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Sample-path optimization is a simulation-based method for solving op-
timization problems that arise in the study of complex stochastic sys-
tems. In this paper we broaden its applicability to include the solution
of stochastic variational inequalities. This formulation can model equilib-
rium phenomena in physics, economics, and operations research. We de-
scribe the method, provide general conditions for convergence, and present
numerical results of an application of the method to a stochastic economic
equilibrium model of the European natural gas market. We also point out
some current limitations of the method and indicate areas in which re-
search might help to remove those limitations.
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1 Introduction

In this paper we present a method for solving a variational inequality de-
fined by a polyhedral convex set C and a function f, that is an almost-sure

1 Corresponding author.

2 The research reported here was sponsored by the Air Force Office of Scientific
Research, Air Force Materiel Command, USAF, under grant numbers F49620-95-
1-0222 and F49620-97-1-0283. The U. S. Government has certain rights in this
material, and is authorized to reproduce and distribute reprints for Governmental
purposes notwithstanding any copyright notation thereon. The views and conclu-
sions contained herein are those of the authors and should not be interpreted as
necessarily representing the official policies or endorsements, either expressed or
implied, of the sponsoring agency or the U. S. Government.

Preprint submitted to Elsevier Preprint 16 September 1997



limit of a computable sequence of random functions f,. Such a situation com-
monly arises in simulation optimization and stochastic economic equilibrium
problems involving expectations or steady-state functions. The method is a
modification of sample-path optimization proposed by Plambeck et al. [23,24]
and analyzed in [29]. That method, in turn, is closely related to M-estimation
[15,16,38,39] and to the stochastic counterpart method [32]; for additional ref-
erences see [29]. As in the original version, the functions f, may be outputs of
a simulation run of length n: from observing the f, and making appropriate
computations with them, we hope to find an approximate solution of the vari-
ational inequality defined by C' and f.. The approach we present here was
outlined without proofs in the proceedings paper [9].

In our view, the present work makes the following contributions:

— To propose a modeling structure for stochastic variational inequalities in
which the expectation or limit functions must be estimated by simulation,

— To present conditions under which the approximating problems can be
shown to have solutions with probability 1, provided the simulation run
length is sufficiently long,

— To provide bounds for the closeness of those solutions to solutions of the
limit problem, in terms of the goodness of approximation,

— To present numerical experiments on problems of moderate size to show
that the technique can be implemented and to illustrate its performance.

In the process of establishing these points, we hope to show also that by using
simulation — together with gradient estimation techniques — one may provide
an effective alternative to discrete scenario representations of uncertainty with
their associated data management problems (see [20] for example).

The deterministic variational inequality problem has been much used since
its origins in the middle 1960s, for which see e.g. [11,36]. Its application to
the modeling of economic equilibrium in the Project Independence study dur-
ing the 1970s generated great interest; see Hogan [14]. Harker and Pang [10]
present an excellent survey of the developments in the subject up to 1990,
whereas Ferris and Pang [6] examine a large number of applications of com-
plementarity problems in engineering and economics.

Josephy [17] introduced a variant of the Newton method for numerical solution
of generalized equations, which are reformulations of variational inequalities.
Since then, much progress has been made in globalizing the Newton idea and
making it more robust. One of the best current production software packages
embodying this idea is the PATH solver of Dirkse and Ferris (3], a stabilized
Newton method based on a generalization of the line search idea.

As far as we are aware, the idea of using stochastic variational inequalities to
model uncertainty in equilibrium phenomena has not been extensively used.



Exceptions are the works of Haurie et al. [12] and De Wolf and Smeers [2].
Haurie et al. used a dynamic stochastic model to find the equilibrium price and
quantity of the natural gas to be traded in the European market. However,
their model contained an affine price/demand relation that resulted in an
integrable model: that is, one which reduces to an optimization problem. In
Section 4, we extend their model to incorporate a different price/demand
relationship, resulting in a non-integrable model, and introduce a different
stochastic structure. In particular, while the model of [12] employed a scenario
representation of uncertainty with a scenario tree of only four branches, we
propose using simulation to observe a large number of instances of the random
parameters, averaging their effects, and solving the resulting problem.

Of course, these ideas are not new in the case of optimization: see [23,24,29,34].
Shapiro considers similar questions in [33], where the asymptotic behavior
of solutions of simulation optimization problems is studied. The conditions
developed there differ from those we provide here in two main respects; first,
our conditions apply to general variational inequalities, not just those arising
from optimization problems; second, we prove the existence and convergence
of solutions of the approximating problems, whereas Shapiro assumes them.
In order to obtain these stronger results we make stronger assumptions than
does Shapiro: in particular, we use a coherent orientation condition that is
equivalent to the well-known condition of strong regularity, for which see e.g.
[5,22,25].

The remainder of this paper is organized in four sections. In Section 2, we for-
mulate the problem and describe the method that we propose. We also provide
the necessary background on variational inequalities including definitions and
discussions of the normal map, critical cone, normal manifold, coherent ori-
entation, and continuous convergence. In Section 3, we analyze the method
using the concepts explained in Section 2. In Section 4, we present the results
of numerical experiments applying the method to an energy planning problem
in the European natural gas market. We solve two versions of this problem,
modeling uncertainty with discrete and with continuous probability distribu-
tions. Finally, in Section 5 we summarize the work we have presented and
suggest some directions for future research.

2 Background and Formulation

In this section we define the variational inequality formulation that we shall
use, explain some general aspects of the methodology, and present definitions
of certain concepts from analysis that will be needed in what follows. These
include a generalization of nonsingularity that is of particular importance to
our method.



For a closed convex set C (in general, a subset of a Hilbert space, but here a
subset of R¥) and a function f from an open set © C R* to R¥, the variational
inequality problem is to find a point zo € C N O, if any exists, satisfying

for each z € C, (z — o, f(z0)) > 0, (1)

where (y, z) denotes the inner product of y and 2. Geometrically, (1) means
that f(zo) is an inward normal to C' at zo. Many problems from applica-
tions involve polyhedral sets C, and in this paper we restrict our attention
to such sets. Two immediate examples are a system of k nonlinear equa-
tions in k unknowns, and the first-order necessary optimality conditions for
a nonlinear-programming problem with continuously differentiable objective
and constraint functions.

Naturally, not all variational inequality problems arise from optimization. In
some economic equilibrium models the lack of certain symmetry properties
results in a model that is said to be non-integrable. In such a model, it is
not possible to find the equilibrium prices and quantities by substituting an
associated optimization problem for the variational inequality. For discussion
of an actual model of this type that was heavily used in policy analysis, see
[14]. The theory that we shall develop here does not require any symmetry
properties, so it applies to non-integrahle models. In fact, the application to
the European gas market given in Section 4 required the solution of a non-
integrable stochastic economic equilibrium model.

Our method works with a vector-valued stochastic process {fa(w,z) | n =
1,2,...} and a vector-valued function foo(z) with z € R*. For all n > 1 and
z € R, the random variables f,(w,z) are defined on a common probability
space (Q, F, P), and for almost all w the f,(w, -) converge pointwise to Fosll+):
The method seeks a point zg solving (1) with f = fu; it works by fixing a
large n and a sample point w, solving the deterministic variational inequality
with f(-) = fa(w, ), and taking the solution z,(w) as an estimate of zo.
In Section 3 we give conditions ensuring that with probability 1, when n is
sufficiently large the z,(w) exist and are close to zo.

One way of envisioning this setup is to regard f,(w,z) as an estimate of the
function value fo () obtained from a simulation run of length n, where z is the
decision variable and w represents the random element, i.e., the random num-
ber streams used in the simulation. One can use the method of common ran-
dom numbers to evaluate f,(w,z) for different values of z. Furthermore, exact
values for the derivatives or directional derivatives of the f, can be obtained
using well-established methods of gradient estimation such as infinitesimal
perturbation analysis; see [8,13,37]. The method proposed here thus inherits
most of the advantages of sample-path optimization, such as the ability to use
deterministic techniques to solve the variational inequality.



