g h d i s t r i b u t e d , the f o l l o w i n g r e l a t i o n s h i p s 

h o l d : 

( 4 . 2 3 ) 

T^o.gCX/T'' (4,24) 

and 

\ ( 4 . 2 5 ) 

i n wdiich /-/'/^is the average of the h i g h e s t I / 3 of the wave h e i g h t s . 

S u b s t i t u t i o n of eqs. 2 , 2 , 4,24 and 4,25 i n t o . e q s . 4.23 y i e l d s f i n a l 

o. Co T l^/j/^ éu^oc i f yO= 0 

( 4 , 2 6 ) 

/?2, = Q^5- T\/^y^ -éa^oc i f yO= 1 
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4 „ 3 C'ompai'ison w i t h S a v i l l e ' s work 

S a v i l l e ( I 9 6 2 ) giA^es run-up d i s t r i b u t i o n curves A ^ f h i c h are ba-

sed o n the j o i n t d i s t r i b u t i o n of // and T^given by B r e t s c h n e i d e r 

( 1 9 5 9 ) l o r the case Airhen the m a r g i n a l d i s t r i b u t i o n s are of the Ray-

l e i g h t y p e , and // and T are s t o c h a s t i c a l l y independent. This d i s -

t r i b u t i o n i s the same as g i v e n by eq, 4,1 i f ƒ> = 0. Tho run-up d i s -

t r i b u t i o n g i v e n hy eq„ 4,14 ma.y t h e r e f o r e be compared Avith S a v i l l e ' s 

r e s u l t s . Such a comparison cannot be c a r r i e d out d i r e c t l y because the 

run-ups haA'e been n o r m a l i z e d i n d i f f e r e n t A\'ays. The n o r m a l i z a t i o n 

f a c t o r used by S a v i l l e i s ^//g , the run-up of a p e r i o d i c Aŝ aÂ e Av'ith 

h e i g h t //^ and p e r i o d 7^^ , i . e , the mean/^of the h i g h e s t i / 3 of the 

Av'aA-eSj, A d i i c h i n t h i s case ( z e r o c o r r e l a t i o n ) equals , Values of 

71^^/-/% A f e r e o b t a i n e d from the run-up curA^es p u b l i s h e d by the B.K.B, 

( 1 9 6 1 ) , These curves are based on the same data a s used i i y Hunt, T h v 

f a c t o r used here i s [/// -éa^oi, i , e „ the run-up, a c c o r d i n g t o Hunt's 

f o r m u l a , of a p e r i o d i c Av^ave As'ith h e i g h t H and deep-Arater l e n g t h , 

TAfo q u e s t i o n s should be d i s t i n g u i sh ed i n comparing the run-up 

d i s t r i b u t i o n s ' . 

( a ) V/hat i s the A^alue of the n o r m a l i z a t i o n f a c t o r f o r g i v e n As^aves 

and s l o j i b ? 

( b ) HoÂ ' i s the n o r m a l i z e d run-up d i s t r i b u t e d ? 

The f i r s t q u e s t i o n i n f a c t m u t u a l l y compares Hunt's f o r m u l a and the 

run-up c u r A ' e s used by S a v i l l e , Such a comparison i s not relcA-ant he-

r e . Both n o r m a l i z a t i o n f a c t o r s A f i l l t h e r e f o r e b e based on the same 

r e l a t i o n s h i p between r u n - u p , waves, and s l o p e . Using Hunt's f o r m u l a , 

the r a t i o of the n o r m a l i z a t i o n f a c t o r s becomes: 

( 4 , 2 7 ) 

S u b s t i t u t i o n of eqs, 4,24 and 4,25 g i v e s ^ = 4 , 2 2 , With the use of 

t h i s c o n v e r s i o n f a c t o r , S a v i l l e ' s curve f o r tanoc= 1 ; 6 and J'T}^ = 

0,22 f t / s e c ^ has been p l o t t e d i n f i g u r e 5, This curve appears t o be 

i n v e r y c l o s e agreement As'ith eq. 4,14, A s f h i c h i s a l s o shoA/n i n the f i -

gure. S a A ' i l l e ' s curA^es f o r the steepe r slopes ( n o t shoAm he r e ) are 

somoAdiat d i f f e r e n t , p r e d o m i n a n t l y i n the range of 1 OAV' run-up A'-aliies, 

T h i s A\'ill be inA'e s t i ga t e d f u r t h e r i n c h a p t e r , 7, 
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RUN-UP DISTRIBUTION OF SWELL 

I n t h i s c h a p t e r waves w i l l be c o n s i d e r e d of which the h e i g h t s 

are R a y l e i g h - d i s t r i b u t e d , w h i l e the v a r i a t i o n i n p e r i o d s i s n e g l e c -

t e d . This model i s a p p r o x i m a t e l y a p p l i c a b l e t o o l d s w e l l . I t r e p r e -

sents a degenerate case of the g e n e r a l j o i n t d i s t r i b u t i o n of H' and 

Z j " , because = 1 w i t h a p r o b a b i l i t y of lOOJ^, One can proceed 

f o r m a l l y as b e f o r e bj' w r i t i n g f o r the j o i n t p r o b a b i l i t y d e n s i t y 

( 5 . , ) 

i n w l i i c h •fa) i s the raai'ginal ] j r o b a b i l i t y d e r i s i t y of /•/ and 1 s 

D i r a c ' s u n i t impulse " f u n c t i o n " , and by s u b s t i t u t i n g t h i s i n t o eqs. 

