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Abstract

We present a scalable Bayesian framework for
low-rank decomposition of multiway tensor data
with missing observations. The key issue of
pre-specifying the rank of the decomposition is
sidestepped in a principled manner using a mul-
tiplicative gamma process prior. Both continu-
ous and binary data can be analyzed under the
framework, in a coherent way using fully conju-
gate Bayesian analysis. In particular, the analy-
sis in the non-conjugate binary case is facilitated
via the use of the P6lya-Gamma sampling strat-
egy which elicits closed-form Gibbs sampling
updates. The resulting samplers are efficient and
enable us to apply our framework to large-scale
problems, with time-complexity that is linear in
the number of observed entries in the tensor. This
is especially attractive in analyzing very large but
sparsely observed tensors with very few known
entries. Our method outperforms several state-
of-the-art tensor decomposition methods on vari-
ous synthetic and benchmark real-world datasets,
achieving excellent scalability.

1. Introduction

Sparsely observed multiway data are now routinely col-
lected in various application domains such as multirela-
tional social networks (Nickel et al., 2011), recommender
systems (Xiong et al., 2010), contingency table analy-
ses (Zhou et al., 2013), brain-computer imaging (Cichocki,
2013), and chemometrics (Mgrup & Hansen, 2009), among
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many others. The prevalence of such data necessitates de-
veloping flexible and scalable methods to analyze them.
Multiway tensor decomposition methods based on the low-
rank tensor approximation (Kolda & Bader, 2009) offer
an attractive way to extract useful information from such
data, by providing a concise representation that captures
the salient characteristics of the data. Of particular interest
are methods that can analyze large-scale but incomplete,
sparsely observed data where a significant fraction of the
entries is missing (Acar et al., 2011).

Probabilistic tensor decomposition methods (Chu &
Ghahramani, 2009), in particular Bayesian tensor decom-
position methods (Xu et al., 2013; Xiong et al., 2010) are
naturally appealing since they provide a principled mech-
anism for dealing with missing data, allow analysis of di-
verse data types (continuous, binary, ordinal, etc.) using
suitable likelihood models, and make it possible to quan-
tify the uncertainty in the parameter estimates and the pre-
dictions (when dealing with missing data). Unfortunately,
these methods require that the rank of the decomposition is
specified prior to the analysis. The rank-estimation prob-
lem is further confounded in the case of tensor data for
which rank determination is known to be an NP-hard prob-
lem (Hastad, 1990). Finally, scalability is another con-
cern when applying these methods. Inference via MCMC
or variational methods can be slow as the tensor size be-
comes large (in the number of observed entries, in the num-
ber/dimensions of tensor modes, or in all of these).

Motivated by these, we present a flexible and scalable non-
parametric Bayesian tensor decomposition method for an-
alyzing multiway tensor data. Our method has the follow-
ing key properties: (1) The tensor rank does not have to
be specified beforehand and is learned adaptively from the
data in a principled way using the theoretically motivated
multiplicative gamma process prior (Bhattacharya & Dun-
son, 2011) on the elements of the core diagonal tensor in
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the CANDECOMP/PARAFAC (CP) low-rank decomposi-
tion of tensors (Kolda & Bader, 2009); (2) Both contin-
uvous and binary datasets can be analyzed using a fully
Bayesian framework, via simple closed-form Gibbs sam-
pling updates; (3) Inference scales linearly with the number
of observed entries in the tensor, which makes inference
highly scalable for large but sparsely observed multiway
datasets, commonly encountered in application domains
such as multirelational networks, recommender systems,
etc. Even on non-sparse tensors, our framework, capable
of dealing with large amounts of missing data, allows us to
use a very small fraction of the entire data while achieving
reconstruction quality that is close to using the complete
data (our experimental results on tasks such as image in-
painting corroborate this). Our framework is therefore also
scalable for analyzing large-scale dense tensors.

2. Low-Rank Tensor Decomposition

In this section, we present our framework for low-rank ten-
sor decomposition based on the CP decomposition (Kolda
& Bader, 2009). We infer the rank by placing a shrink-
age prior, the multiplicative gamma process (MGP) (Bhat-
tacharya & Dunson, 2011), over the superdiagonal ele-
ments of the core tensor (A in Figure 1) in the CP decom-
position. The MGP prior adaptively learns the appropriate
number of component tensors, and leads to an efficient low-
rank approximation of the tensor.