In the particular case of an unconstrained optimization problem the method
takes a special form. If we write the first order optimality conditions for the
problem, we obtain k nonlinear equations in k& unknowns. Then solving the
associated variational inequality would amount to finding a zero of the gradient
of the objective function. In the stochastic context the approximate solution
of this problem will be an estimate of a critical point of this objective function.
Such a point may not be an optimizer unless certain second-order conditions
are satisfied. However, when the objective function is known to be locally
convex (or locally concave, depending on the sense of optimization), around
the critical point, the solution point will be an optimizer. See [9] for an actual
implementation in that case.

At this point it may be helpful to correct a possible misconception about this
formulation. One might think, because we use an expectation or limit function
in the variational inequality that we try to solve, that this method is some
variant of the so-called “expected value method” in stochastic optimization,
in which a random variable is replaced by its expected value before solution
(thereby producing an incorrect formulation). This is not so, as one can see
by considering the simple example of minimizing (in z) the function ®(z) :=
Eeo(z, &), where
%
A= {3a(e i
366 —z)? ifE> .

Here we suppose that 0 < # < «, and that ¢ is uniformly distributed on [0,1].
This model formulates the problem of selecting z to estimate an uncertain
quantity &, with a quadratic loss whose magnitude depends on whether one
has overestimated or underestimated &.

A computation shows that

Bz + p(l—1z)3, ifz <0,
®(z) = az® + B(1 —2)%, ifz€(0,1],
ar®+a(l —z)3, ifz>1,

so that @ is convex and C?; its minimizer is

= (a - B) ' [(aB)/* - ).

To illustrate our approach on this simple problem, we note that ¢ satisfies
the conditions for interchange of derivative and expectation, so that we can



express the necessary and sufficient optimality condition

d

d

d
0= E¢7-¢(z,9).

Our method would then proceed to approximate E¢ d%qb(z, £) by simulation and
to find a zero of the resulting function. This procedure would approximate the
correct minimizer. By contrast, if we replaced the random variable £ by its
expectation of 1/2, we would obtain the function

3a(5—1z)? ifz > .5,

fi>(z) = ¢(z,E€) = {3ﬂ(5 ~z)? fz<.5,

whose minimizer is evidently z = .5, a point that does not minimize ®(z)
unless a = §.

Returning to the description of our method, we note that in order to guarantee
the closeness of the estimate z,(w) to the true solution zo we need to impose
certain functional convergence properties on the sequence {f,}. The specific
property we require is called continuous convergence; it is equivalent to uniform
convergence to a continuous limit on compact sets [18], and is defined as
follows:

Definition 1 A sequence f, of extended-real-valued functions defined on R¥
converges continuously to an eztended-real-valued function f. defined on R*
(written f, £y foo) if for any x € R* and any sequence {x,} converging to ,
one has fu(zn) = foo(z). A sequence of functions from RF into R™ converges
continuously if each of the m component functions does so.

To understand the rationale for requiring continuous convergence, consider
a sequence of functions f, and of points z, such that for each n, z, solves
the variational inequality defined by f, and C, and z, = z as n — oo.
Now if f, <Ly foo then the limit point z is a solution of the limit variational
inequality defined by fs and C. Therefore we might reasonably use solutions
of the former as estimates of the limit problem. However, although this result
is useful, it unfortunately guarantees neither the existence of the solutions z,
nor their convergence.

To guarantee such existence and convergence we need to impose a certain gen-
eralized nonsingularity condition. We begin with several definitions required



to explain this condition. The first is that of the normal map associated with
(1). This map is used to convert a variational inequality defined by f and C
to a single-valued equation; it is defined by fo(z) = f(Ilg(2)) + 2z — He(2),
where Il¢ is the Euclidean projector on C. If z, solves (1) then zg = zo— f(z0)
satisfies fc(z9) = 0. Further, if 2 is a zero of fc then zy = I (2) solves (1);
see [28] for example.

Next, we define the normal cone N¢(z) of C at z to be the set

{y* | for each c€ C, (y*,c—z) <0}

provided that z € C, and to be empty otherwise. An equivalent way of ex-
pressing (1) is then the generalized equation

0 € f(zo) + Nc(zo)- (2)

If z € C then the tangent cone of C at z, written T¢(z), is the polar of Ne(z):
that is, the set of all y such that (y*,y) < 0 for each y* € N¢(z). The critical
cone defined by C and a given point z € R¥ (not necessarily in C) is then
defined by

K(2) = To(Mle(2) N {y" € R | (y*,2 — Te(2)) = 0}.

Now fix any z and write K = K(z). As K is polyhedral it has only finitely
many faces; for each nonempty face F' the normal cone of K takes a constant
value, say Np, on the relative interior of F. Then the set op = F + Nr is
a nonempty polyhedral convex set of dimension k in RE. The collection N
of all these op for nonempty faces F of K is called the normal manifold
of K; see [27). In each of these of the projector Ilx reduces to an affine
map (generally different for different or). If A is a linear transformation from
R to R, then we say that the normal map Ag is coherently oriented if
in each o the determinant of the affine map obtained by restricting Ag
to op has the same nonzero sign. As a simple illustration of this property,
we can consider the case in which K happens to be a subspace (the “strict
complementary slackness” situation in the optimization literature). Then the
coherent orientation requirement reduces to nonsingularity of the section of A
in K: that is, the linear map from K to K given by IIx o (A|K). In particular,
if C = RF (the case of nonlinear equations), then K(z) = R* for each z € R¥,
and then Nk(;) has only one cell, namely R* itself. Then Ak is coherently
oriented exactly when A is nonsingular. In general, the coherent orientation
condition is a way of generalizing nonsingularity to the case of a nontrivial set

C.



3 Solution of Stochastic Variational Inequalities

In this section we discuss the solution of stochastic variational inequalities
via the sample-path method. The main result, Theorem 5, shows that under
mild regularity conditions on the limit function f and on a solution zy of the
original problem (1), for any continuous sample function f, that is sufficiently
close to f the variational inequality

find z € C such that (f,(z),c—z) > 0forall c€ C,

has a solution close to zo. We first prove a few auxiliary technical results,
then proceed with the main convergence result, and finally comment on its
implications.

Theorem 2 Let f be a continuous function from an open set © in RF to R
having an inverse that is Lipschitzian on f(©) with modulus A > 0. Let z.
be a point of © such that f(z.) = 0. Then there is a positive number oo with
B(z,,) C © such that for any a € (0,c0] and any continuous function
g : B(z.,a) = R* satisfying

yi= sup [f(2) - g(@)ll <A, ®3)

z€B(z,,a)

the function g has at least one zero, and each such zero lies in B(z., Av).

PROOF. f(©) is open by invariance of domain ([4], Prop. 7.4); hence it is a
neighborhood of the origin in R¥. Continuity of f then implies that there is a
positive ap such that B(z,,a) C © and

f(B(z,a0)) + A0 B C £(8), 4)

where B is the unit ball. Fix a € (0, ag] and observe that (4) still holds if we
substitute « for ag. For brevity write B, = B(z.,a). Let g be a function from
B, to R* with the properties listed in the statement of the theorem. Then for
each = € B, and each t € [0,1] we have

(1 - t)g(z) + tf(z) = f(z) + (1 - t)[g(z) — f(2)]
c f(B.) + X'aB C f(©).

Therefore H(z,t) = f~![(1 — t)g(z) + tf(z)] is a well defined and continuous
function from B, x [0,1] into R*.