3,9 and 3 . 1 1 , A more d i r e c t method i s t o r e v e r t t o ec[„ 3,4;' 

which i n t h i s case becomes 

I t f o l l o w s t h a t i s R a y l e i g h - d i s t r i b u t e d (eq. 4 . l 6 ) , so t h a t the 

d i s t r i b u t i o n f u n c t i o n of "Rj can be w r i t t e n down a t once"/ 

F[t) = / - e 
( 5 . 3 ) 

from which t l i e p r o b a b i l i t y d e n s i t y i s found by d i f f e r e n t a t i o n as 

= ttF '̂ ( 5 , 4 ) 

The mean va l u e of the n o r m a l i z e d run-up i n t h i s case i s 1^' =^ 

^^7^ rC^^"^^ ^ 0 , 9 6 ; the mean square value i s of course 1 , The 

function's g i v e n hy ec[s, 5.3 and 5,4 are d e p i c t e d i n f i g u r e s 4 and 

3, r e s p e c t i v e l y . 

From an i n s p e c t i o n of a l l the curves i n these f i g u r e s i t i s 

c l e a r t h a t the shape of tJie run-up d i s t r i b u t i o n v a r i e s more or l e s s 

m o n o t o n i c a l l y w i t l i the wave age,. The Afidest spread ( g r e a t e s t v a r i -

ance) occurs Ai^ith a v e r y young sea, the s m a l l e s t spread w i t h an o l d 

swell,, w h i l e the d i s t r i b u t i o n c o r r e s j i o n d i n g t o f u l l y dcA'eloped Avind 

AvraÂ es i s a p p r o x i m a t e l y halfA^ray between these extremes. 
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STEEPNESS DISTRIBUTION OF WAVES WITH A[1BITRAR,Y JOINT DISTRI-

BUTION OF H AND „ 

I t has been p o i n t e d out i n ch a p t e r 2 t h a t Hunt's run-up f o r -

mula i s not a p p l i c a b l e t o waves of which the steepness 6 s / / ^ ^ i s 

l e s s t h a n g i v e n by eq. 2„3, L i k e H and , ^ i s a st o c h a s -

t i c v a r i a b l e ^ The d i s t r i b u t i o n of t h i s v a r i a b l e w i l l be determined 

i n o rder t o be able t o e s t i m a t e the f r a c t i o n of the waves t o which 

Hunt's f o r m u l a c o u l d be a p p l i e d . 

I t i s w o r t h n o t i n g t h a t the peak h o r i z o n t a l i n e r t i a wâ -e f o r c e 

on a f i x e d body i s p r o p o r t i o n a l t o ///7-^if the wave i s i n deep wa-

t e r . The same i s t r u e f o r the v e r t i c a l f o r c e i n water of any depthp 

Thus, the d i s t r i b u t i o n of these peak f o r c e s , i f s u i t a b l y n o r m a l i z e d 

i s the same as the t l i s t r i h u t i o n of the n o r m a l i z e d steepness, t o be 

determined i n the f o l l o w i n g . 

The steepness 0 w i l l be n o r m a l i z e d as f o l l o w s : 

S ' = — E L - - ( 6 . 1 ) 

or 

( 6 . 2 ) 

The d i s t r i b u t i o n of 5'can be o b t a i n e d from '^f^,'^) by e x a c t l y the 

same procedure as was used i n ch a p t e r 3 f o r the d e t e r m i n a t i o n of 

F(f-') . , A more f o r m a l procedure i s t o use the standard t e c h n i q u e 

f o r the t r a n s f o r m a t i o n of one b i v a r i a t e p r o b a b i l i t y d e n s i t y i n t o an 

o t h e r . The wave steepness s h o u l d be one of the t-\-iQ v a r i a b l e s of 

which the j o i n t p r o b a b i l i t y d e n s i t y i s t o be found. The o t h e r one i 

a d'unmiy v a r i a b l e which w i l l be e l i m i n a t e d a f t e r w a r d s . I t can be cho 

sen a t convenience. 

Let be t r a n s f o r m e d i n t o (-^i "^J , i n which 

and the dummy v a r i a b l e -é i s some f u n c t i o n of and - t ^ „ An a s t e -

r i s k i s used t o d i s t i n g v i i s h the two p r o b a b i l i t y d e n s i t i e s . The 

t r a n s f o r m a t i o n i s g i v e n by 
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i n Adiich <jr i s the Jacobian: 

2)0 2-i 

1 ± c>-t 

"f g iAi-e s 

( 6 . 4 ) 

(Cirainei", 1 9 6 6 ) , Choosing -é = giA^es v7~= • T h e r e f o r e , 

The p r o b a b i l i t y d e n s i t y of 3^'can now be found as a. m a r g i n a l proba-

b i l i t y d e n s i t y of (-^ ̂  - / j : 

or -^o 

( 6 , 6 ) 

-C6,7) 

I n t e g r a t i o n w i t h r e s p e c t t o y i e l d s the cumulatiA^e p r o b a b i l i t y : 

Fc-.) =JJol^- fJj/'C-.^J^ J)^F 

A \ d i i c h raa5^ b e t r a n s f o i ' m e d i n t o 

'•CO , /CO 

•/n o 

( 6 . 8 ) 

( 6 , 9 ) 

This w o u l d haA'̂ e b e e n o b t a i n e d a t o n c e A v i t h t h e p r o c e d u r e u s e d i n 

c h a p t e r 3. 

