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SAMPLE .SIZE FOR LOGISTIC REGRESSION 

. WITH SMALL RESPONSE PROBABILITY 

* 
A1 i c e  S. Whi ttemore 
Stanford U n i v e r s i t y  

SUMMARY 

The Fisher in format ion  m a t r i x  f o r  the  est imated parameters i n  a 

m u l t i p l e  l o g i s t i c  regression can be approximated by the  augmented Hessian 

m a t r i x  o f  t h e  manent generat ing f u n c t i o n  f o r  t he  covar iates.  The 

approximation i s  v a l i d  when the  p r o b a b i l i t y  o f  response i s  small. .With 

i t s  use.one can ob ta in  a simple closed form est imate o f  t he  asymptot ic 

covariance m a t r i x  o f  t he  maximum 1 i k e l  i hood parameter est imates, and . thus 

approximate sample s izes  needed to t e s t  hypotheses about the  parameters. 

The method i s  developed f o r  selected d i s t r i b u t i o n s  o f  a s i n g l e  covar ia te ,  

and f o r  a c lass  o f  exponent ia l - type d i s t r i b u t i o n s .  o f  several  covar iates.  

I t  i s  i l l u s t r a t e d  w i t h  an example concern ing i r i sk  f a c t o r s  f o r  coronary 

hear t  d i sea se . 
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1 . INTRODUCTION 

Much o f  t h e  recent  b i o s t a t i s t i c a l  and epidemiological  1  i t e r a t u r e  has 

been concerned w i t h  t h e  assoc ia t ion  between a  b inary  response R, such as 

disease o r  death, and a  vector  5 '  = (XI ,. . . ,XS) o f  covar iates.  Here 

we deal w i t h  s tud ies .  i n  which a  random sample i s  drawn from the  j o i n t  

d i s t r i b u t i o n  o f  (RJ). I n  add i t i on ,  t h e  cond i t i ona l  p r o b a b i l i t y  p (x )  ..- o f  

response g i r e n  X = x  i s  spec i f i ed  by the  model l o g i t  p ( x )  = 8, + 9 ' 5 ,  where 
.., ..- - - 

l o g i t  p  = l o g [ p / ( l  - p)], and t h e  unknown parameters 80,81,-*. ,€I a r e  
S 

est imated by maximum l i k e l i h o o d .  Th is  paper g ives  approximate sample 

s izes  needed t o  t e s t  hypotheses about w i t h  spec i f i ed  s i g n i f i c a n c e  and 

power aga ins t  g iven a l t e r n a t i v e s  i n  t h e  case when t h e  p r o b a b i l i t y  of 

response i s  small. . This  i s  done using a  simple c losed form approximati  on 

t o  t h e  asymptot ic covar iance.mat r ix  o f  t h e  maximum l i k e l i h o o d  est imates. 

2. THE APPROXIMATION 

Set R = 1 i f  response occurs, w i t h  R = 0 otherwise. For a  g iven 

sample s i ze  N the  l i k e l i h o o d  o f  t h e  observa t ions ( rv , x (V ) ) ,  - v = 1, ..., N 

c a n  t h e n  he w r i t t e n  

Here f ( x ) ,  t h e  j o i n t  p.d.f. f o r  X, i s  assumed t o  depend upon none o f  t h e  
..- - 

unknown parameters 8  8. I f  t h e  l o g i s t i c  model i s  v i i l i d ,  Lt~er~ t he  
0' - 

maximum l i k e l i h o o d  est imates go, 6 a r e  a s y m p t o t i c a l l y  normal ly  d i s t r i b u t e d  - 
w i t h  mean go, 8  and w i t h  covariance m a t r i x  g iven by t h e  inverse o f  t h e  - 



( s + l )  x ( s + l )  F isher  i n fo rma t ion  m a t r i x  1(eo.8). The ( i , j ) t h  e n t r y  o f  ... 

where Xo - 1 and X '  = - (XI , . . . . X S )  (See f o r  example Cox. 1970. ) 

Expanding t h e  r i g h t  hand s ide  o f  (1 )  i n  powers o f  exp(8, + elX) y i e l d s  
-, 

-2 . 

where ck i s  (k ! ) - '  t imes t h e  kth d e r i v a t i v e  o f  z ( l + z )  evaluated a t  

z  = 0. 