Observe that for each = on the boundary of B, and any ¢ € [0, 1], H(z,t) # z..
Otherwise, for some such = and ¢ we would have

fl@.) = f(z) = (1 = t)[g(z) - f(z)].
But then

Aa=x"z. —zl| < [If(z) - f@ < v <2 7'e,

and we reach a contradiction.

Now let ¢ be the identity of B,. Applying the homotopy invariance principle
([21], Th. 6.2.2), we find that

deg(f~! o g,int B,,z,) = deg(i,int B,,z.) = 1.

Accordingly, there must be at least one point Z in B, such that f~!(g(Z)) = z.:
that is, such that g(z) = f(z.) = 0.
Next, let z belong to B, but with ||z — z.,|| > Av. Since

£ = t)g(z) + tf(@)] = FF @) <A - t)[g(z) — f (@]
we must have

I1H(z,1) = z]| 2 [lz = 2] = 1f 711 = )g(2) + t£(2)] = F @]

2 ||z = 2|l = (1 = )A7. (5)

Taking ¢t = 0 we find that f~![g(z)] # . and therefore g(z) # 0. Hence each
zero of g lies in B(z.,A\y). O

The next result is a simple corollary of Theorem 2 that investigates the be-
havior of approximate solutions of the function g in that theorem.

Corollary 3 Let f, ©, A, 7., and g be as in Theorem 2, and let a € (0, ag).
Let h be a continuous function from B(z,,a) to R¥ and y a point of R* such
that

tt= Sip )Ilf(z)—h(w)ll, 1+ lyll < A7

z€B(z.,a

Then the function h — y has at least one zero, and each such zero lies in
B(z., A(n+ [lyl))-



PROOF. In Theorem 2 take g = h — y, noting that then y < n+||y|. O

In order to exhibit a class of functions to which the foregoing analysis ap-
plies, we put together some known results to obtain a simple inverse-function
theorem for normal maps.

Theorem 4 Let C be a polyhedral conver set in R*, z, be a point of R* and
z be the Euclidean projection of zg on C. Let f be a function from an open
set © containing Ty to R*. Suppose that fc(z0) =0, and let K be the critical
cone defined by C and z, i.e.,

K = To(zo) N {v € R* | (f(z0),v) = 0}.

Assume that f has a strong Fréchet derivative df(zo) at zo, and that d f (zo)k
is coherently oriented. Then there is an open set U containing zo such that fc
is well defined on U, fc(U) is open, and fc|U has a Lipschitzian inverse on

fe(U).

PROOF. The normal map fc is well defined on the open set TT5'(©), which
contains z. Define a function L from R to R* by L(z) = f(zo) + df(z0)(z —
7o), and note that L¢(z0) = fc(0) = 0. By applying Proposition 4.1 of [26]
to the function F(z,y) = f(z) — y we find that for each y € R¥ L¢ strongly
approximates F(-,y)c(2) at (zo,y) with respect to the variable z. Further, by
Theorem 5.2 of [27], L¢ is a local Lipschitzian homeomorphism at z. It follows
that L¢ carries a neighborhood N of z onto a neighborhood of the origin in
Rk, and on the latter neighborhood Lz' is Lipschitzian with some modulus
Xo. Now apply Theorem 3.2 of [26] to conclude that for each A > Aq there are
neighborhoods Uy of zy and V; of the origin, and a map 2 : V5 — U that is
Lipschitzian with modulus A, such that for each y € V4, z(y) is the unique
solution in Up of F(-,y)c(2) = 0 (i.e., of fc(z) = y). As z is continuous there
is an open subset V of V; such that 0 € V and 2(V) =: U C int Uj. It is then
straightforward to show that U is open, that foc(U) =V, and that 2|V is the
inverse of fc|U. O

The proof of Theorem 4 shows how the Lipschitz modulus for f5! can be
estimated, via that of Lg', if it is desired to do so.

Note again that if K happens to be a subspace (the “strict complementary
slackness” situation), then the coherent orientation requirement reduces to
nonsingularity of the section of df(zo) in K. In particular, if C = R* (the
case of nonlinear equations), then K = R¥ and the requirement is that d f(zo)

10



be nonsingular, as one would expect. In that case A can be taken to be any
number greater than ||df(zo)7!||-

We next prove the main result of the paper. Roughly speaking, it says that
if the variational inequality defined by the limit function has a solution z,
satisfying a generalized nonsingularity condition, then for sufficiently good
approximations of the limit function the approximating problems must have
solutions close to zg.

Theorem 5 Let © be an open subset of R* and let C be a polyhedral convez
set in R, Let zo be a point of ©, and suppose f is a function from © to RF.
Let {fo | n =1,2,...} be random functions from © to R* such that for all
z € © and all finite n the random variables f,(z) are defined on a common
probability space (Q, F, P). Let 20 = zo — f(20) and assume the following:

(a) With probability one, each fn forn =1,2,... is continuous and f, L8 I

(b) Ty solves the variational inequality defined by f and C.

(c) f has a strong Fréchet derivative df (zo) at To, and df (zo)k is coherently
oriented, where K is as defined in Theorem 4.

Then the restriction of fc to a neighborhood of zy has an inverse that is Lips-
chitzian with some madulus \. Further, there exist a compact subset Co C CNO
containing o, a neighborhood ©; C © of o, a scalar § > 0, and a set AciC)
of measure zero, with the following properties: forn =1,2,..., w € Q, and
y € R* with ||y|| < B, let

€n(w) = sup || fa(w,2) = f(2)Il,
z€Co

and

Xn(w,y) := {z € CNO, | for each c € C, (fn(w,z) —y,c—z) >0}.

For each w ¢ A there is then a finite integer N,, such that for each n > N,
the set Xn(w,y) is a nonempty, compact subset of B(zo, A(&n(w) + |l¥ll))-

PROOF. Determine A having measure zero so that off A the properties
listed in hypothesis (a) hold for all n. Let w ¢ A. We suppress w from here
on. Note that continuous convergence is equivalent to uniform convergence on
compacts to a continuous limit [18], so f is continuous. We next show that

(fa)e 4% fc: Suppose z, — zo. Then

(fn)e(zn) — fel(zo) = [fn(nC(zn)) N f(nc(zo))]
+[(zn — Me(2n)) = (z0 — Me(20))]:

11



The first term in brackets approaches zero by the continuous convergence
of f, (hypothesis (a)) and the continuity of Il¢; the second approaches zero
because of the continuity of I1¢. Therefore (f,)c Ly fc. Next, use hypotheses
(b) and (c) together with Theorem 4 to conclude that the restriction of the
function fc to some open neighborhood U C II5'(©) of 2, has an inverse that
is Lipschitzian on fo(U) with some modulus A. Apply Theorem 2 to fc on U
to produce an o with the properties listed in that theorem.

The Minty map M(z) = (Il¢(z2), 2z — [I¢(2)) is a Lipschitzian homeomorphism
from R* onto N¢, and we know that M (zp) = (zo, —f (%)) =: wo. Choose posi-
tive numbers &, 7, and € so that the balls ©, = B(zy,£) and Y) = B(— f(zo),n)
satisfy the following conditions: (1) By := B(z,a9) O M~}(W), where W
is the neighborhood N¢ N (©; x Yi) of wy in Ng; (2) —f(61) € Yi; (3)
&+ 1+ € < a. Now choose a positive a so that & < min{ag, Ae} and
M~Y(W) D B(zg,a) =: By. Let Cy = Ilg(Bo). First note that for any n,
()o(2) — fo(z) = fa(Tle(2)) - f(TIe(2)), so that