2.1. CP Decomposition of Tensor

The CANDECOMP/PARAFAC (CP) decomposition de-
composes a tensor into a sum of rank-1 component ten-
sors (Kolda & Bader, 2009). A K-way (or K-mode) tensor
X € Rrxn2XxnK with the integer ny, being the dimen-
sion of X’ along the k" way, can be represented in its CP
decomposition form:

R
X:Z/\T~u§,1)ou$,2)0~~oug() (1)
where the VCCtO’I‘ 1115«k) € R™ and ‘o’ denotes the vector
outer product. Here R is referred to as the rank of the tensor
X. With the CP decomposition as given in (1), the tensor
element x;, with ¢ = [i1,4a, - ,ik] its K-dimensional
index vector, can be concisely represented by:

_ ¢ . (k)
T4 = Z)\r H L2 2)
k=1

r=1

Denote by U [u§k)7ugk)7"'7u§§)]’ k=

1,2,--- | K, the ny X R factor matrix of the k-th mode of
the tensor. When a vector form of the tensor X is desired,
the above CP decomposition can be written as:

vee(X)=UV oUP o...0UT) . X (3)

Figure 1. The CP decomposition of tensors (a three-mode tensor
shown for illustration).

where © denotes the Khatri-Rao product and A =
[A1, A2, -+, Ag| denotes the vector along the superdiag-
onal of the core tensor.

2.2. Rank Specification

The CP decomposition yields a concise representation of
tensors. However, the tradeoff of the conciseness is that
in the CP decomposition the rank of the tensor being de-
composed needs to be pre-specified. However, rank esti-
mation for tensors is in general an NP hard problem (Has-
tad, 1990). To avoid the burdensome rank estimation task,
a reasonable solution is to express the original tensor with
a “good-enough” low-rank approximation; for example, in
the sense of the Frobenius norm. But unfortunately, unlike
the 2-way (matrix) cases, where the low-rank approxima-
tion is completely solved with the Eckart-Young theorem
(Eckart & Young, 1936), for tensors the low-rank approx-
imation can often be an ill-posed problem as discussed in
(de Silva & Lim, 2008).

Such theoretical dilemma inspires alternative solutions for
low-rank approximation of tensors. Instead of relying on
ad-hoc or cumbersome model selection methods such as
AIC, BIC, or the marginal likelihood, we turn to the non-
parametric Bayesian modeling paradigm to adaptively infer
the rank of the tensor being decomposed (or a close approx-
imation of the rank necessary to obtain a sufficiently good
low-rank approximation for a given dataset). In particular,
we propose a nonparametric Bayesian low-rank CP decom-
position for tensors based on the theoretically well moti-
vated multiplicative gamma process (Bhattacharya & Dun-
son, 2011) prior (MGP) construction to infer the rank, as
opposed to priors such as the Indian Buffet Process (Grif-
fiths & Ghahramani, 2011) for which inference can be
complicated/slow. As we show subsequently, the shrink-
age property of the MGP leads to fully conjugate mod-
els in both continuous and binary data cases and allows
us to derive simple, closed-form Gibbs sampling updates
for all model parameters. For the binary case in particular,
the conjugacy is achieved via the P6lya-Gamma sampling
strategy (Polson et al., 2012) which elicits a closed-form
Gibbs sampler.
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2.3. CP Decomposition with MGP

Our low-rank tensor decomposition model construction is
based on the multiplicative gamma process (MGP), origi-
nally proposed in the context of factor analysis of matrix
data (Bhattacharya & Dunson, 2011). In (Bhattacharya &
Dunson, 2011), this prior was employed on the columns of
the factor loading matrix, such that the columns increas-
ingly shrink to zero as the column index increases. We
generalize this construction for the multi-way tensor case.
Crucially, different from the construction used in (Bhat-
tacharya & Dunson, 2011), for the low-rank decomposition
of tensors we put the MGP prior on the superdiagonal el-
ements A of the core tensor A. This greatly reduces the
number of parameters to be estimated in the tensor case.
We denote this CP decomposition driven by the MGP as
MGP-CP. The MGP prior is represented by:

A ~/\/(0 1), 1<r<R

4
TT—H(Y[, o ~ Galae,1) a.>1 @)

The multiplicative gamma process prior described in (4) on
the precision of the Gaussian distribution for A, will shrink
the )\, towards zero as r increases. The appropriate rank
R under our MGP based tensor decomposition model can
be inferred two ways: (¢) using a reasonably large trunca-
tion level, or (¢¢) using an adaptation strategy (discussed
in Section 3.2) which allows growing or shrinking ranks
as inference progresses. We refer to the truncation-based
version as MGP-CP? and the adaptation-based version as
MGP-CP*.