Le t  m( t )  = E exp( t lX )  deno te - the  moment generat ing f u n c t i o n  o f  X,' - ...- . ... 
2 - 

w i t h  mi 5 am/ati, i = 1 ,..., s and mij = a m / a t i a t  j - l . . . s .  We 
j ' 

e x t e n d t h i s n o t a t i o n  b y d e f i n i n g m o = m  - = my and mo,i - - - 
090 

= mi , 
mi ,o . 

i = 1 . .  , s. Then (2 )  may be r e w r i t t e n  

To express ( 3 )  i n  m a t r i x  form, l e t  m(') denote t h e  s dimensional ... 
column vector  o f  f i r s t  p a r t i a l s  o f  m y  and l e t  m(2)  be the  s x s Hessian 

m a t r i x  o f  second p a r t i a l s  o f  m. We de f ine  the  augmented Hessian o f  m t o  

bc t h c  (t;+l) .q. (s+1) n la t r i x  H def ined by 



, . . .. 

Then ( 3 )  'becomes 

We a s s h e  t h a t  exp(Bo + 0 ' x )  i s  s u f f i c i e n t l y  small on t h e  suppor t  of 
..d w 

f so  t h a t  I can be approximated by t h e  f i r s t  term of  ( 4 ) .  S ince  c l  = 1 ,  

we rewrite ( 4 )  accord ingly :  

Thus the asympto t ic  covar iance  mat r ix  of t h e  e s t i m a t e s  8^ 8 is 
0' - 

approximately.  . In the asymptot ic  va r i ance  of 

where v ( 0 )  i s  the second diagonal  e n t r y  of H-' ( 0 ) .  - - 
In what fo l l ows  we s h a l l  use the approximation ( 5 )  t o  e s t i m a t e  t h e  

sample s i z e  needed t o  t e s t  a t  l eve l  a and w i t h  power 1 - 6 the hypo. thesis  
- 

= 0 a g a i n s t  a l t e r n a t i v e s  = e l .  To do  so ,  we s h a l l  t r e a t  the d i s -  
A 

t r i b u t i o n  of  a s  normal w i t h  mean e l  and approximate va r i ance  (5 ) .  

Then according t o  normal t heo ry  t h e  r equ i r ed  sample s i z e  N must s a t i s f y  

..d 

where 8' = (0 ,02 , . .  . ,Os) ' ,  6 = ( e l  ,82,. .  . ,€Is) '  and zc i s  the 100(1-c) 
t h  

..d - 
p e r c e n t i l e  of the s tandard  normal d i s t r i b u t i o n .  



I n  Sect ion 3 we present  sample s i zes  needed f o r  in fe rences about t he  

parameter Z 0 r e l a t i n g  response t o  a s i n g l e  cova r ia te  X. Then i n  

. * 

Sect ion  4 we consider  the 'case o f  more than one covar ia te .  

3. THE UNIVARIATE CASE 

It i s  ev ident  from the  d e f i n i t i o n  o f  H t h a t  when s = 1 t h e  second 

diagonal e n t r y  o f  H-I i s  s imply 

Having s p e c i f i e d  t h e  e r r o r  p r o b a b i l i t i e s  a and B, t h e  a1 t e r n a t i v e  8, 

t h e  d i s t r i b u t i o n  f o r  X and t h e  approximate response p r o b a b i l i t y  e 
e o  

corresponding t o  x = 0, t h e  s t a t i s t i c i a n  can r e a d i l y  es t imate  N f rom ( 6 )  

and ( 7 ) .  As an i l l u s t r a t i o n ,  Table 1 shows est imates o f  - N t o  f o r  

se lec ted  values o f  a, B and 6 and f o r  t h e  normal, exponent ia l ,  Poisson 

and B e r n o u l l i  d i s t r i b u t i o n s  f o r  X. To f a c i l i t a t e  comparison o f  t h e  

sample s i z e  est imates g iven by t h e  f i r s t  t h ree  d i s t r i b u t i o n s ,  i n  these 

cases X has been normal ized t o  have mean 0 and var iance 1. Thus e 
B "  

approximates t h e  response p r o b a b i l i t y  a t  t h e  mean X value, and e6 i s  t h e  

odds r a t i o  of response corresponding t o  an increase i n  X o f  one standard 
' 

dev ia t i on .  