7 • STEEPNESS DISTRIBUTION OF V/IND V/AV"ES VaTH A BIVARIATE RAYLEIGH 

DISTRIBUTION OF /V AND zL •„ 

7^ 1 DcriA'ation of the d i s t r i b u t i o n 

S u b s t i t u t i o n of the b i v a r i a t e R a y l e i g h p r o b a b i l i t y d e n s i t y 

(eq, 4 , l ) i n t o eq, 6,7 giA'es' 

TT 

By s u b s t i t u t i n g 

and 

7r -^-^ 

( 7 . 1 ) 

( 7 „ 2 ) 

( 7 . 3 ) 



- 2 0 -

eq, 7 . i becomes 
±00 

The s i g n of the lii^per l i m i t of i n t e g r a t i o n must equal the s i g n of 

For l a r g e l ^ j j •<z^fs/zF^ , so t h a t the i n t e g r a l converges 

o n l y i f lybj > 1 (Watson , I 9 6 6 ) , Eq. 7 o 3 may be r c A v r r i t t e n as 

The numerator i s always > 1 except f o r 1 , i n which case i t s va-

lue i s 1„ The deninnerator i s a t most 1 . Tlius, o n l y i f = - i ' = 1 

does the i n t e g r a l f a i l t o converge^ This i s t o be expected, as 

= 1 im]3lies //= Z.̂' (see page 1 4 ) , so t h a t i n t h a t case S^'assumes 

the v a l u e 1. w i t h a p r o b a b i l i t y of 100fó„ Tlie c o r r e s p o n d i n g p r o b a b i l i -

t y d e n s i t y i s zero f o r a l l -s/:^ 1 and i s unb-ounded f o r — i f = i„ l i i s 

d e s c r i b e d by D i r a c ' s u n i t impulse f u n c t i o n : 

~PC'<)= ^C^-') i f i 4 = 1 . ( 7 o 6 ) 

The d i s t r i b u t i o n f u n c t i o n i s the u n i t s t e p f u n c t i o n c e n t e r e d a t -d = 

1„ 

I f l - ^ l < 1 , then )/»/>! f o r a l l , and the i n t e g r a l i n eq, 7.4 

i s bounded„ I t has been e v a l u a t e d u s i n g s e c t i o n 1 3 . 2 from Watson 

( 1 9 6 6 ) , w i t h the r e s u l t 

Til i s r e du c e s t o 

"^^"^^^ i f 0 ( 7 „ 8 ) 

has been p l o t t e d , i n f i g u r e 6 f o r s e l e c t e d v a l u e s of 

Integrat*Lon of -f{-^) g i v e n by ec[, 7,7 y i e l d s the d i s t r i b u t i o n 

f u n c t i o n ; 

f o r l ^ / : ^ l ( 7 . 9 ) 

This e q u a t i o n i s ^ I s o A ^ a l i d f o r |-̂ /= 1 , i n A^diich case i t r e p r e -

sents the u n i t s t e p f u n c t i o n c e n t e r e d at = 1 . 
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Eq. 7= 9 reduces t o 

^̂ -̂ 3=7̂ ^ - -rh^ ' 1' ^ = » ( 7 , 1 0 ) 

The c o - c u m u l a t i v e p r o b a b i l i t y ( p r o b a b i l i t y of exceedance) i s 

l-fC^-)- - j ^ i f / = 0 

Graphs of TC-^) are g i v e n i n f i g u r e 7, i n s p e c t i o n of which shows 

t h a t the d i s t r i b u t i o n i s not v e r y s e n s i t i v e to v a r i a t i o n s of p i f 

p i s sm a l l ( < 0 , 4 ^ f o r i n s t a n c e ) . This means t h a t the simple expres-

s i o n s g i v e n by eqs, 7 , 1 0 and 7«11 can be used as an a p p r o x i m a t i o n i n 

cases of low l i n e a r c o r r e l a t i o n between hi and „ 

I t i s e v i d e n t f r o m f i g u r e 7 as w e l l as from eq, 7,9 t h a t t h e gie-

d i a n of the steepness d i s t r i b v i t i o n does not depend on ƒ> ; i t i s a l -

ways 1,, 

The mean steepness has been e v a l u a t e d as a moment of 

S u b s t i t u t i o n of the b i v a r i a t e R a y l e i g h j j r o b a b i l i t y d e n s i t y ( e q , 4 , l ) 

and e v a l u a t i o n of the i n t e g r a l g i v e s 

the complete e l l i p t i c i n t e g r a l of the second k i n d of modulus U t i -

l i z i n g the r e l a t i o n s h i p between ^ and p g i v e n i n f i g u r e 2, S' has 

been p l o t t e d as a f u n c t i o n of p i n f i g u r e 8, 

The steepness d i s t r i b u t i o n of s w e l l h a v i n g the d i s t r i b u t i o n of 

/V'and d e s c r i b e d i n c h a p t e r 5 need n o t be c o n s i d e r e d s e p a r a t e l y ; 

i t i s equal t o the d i s t r i b u t i o n of //'(Rayleigh) because i s assumed 

t o be' constant,, For purposes of comparison, i t has a l s o been p l o t t e d 

i n the f i g u r e s 6 and 7» 

The d i s t r i b u t i o n f u n c t i o n s d e p i c t e d i n f i g u r e 7 may be used t o 

es t i m a t e the f r a c t i o n of the waves f o r w l i i c h Hunt'.s f o r m u l a would 

( n o t ) be a p p l i c a b l e . As an example, the v a l u e s used by S a v i l l e i n the 

com p u t a t i o n of the curve shown i n f i g u r e 5 w i l l be taken: tanoc= 1 : 6 , 

zero c o r r e l a t i o n between H and T , and //'/ij 7>/^ = 0^22 f t / s e c ' " , whic 

corresponds t o HjL^ = 0 , 0 2 5 . From eq, 2 , 3 , S = 0 „ 1 9 ( l / 6 ) ^ = 0 , 0 0 5 3 , 
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T h e r e f o r e , = 0, 0 0 5 3 / o „ O 25 = 0 O j ^ • 

7 10 i + 1 • • " ™ f i g u r e 7 or from eq, 

1 , V ^"^^ "^"^'^ "̂̂ -̂̂ ^̂ ^ --^^^ a p p l i e a h l e to 9 6 / o f the 

PS . 9 ^ , However, the eurve eomputecl by S a v i l l e f o r t h i s ease 
d i f f e r s a t most 10% from the eurve f o r the 1-6 s l o P 
A IA Th' • Slope, or from eq 
4a4„ This i n d i c a t e s t h a t the e f f e c t nf « f , 
r e l a t i v e l y weak. non^b r e a k i n g waves i . 