‘We assume that for each mode of the tensor, the R columns
'u,rk) of the factor matrix U (k), are drawn from a Gaussian
distribution:

u® ~ N ) 1<r<R 1<k<K (5

where p1(%) and ©(*) are the mean vector and covariance
matrix of the Gaussian distribution of the k*” tensor mode.
Then the covariance between any two elements in the ten-
sor X, z; and x; conditioned on the factor matrices is:

Sy H ugug, (6)
r=1

In (6) we observe that the covariance is structured as the
sum of the covariances associated with each rank-one com-
ponent tensor, indicating that each component tensor stands
for an independent significant factor constituting the data.

Cov(z;, :rj|{U(k)}kK,

We now state some results characterizing the bound on
the approximation error for the truncation based MGP-CP
which show that the approximation error decreases expo-
nentially fast as the truncation level tends to infinity (proofs
are given in the supplementary material).

Theorem 1. With a. > 1,

ZT 1A Hk 1 u (k) converges in {s as R — oo.

kT

the sequence

Theorem 2. Denote the residual by M fzz i =
k

Zr R+1 Ar Hk 1 ng,)n Then Ve

P{( 1112 Lk)2 > 6} < ch_l)nf 1 Ck, where Ck: is

defined such that E(u;, (k) /)? is bounded by ¢, < oo.

> 0 we have

3. Model and Inference
3.1. Model Description

The goal of inference in our model is to infer the param-
eters of the CP decomposition, A, UM, U®) ... UK,
based on potentially a very limited (sparse) set of obser-
vations ) = {y; }icr, where I is the index set of all the
observations, and N = || the number of these observa-
tions. Following the MGP-CP model given in (4) and (5),
the prior, p(A, {U®)}K_ ) is given below

K
H k)|u(k) E(k))

(7
We further assume that the covariance matrices 25."') ’s are
diagonal, which amounts to assuming that the entities in
each tensor mode are a priori independent of each other.

R
[TVO[0, 7, )Ga(é,lar, 1)
r=1

Two types of likelihood models are considered based on
different types of real-world data: continuous and binary
data. The observations ) are assumed to be i.i.d. For the
continuous observations with Gaussian noise, where 7. is
the precision, the model likelihood is given by

p(V|X) = HN yilwi, 70 (8)

For binary-valued data (e.g.,
link function is applied:

relational data) the logistic

e v

1 i s
) = [[ ()™ ©

3.2. Inference via Gibbs Sampling

For continuous data, our model construction with prior in
(7) and likelihood model in (8) is locally conjugate and a
Gibbs sampler can easily be derived for all the model pa-
rameters. For the binary case, the logistic likelihood in (9)
is not conjugate to the prior in (7). To achieve conjugacy in
the binary case, we use the P6lya-Gamma sampling strat-
egy (Polson et al., 2012), which allows us to derive a fully
analytic Gibbs sampler in the binary case as well.

The Gibbs sampling update equations for the various
model parameters {5, }% ;, {\.}2,, and {UM}E |
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given continuous or binary observations )/, are as follows:

() For the update of the MGP, for §,.,1 <r < R:

R h
1 1 )
+§(R—r+1),1+§ZAh II o ao

h=r l=1,l#r

0, ~ Ga(a.

(77) When the observations ) are real and the likelihood is
given as in (8), for the update of A, 1 <r < R:

H ugfl Z A H ugki, =a; A\ + b

r!#r k=1
(11)
N v N 770, fr =1ty af?
Hr = 7A'r_17'6 Zai(yz
For the update ofuT k) ,1<r<R,1<k<K,denote:

)\ Hus/]:/)"’ 'Lk’l’ Z)\ Huzkr/

12)

o ritr k=1 (13)
(k) (k) (k)
’Lk’l‘ ’Lk’r' + dlkT

Then u'® ~ N(ﬂgk), ﬁ)ﬁk)) with:

Sk — (207 L pk))-1
T® = diag(ryy 73, 7))

Y TnET
— 2 : (k)2
'm“ = Te Czkr )

t,ik=n

(14)
1<n<n

A~ —1
AR = SE (5070 k) o ()
al® =lafy) 0l aff) )T for L < <mps (g5
_ k k
o) = (r)"1r. 37 E,j(m —d)y

i,ik—n

Additionally we put a gamma prior on the noise precision
TE ~ Ga(ay, bo) with the posterior 7. ~ Ga(ao—i-%N, bo+
5 E (r; — #;)?), with &; is the estimation of z; recon-
structed by following (2).