8o  
Est imates o f  Ne f o r  a l t e r n a t i v e s  6 < 0 a r e  g iven f o r  t h e  exponen- 

t i a l  and Poisson d i s t r i b u t i o n s  i n  Table 2. S i m i l a r  values f o r  t h e  normal 

and B e r n o u l l i  d i s t r i b u t i o n s  can be obtained from Table 1 by us ing  the  

symmetry o f  these d i s t r i b u t i o n s ,  



. ò able 1 shows that the sample size needed td achieve a given power 

against a given alternative i s  quitesensitive to  the distribution of the 

covariate. I n  particular, relatively small. samples are needed in the 

Bernoull i case when n = 0.5, and fewer observations are needed to  detect 

a positive association when the covariate i s  rare (n = 0.1) than 

when i t  i s  prevalent (n = 0.9). The la t t e r  has been noted for the case 

of retrospective sampling by Chase and Klauber (1 965). 
. . 

The power of a tes t  about 8 ,  conditional on the observed values 

(1 x , . . . , x ( ~ ) ,  i s  related t o  the sample size N by (6 )  and ( 7 )  with the 

population distribut.ion for X replaced by i t s  empirical distribution 

(Cox, 1970, p. 87). Table 1 shows that an investigator can achieve 

substantial reduction in sample size by control ling the_ values of X in 

his sample. For example, when X i s  dichotomous the Bernoulli parameter 

minimizing the right-hand side of (6) for given a = 6 and << 1 i s  , 

approximately n = 0.5. Hence for a1 ternatives close t o  the nu1  1 

hypothesis, maximum condi tiona 1 power. i s  achieved by choosing the sample 

so t h a t  x = 1 for half of the individuals. 

4. THE MULTIVARIATE CASE 

We now examine the sample size needed to ?chieve. a given power and 

significance level for tes ts  about e l  when the distribution for X i s  of ... 

a general mu1 t ivariate exponential type, as descri bed by Bi ldi kar and 
\ 

Patil (1968). In th is  case the moment generating function for X i s  of - 
the form \ 



Here (a,b) i s  an i n t e r v a l  i n  Eucl idean s-space which may be f i n i t e  o r  - - 
i n f i n i t e ,  y  i s  a  vec to r  o f  parameters, and q  i s  a  r e a l  valued f u n c t i o n  o f  - 
s  v a r i a b l e s  whose Hessian m a t r i x  o f  second d e r i v a t i v e s  e x i s t s  and i s  

p o s i t i v e  d e f i n i t e .  

T h i s  f a m i l y  o f  mu1 t i v a r i a t e  d i s t r i b u t i o n s  inc ludes  among o thers  the  

niul t i v a r i a t e  normal d i s t r i b u t i o n ,  t h e  mu1 t i nomia l  d i s t r i b u t i o n ,  and 

m u l t i v a r i a t e  Poisson and negat ive  exponent ia l  d i s t r i b u t i o n s .  The mean o f  

X i s  g iven by t h e  vec to r  q ( ' ) ( y )  o f  f i r s t  p a r t i a l s  o f  q, evaluated a t  y, - .., .., - 
and t h e  var iance o f  X i s  g iven by t h e  Hessian q (2 ) ( y ) .  - .., .., , 

It i s  shown i n  Theorem 1  o f  t he  Appendix t h a t  v (0 )  i s  e  q  ( 1  -q (Y+O .., .., 
.., 

t imes t h e  f i r s t  diagnonal e n t r y  o f  t h e  i nve rse  o f  q ( 2 ) ,  evaluated a t  
.., 

Before us ing  ( 9 )  I n  (6 )  t o  es t imate  sample s izes  we must s p e c i f i y  the  

f u n c t i o n  q. Depending on t h e  form o f  q, we w i l l  a l s o  need some f unc t i ons  
I 

of y, and func t i ons  o f  0 under bo th  n u l l  and a l t e r n a t e  hypotheses. - .., 

