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ACCORDING TO PLPSICCK'S LAW 

In sone r!onte Carlo radiation trmprt calculations one must 

sample a random variable w h i c h  is described by Planck's Radiation Law. 

That is, one must sample a random variable X where X is described by the 

density function 

o i f x c o  

fx(x) = (:>) 

Ve discuss a series expansion mthod and a rejection nethod in this note. 

Series Expansion Method 

V!i th 
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If we define 

90 1 
71 = - -  
n n4 n4 

- 1 4  3-nx  
f,(x) - F n  x e 

then 

x > O ,  l C n < w  

W 

there 

n=l 

variable X,, 

T = 1 and mch f, is a density function. Let the random 
n 

be represented by fm. Then (+I suggests the  following a lgmi thn  
A I  

for sampling X: 

(i) 

(ii 1 

(iii) 

-le a random variable :Qhich is uniformly diswibuted 

in (0,11. Call t he  r e s u l t  til. 

If Q IT sample X1. Cal l  the  r e su l t  xl. Then 5 is  a 

sample of X. 

1 1  

If the test in (ii) fails, check t o  see if u1 C irl + x2. 

CCI If the answer is yes, sanple X2. 

x2 is a sample of X. 

Continue this p m e c r h n ?  i i n t i l  

C a l l  the r e s u l t  x2. J. nen 

. 
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'hen scmplc Y. . C a X  the  r e su l t  x . 
'I3c.n x 

n n 

is  a scmplc of X. 
n 

TO pclrclplrase: %mple X with p r o h b i l i t y  rn. 
n 

This process is p t e n t i a l l y  open ended and could go on forever. In 

practice, however, it is terminated after sone mxinum nunSer of 

tests by roundhg off a number in the  "if" test. And i n  fact, except 

f o r  a niracle, the sample is acquired before t h i s  

of tests is  mde. These assertions are supported in what fo l lms .  

Figure 1 contains a l i s t i n g  of the  code f o r  the  series expsJlsion 

mthcd. 

r e p s e n t a t i o n  of TT /90. 

Notice the ntmber 1.918232 in the IF TEST. This is a six place 

4 
The seventh d i g i t  i s  3 .  E3y mundbg d a m  h 

this m e r  we have assumd t ha t  the  test w i l l  pass by the 47th cycle 

irrespective of what Rl is. I n  effect we using a 47 term series 

expansion for the Planck Law density function. 

\!e claimed t5at the IF TEST passes lonz before t h e  Li7th cycle. To 

show this p m e e d  as follows: 

L e t  U be a random variable which is uniformly distributed in (0 , l ) .  

Define a random variable C by 

. 
k-1 k 

C : k  i f  t r r i < U s x r r i  

i=l i =I 

K 

C = k  i f  L r r i < U s x r r i  

i=l i =I 

TI1c.n C counts the n w b w  of tims required for the  I F  'I'CST t o  pss. 

is clear that C is dcscribcd by the pmbcability m ~ s s  f m c t i o n  pc where 

It 

8 



if x is a counting nurrber 

& 5 1 x  

0 otherwise 

??,(XI = 

The expectation of C is 

1 %  
E(C) = 90 k = 1.1 

IT4 ;;G 
k=l  

So, "on the average", 1.1 cycles a r e  required. 

we notice that r1 = 

92% of t he  th. 

This makes sense when 
'L 

.92 which implies that only one test is required 

Figure  1 contains a flow chart of the infinite series 

me-. 

21snicroseconds of 7600 t h e .  

When compiled on the CHIP compiler, each sample requires ab& 

The algorithm for sampling a random variable w h i c h  is described by 

3 -nx . 
a density of the form x e is discussed in UCIR f: 474 . 

The Rejection Method 

The infinite series Ethod  described above is not theoret ical ly  

exzct. Practically speaking i ts  depee of inexactness is comprahle 

to fhat  which resu l t s  fmn representing real nmbers by t m h t e d  decimls. 

But, for those who prefer theoret ical  cmctness, we present a rejection 

tedmique . 
Our density function i s  

(<: ) 
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115 I 

IdentiTy as follows 

IT = 6/6.25 , IT* .25/6.25 . 
1 -  

1 3 - x  
6 

fl(x) - x  e x > o  

x 2 0  

n 

where the f .  m e  densi t ies  it?d h(x) is a re ject ion function. 

is approximately 1.16 bihich implies an acceptance d f i z i e n c y  of about 86% (l /h) 

Vax h(x) : h 
O c x c -  1 

n 

Let Xl,X2 be represented by fl and f2, men (+ I  surgests the follor.&~c 

sampling procedure : 

. 