(¢17) When the observations ) are binary and the likelihood
is given as in (9), the model is a latent Gaussian model
(LGM) with Logit likelihood. We apply the recent result of
(Polson et al., 2012) which elicits a conjugate Gibbs sam-
pler. For the update of A\, 1 < r < R, with (11) we have,
A= L
drawn i}ldepenaently from the P6lya-Gamma distribution:

b7 .
x; — &. Then the augment random variable ¢; are

¢1; NPG(LJ?,,;) (16)

where PG(-,-) represents the Pélya-Gamma distribution.
Then A, 1 < r < R is drawn from Gaussian:

Ae v N, 770, Fr=met Y ai’es
) : (17)
=71 aj(yi — 0.5 — ib})

For the update of ugk),l <r < R1<k<K, with
1

(k) ) (k)
= igr Then w,’ ~

(13) we have: Upr = o Ti — -

zr 1r

N([Lﬁ’“), f](k)) with the ugk), Z( ?) given as same as in (14)

and (15), but T7(W), a;) changed. For 1 < n < ng:

2
M= 3" i 1<n<ny
k “k:n 1 (k) (k) (18)
all) = (7N Y el (i — 0.5 — ¢udy,)

1T
i,ik =N

Adaptation Strategy: In our truncation based variant,
MGP-CP?, we run the Gibbs sampler using a reasonably
large truncation level R and, as inference progresses, only
relevant components have significant contribution to the
model, with the A, for the rest shrinking to values close
to zero. In our adaptive variant, MGP-CP?, whenever A,
becomes smaller than a predefined threshold € (say 0.001),
the component tensors with |\,.| < € are removed from the
model; otherwise if all the |\.| > th, a new component
tensor is added. Such adaptation occurs with probability
p(t) = exp(Bo + Pit) at the t** iteration, with By, 51 cho-
sen so that adaptation occurs around every 10 iterations at
the beginning of the chain but decreases in frequency expo-
nentially fast (Bhattacharya & Dunson, 2011). The simple
strategy of thresholding based on the absolute values of A,
worked well in all of our experiments. Other criteria can
also be used to decide whether to discard a rank-1 compo-
nent or to add a new component. For example, in the con-
tinuous -data case, one possible strategy would be to mon-
itor the explained variances by each rank-1 component on
some held-out data and if the contribution of certain rank-1
components to the total explained variance drops below a
very small value (say <1% of the explained variance), we
drop them (otherwise we add a new component based on
the adaptation probability p(¢)). In the binary data case,
we can likewise monitor the contributions by each rank-1
component to the predictive probabilities of all the obser-
vations and drop components which are non-informative,
e.g., if the empirical distribution estimated using the pre-
dictive probabilities of all the observations is close to a
uniform distribution and if the mean of the empirical distri-
bution is close to 0.5 (otherwise we add a new component
based on p(t)).
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3.3. Computational Complexity

The per-iteration computational cost of our inference al-
gorithm is linear in the number of observation N. For
sparse tensors N is considerably smaller than the ten-
sor size L = Hszl ng. The individual contributions
to the overall time complexity are as follows: (i) sam-
pling each §,, r = {1,..., R} takes O(R?) time lead-
ing to a time-complexity O(R?); (ii) sampling each A,
r = {1,...,R} takes O(NK) time leading to a time-
complexity O(NRK); (iii) sampling each uP =
{1,...,R},k = {1,..., K} takes O(NRK) time lead-
ing to a time-complexity O(NK?R?). Note that no ex-
plicit matrix inversions are involved in our inference pro-
cedure since the covariance of the prior on ugk) is assumed
to be diagonal and therefore the computations in (14) can
be performed in O(ny,) time. The overall time-complexity
is dominated by the third term O(NR?K?) which is lin-
ear in the number of observations N. This is especially
encouraging for a sampling based inference method.