To i l l u s t r a t e  such a  c a l c u l a t i o n  we consider  f u r t h e r  the  spec ia l  

case i n  which X has a  m u l t i . v a r i a t e  normal d i s t r i b u t i o n  w i t h  mean p and ,., .., 

p o s i t i v e  d e f i n i t e  covariance 1. Then m ( t )  i s  g iven by ( 8 )  w i t h  y = 1 - ' p  - .., .., 

equat ion (9 )  reduces t o  



2 .  / 

Here p1.2...s i s  t h e  m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t  r e l a t i n g  XI t o  

2  
X2. ..., X w i t h  p  s e t  t o  zero  when s  = 1. I f  each of t h e  covar ia tes  Xi 

s  ) 

has been normalized t o  have mean 0  and variance 1, then (10) becomes 

where 1 i s  t h e  c o r r e l a t i o n  m a t r i x  o f  X. Hence i n  t h i s , c a s e  sample s i z e  - 
est imat ion  v i a  ( 6 )  and (11) requ i res  t h a t  we spec i f y  t h e  c o r r e l a t i o n  

2  
c o e f f i c i e n t  p 1 ~ 2 0 0 * s ,  t h e  value o f  8 '18 under nu1 1  and a1 t e r n a t i v e  

.., .., 

hypotheses, and t h e  approximate response p r o b a b i l i t y  a t  t h e  mean. 

covar ia te  l eve ls .  

It i s  ev ident  from (10) t h a t  f o r  s  > 1  the  asymptot ic variance o f  

2' 
i s  i n f l a t e d  by t h e  f a c t o r  (1  - p 1 ~ 2 ~ ~ ~ s  , which achieves i t s  lower 

bound o f  one i f  and on ly  i f  X1 i s  independent o f  X2,. . . ,X Hence t h i s  
s' 

we1 1  -known fea tu re  o f  t he  l e a s t  squares es t imators  i n  c l a s s i c a l  m u l t i p l e  

regression pe r ta ins  a l s o  t o  these est imators,  provided t h a t  t h e  d i s t r i -  

bu t i on  o f  X i s  mu l t i va ' r i a te  normal and the  response p r o b a b i l i t y  i s  small., - 
I n  p a r t i c u l a r ,  i n c l u s i o n  o f  covar ia tes  which a re  c o r r e l a t e d  w i t h  XI bu t  

independent o f  response R leads t o  l oss  o f  power. 

As a  second s p e c i a l i z a t i o n  o f  (8) we consider  a covar ia te  X having a - 
b i v a r i a t e  Poisson d i s t r i b u t i o n ,  f o r  which 

Y i  Y 1 q 2  
Thus EXi = var Xi = e  + e  , i = 1,2, and t h e  covariance o f  XI and 

Y +r 
Xp i s  e  *. The parameter o f  i n t e r e s t  e l  represents t h e  log-odds- ra t io  

associated w i th '  u n i t  increase i n  X1 a t  'any l e v e l  o f  X2. I n  t h i s  example 

( 9 )  becomes 



To determine sampl'e s izes  us ing  (6 )  and (12), we must spec i f y  y, e 
€I 0 

5 

(which i s  t h e  approximate response p r o b a b i l i t y  a t  X = 0) , and t h e  nu1 1 
5 5 

and a1 t e r n a t e  vec tors  €I0 and 6 .  
..d - 

Before present ing  an example o f  t h e  c a l c u l a t i o n s  described i n  t h e  

l a s t  two sect ions, we f i r s t  address t h e  issue o f  how small t h e  response 

p r o b a b i l i t y  must be i n  order t o  achieve redsonable aeeurilcy i n  our 

approximations. 

5. APPROXIMATION ERROR AND CORRECTION 

I n  t h i s  sec t i on  we examine t h e  e r r o r  i n  t h e  sample s i ze  approxima- 

t i o n  (6).  We a1 so present  a c o r r e c t i o n  f o r  s i t u a t i o n s  when t h e  approxima- 

t i o n  i s  n o t  good. Recal l  t h a t  t h e  approximate response probabi1i ty.e 
eo  

a t  x = 0 i s  assumed small. Le t  N and Nl,denote t h e  sample s'ize est imates 

based upon use o f  t h e  t r u e  asymptot ic variance, and o f  our approximate 

var  id r l~e ,  In (15). 