I5pir-e 2 shows a l i s t ing  and flow chwt of t h e  code. The al.corit?-m 

used for scampling fl and f are discussed i n  UCIR i; 474 . l*?hen conpiled 
2 

'on the  CfTIP compiler, each sarrple requires *ut 30 nicroseconds of 

7600 t h .  

Comparison of the  Two Ilethods 

Table 1 shows the  results of a test of both the  series and rejection 

calculations. 

i n t e p a t i m  of t he  density function. 

number which fell into 100 intervals  of l e n - t h  .1 was  determined. 

columns labeled "interval number" give k where 3 = (.l.(k-l), Ik1 is the  

The results are compared with each other and with a r n ~ r k a l  

100,000 samples w e r e  taken and the 

The 

k-th interval. 

sarples which should have fallen into the  k-th interval according t o  the 

densi ty  function. 

scampling techniques. 

The "numerical integration" column gives the nwiher of 

The other two colunns give the  r e s u l t s  of the two 

\!e have not p e r f o n d  any statistical canalysj.s on the dzta. A 

glance at the table  indicates nothing to  Fake us prefer  one methd- over 

the other. 
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SLIBHO-UT I NI: -?LAN!( ( X )  

R l = h ' N F L ( O )  

R2=RNFL(@I) 
R3=RNFt(O)) 
H4=RNFL(@) 
X = - A L O  G ( R 1 *22 *R3 *t? 4 1 

R 1 =RNFL(B) 

Y=Y+I 
z=1 . / Y  
A = A + Z * Z * Z * Z  

GO TO 5 
113 x=x*z  

RETURN 
END 

A = Y = Z =  1 

5 IF(1.@8232*RI*LE*A) GO TO 10 

- .- . . .. . __. .- ._ 

. 
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1 '  0 
2 33  
3 8 6  

- 4  158 

5 247 

6 350 
7 46% 

8 582 
9 7'36 

10 8 3 3  

1 1  960 
12 l a 6 5  
1 3  1208 

1 4  1326 

1s 1 4 3 8  

16 1545 

17 1644 

1 8  1735 
19 l a 1 9  

23 1834 
21 1969 

22 231 7 

23 2v366 
2 4  2186 

2 5  2138 
26  2162 
27 2178 

28 2187 

29 2188 
38 2183 
31 2172 

32 2155 
33 2132 
3 4  210s 
3 5  2073 
36  2837 

37 1998 
38 1956 
39 1 9 1 1  

40 1863 
41 is1 4 

q2 I 7 f>:i 

4.3 1 'I  1 I 

4 / I  1 I, 5 I 

n'; 1 3 

4 (. 1 5 .'I (? 

4 7  1 4'"l 

/ I F  1 f.1.9 

119 1 .7 A 

!I! I 1 : { : I : '  

I 4 

9 8  8W 

142 167 
257 257 

347 326 
476 460 

5 7 2  56 1 

7423 707 

536 820 

943 951 
I l l 4  1090 

1193 1224 

1273 1353 

1475 1488 
1521 1554 

1617 IS99 

S727 1762 
1784 1748 

1948 1899 
1966 1921 
2t343 2002 
2052 212? 

2101 2098 
2223 2191 
2107 2129 
2122 2212 

2148 2288 
2177 2165 
2210 2179 

2132 2212 

2120 2165 

2135 2161 
2U67 2061 
2105 2068 
2055 2838 

2029 2004 
1956 2025 
1939 I919 

1845 1893 
1884 I 8 f l  
1331 1796 
16-44 1 7 3 3  

1h-/Y 1629 
1635 1611 
1481  1540 

1 
j 35 31 

l c l 3 Q  1472 

1 4 0 s  1375 

1 3 3 3  ]3@4 

1401 I hi; ,? 

I 

-. 
8 

v $Q 
Y %  $ 3  
A <  ,c : 
t d (!. 

!, a. .f p' 

i.'$ $ $  
SI 1279 

52 1227 

53 1176 

54 1 1 2 s  

55 1G76 

56  l d 2 7  

57 9K.3 
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53 898 

60 848 

61 836 

62 766 
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6 4  69g 
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76 496 
71 459 
72 44% 
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8 1  256 
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88 1 6 4  
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9 3  117 
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730 

69 2 
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99 

9 3  

F: 8 
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7 7  

64 

a 42  

1275 
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1 1 7 3  

1 1 1 6  

1 1 3 4  
tBt36 
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851 

753  
. 687 

692 
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5 8  1 
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S1Q 
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354 
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334 
283 

278 
280 

238 
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21 8 
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170 
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I39  
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82 

82 
7 4  

79 
71 

a2 6 

5 3 5 '  
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