B r e t s c h n e i d e r ( l 9 5 9 ) i n h i s work on wave v a r i a b n . - + 
the wave steepness IT. . , ''̂^ ^ a r i a b i l i t y c o n s i d e r e d 

t h r ' " • ^ ^ ^ ^ ' ^ ^ i ' ^ ^ d i s t r i b u t i o n but o n l v 
the mean v a l u e , w i t h the r e s u l t ^ 

re s . . , r . s e q u a t i o n and eq. 7.13 g i v e C.e same vaCes/e t s c h -

elsewhere ( H a t t j e s , I 9 6 9 ) t h a t t h " "^'""^ 
' ^ assumption of l i n e a r r e g r e s s i o n 

™:..::.nr'LV;:!:;;r"r'̂^ ------
"::::i:::::::v::\:r.r-

qp« Ti,„ cxj.vt;u on tue same nremi-, 
" 3 . T„ a.r.e„e„t » „ p e „ e d t o be ' 

" - e t„ d e v i a t e „ „ t i e e « M , „.„,„ e, 7 10 

I 
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8 EMPIRICAL RUN-UP DISTRIBUTIONS 

8. 1 I n t r o d u c t i o n 

Before p r o c e e d i n g t o the p r e s e n t a t i o n and d i s c u s s i o n of some 

e m p i r i c a l data; i t i s r e c a l l e d t h a t the d e r i v a t i o n of the run-up 

d i s t r i b u t i o n of wind waves has been based on the f o l l o w i n g p r e mi-

ses: 

I Tbe run-up d i s t r i b u t i o n can be determined by a s s i g n i n g t o 

each i n d i v i d u a l wave a run-up equal t o the run-up of a p e r i -

odic wave t r a i n of c o r r e s p o n d i n g h e i g h t and p e r i o d , 

I I The run-up of p e r i o d i c waves b r e a k i n g on the slope i s g i v e n 

by Hunt's f o r m u l a , 

I I I The f a c t t h a t ' n o t a l l the waves break on the slope has a ne-

g l i g i b l e e f f e c t on the run-up d i s t r i b u t i o n , 

IV A/ and have a b i v a r i a t e R a y l e i g h d i s t r i b u t i o n . 

The second of t l i e s e prerais'es w i l l i n the p r e s e n t c o n t e x t bc 

c o n s i d e r e d as an e m p i r i c a l l y e s t a b l i s h e d f a c t . The o t l i e r s are a 

p r i o r i c o n s i d e r e d t o be h y p o t h e t i c a l , and i n need o t c h e c k i n g . 

Hypothesis I I I i s more n e a r l y v a l i d f o r the s t e e p e r waves and the 

g e n t l e r slopes^, because the f r a c t i o n of the waves which i s not 

b r e a k i n g i s then v e r y s m a l l . 

I n the f o l l o w i n g two s e c t i o n s , e m p i r i c a l data f r o m the l a -

b o r a t o r y and the f i e l d w i l l be p r e s e n t e d . Only the l a b o r a t o r y da-

t a can be used t o check some of the hypotheses I through IV, or 

combinations t h e r e o f . The f i e l d data w i l l be p r e s e n t e d f o r t h e i r 

i n t r i n s i c i n t e r e s t . Such data are almost n o n e x i s t e n t , 

8.2 L a b o r a t o r y data 

I n 1 9 3 9 run-up experiments were c a r r i e d out a t the D e l f t Hy-

d r a u l i c s L a b o r a t o r y , i n b e h a l f of Zuiderzee V/orks, The N e t h e r l a n d s , 

The run-ups of i r r e g u l a r waves on v a r i o u s slopes were measured-

(Wassingj 1 9 5 8 ) , The waves were generated by a c o m b i n a t i o n of 

w i n d and a bulkhead w i t h a p e r i o d i c m o t i o n . As a r e s u l t , the mo-

d e l waA^es were not n a t u r a l wind waves on a s m a l l s c a l e . This i s 

evidenced by the f a c t t l i a t t l i e measured wave h e i g h t d i s t r i b u t i o n 

i s much narroAN^er than the R a y l e i g h d i s t r i b u t i o n . The d e v i a t i o n 

I f r o m n a t u r a l c o n d i t i o n s i s even g r e a t e r f o r the wave p e r i o d s , 

A\'hich i n the model v a r i e d b u t v e r y l i t t l e . Because of . t h i s i t i s 



not u s e f t x l t o compare the measured run-up d i s t r i b u t i o n s w i t h t h o ¬

se d e r i v e d i n t h i s paper on the b a s i s of h y p o t h e s i s I\'„r]ie measu-

rements can, however, be used t o check t o a c e r t a i n e x t e n t t l i e va-

l i d i t y of the hypotheses ( l 4- I I + I I I ) . This cheek A ^ i l l bo c a r r i e d 

out i n two s t a g e s . F i r s t the magnitude of the median run-up ( ^so) 

i s c o n s i d e r e d , and a f t e r t h a t the shape of the run-up d i s t r i b u t i o n , 

as g i v e n by the A^alues ^ ^ / ^ s b ^^"^ A\diieh i s the p r o b a b i l i t y of 

exceedance i n 'fo { ^ = l o o ( / ~ F ) 