&n == sup || fa(z) = f(2)|| = sup [|(fa)c(2) — fe(2)|-
z€Co z€Bo

Choose 8 < A™'a, y with ||y|| < 3, and N large enough so that if n > N then

&t llull < X7le

For n > N, Corollary 3 tells us that (f, — y)c has a zero in B,. But the
projection onto C of any point of By lies in C N ©y, so the projection of this
zero onto C lies in C N ©; and solves the variational inequality for f, —y
and C. Therefore X, is nonempty; it is compact because f, is continuous
and X, C ©;. Now suppose that some point z,, € ©; solves the variational
inequality for f, —y and C. Then z/, € C. Let 2z}, = z,, — fa(z},) +y. Then
(fa — v)c(z;) = 0. Further,

ll25 = 2ol < llzy, — @oll + 1 £ () = f(@o)l| + I falz) = f(a)ll + Iyl
<E+n+&a+lyll

But &, + ||y]] < A7 < ¢, so 2], belongs to By. But then Corollary 3 tells us
that in fact

llzn = 20|l < *(f;‘,;; (fn)e(2) = fe (2l + llyll) = A& + llyll),

and nonexpansivity of the projection implies ||z}, — zo|| < ||z}, — zo]|. Therefore
Xn C B(zo, A(&n + |lyl}). O

12



In Theorem 5 we could have considered a random limit function f instead
of a deterministic one, in which case A, Cy, ©,, and z, would depend on the
sample point w. However, in most problems for which we think the method
might be useful, f is a deterministic function, (for example, the gradient of
a steady-state performance measure in a stochastic system). The form of the
theorem is very general in that it allows us to work not only with the f,
but also with small perturbations of the f,. This is important when using a
numerical method having finite precision to solve the variational inequality
defined by f, and C.

Also note that the conditions derived in Theorem 5 are directly applicable to
a special case of stochastic variational inequalities: namely, mixed complemen-
tarity problems involving expectations or steady-state performance functions.
When the original problem to be solved is a constrained stochastic optimiza-
tion problem, the coherent orientation condition reduces to strong regularity
of the generalized equation expressing the first order necessary optimality
conditions. In the unconstrained case, this condition is equivalent to the non-
singularity of the Hessian at the solution point. For applications to simulation
optimization, see [22].

4 Numerical Example

In this section we illustrate an application of the foregoing methodology to a
model of the European natural gas market. We describe the problem, explain
briefly the procedure used, and finally present numerical results. Theoretically,
the method we propose is capable of handling both discrete and continuous
probability distributions; by considering both types of uncertainties in the gas
market problem we illustrate its practical utility as well.

The problem is to find the market price and quantity of natural gas to be pro-
duced and shipped to various markets from various producers. We adopt the
model and partially the notation of Haurie et al. [12], modifying several param-
eters and functional relations. In particular, we use a different price/demand
relation that results in a non-integrable model. As was done in [12], we con-
sider a decomposition of the European gas market into the producers and the
consumers of natural gas. This is a simple preliminary model in the sense that
it does not take into account the possibility of the transmission companies’
and/or distributors’ acting as players as well.

The model has m players (producers and exporters of natural gas), each player
controlling a set of production units, n markets, and T time periods. Let U; be
the set of production units controlled by the ith producer, for i =1,... ,m.
Foreach £ € U;, j=1,...,n,and t = 1,...,T, the variables are defined as
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follows:
R} = remaining reserves at beginning of period ¢ (R} is given).
K} = available capacity at beginning of period ¢t (K} is given).

q¢; = annual production that is shipped to market j during period t.

Dt = annual domestic production of market j during period ¢ (given).

Q% = total annual quantity available on market j during period ¢: that is,

Q=Di+3 3 a (6)

i=1LeU;

I} = physical capacity invested in during period ¢ for use in period ¢ + 1.
Investment is assumed to take place in one lump sum at the end of period ¢.

cﬁj = constant marginal transportation cost for shipping from production unit
¢ to market j during period ¢.

y; = number of years in period t. We used y, =5 for s = 1,2,3 and y4 = 20.
r = the (yearly) interest rate in effect; we used r = 0.10.

During each period, each producer incurs a (constant) annual cash flow for
every year in that period. To compute the present value of these cash flows
we use a factor f, expressing the time value of money: for period ¢,

fo= [0+ = 1)/[r(1 4 ) Zem ).

The investment costs are linear with marginal cost I'; > 0, whereas marginal
production costs follow a curve that has a reverse L shape in order to ensure
that the unit production cost is approximately constant when away from the
production capacity but goes to infinity at the capacity limit; see [19]. There-
fore the production cost function is taken to be G¢(z) = aex — beIn(X, — z),
where a; and b, are parameters, = represents the quantity produced, and X,
is the capacity limit. Let PJ-‘(Q) be the price of natural gas in market j during
period ¢ when the amount available in that market is Q.

In contrast to the affine demand law used in [12], we use the following:
PJ(Q) = p03(Q/90))'%, (7)

where p0§ and q0§ are base prices and base demands respectively and e_‘i is the

price elasticity of demand for natural gas in market j during period ¢. Unlike
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the affine demand law, (7) is generally non-integrable, so that the equilibrium
condition cannot be expressed as an optimization problem.

We now develop the model itself, beginning with calculation of the net present
value (NPV) of a producer’s profit. In each year of period ¢, the revenue from
shipments to market j from unit £ is g7, P}(Q%), and the corresponding shipping
cost is c,,q,J, while the yearly production cost for unit £ is G¢(37: 1q,]) The
investment cost paid at the end of period ¢ for unit £ is I',J}. Therefore the

NPV of profit for producer 7 is

lh,a Iz Z Z [ft{Z[Pt Q' C;j]‘ﬁj o Gl(z::l Q;j)}

t=1Lel; J= (8)
— D147y Tim].
For each i and each £ € U;, reserves satisfy
n
H-l _Rl y,quj, t=1,...,T, (9)
and we require
R0, t=1,...,T; (10)
recall that R} is given. Similarly, the capacities satisfy
Kt = K + I}, =105 T (11)
and
n
=Y wg; >0, H= T T (12)
=

In addition to these, we have the quantity balance equation (6), and we require
that the decision variables gj; and I; be nonnegative.

The producers are the USSR (the former Soviet Union), the Netherlands,
Norway, and Algeria. Among those Norway has two producing units, whereas
all the others have one each. There are six markets: UK, the Netherlands,
FRGer (the former West Germany), BelLux (Belgium/Luxembourg), Italy,
and France.

In each period, we consider a shutdown possibility in Algeria which results
in an interruption of production/transportation of natural gas in the current
period and in all future periods. Define ), to be 0 if Algeria interrupts its pro-
duction in period ¢ and 1 otherwise; then this induces a change in the reserve
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constraints for Algeria in the following fashion (Algeria has one production
unit; hence £ = 1):

6
R*' = Ry, — Z'.WI{,-- (13)
Jj=1

This should not be regarded as a physical change in the reserves; it is imposed
only to guarantee that no natural gas is traded between Algeria and the rest
of Europe.

Our next step is to formulate the first-order necessary conditions for an equi-
librium as a variational inequality in the variables gj; and Ij. We begin by
discarding the auxiliary variables Q%, Rj, and Kj and rewriting the reserve
depletion constraints by replacing (9) and (10) by

t n
Ri-YwYq;20, Lel; i=1,...4, t=1...,4, (14)
=1 j=1
and replacing (11) and (12) by

t—1 n
Ki+Y IL-Y wg >0, Lel, i=1,..4, t=1,...,4,
s=1 j=1 (15)

with the standard convention that 30 is vacuous.

The ith producer wishes to maximize Fj(gf;, I7), given by (8) with Q¥ replaced
by the right-hand side of (6), subject to the constraints (14) and (15). These
individual maximization problems are coupled by the presence in each problem
of the production quantity decisions of all the other producers. For an equilib-
rium we wish to find values of the decision variables ¢j; and I so that these
maximizations take place simultaneously. We therefore write the first-order
necessary optimality conditions for each producer’s problem of maximizing
(8) subject to the constraints (14) and (15) as well as nonnegativity of the
decision variables gf; and I}, and try to solve these simultaneously. Note that
with the demand law (7), the objective function is not generally convex, so
the first-order necessary conditions may not always be sufficient.