We f i r s t  t r e a t  t h e  u n i v a r i a t e  case. It i s  shown i n  Theorenis 2 and 4 

of t h e  Appendix t h a t  f o r  a = B t h e  f r a c t i o n a l  e r r o r  ( N - N ~  )N1 i s  g4ven by 

where 

and 



It i s  c l e a r  from (1 5) and ( 1  4) . t h a t  R(0) = 6(0)  = 1. Thus f o r  a l t e r n a -  

t i v e s  c lose t o  zero, t he  f r a c t i o n a l  e r r o r  i n  t h e  suggested sample s i ze  

O O  est imate j s  roughly 2e . . A l i o ,  we see f r a n  (13 j  t h a t  when 2:' 6(8)  i s  

l a r g e  t h e  c o r r e c t i o n  

can b e  used t o  ob ta in  more accurate sample s i z e  est imates i. 

When t h e  cova r ia te  X has a Bernoul . l i  d i s t r i b u t i o n  t h e  exact  

asymptotic var iance o f  6 and the  corresponding sample s i z e  N can. r e a d i l y  be 

ca lcu la ted.  F i g u r e 1  shows t h e  curves (N-N1)/N1 and ( ~ - i ) / (  as func t i ons  ... 
bf  eRO f o r  an odds r a t i o  ee = 2 Bnd f o r  n = 0.1, 0.5 a n d  0.9. We see 

t h a t  t h e  f r a c t i o n a l  e r r o r  i n  using Nll i s  l e s s  than 0.10, provided 

20 < 0.03, and t h a t  t h e  cor rec ted-es t imate  i s  q u i t e  good even f o r  e 

as l a r g e  as 0.10. 

Values o f  ( - N ~ ) / N ~  f o r  t h e  case when X has a normal d i s t r i b u t i o n  

are  shown i n  Table 2. It i s  ev ident  f r a n . t h i s  t a b l e  t h a t  t he  c o r r e c t i o n  - 
OO 

is 'needed when e - > 0.05 and ee = 2, i .e .  when the  odds r a t i o  r e l a t i n g  

the  s i x teen th  and eighty-.foura,l;h pe rcen t i l es  o f  the  d i s t r i b u t i o n  i s  four .  

For t h e  m u l t i v a r i a t e  ,case, the  c o r r e c t i o n  (16) i s  too  complicated t o  

be use fu l  and i s  therefore n o t  inc luded i n  t h i s  paper.   ow ever f o r  

a l t e r n a t i v e s  - 8 = (6',,e2,. .. ~3,)' c lose t o  t h e  zero  vector ,  t he  f r a c t i o n a l  

e r r o r  i n  N, is  again c lose  t o  2:' (Appendix, Coro l l a ry  2). Thus when 

necessary, sample s i z e  est imates f o r  m u l t i v a r i a t e  regressors can be 

O O  
corrected by t h e  approximate f a c t o r  1 + 2e . 



6. EXAMPLE 

We i l l u s t r a t e  t h e  preceding sample s i z e  c a l c u l a t i o n s  w i t h  t h e  

problem o f  t e s t i n g  t h e  n u l l  hypothesis t h a t  r i s k  o f  coronary hea r t  

disease (CHD) among wh i te  males aged 39-59 i s  unaf fec ted  by serum 

c h o l e s t e r o l  l eve l s .  According t o  the  data o f  Hu l l ey  -- e t  a l .  (1980), t h e  

p r o b a b i l i t y  t h a t  such an i n d i v i d u a l  w i l l  develop CHD du r ing  an 18 month 

study pe r iod  i s  approximately 0.07. Under t h e  nu1 1  hypothesis then, the  

p r o b a b i l i t y  o f  CHD a t  t h e  mean serum cho les te ro l  l e v e l  i s  0.07. The 

c h o l e s t e r o l  l e v e l s  i n  t h i s  popu la t ion  a re  we1 1  represented by a  Gaussian 

d i s t r i h u t i o n .  Hence approximate sample s i zes  needed t o  d e t e c t  a  g iven 

odds- ra t io  corresponding t o  a  l e v e l  one standard d e v i a t i o n  above the  mean 

a r e  obtained by m u l t i p l y i n g  appropr ia te  e n t r i e s  from the  f i r s t  column o f  

Table 1  by (0.07)- I .  For example, approximately N = 582 observat ions a re  

needed t o  de tec t  an odds r a t i o  o f  e o a 5  = 1.65 w i t h  a = 0.05 s i g n i f i c a n c e  

and 1  - B = 0.95 power, w h i l e  N = 15,425 obser 'vat iur~s dl'e needed t o  de tec t  
i' 

0.1 - 
an odds r a t i o  e - 1.11 a t  these values o f  a and 8 .  