IVo s e r i e s of measurements Afere made„ I n each s e r i e s the cha-

r a c t e r i s t i c s of the i n c i d e n t wavesAfere k e p t c o n s t a n t , and the 

rim-up Av'as measured on 7 d i f f e r e n t s l o p e s , A f i t h t a n oc r a n g i n g from 

0,1 to 0,4, The w a t e r d e p t h (0,35 m) , the mean' A^faAre p e r i o d ( l s ee)^ 

and the mean wave l e n g t h (1,40 m) were the same in both s e r i e s . The 

Afave p e r i o d s v a r i e d A^ery l i t t l e and A ^ i l l here be c o n s i d e r e d t o be 

c o n s t a n t . The Aî aÂ e h e i g h t Â as 0,10 m r e s p , 0,07 i i * . I t - i« " o t c l e a r 

from the o r i g i n a l r e p o r t IIOA*' t h i s h e i g h t liad bcen c l e f i n e d ; f o r t h i s 

reason i t A s ' i l l here be c a l l e d the nominal AvaÂ e h e i g h t . 

A c c o r d i n g to. the hypothesesto be t e s t e d , the r a t i o 

^ , ( 8 U ) ' 

should be c o n s t a n t . The A r a l u e of the c o n s t a n t cannot be p r e d i c t e d 

because of the u n c e r t a i n t y As'ith r e s p e c t t o /̂ Ct<rvn •> E x p e r i m e n t a l A'a-

lues are l i s t e d i n Table 1„ 

(cm) 10 7 10 7 

t a n oc K . 

•.• — (cm) (cm) - -
0 . 1 4,7 3.7 1,17 1.11 

0,15 6,9 5 o 7 I 0 I 5 1.14 

0,2 9.3 8,1 1,16 1,21 

0 „ 2 5 11,8 9.3 1,18 1,12 

0,286 15.4 13.4 1.35 1. 40 

0 , 3 3 3 15,8 13.2 1.19 1.19 

0,4 i 7 o 5 15 0 4 10O9 1.15 

Table 1 



T'lie agreement between J^^^ v a l u e s i n two colums f o r the same va-

lue of tancc ( h o r i z o n t a l l y ) i s g o o d j and confirms- the assumed p r o -

p o r t i o n a l i t y of Të. and V/J , The agreement between ü?*̂  v a l u e s w i t h -

i n one column ( v e r t i c a l l y ) i s f a i r l y good; t h i s c o n f i r m s the p r o -

p o r t i o n a l i t y of 7i and tan°c , Only the two p o i n t s f o r t a n «c = 

0,286 (= I'.Jir) d e v i a t e c o n s i d e r a b l y from the o t h e r s . A p a r t from 

these t w o j a l l measured v a l u e s of 7^^^ are grouped r i u i t e c l o s e l y 

around the mean va l u e 1 , 1 5 , w i t h a maximum d e v i a t i o n of approxima-

t e l y '^fo o n l y . This means t h a t f o r these experiments the v a r i a t i o n 

of the median run-up A f i t h wave h e i g h t and slope angle i s adequate-

l y expressed by Hunt's f o r m u l a , V/hether or n o t t h i s i s a l s o the 

case f o r run-up v a l u e s w i t h a d i f f e r e n t p r o b a b i l i t y of exceedance 

can be i n v e s t i g a t e d by comparing TZ^^'To w i t h VA/^/A4Ó s which 

a c c o r d i n g to the hypotheses t o be t e s t e d should be equal t o eacli 

-other f o r a l l , because 7" was assumed t o be c o n s t a n t . Such a 
a b 

comparison has been g i v e n i n f i g u r e s 9 and 9 f o r AA, u , i u lü 

and 0,07 m r e s p e c t i v e l y f o r values of oz from 50 t o 2, The p l o t t e d 

p o i n t s r e p r e s e n t v a l u e s which have been o b t a i n e d by a v e r a g i n g over 

the d i f f e r e n t slope angles i n each s e r i e s . The shape of the Av-ave 

h e i g h t d i s t r i b u t i o n i s a l s o siioAvn, 

There appears t o be a f a i r agreement betAs'een 7?^ /^So 

y^f^/^/f^ f o r the A(faves A\rith H^^~ 0,10 m ( f i g u r e 9 ^ ) and a v e r y 

good agreement f o r the A\raves w i t h , /^-hvhC ( f i g u r e 9^)„ This 

lends s u p p o r t t o the hypotheses ( I + I I + I I I ) , 

Van Oorschot and d'Angremond ( 1 9 6 8 ) have c a r r i e d out run-up 

experiments w i t h i r r e g u l a r wa\eB, D i s p o s i t i o n of a programmed Ai^a-

ve board enabled t h e m t o generate A^ravcs A \ r i t h p r e s c r i b e d enei'gy 

d e n s i t y s p e c t r a . I n a d d i t i o n , a A^ind A v ' i t h a mean v e l o c i t y of up t o 

3 m/sec Av̂ as bloA\'n over the A v r a t e r s u r f a c e . One t e s t Av̂ as r u n i n . 

A v d i i c h the A^^avos were generated e n t i r e l y by A v f i n d , A \ r i t h a mean A'elo-

c i t j ^ of a p p r o x i m a t e l y 8 m/sec. The e f f e c t of the s p e c t r a l shape on 

t h e A f a v e run-up w&e. t h e main o b j e c t of the s t u d y , i n p a r t i c u l a r , 

the e f f e c t of the s p e c t r a l A v i d t h , The A^alue of the s p e c t r a l A\'idth 

parameter g: ^ i n t r o d u c e d by C a r t A s r r i g h t and L o n g u e t - H i g g i n s , was 

0,22 f o r the A^'ind-generated A g a v e s and A'aried from 0(,34 t o 0^59 

f o r the o t h e r s . The Av'idest e x p e r i m e n t a l spectrum A f a s cho sen s i m i -
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l a r t o the w i d e s t s p e c t r a which had been measured w i t h a wave pole 

i n the N o r t h Sea o f f the Dutch coast i n a depth"of a p p r o x i m a t e l y 

15 m. 