The linear scalability of our method in N is appealing
since real-world tensor datasets tend to be extremely sparse
(N <« L). For example, in most social network datasets,
there are less than 0.1% observed interactions. Our ex-
periments corroborate the linear scalability behavior (Sec-
tion 5.5, Figure 4) on a sparsely observed tensor of size
1000 x 1000 x 1000 for which L is 1 billion.

4. Related Work

With the advent of social networks and multirela-
tional/multiway data observed in many application do-
mains, tensor decomposition methods have gained much
attention recently. Although a number of tensor decompo-
sition methods have been proposed, many state-of-the-art
methods (Nickel et al., 2011; Bordes et al., 2012; Jenatton
et al., 2012) are specialized for analyzing three-mode ten-
sor data and do not generalize to higher-order tensors.

Tensor decomposition methods that can infer the rank are
relatively few. Among the probabilistic approaches, one
option is to use the Automatic Relevance Determination
(ARD) method (Mgrup & Hansen, 2009; Zhao et al., 2014).
We use this method as a baseline in our experiments. Some
non-probabilistic methods for tensor decomposition em-
ploy trace-norm regularization (Tomioka et al., 2010) to
get an approximation of the tensor rank. In another re-
cent work, nuclear-norm based rank-regularization (Baz-
erque et al., 2013) is used to infer the rank in a probabilistic
tensor factorization model and inference is based on MAP
estimation. All of these methods assume that the obser-
vations are real-valued unlike our method which can deal
with both real and binary data.

A nonparametric Bayesian method similar in spirit to ours

is presented in (Dunson & Xing, 2012), where a stick-
breaking prior is put on the superdiagonal of A in the CP
decomposition of a probability tensor (a special type of ten-
sor whose entries sum to 1), to nonparametrically learn a
low-rank representation through inference. The main con-
sideration for applying the stick-breaking process prior in
(Dunson & Xing, 2012) comes from its statistically de-
creasing property and the norm one requirement of the spe-
cific type of tensors (three-mode probability tensor). In an-
other recent work, (Yoshii et al., 2013) proposed a posi-
tive semidefinite tensor factorization (PSDTF) which cor-
responds to the CP decomposition where the rank is learned
with a truncation level put on the gamma random variables
along the superdiagonal of A. However, this method is
also limited to special types of 3-way tensors where each
slice is a positive semidefinite matrix. A potential alterna-
tive is to put a gamma process along the superdiagonal is
the construction of the gamma process discussed in (Wang
& Carin, 2012), where the statistically decreasing samples
facilitate the nonparametric learning of the required rank.
However, the resulting model will not conjugate with this
choice of the prior.

Tensor decomposition methods that explicitly model binary
data are also relatively few. The recently proposed Infinite
Tucker Decomposition method (Xu et al., 2013) uses a pro-
bit model for binary data. We compare with this method in
our experiments. Another recent work on modeling binary
tensor data is a logistic loss based extension of the non-
probabilistic RESCAL model (Nickel & Tresp, 2013). This
is, however, limited to three-mode tensor data.

5. Experiments

We perform experiments with our model on both synthetic
and real-world tensor datasets, and compare it with sev-
eral baselines. The datasets used in our experiments span
a wide range of application domains, such as chemomet-
rics, multirelational social networks, brain-signal analysis
(EEG), and image analysis. We experiment with both vari-
ants of our model: truncated MGP (referred to as MGP-
CP?) and the adaptive MGP (referred to as MGP-CP®). For
both methods, we use the Gaussian likelihood model for
continuous data and the logistic model (with P6lya Gamma
sampling during inference) for binary data.

The following baselines were used for comparisons. (%)
Bayesian CP (BCP), a fully Bayesian version of the stan-
dard probabilistic CP decomposition (Xiong et al., 2010). It
assumes that the rank is known. (i) ARD based CP (ARD-
CP), a method that uses automatic relevance determina-
tion (ARD) (Mgrup & Hansen, 2009; Zhao et al., 2014)
to determine the rank of a tensor by inferring the relevant
columns in the factor matrix of each mode. (i77) An Infinite
Tucker Decomposition based on ¢ process (InfTucker'?),
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|

| Synthetic Data (R=10) |

Amino Acid

| Flow-injection |

EEG Data

|

Bayesian CP 0.1231 (+0.0278) 0.0004 (0.0001) | 0.0012 (+0.0002) | 0.1760 (0.0032)
ARD-CP 0.0921 (+0.0006) 0.0350 (0.0535) | 0.0196 (+0.0133) | 0.1860 (+0.0050)
InfTucker’™ 0.6644 (£0.0136) 0.8478 (£0.0103) | 0.8382 (£0.0080) | 0.5394 (£0.0823)
MGP-CP’ 0.0922 (0.0011) 0.0006 (0.0001) | 0.0007 (£0.0003) | 0.1622 (+0.0016)
MGP-CP* 0.0935 (0.0007) 0.0005 (0.0001) | 0.0005 (=0.0003) | 0.1608 (-=0.0033)