4 We see f r o m  Fiyur-e 2 t h a t  f o r  a mean responw p r o b a b i l i t y  as h igh  

as 0.07, c o r r e c t i o n  f a c t o r s  o f  approximate ly  1.195 and 1.14 f o r  odds 

r a t i o s  o f  1.65 and 1.11 a r e  requi red.  A p p l i c a t i o n  o f  these c o r r e c t i o n  

f a c t o r s  t o  the  above sample s izes  y i e l d s  t h e  more accurate est imates 

N = 695 and N = 17,584 respec t i ve l y .  

We now c m p a r u  lhese est imatc?  w i t h  t h e  sample s i z e  needed t o  t e s t  

t h e  above nu1 1  hypothesis w h i l e  c o n t r o l l i n g  f o r  t he  e f f e c t s  o f  t r i g l y -  

cer ide .  Previous s tud ies  i n d i c a t e  t h a t  t h e  j o i n t  d i s t r i b u t i o n  o f  

cho les te ro l  and l o g  t r i g l y c e r i d e  i s  b i v a r i a t e  normal w i t h  c o r r e l a t i o n  
i 

c o e f f i c i e n t  p = 0.4, and t h a t  t he  odds r a t i o  of.CHD among those w i t h  



log t r ig lycer ide  l eve l s  t ha t  a r e  one standard deviation above the  mean 

i s  approximately 1.25 = exp(0.22). Thus t o  t e s t  the  typothesis 

0 '  = ( 0 ,  0.22) against  0 '  = (0.5, 0.22) w i t h a  = = 0.05, we.use t h i s  
.., .., 

informatign i n  (11) t o  ob t a in  v(0, 0.22) = 1.16 and v(0.5,  0.22) = 0.98. 

Using 0.07 a s  an est imate of CHD r i s k  a t  the  mean leve l s  of chol.estelrol 

and log t r ig lycer ide ,  we f ind from (6) .  t h a t  N m u s t  be a t  l e a s t  661.. The 

correction f ac to r  of 1.14 increases t he  required s ize '  t o  754 observations. 

Similar calcula t ions  using t h i s  approximate correction fac tor  show t h a t  

i f  the  log odds r a t i o  corresponding t o  log t r ig lycer ide  were 82 = 0.5 

w i t h  t h e  remaining parameters unchanged, then N = '665  observations would 

be needed, while i f  0 2  = 1 ,  approximately 435 observations would be 

requ i red. 

. , 



REFERENCES 

Anderson, T. W .  (1958), An I n t r o d u c t i o n  t o  L inear S t a t i s t i c a l  Models, 

New York: John Wiley & Sons. 

B i  l d i  kar,  S. and P a t i  1, G. B. (1 968), "Mu1 t i v a r i a t e  Exponential  -Type 

D is t r i bu t i ons , "  Annals o f  Mathematical S t a t i s t i c s ,  39, 1316-1326, 

Chase, G. and Klauber, M. R. (1965), "A Graph o f  Sample Sizes f o r  

Retrospect ive Studies," American Journal o f  Pub1 i c  Heal t h y  55, 1993-1996. 

Cox, D, R. (1970), Ana lys is  o f  B inary  Data, London: Methuen & Co., Ltd. 

Hul ley,  S. B., Rosenman, R. A,, Bawol, R., and Brandt, D., "1s Serum 

Cholestero l  a Cause o f  Coronary Heart Disease?" ( i n  press).  



APPENDIX 

A .. M~~TIVARIATE EXPONENTIAL-TYPE DISTRIBUTIONS FOR ... X 

When t h e  c o v a r i a t e i  i n  the  regression can b e  assumed t o  have a 

m u l t i v a r i a t e  exponent ia l - type d i s t r i b u t i o n '  as def ined i n  Sect ion 5, t h e  

f u n c t i o n  v o f  formula'  ( 6 )  can be determined from t h e  f o l l o w i n g  r e s u l t .  