The val u e s of C were computed a f t e r c u t t i n g o f f the h i g h -

frequency t a i l of each spectrum a t the freq u e n c y where the energy 

d e n s i t y was % of the maximum v a l u e . As a r e s u l t , the a c t u a l € 1 -

v a l u e s are c o n s i d e r a b l y u n d e r e s t i m a t e d . The computed v a l u e s t l i e r e -

f o r e have comparative s i g n i f i c a n c e o n l y , r a t h e r than a b s o l u t e s i g -

n i f i c a n c e . This i s of no concern, however, as i n t h i s a p p l i c a t i o n 

t h e r e i s no c o m p e l l i n g reason t o use j u s t é as a measure of the 

S p e c t r a l w i d t h . 

I n a d d i t i o n t o G , the f o l l o w i n g parameters were v a r i e d ( t h e 

e x p e r i m e n t a l range i s g i v e n i n p a r e n t h e s e s ) : f , t h e p e r i o d of the 

s p e c t r a l component w i t h maximum energy d e n s i t y ( 0 , 7 1 sec - 1,64-

s e c ) ; , the s i g n i f i c a n t wave h e i g h t ( 3 , 7 cm ~ 1 3 , 6 cm); 

^ '̂̂ ^̂ '̂  steepness f / f „ 0 x 1 0 ~ ^ - 1 2 , 2 x 1 0 ~ ^ ) ' ; ^ / o f ^ , a 

r e l a t i v e w a t e r d e p t h ( L , 7 X l O ^ ^ ^ g,! x 1 0 " " - ) ; and t a n o< , , t h e ' s 1 o-~ 

pe ( 1 : 4 and 1;;6}, 

The most i m p o r t a n t r e s u l t s o b t a i n e d by van Oorschot and dtAn-

gremond, and the i n t e r p r e t a t i o n s t h e r e o f i n the c o n t e x t of t h i s 

paper J can be suiimiarised as fol l o w s : ; 

~ The e f f e c t on the run--up of wave h e i g h t , wave p e r i o d and slope 

angle i s a d e q u a t e l y expressed by a Hunt-type f o r m u l a w i t h a p r o -

p o r t i o n a l i t y f a c t o r which depends on and 6 r. 

This i m p l i e s t h a t the shape of the run-up d i s t r i b u t i o n i s s i g n i -

f i c a n t l y a f f e c t e d by G o n l y , n o t by e i t h e r the wave steepness, the 

r e l a t i v e w a t e r d e p t h or the slope a n g l e . This i s i n agreement w i t h 

hypotheses ( l + I I + I I I ) i f the a d d i t i o n a l assumption i s made, : 

t h a t the shape of the /^-^ ̂ d i s t r i b u t i o n i s de t e r m i n e d by the spec-

t r a l shape, 

- The w i d t h ( s p r e a d ) of the run-up d i s t r i b u t i o n s i n c r e a s e s w i t h £, 

i,e„ w i t h the w i d t h of t h e energy spectrum, 

- The run-up d i s t r i b u t i o n s , computed on the b a s i s of h y p o t h e s i s 1 ^ 

the measured d i s t r i b u t i o n , and the run^^up data f r o m the 

B„E„B, ( 1 9 6 1 1 , agreed f a i r l y w e l l A ^ i t h the measured d i s t r i b u t i -

ons 

This proves t h a t h y p o t h e s i s I can lea d t o u s e f u l r e s u l t s . 



O 
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Some run-up d i s t r i b u t i o n s measured by van Oorschot and d'An-

gremond have been r e p l o t t e d i n f i g u r e 1 0 ^ The c o r r e s p o n d i n g € -va-

l u e s range from 0,22 ( w i n d - g e n e r a t e d waves) t o 0 , 5 7 , so t h a t almost 

the e n t i r e e x p e r i m e n t a l range of & (0„22 - 0 , 5 9 ) i s r e p r e s e n t e d i n 

the f i g u r e o The d i s t r i b u t i o n s g i v e n by eqs, 4.14 and 4 , l 6 abovej , . 

f o r the l i m i t i n g eases ƒ> = 0 and = 1 , are a l s o shown. I t ap-

pears t h a t the range of run-ups p r e d i c t e d on the b a s i s of hypothe-

ses I through IV agrees w i t h the range of e x p e r i m e n t a l run-ups of 

waves w i t h s p e c t r a which v a r i e d from narrow t o wide. A l t h o u g h t h i s 

agreement does not prove each of the hypotheses c o r r e c t , i t does a t 

l e a s t i n d i c a t e t h a t the end r e s u l t s are not unreasonable, 

8,3 F i e l d data 

I n t h i s s e c t i o n some p r o t o t y p e run-up d i s t r i b u t i o n s w i l l be 

pr e s e n t e d which have been measui'cd bj' Zuiderzee Works of the Ne-

t h e r l a n d s , The auth o r had access t o the o r i g i n a l data f o r the pur-

pose of a n a l y s i s . 

The measurements stem from a time ( 1 9 4 3 - 1 9 4 4 ) when wave meters 

i n the f i e l d were n o t a v a i l a b l e . I t i s t h e r e f o r e n o t p o s s i b l e t o _ -

r e l a t e the magnitude of the run-ups t o those of the i n c i d e n t waves. 

Only the shape of the run-up d i s t r i b u t i o n w i l l be d e a l t w i t h . 