To write these conditions we regard the left-hand sides of (14) and (15) as
vectors of dimension 7;, where v; = 4 for i = 1,2,4 and 73 = 8 (since Norway
has two producing units, whereas all the others have one each), and we denote
these vectors by —g! and —g? respectively. We then associate dual variables
u! and u, also of dimension v, with the constraints —g! > 0 and —g7 > 0
respectively. We write the quantities gj; for producer i (that is, for £ € U; and
for all ¢ and j) as a vector z; of dimension a;, where a; = 4 x 6 = 24 for
i=1,2,4and a3 = 2 x 4 x 6 = 48. Similarly, we write the physical capacity
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investments I} for £ € U; as a vector z; of dimension f3;, where §; = 3 for
= 1,2,4 and ﬂg =

As the constraints are affine, no constraint qualification is needed, and simul-
taneous satisfaction of the first-order conditions for all producers can then be
expressed by the following generalized equation: for ¢ = 1,...,4 find nonneg-
ative vectors z;, z;, u}, and u? such that

0€ —25 +ul 8 +ul P +Ngoi(z:)
be~ —Fl +u2 4N w2 (%)
1 9z (16)
0e —gi +Ngz (u})
0e —g +Ngyi (u3)

Note again that the instances of (16) for different ¢ are coupled by the quantity
decisions, so that (16) is actually a single variational inequality containing 175
variables: 120 quantities q;]-, 15 investment decisions I}, and a total of 40 dual
variables.

The parameters used in the experiments are in Tables 1-3; subscripts £ are
omitted. Prices are in 1983 dollars and quantities are in mtoe (million tons of
oil equivalent).

Table 1
Cost coefficients and parameters for production units
Producer a % X KB R I & & & ¢

USSR 1.606 51 80 3750 3750 0.0 0.58 0.56 0.55 0.55
Netherlands 1.212 67 80 1900 1900 0.0 0.14 0.13 0.13 0.12
Norway1 1.507 85 80 300 300 0.0 0.35 0.34 0.34 0.33
Norway2  1.507 85 80 0 1936 0.5 0.35 0.34 0.34 0.33
Algeria 2.102 96 80 3087 3087 0.0 0.70 0.69 0.64 0.62

For each period ¢, we assumed 1, to be 0 with probability 0.40. After sampling
from the uniform distribution and generating sequences 1;', we computed the
sample functions f, by averaging the constraints (13). To compute the limiting
distribution will generally not be possible for more complicated distributions;
however in this case we can solve the variational inequality with f, and com-
pare the solution with the results of the simulations. Table 4 shows the results
for different simulation lengths, n = 20, n = 200, n = 1000, n = 15000, and
n = 100000, as well as for the limit function, n = co. To model the problem
we used GAMS [1], and in the solution we used the PATH solver [3] that is
implemented in GAMS.
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Table 2
Base prices and base demands in markets, p0 and ¢0

Market Period 1 Period 2 Period 3 Period 4
BelLux 5.12 7.8 256 94 341 94 512 9.5
FRGer 5.27 40.7 2.64 46.2 3.52 46.5 5.27 44.6
France 5.25 23.6 2.62 283 3.50 29.8 5.25 28.5
Italy 5.15 253 2.57 349 343 375 5.15 37.2
Netherlands 5.16 28.9 2.58 29.9 3.44 322 5.16 29.7
UK 4.54 43.8 2.27 50.3 3.03 564 4.54 53.7
Table 3
Price elasticities and domestic production in markets, e and D
Market Period 1 Period 2 Period 3 Period 4
BelLux -1.07 0.0 -1.26 0.0 -1.34 0.00 -142  0.00
FRGer -1.46  13.70 -1.58  13.80 -1.68  13.80 179 13.80
France -0.81  4.80 -1.19 290 -L57  3.00 201 3.0
Italy 115 10.40 136 10.00 -1.45  10.00 -154 1040
Netherlands -0.94 2293 -113  20.96 129 2411 -1.45  23.90
UK -0.61  33.70 -0.87  35.00 -1.10  37.00 -1.30  38.00
Table 4
Prices and quantities for Period 4 (when shutdown is uncertain)
Market n=20 n =200 n = 1000 n=15000 n = 100000 n=o00
BelLux 519 9.31 526 915 529 9.07 527 911 527 913 527 9.12

FRGer 4.77 53.28 4.83 52.17 4.86 51.64 4.84 51.94 4.84 52.02 4.84 52.01
France 4.82 33.77 4.883295 4.91 3256 4.90 32.78 4.89 32.84 4.89 32.83

Ttaly 4.87 40.50 4.93 39.77 4.96 39.42 4.94 3962 4.94 39.67 4.94 39.66
Netherlands 5.99 23.90 5.99 23.90 599 23.90 599 23.90 599 23.90 5.99 23.90
UK 4.53 53.79 4.58 53.06 4.61 52.71 4.59 52.91 4.59 52.96 4.59 52.95

The solution is a very detailed report containing prices of natural gas in every
market and the amount each producer ships to each market. Since the values of
these quantities in different periods exhibited similar convergence behavior, we
report in Table 4 only the price and quantity information for the last period.
For each n, the number of iterations and the number of function evaluations
required by PATH were 12 and 16 respectively.

Table 4, incidentally, shows that we get quite close to the true solution with a
simulation run length as small as 200 random numbers. That table also shows
that the prices in the Netherlands are the same for each value of n. This is
due to the fact that the Netherlands does not import natural gas and hence
its market price is not affected by the shutdown in Algeria.

We also considered a different version of this problem in which there is no
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Table 5
Parameters for model with uncertain oil price

L U
t m ory m m

1 -010 30 16 34
2 -012 15 12 18
3 -024 30 24 36
4 -036 35 28 42

shutdown in Algeria but in which the prices and demands for natural gas
depend on the uncertain price of oil, and therefore are themselves uncertain.
In this model the demand law (7) is replaced by

P{(Q) = #4(Q/d})"%, 17)

where

p; = p0;(opi/ore), 4; = q0;(ope/ore)™.

Here op; is a random oil price taken to be uniformly distributed on [rf, /],
or, is a fixed reference price for oil, and 7 is an elasticity relating the relative
demand for natural gas to the relative price of oil. The values of 7, o1, nk,
and 7¥ are given in Table 5.

For approximate solution of the limit variational inequality, we sampled from
the uniform distribution at each realization, then averaged the resulting func-
tions to obtain the f, for the approximating variational inequality. Table 6
presents the results for Period 4 for simulation lengths n = 20, n = 200,
n = 1000, and n = 20000.

For companson purposes, we then computed the expectation of the quantity

p4/(d )Y ¢ and solved the variational inequality with the limit function; the
bolutlon is given in the column corresponding to n = oo in Table 6. The PATH
solver required the same numbers of iterations and function evaluations as in
the previous model. In both versions, we observed that the amount of time
required to solve the variational inequality did not vary much with the length
of the simulation runs.