Theorem 1.. Le t  X have a m u l t i v a r i a t e  exponent ia l - type d i s t r i b u t i o n  w i t h  ... 
moment-generating func t i on  m(0) - = exp[q(y - + 8 )  - q(y) ] .  Le t  

be the.augmented Hessian o f  m where, as usual, the  

superscr ip ts  (1 )  and (2)  denote the  vec tor  o f  f i r s t  p a r t i a l s  and Hessian 

o f  second p a r t i a l s ,  respec t i ve l y .  Then 

I n  p a r t i c u l a r ,  t h e  second diagonal e n t r y  v  o f  H-' i s  given by 

where t h e  subsc r ip t  i j  denotes t h e  ( i j ) t h  e n t r y  o f  a ma t r i x .  

proof .  Since q(2)  i s  a p o s i t i v e  d e f i n i t e  ma t r i x ,  t he re  e x i s t s  a non- - 
..# 

s ingu la r  S * .  s m a t r i x  B = B(0) such t h a t  BB' = q(2).  Define the  . .  - - 
( s + l )  . x  ( s + l )  m a t r i x  [q(l);~l 4 by 



Straightforward calculation shows that  H can be written 

q ( ~ + ~ i - q ( x )  [ q ( l ) ; B l  [q(' 1 H(e) = e - - - - ... 

where [ q ( l  ) ;B]  i s  evaluated at y + 8.  The desired r e su l t  can now be 
.., - - 

-1 ( l l ; B - l l .  obtained using .., );B]-' = [-B q ... 

Corollary 1. Le t  - X be normally distributed with mean u ... and posit ive 

def in i te  cavariancri! iiia.trlx 1. Then 

i s  the multiple correlation coefflclenL relating XI t o  where 

X 2 , - . * , X S ,  with ~ ~ . 2 . . . ~  = 0 when s = 1. , 

Proof. The dis t r ibut ion for  - X i s  o f  the exponential type, w i t h  q(y)  ... = 

y ' l  ... y/2, - where y ... = l-lv. .., Thus ,., q ( ' ) ( y )  = u ,  - - q ( 2 ) ( y )  ... = 1, and ( A . l )  

becomes 

2 -1 - 
where I l l  - b a r  X1(l - P1.2...s ) I - '  (Anderson 1958, pp. '32, 344). 

B.  APPROXIMATION ERROR 

@o 
Let s = e << 1 ,  and l e t  - X have moment generating function m(0). -d 

Denote by HR the matrix given by (NE)- '  times the sum of the 

f i r s t  R terms in the r ight  hand side of. equation (4) .  Thus 



where H(9) ... i s  t h e  augmented Hessian o f  m. we de f ine  H_(9) ... t o  be (NE)-' 

t imes the  Fisher in format ion  I(E,B). u Le t  vQ(9) ... denote the  second 

.- 1 
diagonal e n t r y  o f  H, (9) .  ... Note t h a t  H1 = H, vl = v o f  (5), and (NE)-lv, 

i s  t h e  asymptot ic variance o f  F i n a l l y  we se t  NL equal t o  t h e  sample 

s i ze  est imate obtained using v, i n  formula (6). Thus N_ = N i s  the  

est imate obtained using the  asymptot ic var iance o f  gl. We f i r s t  prove 

~Bul lowlng r e s u l t .  ' 

Theorem 2. For !L - > 2 and a = 8 ,  N, and N1 are  r e l a t e d  by 

(N, - N ~ ) / N ~  = Z E [ V ' / ~ ( ~ ~ ) R ( ~ ~ )  + V ~ ~ ~ ( ; ) R ( ; ) ]  ... - 

Here 9' ... = (0,92 ,...,€IS)', u 6 = (81,82 ,..., g s ) ' ,  and 2&R(9) ... i s ,  w i t h i n  

terms o f  order  E', t h e  f r a c t i o n a l  d i f f e r e n c e  (vQ - v ) / v  evaluated a t  9: .., 

Proof. Rewr i t ing  (6 )  as an e q u a l i t y  g ives  

2 
where c = E ( ~ ~ / z ~ )  . S u b s t i t u t i o n  o f  (A.3) i n t o  (A.4) y i e l d s  



Use of the binanial expansion (1  + x )  
1 2 'I2 = 1 + T X  + O(x ) in (A;5) 

gives, after rearrangement of terms, 

as required. 

