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Abstract: In this paper, we define the classes T}'(m, [, A, B), using Janowski class and the
multiplier transformations I(m, A, 1) f(z) and we study distortion bounds, extreme points and
many more properties. We also establish some results concerning partial sums for functions

belonging to these classes.
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1. Introduction

Let A(j) denote the class of functions of the form

which are analytic in the open unit disc i = {z : |2| < 1}. Let T(j) denote the
class of functions of the form

f(z)=2— i apz®, (ar, >0; j € N) (1.1)
k=j+1

which are analytic in the open unit disc U = {z : |z] < 1}.
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For —1< A< B<1, let P(A,B) [3] denote the class of functions which

are of the form
1+ Aw(z)

p(z) = 14 Bw(z)’
where w is a bounded analytic function satisfying the conditions w(0) =0 and
lw(z)] < 1.
For f € A(j), m € Ng = N{J{0}, \, I > 0, the operator [1] I(m,\,1)f(2)
is defined by

kE—1) 1
Im,\ 1) f(z) =2z — Z ( l-|-—fl+ > apzt.

k=j+1

We say that a function f € 7T(j) is in the class 7;-’\(m, l, A, B) if and only if

2[I(m, N\, ) f(2)] - 1+ Az
I(m,\ 1) f(2) 1+ Bz’

(m € N0)7

for —1§A<B§1,l,)\>Oandforallz€ U.

Note that To(l 0,20 — 1,1) = S7(c) introduced by Chatterjea [2] and
T]-1(1,0,2a 1,1) = Cj(a) studled by Srivastava [7].

We shall need the followmg Theorem of Ravikumar and Latha [4] to prove
our results.

2. Main Results

Theorem 2.1. A function f € 7T; is in the class 7})‘(m,l,A,B) if and
only if

§:<Mk]2TH4>[MB+”_V“*WWSB_A (2.1)
k=j+1

formeNy, —1<A<B<1,[,A>0and z€U.
Corollary 2.2. If function f(z) € 7; is in the class 7}>‘(m,l,A,B) then

(B—A4)

|ak?| < — m
(Mklﬁf“4>[mB+n—m+m]

)

for some — 1< A< B<1méeNy,l,A\>0and z€U.
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Now we determine extreme points for the class 7})‘(m, [, A B).
Theorem 2.3. Let f(z) € 7}’\(m,l,A, B). Define fi(z) = z and
B-A

~ O Fokzj+1,
(AU " (B + 1) — (4 + 1)
for some -1 < A < B < 1m € Ng, I,A\ >0 and z € U. Then f €

7;-)‘(m,l, A, B) if and only if f can be expressed as f(z) = Z,ukfk.(z), where
k=

fe(z) =

oo
wr >0 and Zukzl.
k=j

[e.e] o0
Proof. If f(z) = Z,ukfk(z) with Zuk =1, i >0, then
k=j k=j

N (A(k _zlJ)rJ{H 1>m (B 1) (AL 1)

3 — - pi(B — A)
A (A(k zlJ)rJlrlH) KB4 — (At 1)
= Y m(B—A)=(1—p)(B—A)
k=j+1
<(B-4)

Hence f(z) € 7}’\(m,l,A,B).
Conversely, let f(z) =z — Z a2t € 7})‘(m,l,A,B), define
k=j+1

Ak —1)+1+1
I+1

)mWB+U—M+UWm
CEwY ’

ik = k>j+1,

o0 o0
and define p; = 1 — Z pi. From Theorem 2.1, Z ur < 1 and hence

k=j+1 k=j+1
wy > 0.
Since ppfi(z) = prf(2) + ax2",
Z pifr(z) =z — Z arz® = f(2). O

k=j+1 k=j+1
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Theorem 2.4. The class 7;-)‘(m,l,A,B) is closed under convex linear
combination.

Proof. Let f(z), g(z) € 7;-)‘('m,l,A,B) and let

flz)=2- Z arz®, g(z) =z — Z bz~

k=j+1 k=j+1

For n such that 0 < n < 1, it suffices to show that the function defined by
h(z) = (1 —n)f(z) +ng(z), z € U belongs to 7;-’\(m,l,A, B). Now

o0

h(z) =z — Z (1 — n)ag + nbg)2~.
k=j+1

Applying Theorem 2.1, to f(z), g(z) € 7;-’\(m,l,A, B), we have

> (W_l)ﬂﬂ)m[wm—<A+1>H<1—n>ak+nbk]

Rl 1+1
Ak =1 FT+1\T
=(1-n > ( ( lJ)rl > [k(B+1) — (A +1)]ay
k=j+1
N Ak =1 +1+1\"
> ( e > k(B + 1) — (A +1)]by
k=j+1
<(@-n)(B-A) +nB-A4)=(B-A4).
This implies that h(z) € T)(m, [, A, B). O
Theorem 2.5. Let for i = 1,2,--- ,k, fi(z) = z — Z akvizk €
k=j+1
k

T} (m,1,A,B) and 0 < 8; < 1 such that Y _B; =1, then the function F(z)
i=1
defined by

k
F(z) = Zﬁzfz(z) is also in 7})‘(m,l,A,B).
i=1

Proof. For each i € {1,2,3,--- ,k} we obtain

(e 9]