For illustrative purposes we formulated these two example problems so that
we could compute the limit functions exactly and could thereby verify the
accuracy of the computed results. In practice, of course, this would not be
possible (otherwise one would not need to use simulation), and it is in no way
necessary for application of the method we have described. Two application
areas in which this method has been successfully used and in which the limit
function is not computable are option pricing [9] and network design [22].
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Table 6
Prices and quantities for Period 4 (with demand law (17) in effect)

Market n =20 n = 200 n=1000 n = 20000 n =00
BelLux 5.17 9.28 5.18 9.28 519 931 5.19 931 5.19 9.30
FRGer 4.75 53.03 4.76 53.07 4.77 53.27 4.77 53.24 4.77 53.23
France 4.80 33.58 4.81 33.62 4.82 33.78 4.82 33.75 4.82 33.74
Ttaly 4.85 40.34 4.86 40.36 4.87 40.48 4.87 40.46 4.87 40.46
Netherlands 5.95 23.90 5.97 23.90 5.99 23.90 5.99 23.90 5.99 23.90
UK 4.51 53.65 4.52 53.66 4.53 53.77 4.53 53.75 4.53 53.75

5 Conclusion

In this paper we have shown how to extend a simulation-based method,
sample-path optimization, to solve stochastic variational inequalities. We have
justified the method by exhibiting sufficient conditions for convergence, and we
have presented the results of a small numerical experiment on a non-integrable
economic equilibrium model of the European natural gas market. These results
indicate that the method is implementable. However, we have not presented
any analysis of its speed of convergence, nor have we shown how to obtain
confidence regions for the computed results. These questions are the focus of
current research.

One important practical aspect of the method concerns the approximating
functions f,. For the theory these need only be continuous and converge con-
tinuously to a relatively nice limit f,. However, for computational purposes
more is needed. For example, in the European gas market problem of Section
4 we used the GAMS modeling language for computational solution. To be
able to use GAMS we need a closed form expression for the f,; the automatic
differentiation capability of GAMS then is used to evaluate gradients of these
functions in order to apply an efficient solution algorithm. This means that
for this example we needed the f, to be expressible in closed form and dif-
ferentiable; in fact, the underlying theory for the PATH solver requires some
additional conditions on the derivatives [3].

The requirement for a closed-form expression arose because we wanted to use
the automatic differentiation capability of GAMS, so this is not really a basic
requirement. However, most efficient methods for solving variational inequal-
ities will require numerical evaluation of both the f, and their derivatives. To
avoid this, one might resort to techniques that do not require derivative values,
such as the resolvent method (see [30,31] for example), but the performance of
such methods is usually considerably worse than that of methods that utilize
gradient information. In addition, except in special cases it may be difficult
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or impossible to compute the resolvent. An alternate approach when evaluat-
ing exact gradients of the f, is not possible might be to use approximations
of these gradients in the solution of the variational inequality. Josephy [17]
provides conditions for local convergence of such solutions. However, we are
not aware of any systematic use of this idea for practical computation, and
therefore we cannot assess its numerical effectiveness.

The model presented in Section 4 is static; uncertainty enters via one or more
parameters appearing in the model. In such situations it is often realistic to
expect to be able to obtain closed-form expressions for the f,. There are other
situations in which this can be considerably more difficult. One example of
such a problem is the option-pricing application of [9]. This was a problem
of unconstrained optimization, so f, was the gradient of a function ¢, and
the problem was to find a zero of d@.. Unfortunately, it was not possible to
find well-behaved approximating functions ¢, whose gradients could be used
as the f,. Instead, the f, were obtained by applying methods of perturbation
analysis from [7] and [35] to obtain estimators that could then be averaged to
construct the f.

A difficult case in general appears to be that in which one is modeling a
dynamic system and the f, relate to performance of the system as observed
over some time interval, say one of length n. If the underlying problem is
one of optimization and we are solving a variational inequality derived from
the first order optimality conditions, then the f, will contain gradients of the
objective function, presumably a function related to system performance, and
possibly also gradients of nonlinear constraints (constraints that are entirely
linear can be subsumed in the definition of C). Although it is often possible
to obtain numerical values for such gradients — and hence for the f, — by
using general methods of perturbation analysis [8,13], at present we know of
no generally applicable method for obtaining derivatives of the f, in this case.
However, methods are available for some special cases; for example, see [40]
for results for the system times of customers as a function of the parameters
of the service time distributions in a GI/GI/1 queue.

In summary, if the f, are differentiable and have closed-form expressions,
then one can conveniently apply modeling languages, such as GAMS, having
automatic differentiation capabilities. When the underlying system is static,
as in the option pricing problem of [9], one may be able to use methods of
perturbation analysis to find closed-form expressions for suitable f, and their
gradients. When the underlying system is dynamic, the f, may not have closed
forms, but again one may use perturbation analysis to evaluate them. How to
evaluate their gradients in this case is, however, still largely an open question;
existing methods are tailor-made to specific systems. This seems to be an
important area for further research.

21



References

[1] A. Brooke, D. Kendrick and A. Meeraus, GAMS: A User’s Guide, Release 2.25
(Boyd & Fraser, Danvers, MA, 1992).

[2] D. De Wolf and Y. Smeers, A stochastic version of a Stackelberg-Nash-Cournot
equilibrium model, Management Science 43 (1997) 190-197.

(3] S. P. Dirkse and M. C. Ferris, The PATH solver: A non-monotone stabilization
scheme for mixed complementarity problems, Optimization Methods and
Software 5 (1995) 123-156.

[4] A. Dold, Algebraic Topology (Springer-Verlag, Berlin, 1972).

[5] A. L. Dontchev and R. T. Rockafellar, Characterizations of strong regularity
for variational inequalities over polyhedral convex sets, SIAM Journal on
Optimization 6 (1996) 1087-1105.

[6] M. C. Ferris and J. S. Pang, Engineering and economic applications of
complementarity problems, forthcoming in SIAM Review.

[7] M. C. Fu and J.-Q. Hu, Sensitivity analysis for Monte Carlo simulation of
option pricing, Probability in the Engineering and Informational Sciences 9
(1995) 417-449.

[8] P. Glasserman, Gradient Estimation via Perturbation Analysis (Kluwer,
Norwell, MA, 1991).

[9] G. Giirkan, A. Y. Ozge, and S. M. Robinson, Sample- path solution of stochastic
variational inequalities, with applications to option pricing, in: J. M. Charnes,
D. M. Morrice, D. T. Brunner, and J. J. Swain, eds., Proceedings of the 1996
Winter Simulation Conference 337-344.

[10] P. T. Harker and J. S. Pang, Finite-dimensional variational inequality and
nonlinear complementarity problems: A survey of theory, algorithms, and
applications, Mathematical Programming 48 (1990) 161-220.

(11] P. Hartman and G. Stampacchia, On some nonlinear elliptic differential
functional equations, Acta Mathematica 115 (1996) 153-188.

[12] A. Haurie, C. Zaccour, J. Legrand, and Y. Smeers. A stochastic dynamic
Nash-Courlnot model for the European gas market, Technical Report G-87-24,
GERAD, Ecole des Hautes Etudes Commerciales (Montréal, Québec, Canada,
1987).

[13] Y.-C. Ho and X.-R. Cao, Perturbation Analysis of Discrete Event Dynamic
Systems (Kluwer, Norwell, MA, 1991).

[14] W. W. Hogan, Energy policy models for Project Independence, Computers &
Operations Research 2 (1975) 251-271.

[15] P. J. Huber, Robust estimation of a location parameter, Annals of Mathematical
Statistics 35 (1964) 73-101.

22



[16] P. J. Huber, The behavior of maximum likelihood estimates under nonstandard
conditions, in: L. M. LeCam and J. Neyman, eds., Proceedings of the Fifth
Berkeley Symposium on Mathematical Statistics and Probability, I: Statistics
(University of California Press, Berkeley, CA, 1967) 221-233.

[17] N. H. Josephy, Newton’s method for generalized equations and the PIES energy
model, Ph.D. Dissertation, Department of Industrial Engineering, University of
Wisconsin-Madison (Madison, Wisconsin, 1979).

[18] P. Kall, Approximation to optimization problems: An elementary review,
Mathematics of Operations Research 11 (1986) 9-18.

[19] L. Mathiesen, K. Roland, and K. Thonstad, The European natural gas market:
Degrees of market power on the selling side, in: Natural Gas Markets and
Contracts, eds. R. Golombek, M. Hoel, and J. Vislie (Elsevier, Amsterdam,
1987) 27-58.