Table 1. Continuous Data: MSE

which is a kernel-based nonparametric Bayesian general-
ization of the low-rank Tucker decomposition(Xu et al.,
2013), and is based on an implicit mapping of the compo-
nent tensors to a higher (potentially infinite) dimensional
space and performing a low-rank Tucker decomposition in
that space. This method requires that the rank is given.

We evaluate our model and the various baselines on the
following experiments: (%) tensor completion for continu-
ous data, (z7) tensor completion for binary data, (i7¢) SVM
based classification for EEG data using factors learned by
different tensor decomposition methods, and (iv) image in-
painting for color images by posing it as tensor completion
problem for continuous data.

We initialize the MGP-CP“ using an initial rank = 1 and
allow the rank to grow/shrink using our adaptation strategy
discussed in Section 2.3. For MGP-CP! and the ARD-CP
baseline, we set the truncation level to a sufficiently large
value. We run the sampling based methods for 1500 itera-
tions with 1000 burn-in iterations, collect samples every 5
iterations after the burn-in phase, and report all results us-
ing the posterior sample based averages. For Bayesian CP
and InfTucker?, which require the rank to be specified, we
vary the ranks over a range and report the results using the
rank that gave the best held-out data predictions.

5.1. Low-rank Tensor Completion: Continuous Data

We first experiment on the tensor completion task for con-
tinuous data. For this experiment, we use four datasets:
(?) Synthetic data of size 20 x 20 x 20 x 20, generated as
an equally-weighted sum of 10 rank-1 tensors of the same
size (so the ground-truth rank is 10). (¢¢) Amino Acid
data (Xu et al., 2013; Chu & Ghahramani, 2009) of size
5 X 61 x 201, consisting of five laboratory-made amino
acid samples. (z¢7) Flow Injection data (Xu et al., 2013;
Chu & Ghahramani, 2009) of size 12 x 100 x 89 obtained
from a flow injection analysis (FIA) system. (iv) EEG data
of size 15 x 16 x 560 consisting of EEG measurements
of 560 subjects. For this task, we treat 50% of the data
as missing and reconstruct it using the model learned on
the remaining 50% data. We report the results in terms of
the mean-squared-error (MSE) on the reconstruction task.
Each experiment is repeated 10 times with different splits
of observed and missing data.

The results are shown in Table 1. Both our models achieve
reconstruction accuracies comparable to or better than the
gold-standard Bayesian CP (which was given the ground-
truth rank for synthetic data, and best rank chosen via held-
out error on real-world datasets - 5 for Amino Acid, 6
for Flow-injection, 30 for EEG data). Moreover, on all
datasets, both our models perform better than ARD-CP and
InfTucker®.

To see whether our method can recover the true underlying
rank, we run MGP-CP? on the 20 x 20 x 20 x 20 syn-
thetic data having a ground-truth rank 10, first with 90%
missing data and then with 50% missing data. Figure 2
shows the posterior distribution of the inferred rank (based
on the estimated empirical distribution of the ranks using
posterior samples after the burn-in phase). As shown in the
figure, in both cases, the posterior is concentrated at rank
10 and as the amount of training data increases from 90%
missing to 50% missing, the posterior peaks further at rank
10. On real-world datasets, our method discovers ranks that
are consistent with what is known from domain knowledge
in the chemometrics literature on analyzing these datasets
(our method infers the rank to be 3-4 on average on Amino
Acid data and 6-7 on average on Flow Injection data).