The measurements were c a r r i e d o i i t on a d i k e of the U s s e l l a k e 

( f i g u r e l l ) . T his i s e s s e n t i a l l y a t i d e l e s s body of w a t e r w i t h 

depths of a p p r o x i m a t e l y 5 m; the maximmn f e t c h a t the p o i n t s of ob-

o i - . i r a i ̂ MT o a A- ̂  i ^ 1 ... o + 1 ^ r K O l ^ v , ^ ̂  ̂  ^, ̂  ^ V -J- K „ ^ U „ „ X „ 1. „ „ J 
. i j . j _ vy M J.*]jx .V j - i u n u t: i V i U , txx: ̂ > f:h \x ̂  xz u J. l / H U » H U 1 b x e u c U L ' b a i l U 

the absence of a s t r o n o m i c a l t i d e , a s t a t i s t i c a l l y steady s t a t e i s 

more o f t e n approached, and l o n g e r l a s t i n g , t han on a seacoast. This 

p e r m i t s r a t h e r l o n g measuring t i m e s j depending m a i n l y on the dur a -

t i o n of the l o c a l w i n d . The measurement time f o r the data t o be p r e -

sented was from 1 hr t̂ o 3 h r , which corresponds t o a p p r o x i m a t e l y 

1 0 0 0 t o 3 0 0 0 o b s e r v a t i o n s per s e r i e s . 

The l o c a t i o n of the two p o i n t s of o b s e r v a t i o n and a s k e t c h of 

the d i k e c r o s s - r s e c t i o n s are shown i n f i g u r e 1 1 , The narrow berm 

w h i c l i i s p r e s e n t near mean lake l e v e l i s f o r purposes of d i k e con-

s t r u c t i o n . The broader berm a t an e l e v a t i o n of + 1,7 in has been i n -

s t a l l e d f o r purposes of run-up r e d u c t i o n . 

A t the s e l e c t e d s i t e s the d i k e f a c i n g was d l A ' i d e d i n a s e r i e s 
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of numbered areas of equal v e r t i c a l increments ( a p p r , 0,2 m). The 

number of run-ups r e a c h i n g each numbered area was t a l l i e d m a n u a l l y , 

A summarjr of t l i e e n v i r o n m e n t a l c o n d i t i o n s d u r i n g the measure-

ments i s g i v e n i n t a b l e 2, i^L i s the a b s o l u t e value of the mean wind 

v e l o c i t y , and M„W.L, i s the mean water l e v e l , r e f e r r e d t o the datum 

l e v e l NiAP which i s i n d i c a t e d i n f i g u r e 11 „ 

wind v e l o c i t y s i t e A s i t e B 

d i r e c - M,W.L„ 

no date t i o n 

(m/s) - (m) W) (m) U ) 

1 9-8-43 13 - 0 , 1 2 0,34 -0,18 0, 24 

2 3 0 - 8 - 4 3 15 - 18 WSW-W ' - 0 , 1 0 0 , 3 1 - 0 j 0 5 0,38 

3 1 5 - 9 - 4 3 13 S¥ - 0 , 0 7 0,36 - 0 , 0 9 0,46 

4 1 5 - 9 - 4 3 13 V/SW - 0 , 2 1 0,36 - 0 j 2 1 

j_ 
2 0 - 9 - 4 3 13 - 17 SSW-S - 0 , 0 5 0,40 - 0 , 1 0 0,65 

6 2 2 - 1 - 4 4 20 - 25 SSW + 0 j 0 5 0,45 + 0,05 0,50 

7 1 3 - 3 - 4 4 15 - 20 WMi[ - O j 0 5 0,48 - 0 , 0 5 0 j 5 0 

8 3 _ 5 _ 4 4 1 5 , — 20 WNW-V/ + 0 , 2 0 0,43 - -
9 7 - i l - 4 4 20 - 25 V/ +0,40 0,85 +0,40 1,00 

10 7 - 1 1 - 4 4 20 - 25 W + 0j,50 1,02 + 0 , 5 0 1,08 

^ v e r y g u s t y ; f r e q u e n t l y more than 25 t o 3 0 m/sec„ 

Table 2 

D i s t r i b u t i o n s of T^jfi^^ have been p l o t t e d on R a y l e i g h paper i n the 

f i g u r e s 1 2 and 13 f o r s i t e A and S i t e B, r e s p e c t i v e l y . Only those 

s e r i e s have been i n c l u d e d i n which the run-ups d i d n o t reach the 

h i g h herm. I t i s e v i d e n t t h a t almost a l l of these d i s t r i b u t i o n s are 

v e r y w e l l d e s c r i b e d by a R a y l e i g h d i s t r i b u t i o n . E x c e p t i o n s h o u l d be 

made f o r s e r i e s no, 7, s i t e A, i n which case the data are spread 

much more than a R a y l e i g h d i s t r i b u t i o n . This i s p o s s i b l y due t o the 

f a c t t h a t the win d on t h a t occasion was p a r t i c u l a r l y g u s t y , as i n -

d i c a t e d i n t a b l e 1 , T h i s w i n d blew almost p e r p e n d i c u l a r t o the d i -

ke a t s i t e A, Adiere the anomalous d i s t r i b u t i o n was measured. 
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I n i n t e r p r e t i n g the d i s t r i b u t i o n s g i v e n i n the f i g u r e s 12 and 

13, p a r t i c u l a r l y the f a c t t h a t t h e y have almost t l i e same shape, 

i t s h o u l d n o t be f o r g o t t e n t h a t the wave g e n e r a t i n g c o n d i t i o n s , i n 

terms of f e t c h , depth and mean wind v e l o c i t y , d i d n o t d i f f e r 

g r e a t l y from one s e r i e s t o anothei'. Another f a c t o r w hich has some 

e f f e c t i s the berm a t a p p r o x i m a t e l y M„V/„L<, T l i i s berm p r o b a b l y 

causes an i n c r e a s e of the spread i n the run-up v a l u e s , compared 

w i t h the run-up on a plane s l o p e , because the e f f e c t of a berm 

near M„W,L„:'.is t o reduce s m a l l e r run-ups more th a n l a r g e r r u n -

ups. Por t h i s reason i t i s expected t h a t the d i s t r i b u t i o n of r u n -

up on plane slopes w i l l be narrower t h a n the R a y l e i g h d i s t r i b u t i - . 