Theorem 3. R(n) = 1 . .  - 

Proof. Note in ( A . 2 )  t h a t  cl = 1 and cp = -2. Thus for !t > 2 ,  - 

Inverting both  sides of (A.6) and expanding (1 - 2 ~ 3 - l  yields 

2 - 
In particular, ~ ~ ( 0 )  = v(0)  (1 + 2 ~ )  + O ( E  ) . Comparison of this expression - .- 

with .(A. 3 )  yields the desired result. 

Theorems 2 and 3 give the following corollary. 

Cornllary 2. F Q ~  null and a1 ternative parameters 8 near the zero vector, 
*. 

2 
the fractional error (N-N1  )IN1 i s  approximately 2~ plus terms of order E . 

-. 

Expl i c i t  expressions f o r  R . in Leiills of the m o r n ~ n t  generating f 1 . m -  

tion m are unwieldy for s > 1. For the univariate case we have the 

following result. . 



Proof.  For s = 1 we have 

k-1 - [I: CkE m1 (k0)121 3 (A. 7 

t h e  summations being taken f r a n  k = 1 t o  k = R. Expanding t h e  denominator 

i n  (A.7) and n o t i n g  t h a t  cl = 1, c2 = -2 y i e l d s ,  a f t e r  s i m p l i f i c a t i o n ,  

v,(e) = ~ ( e )  [l - ~Ern(ze)-'m(e) +, o(E')] 

{I - Z E V ( ~ )  [ml (20) + m-' (e)m(2e)mll (e )  - 2m-l (elml (elml ( 2 e ) l  

2 
Use o f  t h e  b inomial  expansion (1 - x)- '  = 1 + x + O(x ) i n  (A.8) g ives  

vR(e) = v ( e ) [ i  - 2 ~ m ( 2 e ) m - ~ ( e ) ]  [I + Z ~ v ( e ) { m ~ ~ ( Z e )  + m-'(e)m(2e)mll(e) 

- ~ m - ~ ( e ) m ~ ( e ) m ~ ( 2 e ) l ]  + 0(c2)  , 

where R(B) i s  o f  t he  requ i red  form. 



F r a c t i o n a l  

E r r o r  

Fiq?(re 1 .  F r a c t i n n a l  e r r o r  (N-NI)/N1 (- ) and ( N - K ) / ~  (------) 

f o r  a  B e r n o u l l i  c o v a r i a t e  w i t h  parameter n, and w i t h  odds r a t i o  ee = 2. 

N i s  the  sample s i z e  based on use o f  t h e  asymptot ic  va r iance  o f  t h e  
, 

miximum l i k e l i h o o d  es t imate  5 i n  (6) .  N1 i s  t h e  sample s i z e  es t imate  
-d 

based on use o f  ( 7 )  i n  (6), and N i s  t h e  co r rec ted  es t imate  g i ven  by (16). 



F i q u r q  2. Fract innal  e r r o r  ( ~ - N ~ ) / N ,  f o r  a standard nomidl CU- 

v a r i a t e  w i t h  odds r a t i o  corresponding t o  one standard d e v i a t i o n  given by 

8 
e =2(- 

8 
) , e = 1.65 (------ ) and e 8 = 1.11 (-a-0-). N1 and 

a r e  as described i n  Figure 1. 



TABLE 1 
e 

Values of Ne O,  where N i s  Sample Size f o r  One-Tailed Test o f  0 = 0 vs 3 = .e > 0 

D i s t r i b u t i o n  o f  X 

nomal  exponentiala' poi  ssona Bernoul 1 i -#it h parameter n 

a ' ~ i t h  parameter A = 1 ,  and sornal izpd t o  have mean zero. 



21 
TABLE 2 

." 
Values o f  NeBo, where N i s  Samples ize  for :one-failed Test o f  e = 0 vs e = e < 0 

D i s t r i b u t i o n  of  X 

a ) ~ i t h  parameter X = 1,  and normalized t o  have mean zero. 