Synthetic Tensor Data with Rank 10
Il 90% missing data
[l 50% missing data

|y
=)

Posterior Probability

8 9 10 . 11
Inferred Rank by Adaptive MGP

Figure 2. Empirical distribution of the inferred rank by MGP-CP*
run with 90% and 50% missing data (starting with R = 1)

5.2. Low-rank Tensor Completion: Binary Data

We next experiment with tensor completion for binary
tensor data. We use four binary datasets for this exper-
iment: (7) Synthetic data of size 20 x 20 x 20 x 20
having a ground-truth rank 10 (about 1.6% non-zero en-
tries). (¢2) Lazega-Lawyers multirelational social network
data (Lazega, 2001) given in the form of a tensor of size
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] | Synthetic Data (R=10) | Lazega Lawyers | Kinship \ Nation
Bayesian CP 0.6997 (+£0.0434) 0.5671 (£0.0243) | 0.9754 (£0.0022) | 0.7230 (4+0.0344)
ARD-CP 0.6045 (£0.0461) 0.5542 (£0.0378) | 0.9842 (£0.0019) | 0.6698 (+0.0527)
InfTucker®” 0.8759 (+0.0143) 0.5982 (£0.0179) | 0.9825 (4+0.0022) | 0.7981 (£0.0133)
MGP-CP! 0.9288 (£0.0140) | 0.6412 (£0.0101) | 0.9896 (£0.0014) | 0.8105 (£0.0083)
MGP-CP* 0.9283 (£0.0109) 0.6448 (+£0.0139) | 0.9909 (+0.0015) | 0.8096 (£0.0082)

Table 2. Binary Data: AUC Scores

71 x 71 x 3 (about 15% non-zero entries) containing three
types of social networks (friendship, coworker, and advi-
sory relationships) between 71 partners and associates in
several New England law firms. (¢4¢) Kinship multirela-
tional data (Nickel et al., 2011) of size 104 x 104 x 26
(about 3.84% non-zero entries) containing 26 types of kin-
ship relations within the Alwayarra tribe. (¢v) Nation mul-
tirelational data (Nickel et al., 2011) given in the form of a
tensor of size 14 x 14 x 56 (about 19% non-zero entries)
containing 57 types of relationships (e.g., export, protests,
economic aid, etc.) among 14 countries. For each dataset,
except Kinship, we treat 90% of the entries as missing and
predict them using the rest 10% data. For Kinship data
we use the experimental setting of 90% training and 10%
test data as done in other recent works (Nickel et al., 2011;
Jenatton et al., 2012). We use the area under the receiver-
operating characteristic curve (AUC) score to compare the
different methods in terms of their predictive ability. Each
experiment is repeated 10 times with different splits of ob-
served and missing data.

As the results in Table 2 show, both our methods outper-
form the other baselines in terms of the AUC scores. It is
noteworthy to see that on binary data the improvements of
our methods over Bayesian CP are much more significant
than the continuous-data case (even though the Bayesian
CP baseline is provided with the ground-truth rank for the
synthetic data and the best chosen rank based on held-out
error for the real-world data). This can be attributed to
the fact that Bayesian CP uses least-square minimization
whereas our methods use the logistic loss. Because of this,
for datasets having a significant number of zero entries (like
the ones used in the experiments here), the Bayesian CP
will tend to be biased towards predicting zeros. The ARD-
CP baseline, although in principle able to infer the rank,
suffers due to squared-loss minimization like Bayesian CP.
InfTucker®?, the next-best performing method, uses the lo-
gistic loss like our method; however, it relies on variational
EM for inference and is prone to local-optimal issues (be-
sides having to select the rank via cross-validation).

5.3. Binary Classification with Extracted Factors

‘We now experiment on an extrinsic evaluation task: binary
classification using the factors learned via tensor decompo-

sition. On the EEG data used in Section 5.1 for tensor com-
pletion experiments, we also have binary labels for each of
the 560 subjects. We conduct an SVM based classification
experiment where the factors extracted by various tensor
decomposition methods are used to train an SVM. The ten-
sor decomposition step uses only 50% of the total data and
the 3"% mode factors (the 3"% mode represents the subjects)
are used to train an SVM. After the tensor decomposition
step, we use 10% of the subjects to train the SVM (using
the extracted factors) and test on the remaining 90% sub-
jects (to simulate a small sample size setting where a naive
approach of flattening the 15 x 16 x 560 tensor a matrix
could overfit). Because the tensor methods use only 50%
data in the factor extraction stage, in the SVM experiment
with the flattened tensor which resulted in a matrix of size
560 x 240, we hide 50% of the features and impute them
using the respective feature means.