on, f o r the same wave c o n d i t i o n s as_. p r e v a i l e d i n the measurements 

p r e s e n t e d i n f i g u r e s 12 and 1 3 , 

I n f i g u r e 14 some d i s t r i b u t i o n s are g i v e n i n which an appre-

c i a b l e f r a c t i o n of the run-ups exceeded the h i g h berm. The e f f e c t 

of the berm on the run-up d i s t r i b u t i o n i s q u i t e conspicuous. P r i -

m a r i l y the run-ups above the berm are reduced, w i t h the r e s u l t 

t h a t the t o t a l spread i s l e s s than i n the case when the berm i s 

no t reached by the run~up, 

SmaiARY AND CONCLUSIONS 

D i s t r i b u t i o n s oi; run-up of b r e a k i n g waves are d e r i v e d by as-

s i g n i n g t o i n d i v i d u a l waves i n an i r r e g u l a r wave t r a i n - a run-up 

v a l u e a c c o r d i n g t o Hunt's f o r m u l a , Tlie p o t e n t i a l v a l i d i t y of t h i s 

approach i s c o n f i r m e d by comparison v / i t l i l a b o r a t o r y d a t a . E x p l i -

c i t e x p r e s s i o n s f o r the run-up are o b t a i n e d f o r waves of which t h e 

h e i g h t s and p e r i o d s squared have a b i v a r i a t e R a y l e i g h d i s t r i b u t i - , 

on. The extremes of t h i s d i s t r i b u t i o n f o r a v a l u e 1 r e s p , 0 of t h e 

c o r r e l a t i o n c o e f f i c i e n t j=> supposedly are l i m i t i n g cases f o r a 

young sea r e s p , a f u l l y developed sea. The assumption of a b i v a r i -

a t e R a y l e i g h d i s t r i b u t i o n has n o t i n the p r e s e n t study been chec-

ked s e p a r a t e l y J However, the range of run-ups c a l c u l a t e d on the 

b a s i s of t h i s assumption, w i t h p v a r y i n g f r o m 0 t o 1 ^ appears t o 

agree A ^ i t h the range of e x p e r i m e n t a l A'^alues f o r A/aA'̂ es Av^ith energy 

d e n s i t y s p e c t r a r a n g i n g f r o m n a r r o A s f t o Avide, 

Some p r o t o t y p e run-up d i s t r i b u t i o n s are p r e s e n t e d , The,se had 

been measured on a d i k e of the I J s s e l l a k e i n the N e t h e r l a n d s , The 
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v a r i a t i o n of wave g e n e r a t i n g c o n d i t i o n s i n t h i s lake i s v e r y l i m i -

t e d . This i s p r o b a b l y the reason why the run-up d i s t r i b u t i o n s are 

remarkably s i m i l a r i n shape; they are v e r y w e l l d e s c r i b e d by a Ray-

l e i g h d i s t r i b u t i o n . The measured run-ups are a f f e c t e d by a berm 

near M,W,L, I t i s b e l i e v e d t h a t the e f f e c t of such a berm i s t o i n -

crease the w i d t h of the d i s t r i b u t i o n , 

A g e n e r a l e x p r e s s i o n i s d e r i v e d f o r the d i s t r i b u t i o n of st e e p -

ness of vaves w i t h an a r b i t r a r y j o i n t d i s t r i b u t i o n of h e i g h t s and 

p e r i o d s squared, T l i i s e x p r e s s i o n i s subsequently e v a l u a t e d f o r the 

s p e c i a l case of a b i v a r i a t e R a y l e i g h d i s t r i b u t i o n . The r e s u l t i n g 

d i s t r i b u t i o n f u n c t i o n has a s t r i k i n g l y simple form when = 0» 

Th i s simple form may be used as an a p p r o x i m a t i o n t o the a c t u a l d i s -

t r i b u t i o n f u n c t i o n f o r s m a l l p ( l e s s t h a n 0,4 f o r i n s t a n c e ) , 

10 RECOMMENDATIONS 

The f o l l o w i n g s t u d i e s p e r t a i n i n g t o the problems of v a r i a b i l i -

t y of waves and run-up are recoiimiended; 

- A s t a t i s t i c a l s t udy of wind wave r e c o r d s t o cheek the h y p o t h e s i s 

of a b i v a r i a t e R a y l e i g h d i s t r i b u t i o n f o r A/ and , 

- F i e l d measurements of run-up, p r e f e r a b l y on a plane and f a i r l y 

smooth s l o p e . Needless to say, measurements of the i n c i d e n t wa-

ves and o t h e r e n v i r o n m e n t a l f a c t o r s s h o u l d be i n c l u d e d . 

- An e x p l o r a t o r y s t u d y Óf the f e a s i b i l i t y of n m n o r i c a l c o m p u t a t i o n 

of run-up d i s t r i b u t i o n s , 

- A s t u d j ' of the l i m i t i n g wave run-up ( r e s p , o v e r t o p p i n g ) which can 

be a l l o w e d i n view of the s t a b i l i t y of the s t r u c t u r e . Very l i t t l e 

i s known about t h i s problem, a l t h o u g h i t i s of fundamental impor-

tance i n the d e s i g n of many tjq^es of shore s t r u c t u r e s . 
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