[20] J. M. Mulvey and H. Vladimirou. Applying the progressive hedging algorithm
to stochastic generalized networks, Annals of Operations Research 31 (1991)
399-424.

[21] J. M. Ortega and W.C. Rheinboldt. Iterative Solution of Nonlinear Equations
in Several Variables (Academic Press, New York and London, 1970).

[22] A. Y. Ozge, Sample-path solution of stochastic variational inequalities and
simulation optimization problems, Ph.D. Dissertation, Department of Industrial
Engineering, University of Wisconsin-Madison (Madison, Wisconsin, 1997).

[23] E. L. Plambeck, B.-R. Fu, S. M. Robinson, and R. Suri, Throughput
optimization in tandem production lines via nonsmooth programming, in: s
Schoen, ed., Proceedings of the 1993 Summer Computer Simulation Conference
(Society for Computer Simulation, San Diego, CA, 1993) 70-75.

[24] E. L. Plambeck, B.-R. Fu, S. M. Robinson, and R. Suri, Sample-path
optimization of convex stochastic performance functions, Mathematical
Programming 75 (1996) 137-176.

[25] S. M. Robinson, Strongly regular generalized equations, Mathematics of
Operations Research 5 (1980) 43-62.

[26] S. M. Robinson, An implicit-function theorem for a class of nonsmooth
functions, Mathematics of Operations Research 16 (1991) 292-309.

[27] S. M. Robinson, Normal maps induced by linear transformations, Mathematics
of Operations Research 17 (1992) 691-714.

[28] S. M. Robinson, Sensitivity analysis of variational inequalities by normal-map
techniques, in: F. Giannessi and A. Maugeri, eds., Variational Inequalities and
Network Equilibrium Problems (Plenum Press, New York and London, 1995)
257-269.

[29] S. M. Robinson, Analysis of sample-path optimization, Mathematics of
Operations Research 21 (1996) 513-528.

23



[30] R. T. Rockafellar, Augmented Lagrangians and applications of the proximal
point algorithm in convex programming, Mathematics of Operations Research
1 (1976) 97-116.

[31] R. T. Rockafellar, Monotone operators and the proximal point algorithm, STAM
Journal on Control and Optimization 14 (1976) 877-898.

[32] R. Y. Rubinstein and A. Shapiro, Discrete Event Systems: Sensitivity Analysis
and Stochastic Optimization by the Score Function Method (John Wiley &
Sons, Chichester and New York, 1993).

[33] A. Shapiro, Asymptotic behavior of optimal solutions in stochastic
programming, Mathematics of Operations Research 18 (1993) 829-845.

[34] A. Shapiro and T. Homem-de-Mello, A simulation-based approach to two-stage
stochastic programming with recourse, Preprint, submitted to Mathematical
Programming.

[35] L. Shi, Perturbation analysis with discontinuous sample performance functions,
IEEE Transactions on Automatic Control 41 (1996) 1676-1681.

[36] G. Stampacchia, Variational inequalities, In: Theory and Applications of
Monotone Operators, Proceedings of the NATO Advanced Study Institute held
in Venice, Italy, June 17-30, 1968 (Edizioni “Oderisi,” Gubbio, Italy, 1969).

[37] R. Suri, Perturbation analysis: the state of the art and research issues explained
via the GI/G/1 queue, Proceedings of the IEEE 77 (1989) 114-137.

[38] A. Wald, Note on the consistency of the maximum likelihood estimate, Annals
of Mathematical Statistics 20 (1949) 595-601.

[39] J. Wolfowitz, On Wald’s proof of the consistency of the maximum likelihood
estimate, Annals of Mathematical Statistics 20 (1949) 601-602.

[40] M. A. Zazanis and R. Suri, Perturbation analysis of the GI/GI/1 queue,
Queueing Systems 18 (1994) 199-248.

24



No.

96105

96106

96107

96108

96109

96110

96111

96112

96113

96114

96115

96116

9701

9702

9703

9704

9705

9706

9707

Author(s)

H. Degryse

H. Huizinga and S.B. Nielsen

T. Dieckmann

F. de Jong and
M.W.M. Donders

F. Verboven
D. Granot, H. Hamers
and S. Tijs

P. Aghion, P. Bolton and
S. Fries

A. De Waegenaere, R. Kast
and A. Lapied

R. van den Brink and
P.H.M. Ruys

F. Palomino

E. van Damme and
S. Hurkens

E. Canton

J.P.J.F. Scheepens

H.G. Bloemen and
E.G.F. Stancanelli

P.J.J. Herings and
V.J. Vannetelbosch

F. de Jong, F.C. Drost
and B.J.M. Werker

C. Fernandez and M.F J. Steel
M.A. Odijk, P.J. Zwaneveld,
J.S. Hooghiemstra, L.G. Kroon

and M. Salomon

G. Bekaert, R.J. Hodrick and
D.A. Marshall

Title

The Total Cost of Trading Belgian Shares: Brussels Versus
London

The Political Economy of Capital Income and Profit Taxation
in a Small Open Economy

The Evolution of Conventions with Endogenous Interactions

Intraday Lead-Lag Relationships Between the Futures-,
Options and Stock Market

Brand Rivalry, Market Segmentation, and the Pricing of
Optional Engine Power on Automobiles

Weakly Cyclic Graphs and Delivery Games

Financial Restructuring in Transition Economies

Non-linear Asset Valuation on Markets with Frictions

The Internal Organization of the Firm and its External
Environment

Conflicting Trading Objectives and Market Efficiency
Endogenous Stackelberg Leadership

Business Cycles in a Two-Sector Model of Endogenous
Growth

Collusion and Hierarchy in Banking

Individual Wealth, Reservation Wages and Transitions into
Employment

Refinements of Rationalizability for Normal-Form Games

Exchange Rate Target Zones: A New Approach

On the Dangers of Modelling Through Continuous
Distributions: A Bayesian Perspective

Decision Support Systems Help Railned to Search for ‘Win-
Win’ Solutions in Railway Network Design

The Implications of First-Order Risk Aversion for Asset
Market Risk Premiums



No.

9708

9709

9710

9711

9712

9713

9714

9715

9716

9717

9718

9719

Author(s)

C. Fernandez and M.F.J. Steel

H. Huizinga and S.B. Nielsen

S. Eijffinger, E. Schaling and
M. Hoeberichts

H. Uhlig

M. Dufwenberg and W. Giith

H. Uhlig

E. Charlier, B. Melenberg and

A. van Soest

E. Charlier, B. Melenberg and
A. van Soest

J.P. Choi and S.-S. Yi
J.P. Choi
H.Degryse and A. Irmen

A. Possajennikov

J. Jansen

J. ter Horst and M. Verbeek
G. Bekaert and S.F. Gray

M. Slikker and
A. van den Nouweland

T. ten Raa

R. Euwals, B. Melenberg and
A. van Soest

C. Fershtman and U. Gneezy
J. Potters, R. Sloof and

F. van Winden

F.H. Page, Jr.