We repeat the classification experiment 20 times with dif-
ferent splits of training and test data. As Table 3 shows, the
tensor decomposition methods perform better than SVM on
flattened tensor which seems to overfit due to small sam-
ple size. Among the various tensor-decomposition-based
methods, MGP-CP“ yields the best classification accuracy.

[ | Classification Accuracy |
SVM (on flattened tensor) 65.02% (£3.10%)

Bayesian CP + SVM 67.95% (£4.39%)
ARD-CP + SVM 72.26% (£3.03%)
Infinite Tucker + SVM 66.53% (£3.32%)

MGP-CP’ + SVM
MGP-CP® + SVM

72.32% (£3.54%)
74.57% (+£2.42%)

Table 3. Binary classification using factors learned from tensor
decomposition

5.4. Image Inpainting

Image inpainting is the task of completing an image with
missing pixels. A two-dimensional RGB image can be
treated as a three-dimensional tensor and the image inpaint-
ing task can be formulated as a tensor completion problem
where the goal is to predict the values of the missing pix-
els using the observed pixel values. We apply our meth-
ods and the other baselines on this task using the bench-
mark Lena image of size 256 x 256 x 3 for various fraction
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Figure 3. Top row: 90% missing. left: original, right: recon-
structed. Middle row: 80% missing. left: original, right: re-
constructed. Bottom row: 50% missing. left: original, right:
reconstructed.

of missing pixels (90% missing, 80% missing, and 50%
missing). Bayesian CP and InfTucker’? were run with R
ranging from 5 to 50 and we report the result with the best
reconstruction error. For ARD-CP and MGP-CP?, the trun-
cation level was set to 50. The MGP-CP* was initialized
with R = 1. In Table 4, the reconstruction accuracies for
each case are shown, and the reconstructed images for each
case using our MGP-CP?! model are shown in Figure 3. As
shown in Table 4, both MGP-CP! and MGP-CP® outper-
form the other baselines on this task in all the three cases.
As Figure 3 shows, our method can recover the underlying
ground-truth image up to a very reasonable quality even
when the percentage of missingness is very high.

| [ 90% | 80% | 50% |
Bayesian CP__| 0.0146 | 0.0099 | 0.0088
ARD-CP__ | 0.0203 | 0.0197 | 0.0193
Infinite Tucker | 0.2563 | 0.2106 | 0.1056
MGP-CP"__| 0.0125 | 0.0049 | 0.0023
MGP-CP” | 0.0102 | 0.0057 | 0.0031

Table 4. Image Inpainting: Reconstruction errors (MSE) on dif-
ferent amounts (90%, 80%, and 50%) of missing pixels

5.5. Scalability

To assess the scalability of our method, we run an exper-
iment on a large but sparsely observed synthetic tensor
dataset of size 1000 x 1000 x 1000 having 1 billion cells
but sparsely observed such that only 1 million entries are
known. For this dataset, we vary the number of observa-
tions from 0.2 million to 1 million and run the MGP-CP?
with a fixed truncation level (so R and K stay fixed and
only N varies) for 200 iterations in each case. Even when
using an unoptimized MATLAB implementation, using our
method we are able to deal with datasets of this scale in
a reasonable amount of time. As shown in Figure 4, our
method scales linearly with the number of observations.

Sparse Tensor of size 1000x1000x1000
1600

1400

1200

1000

Time taken (seconds)
8

600

400

0.4 0.6 Q; X 1.0
Number of observed cells (millions)

Figure 4. Linear scalability on a large-scale but sparse tensor

6. Conclusion

We have developed a flexible and scalable nonparametric
Bayesian framework for analyzing multiway tensor data.
Our framework is flexible as it does not require the ten-
sor rank to be specified beforehand. The model can adapt
its complexity (the rank of the decomposition which can
grow or shrink as inference progresses) as apppropriate for
the data under consideration. Our framework can natu-
rally handle both continuous and binary datasets using suit-
able likelihood models. Bayesian inference can be effi-
ciently done in both cases using closed-form Gibbs sam-
pling which scales linearly in the number of observations in
the tensor. The 2-way version of our model with binary ob-
servations can also be a scalable alternative to other state-
of-the-art nonparametric Bayesian methods (Miller et al.,
2009) for link-prediction in single-relational networks. Al-
though in this work, we considered the CP decomposition
with two specific likelihood models, integrating our tensor
decomposition framework with other task-specific objec-
tives (e.g., supervised classification or ranking for multi-
way data) could be another future avenue of work.
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