> (W e 1) k(B +1) = (A+ Dllaxs| < (B - A).
k=j+1
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Since .
= Bilz— > apiz)
i=1 k=j+1
=z— Y (O Biar)z
k=j+1 i=1
> <A(k_llllLl+1> [k(B+1)— (A+1)] Zﬂza;“
k=j+1
. XAk -1) +141
N 1b> ( L ) k(B +1) = (A+1)]
’Lzl k=j+1
<Y Bi(B-A)<(B-A).
Therefore F(z) € 7}>‘(m,l,A,B). O

3. Partial Sums

Consider partial sums of functions in the class 7;-)‘(m, I, A, B) and obtain sharp
lower bounds for the ratios of real part of f(z) to f,(z) and f/(z) to f] ().
In this paper, applying methods used by Silverman [5] and Silvia [6] , we will
investigate the ratio of a function f(z) of the form ( 1.1) to its sequence of

partial sums
n

when the coefficients are sufficiently small to satisfy conditions ( 2.1). More
precisely, we will determine sharp lower bounds for

w{£9} n{£0} a{HE ] man{ £}

In the sequel, we will make use of the result that

L+w() o,
5}%(1_w(z)) >0 (z€elU)
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[e.9]
if and only if w(z) = Z 2" satisfies the inequality |w(z)| < |z.
k=j+1

Theorem 3.1. If f(z) € 7})‘(m,l,A,B), then

f(2) U
%{fn(z)} > 1 v (zel) (3.1)
where ()\(k D 1)m
AL [R(B+1) — (A+1)]
I+1
Cr = B_A . (3.2)

The estimates in ( 3.1) are sharp.

Proof. The function f(z) € 7}>‘(m,l,A,B), if and only if Z cpap < 1.

k=j+1
It is easy to verify that cp41 > ¢ > 1.

Therefore we have

n 0o oo
Z ap + Cpy1 Z ap < Z crap < 1. (3.3)

k=j+1 k=n+1 k=j+1
By Setting
f(z) ( 1 >}
w(z) = cpr1 —(1-—
( ) " {fn(z) Cn+1
o
o1 Y ap!
—1_ k=nn+1
1-— Z akzk !
k=j+1

o
Cn+1 Z ag
‘ 1—w(z) - k=n+1
1+w(z)| — i o
-2 Z ap — Cpt1 Z ay
k=j+1 k=n+1

<1, z€el,

which readily yields the assertion ( 3.3).
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To see that
Zk-i—l
f(z)=2-
Ck+1
gives sharp results, we observe that
1 2
fu(2) Cht1
Letting 2 — 17, we have
i), 1
fn(2) Chr1
which shows that the bounds in is the best possible for each n € N.
O
Theorem 3.2. If f(z) € 7}>‘(m,l,A,B), then
é}e{f”(z)} > Geu) (3.4)
f(2) I+ cnta
3.2

where ¢, is defined in (

).The result is sharp for every n with extremal
function given by ( 3.4).

Proof. By Setting

w0 = e {5 - 755

n o0
1-— Z akzk_l—i—anrl Z akzk_l

k=j+1 k=n+1
1-— Z akzk !
k=j+1

and using ( 3.3) we find that

(1+Cn+1) Z ag

‘ 1—w(z) - k=n+1
1+w(z)| — i s
2—22ak—(1—cn+1) Zak
k=j+1 k=n+1
<1, zeN.

which gives ( 3.4), The bound in ( 3.4) is sharp for all n € N with the external
function given by ( 3.2). O
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Theorem 3.3. If f(z) € (m,l,A B), then

%{f/(z)}>1—n+1, (zel)

Cn+1

Now

k=n+1

2—2 i kay — n+1 Z kay,

k=j+1 k: n+1

<1

'1—w(z) .

1+ w(z)

if and only if
Cn+11 Z kap, <2—2 Z kay,
(R S k=j+1

which is equivalent to

Z bag - Z kay < 1

k=j+1 k n+1

N. Ravikumar

thus we obtain ( 3.5). The result is sharp with functions given by ( 3.2).
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Theorem 3.4. If f(z) € (m,l,A B), then

f?lz(z) Cn+1
%{f%@}:>mn+1+gwf(zeu) (3.6)

where ¢, Is defined in ( 3.2).The result is sharp for every n with extremal
function given by ( 3.6).

Proof. By Setting

w<z>=[<n+1>+cnﬂ]{f§<z>_ Cni1 }

f'(z) n4+14cpm
o0
(1+ i"jll) Z kaz"!
k=n+1
-1+ _
1-— Z kayz"!
k=j+1
We deduce that that
(1+ C"“ Z kay,
ol e
w(z
29 Z kap — (14 < C”“ Z ke
k=j+1 k=n+1

if and only if

CnH Z kap <2 —2 Z kag,

k=n+1 k=j+1

which is equivalent to

n o0
Cn+1
k 1 kap < 1.
Z ap + (1+ — 1) Z ag <
k=j+1 k=n+1
which gives ( 3.6). The bound in ( 3.3) is sharp for all n € N with the external
function given by ( 3.2). O
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