Title

Multivariate Student-i Regression Models: Pitfalls and
Inference

Privatization, Public Investment, and Capital Income Taxation
Central Bank Independence: a Sensitivity Analysis

Capital Income Taxation and the Sustainability of Permanent
Primary Deficits

Indirect Evolution Versus Strategic Delegation: A Comparison
of Two Approaches to Explaining Economic Institutions

Long Term Debt and the Political Support for a Monetary
Union

An Analysis of Housing Expenditure Using Semiparametric
Models and Panel Data

An Analysis of Housing Expenditure Using Semiparametric
Cross-Section Models

Vertical Foreclosure with the Choice of Input Specitications
Patent Litigation as an Information Transmission Mechanism
Attribute Dependence and the Provision of Quality

An Analysis of a Simple Reinforcing Dynamics: Learning to
Play an “Egalitarian” Equilibrium

Regulating Complementary Input Supply: Cost Correlation and
Limited Liability

Estimating Short-Run Persistence in Mutual Fund Performance
Target Zones and Exchange Rates: An Empirical Investigation

A One-Stage Model of Link Formation and Payoff Division

Club Efficiency and Lindahl Equilibrium

Testing the Predictive Value of Subjective Labour Supply Data

Strategic Delegation: An Experiment

Campaign Expenditures, Contributions and Direct
Endorsements: The Strategic Use of Information and Money to
Influence Voter Behavior

Existence of Optimal Auctions in General Environments



9729

9730

9731

9732

9733

9734

9735

9736

9737

9738

9739

9740

9741

9742

9743

9744

9745

9746

Author(s)

M. Berliant and F.H. Page, Jr.

S.C.W. Eijffinger and
Willem H. Verhagen

A. Ridder, E. van der Laan
and M. Salomon

K. Kultti

J. Ashayeri, R. Heuts and
B. Tammel

M. Dufwenberg, H. Norde,
H. Reijnierse, and S. Tijs

P.P. Wakker, R.H. Thaler
and A. Tversky

T. Offerman and J. Sonnemans

R. Kabir

M. Das and B. Donkers
R.J.M. Alessie, A. Kapteyn
and F. Klijn

W. Giith

1. Woittiez and A. Kapteyn
E. Canton and H. Uhlig

T. Feenstra, P. Kort and

A. de Zeeuw

A. De Waegenaere and

P. Wakker

M. Das, J. Dominitz and

A. van Soest

T. Aldershof, R. Alessie and
A. Kapteyn

Title

Optimal Budget Balancing Income Tax Mechanisms and the
Provision of Public Goods

The Advantage of Hiding Both Hands: Foreign Exchange
Intervention, Ambiguity and Private Information

How Larger Demand Variability may Lead to Lower Costs
in the Newsvendor Problem

A Model of Random Matching and Price Formation

Applications of P-Median Techniques to Facilities Design
Problems: an Improved Heuristic

The Consistency Principle for Set-valued Solutions and a
New Direction for the Theory of Equilibrium Refinements

Probabilistic Insurance
What’s Causing Overreaction? An Experimental Investigation
of Recency and the Hot Hand Effect

New Evidence on Price and Volatility Effects of Stock Option
Introductions

How Certain are Dutch Households about Future Income? An
Empirical Analysis

Mandatory Pensions and Personal Savings in the Netherlands

Ultimatum Proposals - How Do Decisions Emerge? -

Social Interactions and Habit Formation in a Model of Female
Labour Supply
Versus

Growth and Creative Destruction

Entrenchment

the Cycle:
Environmental Policy in an International Duopoly: An Analysis
of Feedback Investment Strategies

Choquet Integrals with Respect to Non-Monotonic Set

Functions

Comparing Predicitions and Outcomes: Theory and
Application
to Income Changes

Female Labor Supply and the Demand for Housing



No.

9747

9748

9749

9750

9751

9752

9753

9754

9755

9756

9757

9758

9759

9760

9761

9762

9763

9764

9765

9766

9767

9768

Author(s)

S.C.W. Eijffinger,
Uncertainty

Title

Why Money Talks and Wealth Whispers: Monetary

M. Hoeberichts and E. Schaling and Mystique

W. Giith

M. Lettau

M.O. Ravn and H. Uhlig

Th. v.d. Klundert and
S. Smulders

J.P.C. Kleijnen

A.B.T.M. van Schaik and
H.L.F. de Groot

H.L.F. de Groot and R. Nahuis

S. Hochguertel

Boundedly Rational Decision Emergence -A General
Perspective and Some Selective [llustrations-

Comment on ‘The Spirit of Capitalism and Stock-Market
Prices’ by G.S. Bakshi and Z. Chen (AER, 1996)

On Adjusting the HP-Filter for the Frequency of Observations

Catching-Up and Regulation in a Two-Sector Small Open
Economy

Experimental Design for Sensitivity Analysis, Optimization,
and Validation of Simulation Models

Productivity and Unemployment in a Two-Country Model with
Endogenous Growth

Optimal Product Variety, Scale Effects, and Growth

Precautionary Motives and Portfolio Decisions

K. Kultti Price Formation by Bargaining and Posted Prices

K. Kultti Equivalence of Auctions and Posted Prices

R. Kabir The Value Relevance of Dutch Financial Statement Numbers
for Stock Market Investors

R.M.W.J. Beetsma and H. Uhlig An Analysis of the “Stability Pact”

M. Lettau and H. Uhlig

F. Janssen and T. de Kok

F. Janssen and T. de Kok

E. Canton
R. Euwals
A. Blume
A. Blume
B. van der Genugten

W. Giith and B. Peleg

Preferences, Consumption Smoothing, and Risk Premia

The Optimal Number of Suppliers in an (s, Q) Inventory System
with Order Splitting

The Fill Rate Service Measure in an (s,Q) Inventory System
with Order Splitting

Fiscal Policy in a Stochastic Model of Endogenous Growth
Hours Constraints within and between Jobs

Fast Learning in Organizations

Information Transmission and Preference Similarity
Canonical Partitions in the Restricted Linear Model

When Will the Fittest Survive? -An Indirect Evolutionary
Analysis-



No.

9769

9770

9771

9772

9773

9774
9775

9776

9777

9778

9779

9780

9781

9782

9783

9784

9785

9786

9787

Author(s)

E. Rebers, R. Beetsma and
H. Peters

B. Donkers and A. van Soest

K. Kultti

H. Huizinga and S.B. Nielsen

H. Huizinga and S.B. Nielsen

E. Charlier
M. Berliant and T. ten Raa

A. Kalwij, R. Alessie and
P. Fontein

P.J.J. Herings
G. Giirkan, A.Y. Ozge
and S.M. Robinson

S. Smulders

B.J. Heijdra and L. Meijdam
E.G.F. Stancanelli

J.C. Engwerda and

R.C. Douven

J.C. Engwerda

J.C. Engwerda, B. van Aarle
J.E.J. Plasmans

J. Osiewalski, G. Koop and
M.F.J. Steel

F. de Jong

G. Giirkan, A.Y. Ozge
and S.M. Robinson

Title

When to Fire Bad Managers: The Role of Collusion Between
Management and Board of Directors

Subjective Measures of Household Preferences and Financial
Decisions

Scale Returns of a Random Matching Model

A Welfare Comparison of International Tax Regimes with
Cross-Ownership of Firms

The Taxation of Interest in Europe: A Minimum Withholding
Tax?

Equivalence Scales for the Former West Germany
Increasing Returns and Perfect Competition: The Role of Land

Household Commodity Demand and Demographics in the
Netherlands: a Microeconometric Analysis

Two Simple Proofs of the Feasibility of the Linear Tracing
Procedure

Sample-Path Solutions for Simulation Optimization Problems
and Stochastic Variational Inequalities

Should Environmental Standards be Tighter if Technological
Change is Endogenous?

Public Investment in a Small Open Economy

Do the Rich Stay Unemployed Longer? An Empirical Study for
the UK

Local Strong d-Monotonicity of the Kalai-Smorodinsky and
Nash Bargaining Solution

Computational Aspects of the Open-Loop Nash Equilibrium
in Linear Quadratic Games

The (In)Finite Horizon Open-Loop Nash LQ-Game: An
Application to EMU

A Stochastic Frontier Analysis of Output Level and Growth
in Poland and Western Economies

Time-Series and Cross-Section Information in Affine Term
Structure Models

Sample-Path Solution of Stochastic Variational Inequalities



PN DAV nan4cn EAnn 1 © TH DDA TUE MCTUER ANDS

Bibliotheek K. U. Brabant

AN -~ -

17 O00 01376748 9




	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24
	page 25
	page 26
	page 27
	page 28
	page 29
	page 30
	page 31
	page 32

